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REPRESENTATIONS OF SEMISIMPLE LIE GROUPS, V.* ~~ ° 


By. HarisH-CHANDRA. -’ 


1. Introduction. Let Œ be a connected semisimple Lie group and A 
a Cartan subgroup of G. Under the assumption that the image of A in the 
adjoint group of G is compact, we have studied in detail [5(f)] certain 
irreducible representations of the Lie algebra of G and seen that they can 
all be ‘extended” to representations of the group (Theorem 4 of [5(f)]). 
In the present paper we shall obtain them directly as irreducible repre- 
sentations of G on certain Hilbert spaces consisting of holomorphic functions 
on a suitable complex manifold. 

It turns out that these representations are very intimately related with 
the finite-dimensional ones (Lemma 14) and the two have some striking simi- 
larities (Lemmas 6 and 12). Moreover, as we shall see in Theorem 3, under 
appropriate conditions some of these representations are unitary. In the last 
section we obtain a result on their characters. Some of the deeper analogies 
between these representations of G and those of a compact smisimple group 
(see [5(e)]) will be discussed in anether paper. 


2. Certain complex manifolds. We keep to the notation of [5(f),§3]. 
Let go be a semisimple Lie algebra over the field R of real numbers. Define 
fo and py as in [5(b),§2] and let Jo be a maximal abelian subalgebra of fp. 
We shall assume that Yo is also maximal abelian in g, (see [5(f),§ 3]. Let C 
denote the field of complex numbers. _We complexity go, Bo, fo, Po to g, D, É, p 
respectively. Let X —>adX (Xeq) denote the adjoint representation of g and 
6 the automorphism of order 2 given by 6(X + Y)—X—Y (Kel, Yep). 
Put* u =Ñ, -+ (—1)4p.. Then u is a compact real form of g. We denote 
by @ and 7 the conjugations of g with respect to u and go respectively. Then 


(X + (—1)#V) == X¥— (—1)3¥ (Z, Yeu), 


4 (X" + (—1) BY") = — (—1)8Y’ (X,Y ego) 
and n = 60. i | 


We consider an arbitrary but fixed order (see [5(f),$2]) in the space 


* Received July 8, 1955. 
* We fix once for all a square-root of — l: in C and denote it by (— 1}. 
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Fp of real linear functions? on §. Put? n =$ OX, and wt—DCX, 
a>>o ao 


(where « runs over all positive roots) and let G, be the simply connected 
complex analytic group with the Lie algebra g. We denote by Go, Ko, Ao, 4-, 
A, Not, N o U the (real) analytic subgroups of G, corresponding to go, fo, 
Bo) (—1)4ho, b, 14, TL, u respectively. Then Ko, Ay and U are compact and 
U, A,, Né, No are simply connected. We now ‘extend’ 8, ĝ and y to 
automorphisms of Ge Since é(t,) ==7(n,) =n it follows that 6(N.*) 
n(N,*) ==N,-. According to a theorem of Iwasawa [6] (see also Lemma 26 
of [5(b)]) the mapping (u, h,n)—>uhn (ueU,he A,neN,") is a one-one 
regular analytic mapping of U X A, X N,* onto Ge. We denote by z-> Ad(z) 
(ze Œe) the adjoint representation of Ge. 


Lemma 1. NN AN = {1} and Nodin Nt = {1}. 


For suppose ane No (acA,,neN,*). Since n, is a nilpotent algebra, 
it is mapped onto Wet under the exponential mapping (see Birkhoff [1]). 
Similarly for n. Hence we can choose Xen, and Y en such that n= exp X, 
an =-expY. Now suppose an1. Then Y 40 and there exists an element 
He} such that exp(adY)H—H++Z where Zen and Z0 (Lemma 8 of 
[5(d)]). Therefore it is obvious that 


H+Z—exp(adY)H = Ad (an) H =H + Z’, 


where Z’en,. But since n, N n-= {0} it follows that Z= Z == 0 and so 
we get a contradiction. This proves that Ne N A, Ne == {i}. If we trans- 
form this result under the mapping z—->6(z1) (ze@.), we find that 
NANN = {1}. 


COROLLARY. Go N AN t= {1} and Nrd, N Go== {1}. 


For suppose t == an (ze Goas A n neNe). Then an = z =y(2)=a y(n), 
since (H) =— H if He (—1)%ho. Therefore 


n(n) =aneN, N AN d = {1} 


and so a?==n =]. Since A, is abelian and simply connected this implies 
that a==1 and therefore r=-1. ‘The second assertion follows from the first 
under the mapping z—>y(z") (ze G,). 


2A linear function on § is called real if it takes real values on (—1)'§, (see 
[5(#),$§2)). OO 

3 Any undefined terms or symbols should automatically be given the same meaning 
as in [5(f)]. ; 

i The proofs of these statements are well known and the necessary references can 
be found in [5(b)]. See in particular [3] and [7]. 
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LEMMA 2. G,AN.* and N,-“A,G, are open in Go. 


Since NV,-A,@ is the image of G,A,N,* under the topological mapping 
z—>n(z*) (zeG,) it is enough to ‘prove that GA Ne is open. Let 
8,—= (—1)§}, +n. Then 8, is the Lie algebra of A,N,* and so in view 
of the corollary go N 8,== {0}. Hence 


dimr(go -}- 8.) == dimp Go + dimp S4- 
On the other hand g is the direct sum of §, n, and n- and therefore 


dimpr Jo == dimg g == dimg þ -+ dime n, -+ dimg t- 
== dimg Jo +- 2 dimo n, = dimer Jo +.dimg n, = dimg 8+. 


This shows that dimer (go +- 8.) == 2 dimr go = dimg g, and therefore g is the 
direct sum of go and 8,. Our assertion now follows from Lemma 26 of [5 (b)]. 

Since A, is simply connected, for every ae A there exists a unique element 
H e (—1)4h> such that a=expH. We denote this element by loga. Also 
any element zeG, can be written uniquely in the form z=uhn (ueJU, 
he A,, neN,*). We write u(z) and H(z) to denote u and logh respectively. 
Then z—>u(z) and z—> H(z) are (real) analytic mappings of Ge into U 
and (—1)4h» respectively. 


Lemma 3. Let 2p denote the sum of all the positive roots of g. Then 
if dæ is the Haar measure of Go, 


f eth) de <. 
Go 


Let y denote the mapping x>u(z) (te G) of G into U. It follows 
from the corollary to Lemma 1 that ẹ is univalent. Let r—us (we Gy, ue U, 
seA,N,*). Then a simple calculation shows that if Xego., (dw).X =V 
where V is the element of u determined by the condition VF == Ad (s) X mod §,. 
(Here (dy). is the differential of y at « (see Chevalley [4]). Now we regard 
g/8, as a vector space over R and denote by D its endomorphism corresponding 
to Ad(s). Since det(Ad(s)) 1, det D=det(Ad(s*)s, where (Ad(s"*) )s, 
is the restriction of Ad(s*) on 8,. Then if s=an (aeA,,neN,*), ` 


det (Ad(s))g,== | e-2e@oea)|? — ¢-4e(loga) 
and therefore det D == ¢~t(loea) — g~4(H#(@)), This calculation shows that 


du == eA) da, 
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where du and dz are the Haar measures on U and Ge respectively. Hence 


f Ddr | du < du <% 
Go Go) U 


because U is compact. 


Let Q, be the set of all totally positive roots of g and Q the remaining 
set of positive roots (see [5(f)]). Put p, = ad, CXg, pix Ra OXp, 


p = Pa (CX +0Xg) and m+’. Then p, o m are all ibaladinas 


of g en is a direct sum of these three. Moreover p, and p_ are abelian 
and [m,p.] C pa [m,p_] C p- (see [5(£), §§4 and 5] for the proofs of 
these statements). Let P,',P, and M, be the complex analytic subgroups of 
G. corresponding to pa, p- and m respectively. 


Lemma 4. The mapping (qm, p)—>qmp (qePe,meM,, peP) of 
PX M.X Pt mto G, ts unwalent, holomorphic and regular. 


First we claim that Pe M,N P,*={1}. For suppose ye PM, Pë. 
Since P,* is abelian, we can choose Yep, such that y == exp Y. Also since 
[m, p-] Cp- and since ye P,M,, it is clear that Ad(y)pb-—b.. Now 
suppose y=<1 so that Y 40. Then Y= È cX where y runs over all the 


totally positive roots and cyeC. Let yẹ be the lowest root such that Cy, 5£0. 
Then [Y, Xm] = c¢,,ff,, modn, and therefore it is obvious that 


Ad (y) Z- = Ly, i Cyd yg mod Nye 


However Hypn, +n- and so it follows that Ad(y)X_,,¢p_. Since this 
contradicts the fact that Ad{y)p_—p. we must have y==1 and therefore 
PoM,.N P= {1}. Taking the image of this equality under the mapping 
z—>n(z") (ze G,.) we get Py N M.P = {1}. Now if we make use of the 
fact that both Pr M, and M,.P,* are subgroups of Ge the univalence of our 
mapping follows straightaway. That it is holomorphic is an immediate 
consequence of the complex analyticity of Ge Similarly the regularity 
follows from the relation g==p_+m-+p, (Lemma 26 of [5(b)]). 

It is clear from Lemmas 2 and 4 that GAN, NAG and P,M,P,* 
‘are open connected subsets of G, and therefore they may be regarded as open 
submanifolds of G,. i 


LEMMA 5. No A,GoA N o ts contained in PMP". 


Let exp po denote the set of all elements in.G, of the form exp X (X epo). 
Then if peexp p, and p= uan (ue U, acd, neN,*), 


p> = 0 (p) = uap (n) — 
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since §(u) =u and (a) a. Therefore 

| p= 6(n")ane NAN. 

Now let X be any element in pọ and put p—exp($X). Then | 
. | p==expXe NAN, 


and therefore exp Po C N,-A,N,*. On the other hand m+ p+ D 5-+-n, and 
ptm2n-+h. Therefore AN C MP and Nod, CPM. and so it 
follows that exp po C Po M.P. But Gy)==K, (exp po) (see Cartan [3] and 
Mostow [7]) and K.P, =Po K, since [f,p_] C p.. Moreover Ko C Me and 
therefore G, C P,-M.P,*. However we have seen already that A,N,* C M,P,* 
and NyA, C PM, and so it follows that NAGA No C Po MP. 


3. The simply connected covering manifold of N,-A,G,. Let S denote 
the subgroup V,-A, of Ge Then we have seen that W = SG, is an open 
submanifold of Ge. Since g == n- -+ (—1)%ho+ Go (see the proof of Lemma 
2) the maping (s,£)—>s% (seS,ZeG.) of SX Go into W is everywhere 
regular (Lemma 26 of [5(b)]) and therefore open. Also SM Go= {1} 
(corollary to Lemma i) and so this mapping is univalent. Hence it is a 
homeomorphism. Let G be the simply connected covering group of G, and 
let s—> Z (xe G) denote the natural homomorphism of G onto Gy. Since 8 
is simply connected, S X G is a simply connected covering space of S X Gy. 
Therefore we may also regard it as a covering space of W under the mapping 
v: (s, £)—> s7 (seS,ceG). Since W is a complex manifold, we can introduce a 
complex structure in S X G in such a way that it becomes a covering manifold 
of W with respect to the mapping v. Let W denote the complex manifold 
arising from 8 X G in this way. We identify § and G with subsets of W under 
the topological mappings s-—>(s,1) (seS) and z— (1,s) (eG). Then 
S N G= (1,1) is the common unit element of S and G which we shall 
denote by 1. Let W; and W, respectively be the set of all elements 7 and @ 
in W such that sọ C W and WH CW. Put W,—v(W) and W,—r"*(W,). 
Then if ze W, the mapping |,:@—>»(z)@ (we W) is obviously holomorphic 
on W. Hence it is clear that there exists exactly one holomorphic mapping J, ~-. 5 
of W into itself such that yol,—/,oy and l,(1)==z. Similarly if zeW,, - 
there exists just one holomorphic mapping r, of W into itself such that 
y(t,(w)) ==v(w)v(z) (we W) and 7,(1)==z. For convenience we shall 
write lw and r,w instead of 1,(w) and r,(w) respectively (ze W ve Wp we W). 
Let A be the analytic subgroup of G corresponding to bo. Then it is obvious 
that SC W, GC W, and AC WiN We Moreover if u,ve W, z—1, also 
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lies in W, and J,==<1,l,. This shows that the multiplication in Wy, defined 
by the rule uv = lw (u,ve Wi), is associative. Similarly we define an asso- 
ciative multiplication In W, by zw==tyz (2,weW,). It is easy to check 
that these two multiplications coincide on W; N Wa | 

We recall that A, is the complex analytic subgroup of Ge corresponding 
to §. Put 4,—v%(A.). Since A contains the center® of G, A,-=A. X A 
and so it is connected. Also A, C W, and therefore A, C Wy It is easy to 
verify that A, is a group (with respect to the multiplication defined in Wy) 
and actually it can be regarded as a covering group of A, under the mapping 
a—>v(a) (aeA,). Since Ne C W, the product na (ne N,,aeA,) is well 
defined in W.. 


4, Holomorphic functions on W. By a holomorphic character of A, 
we mean a holomorphic function £540 on A, such that é(ab) = &(a)&(b) 
(a,beA,). & being such a character, we denote by ¢ the space of all holo- 
morphic functions f on W such that f(law)=—f(w)é(a) (neNe, aeãe 
weW). Our object now is to prove the following theorem. 


TuHEorEM 1. S¢=—= {0} unless there exists a linear function A on ġ with 
the following two properties: (1) E(expH) =eA® (Heh) and (2) A(Ha) 
is a nonnegative integer for every positive root which is not totally positive? 


For any eG, and ze G, put 27=Z2F. If y is a fixed element in G, 
zyx (ce G) depends only on Z and so we may denote it by y*. Similarly 
if w= (s,e)eS X G=—W and red, rp-alyw == (s*, c) and so for fixed w 
it depends only on A. We shall denote it by w*. It is clear from its definition 
that w—>w* (we W) is a holomorphic mapping of W. A, being compact, 


we normalize its Haar measure dh in such a way that f dh = 1. We now 
: Ag 


need a few lemmas. 


Lemma 6. There exists a function pe Qe such that 


J (rat) dli— $ (0)y(w) (we W, xe @) 
for every de Sz. This function ts unique and ¥(1) =1 if Se {0}. 


Let us first make some preliminary remarks. Every element XY in g 
defines a right-invariant holomorphic infinitesimal transformation [4] X’ as 


5 For A contains the center of K (Weyl [9]) and K contains the center of G [T]. 
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follows. f being a function which is defined and holomorphic around some 
point® ze Go 
X'i (2) — (df (exp(—tX) 2) /dt} 1-0 


If X, Y, Z are three elements in g and Z == [X,Y], it is easy to check that 
Z'f = X'Y’f — Y’X’f in some neighborhood of z. Now since W is an open 
submanifold of G, and since the mapping v of W onto W is everywhere 
regular, there is exactly one holomorphic infinitesimal transformation on 
W y-related to X [4, Chap. ITI, § V] which we denote again by X’. Let V 
be an open set either in W or W and let € be the space of all holomorphic 
functions on V. Then if we associate to each X eg the linear mapping 
f—X’f (fe€) of € into itself, we get a representation of g on E which can 
be extended (uniquely) to a representation of the universal enveloping 
algebra G of g. For any 6 ©%3 we denote by b’ the corresponding operator on €. 

Let w be a point in G, and f a function which is defined and holomorphic 
in some neighbourhood of w. Then if X eg and ¢ is a complex variable, the 
function F(t) =f({exp(—#X)w) is defined and holomorphic around the 
origin in the complex plane and 


{(d"/dt™) F(t) fico = ("YF (w). 


Now let (Xi, -+,X,) be a base cf g over C. We put X(z2) = 44,X,+:--: 
+-2,X, where 2,,°°-,%, are complex numbers. Then the function 
F(z) =f((exp—<X(z))w) is defined and holomorphic around the origin 
in CO", Let M=(m,---,m,) be any sequence of n nonnegative integers. 
We write 2M == g, "iz, Me. - -g mn, M= mima! Mal, | M| == mi+----+ my 
and 

gF 026 ae (mat tma J 8a" is Izy) F. 


Then if ô is a sufficiently small positive number, F(z) is defined and holo- 
morphic for all (z) such that |z |= max |z;| <8 and therefore 
i 


P(e) =Z F (M)/M! (121 <8) 
M 
where F(M) == (0"F/6éze"),, the suffix 0 denoting the value at the origin. 
Now replace z; by tz; where ¢ is a complex number and |¢|1. Then 
P(tz) =D F(M)tMleM Mt, 
M 


$ Here X’f(2) denotes the value of X’f at z. A similar notation will be used in 
other cases as well. 
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On the other hand if 2== (4: - -,2%,) is fixed, 
F (tz) = Z (t/m!) (X (z) )"f (w) 


m0 


for |t| sufficiently small. (Here X’ (z) = (X(z))'). This follows from 
the fact mentioned above that 


{(d™/dim) F (tz) Jiz = (X (2) )"f (w). 
Hence comparing coefficients of powers of ¢ we get 


(Z0) Pf (w) =m! X FA. 


Since this is true for all sufficiently small values of |z], we can compare 
the coefficients of 2” on both sides and conclude that F(M) =X (M)f (w), 
where X (M) is the coefficient (in 8) of 2! in (X(z))™/m! (m =| M |) and 
X’(M) = (X(df))’. This proves that 


f((exp—2X(z))w) =D X (M)f (w) /M! 
M 
for all sufficiently small values of |z|]. 


Now we return to the lemma. Let ¢ and z be fixed elements in § and 
G respectively. Put f(w) =¢(r2w) (we W). 8 being a positive real number, 
let Qs denote the cube in C consisting of all points z with |z|<8 We 
assume that 8 is so smell that the following conditions are fulfilled: (1) 
exp(—X(z))eW for ze Qs; (2) the mapping z—>exp(—-X(z)) is regular 
and therefore open on Qs and hence the set V = exp Qs is an open connected 
neighbourhood of 1 in W; (8) V is evenly covered [4, Chap. II, § VI] under 
the mapping v of W onto W. Let V denote the component of 1 in v1(¥). 
Define a function f on V by the rule f(v(w))—f(w) (weV). Then f is 
holomorphic on V. For any he A, we extend Ad(h) to an automorphism of 
V and put b'—Ad(h)b (beH). Let 2(X) +—1,---+,n denote the co- 
ordinates of X eg with respect to the base (X1,---+,X,). If eis a positive 
number we denote by ge the set of all X e g such that | 2(X)| == max |z,(Y)| < e. 


Since A, is compact, we can choose e so small that if | 2(X)| Se, | 2(X*)| = 8/2 
for every he Ay. Then since f(exo(—X(z))) is holomorphic on Qa, it follows 
from our result above that : 


F(exp(—X)) = Z (")'7(1)/m! (Xega) 
and therefore 7 


Flexp(—X*)) = Z (/mi)((XA")F()/m! (egy he Ad). 
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For any ze Qs, let w(z) denote the unique point in V such that v(w(z)) 
=-exp(—2X(z)). - Then if z(X) denotes the point (z,(X),* **,Za(X)) in 
O”, it is clear that w(z(X")) = (w(z(X)))* (X Egeħe4a) and therefore 


Fw) =E UAFA (la| <e Redo). 


Moreover in view of our choice of e, for a fixed z the convergence is uniform 
with respect to h. Hence 


f AUETA MM f ADIA — (| <e). 
Ag M Ag 


Now let q(M) = f (X(M))*dh. Here the integral is well defined since 
Ag 
the elements (X(J/))* span a finite-dimensional subspace of 8. Then 


S H@@))di— Zag ans (1) Q2] <0). 


It is obvious from the definition of g(Mf) that [H,q(M)]=—0 if Hef. 
Hence by the consideration of ranks (see §7 of [5(f)]) we see that there 
is exactly one element h(M) in the subalgebra § of $ generated by (1,5) 
such that g(Jf)==h(M) mod Sr. On the other hand f(l,w) =f(w) if 
neN, and therefore it follows easily that b’f(w) =0 if De Bn. and weW. 
Moreover since A, is an abelian Lie group with the Lie algebra §, there 
exists a linear function A on § such that €(expH) =e (Heb). Then 
flaw) = eA@f(w) ifa—expHed,. We extend the mapping H+>—A(H) 
(Heh) toa (uniquely determined) homomorphism p, of § into C such that 
va(1) 1. Then it is clear that h’f(w) —p,(h)f(w) for he} and we W. 
Hence 
g (M)f (1) =K (AL) f (1) = pa (h (AE) F(L), 


and therefore 
J F((w(@))8) dh E Ming ( (AL) )F (1) /m! (lel <o). 


Now if we put (x, w) -f p (rew) dh and recall that f (1) == (x) we get 
Ao 
© (2, w(2)) =$ (2) I Mpa (h (M) )/M! 


provided |z|<e. It is clear that the set of all points w(z) (|z| <e) isa 
neighbourhood of 1 in W. Hence from the principle of analytic continuation, 
there exists at most one holomorphic function y on W such that 


4 (w (2) = Saag (H(A) / 


10 HARISH~CHANDRA, 


if |z| <e On the other hand if g4 {0} we can choose a function o s40 
in s Since every element in W is of the form lr (seS,ceG@), it is 
obvious that ¢o(%) 540 for some se G. Moreover since A, is compact, the 
function | 


ER Í, bo (ta,w*) dh (we W) 


is obviously holomorphic on W and therefore the same holds for 
Po (Zo, wW)/po(%). But if we apply the above relation to ġo we get 


Bo (Zo, (2) )/ o (20) = Saag (h (M) )/H (lz] <6). 


This shows that the function y certainly exists (if GÆ {0}). On the other 
hand it is obvious that ®o(£o, lnaw) = é(ä)®o (To w) (neN,,aeA,we W) 
and therefore ye Sz. Furthermore since @(2,w) and ¢(z)y(w) coincide 
on a neighbourhood of 1 in W and since they are both holomorphic in w, 
they must coincide everywhere. This proves that 


J elraw)di—o(zyyw) (we Gwe W), 


and the uniqueness of y is obvious from this formula. In particular if we 
put p= ġo T= 2 and w—1, we get y(1)==1. Finally if è= {0}, 
y must also be zero and so ¥ is unique in any case. Thus the lemma is 
proved, 

Let A denote, as above, the linear function on } such that &(exp H) = e40 


(H €b). 


Lemma 7. Let 60 be a function in e. Suppose there exists a linear 
function A’ on Ņ such that 


o (raw) =e p(w) (we W, H €bo) 


where a—=expHeA. Then A—N ts a linear combination of positive roots 
with coeficients which are nonnegatiwe integers. 


Let V be an open connected neighbourhood of 1 in W such that V is 
mapped in a one-one fashion on V =—=»( V} under the mapping v. Define a 
function ¢@ on V by setting d(v(w)) =d(w) (weV). Let w,--+,a, be 
all the distinct positive roots of g. We put X;—X,, 1Sisxr. Then 
(X,,:°-°,X,) is a base for n, over C. Put X(2) = 24,2X,4+--- -+2,X, 
(where the zs are complex numbers) and for any positive e let n, (e) denote the 
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neighbourhood of zero in n, consisting of all X(z) with |z|—max|z|<e 
| | : 


We can choose e so small that exp(— X(z))eV and. 
$(exp(— X(z))) = DX’ (M)$ (12/1! 


if |z| <e. (Here the notation is similar to what we used in the proof of 
Lemma 6. M is a sequence (m,,:--,m,) of r nonnegative integers and X (M) 
is the coefficient (in H) of zM in (1/m!) (X(z))™ where m=m,+:---+m,. 
Moreover M!—=m,!---m,!). Choose a positive real § such that-(X(z))* € n.(e) 
for all he A, if |z| <8. Then it is obvious that 


$(exp(— X (2) )*) =2 ((X (ML) )*)’p(1) 247M! (|z| <8 he Ap). 
However if h =exp H (Hef), it is obvious that 
(wh) = $(Inraaw) = exp(A(H) —A’(H))$(w) (we W). 


Hence if [z| <8, 
= G(exp(—X (2))*) —exp(A(H) —a’(H))$(exp(— X(2))). 
On the other hand if M—=(m,,--:-,m,), it is clear that 
(X(M))#— eX (M), 
where Gap = M% +: ` ++. M,a. Therefore 
exp(A(H) —A’(H)) S.X’(M)G(1)2/M! 
i = See’ (M) (1)2/M! 


for all Heh, and all 2—(z,,---,2-) with |z| <8. Hence comparing 
coefficients of 2” we get X’(11)¢(1) =0 unless A— A’ = gy. On the other 
hand X’(M)4(1) cannot be zero for all MW. For otherwise ¢(exp(— X(z)) = 0 
if |z|<8 But since g=n+h+n,, the elements of the form 
naexp(—X(z)) (ae A,neN-,|2| <8) cover a neighbourhood of 1 in W. 
Since (inaw) =é(a)p íw), it is obvious that 


E = 2G) =e a en = 0 


if naexp(—X(z))eV and |z| <8. This shows that ¢ vanishes identically 
on a neighbourhood of 1 in V and therefore ¢ is aiso zero on some neighbour- ` 
hood of 1 in W. But then ¢, being holomorphic, must be zero everywhere 
on W. Since this contradicts our hypothesis, A — A’ = gy for some Jf and 
so the lemma is proved. 

Every XY eg may be regarded as a (left-invariant) holomorphic infini- 
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tesimal transformation on Ge [4, Chap. IV] and therefore also on its open 
submanifold J¥. Then there is exactly one holomorphic infinitesimal trans- 
formation on W which is y-related to X. We denote it also by X. Let V 
be an open set either in W or W and let € be the space of all holomorpkic 
functions on V. Then these operations of g define a representation of g on € 
which may be extended uniquely to a representation of 8. Tf be and 
fe€, we denote by bf(w) the value of bf at w (we V). Let Æ be the sub- 
algebra of % generated by (1, f). 


Lemma 8. Lety be the function of Lemma 6. Then Hy —A(H)y for 
Heh and Xay =0 for every positive root a. Moreover the functions by 
(beX) span a finite-dimensional subspace of Sz. 


Since ra and ly (ue W, ve W) commute, it is an easy matter to verizy 
that if feg and Xeg then Xf is also in Sz Therefore we get a revre- 
sentation of B on Sz Now for any pe O¢, consider the function 


P(x, w) = ¢ (row) (ceG,weW) 


on GX W. Since (2,w)—->v(r.w) —=v(w) is a (real) analytic mapping 
of GX W into W, it is clear that (z, w) —>7r,w is also an analytic mapping 
of GX W into W. If Wege it is obvious from the definition of Y¢ that 


Xo(w) = {dë (exp tX, ws /dt} =o (te R). 


Moreover if X, Y ego and Z =X + (—1PY eg, Zġ = Xęġ + (—1}(Yġ¢). 
Therefore if A’ is a linear function on §, it follows from the above differential 
equation that Hé = A’(H)¢ for every Heh if and only if 


(exp H, w) = e4 o (w) 


for all He}, and we W. In particular if we apply this criterion to y and 
take into account the fact (which follows from Lemma 6) that y (w) =y (w) 
(he A,weW), we get Hy-—A(H)y (H29). But then if 6=X,y it is 
clear that Họ= (A(H)-+-a(H})¢@ (Heb) and therefore by the above 
criterion 


$ (raw) = exp(A(H) + «(H)) p(w) (Heho,weW) 
where h==expHeA. « being a positive root, we can conclude from Lemma 7 
that ọ = X,Y —0. 
To prove the last assertion we may assume that e34 {0}. Let K and 


K” be the analytic subgroups of G corresponding to fae and fy)’ = [fo fo] 
respectively. Then K’ is compact and semisimple* and the function 


F(u, w) =y (ruw) (ue Kk’, we W) 
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is continuous on K’ & W.: Moreover ¥(1,1) =w(1)=1. Therefore from 
the Peter-Weyl Theorem for K’, there exists an irreducible character x oi K’ 
with the property that the function 


Y (u,w) = Sx Ẹ (uv, w) dv 


is not identically zero on K’X W. (Here dv is the Haar measure on K’). 
Since &(uv,w) = V(v,r,w), it follows that W (u, w) = Y (1, r«w). There- 
fore if y (w) =Y (1,w) (weW), it is obvious that yeS¢~ and it is not 
zero. Now if keA, 


Wf (Ww) — fx (0) y(r) do. 


Moreover K’ is a normal subgroup of K and it is clear that (h wh) = y(v™). 
Therefore 


J xCo™H (rot) dom S xww S x(v)y (row) dv —y (w), 


since 4 (2) =w(z) (ze W ) This shows that y/(w") = y/(w) and therefore 
from Lemma 6, 


yw) = JV (wid =v (1)y(w) (we W). 


This proves that the function y and y” differ only by a constant factor which 
however cannot be zero since neither y nor y” is zero. For any fixed we K’ 
put yx (w) =Y (u, w) =y (rw). Then it is clear from the definition of 
W’(u,w) that yw € Sg and the dimension of the subspace V of S¢ spanned by 
all y (we K’) is finite. For any ġe V define ¢,(w) = d(rw) (ue K’, we W). 
Then if to each us K’ we associate the linear mapping o(u):¢d—od¢, of Y 
into itself, we get a representation o of K’ on the finite-dimensional space 
V. We denote the corresponding representation of ý also by ø. Since 
o(u)o(w) = (7,w) it follows immediately that o( X)¢—X¢ (Xe, pe V). 
On the other hand if cy is the center of f, and h=-expHeA (Hec) it 
is clear that yul(raw) =wW(rityw) = ADL (ruw) = AMY, (w). Since V is 
spanned by the functions yw, we can conclude that d(7,w) = eg (w) for 
all ge F. But as we have seen earlier this implies that HA—A(H)¢ and 
therefore V is invariant under the operations of fy -+ co==f, and so also 
under those of #. Since we V, the last assertion of the Lemma follows 
immediately. 

It is now obvious that Theorem 1 is a direct consequence of Lemma 8 
and Theorem 1 of [5(f)]. | 
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5. Representations on a Hilbert space of holomorphic functions. We 
shall now prove a converse of Theorem 1. Since A, is the direct produst 
of A, and A and A, is simply connected, exp H = 1 in Ag (Heh) if and 
only if Heh, and expH==1in A. On the other hand if D and A’ are the 
analytic subgroups of A corresponding to? co and Bo =o N Ës, A is the 
direct product of D and A’ and D is simply connected. Therefore exp H ~1 
in A unless Heby. Now suppose Helh,’. Since A’ C K’ and K’ is compact, 
exp H —1 if and only if it lies in the kernel of every. finite-dimensional 
irreducible representation of K’. But K’ is simply connected* and therefore 
there is a one-one correspondence between finite-dimensional representations 
of K’ and those of ¥. So it is clear that exp H —1 if and only if A@—1 
for all weights A (with respect to-’) of all finite-dimensional representations 
of F. Since we may identify compact roots of g with roots of f, it follows’ 
that a linear function A on h coincides on Y’ with the weight of some finite- 
dimensional representation of ¥, if and only if A(H,) is an integer for every 
compact root æ. Therefore in order that there should exist a (holomorphic) 
character £ of A, satisfying the equation é(expH)=eA®) (Heh) it is 
necessary and sufficient that A(H,) ance be an integer for every compact 
root a. 5 

Now let p and o be two nonnegative (Haar) measurable functions on Ga. 
We assume that » is not identically zero, » is bounded on every compact set 
and p(29) Su(Z)0(9) (29EG). Then n(9) Sp(Z)o(#9) and since p 
is not identically zero it follows that (Z) 40. Moreover 


{e (2G) 3" S {a (2) Jo (9) 


and since »(y) (and therefore also w(Y*))} is bounded on every compact se3, 
it follows from the above inequalities that the same holds for both a and 1/p. 
Hence if dz is the Haar measure on Go the two measures p(%)dz and dz 
are absolutely continuous with respect to each other. 

Let A be a real? linear function on h. We assume that A(H,) is a 
nonnegative integer for every positive root « which is not totally positive. 
Then, as we have seen above, there exists a holomorphic character é of A, 
such that (exp H) = e4) (Heh). Let f be a complex-valued function on 
W such that f(lw) —é(a)f(w) for allaeA, and we W. If Z is the center 
of G, Z C A "and therefore f (lw) = £&(z)f(w) (zeZ) and | é(z)| = 1 because 
A is real. This shows that |f(zr)|—|f(z)| (zeZ,seđ&) and so | f(a) | _ 
depends only on Z. Hence if | f (x)| happens to be a measurable function of Z, 


7 This can be deduced easily from Theorem 1 of [5(a)]. See also Weyl [9]. 
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we can consider the integral f | f(z) |?n(@) dz. Now let §,() denote the 
Go 


space of all holomorphic finctions f on W satisfying the following two 
conditions : | 


(1) Faw) —=€(a)f(w) (ne Neyae Awe W) 
(2) I= f [f@)lH@)de<e, 


We put 6 = Q, (x) for convenience. Then every fe is certainly continuous 
on Œ. Therefore since the measures dē and »(Z)dz are absolutely continuous 
with respect to each other, || f || is positive unless f vanishes identically on G. 
But then in view of condition (1) above, f==0. Therefore in order to prove 
that § is a Hilbert space, it only remains to prove that it is complete. After 
this has been done we intend to define a representation of G on © and prove 
that © = Qı (u) 4 {0} for a suitable choice of p. 

Let z, be a fixed element in G and let X,,---,X, be a base for g 
over C. If Xeg, we denote by 2.(X),---+,2n(X) the coordinates of X 
with respect to this base and for any positive number e we define (as before) 
ge to be the set of all Xeg such that |2(X)|—max|2(X)|<e« Now 

i 


choose « so small that the following conditions hold: (1) the mapping 
X — exp(— X) of g into G, is univalent and regular on ge (2) exp(—X)Hew 
for X € gẹ (3) the set V = exp (ge) čo is evenly covered under the mapping v of 
W onto W. Let V denote the connected component of £o in v?(V). Then 
V and V are both open and y defines a one-one regular holomorphic mapping 
of V onto V. 

For any X eg, consider the endomorphism 


(1—exp(— adX)) /adX = 2 (—1)"(adX)™/(m-+1)! 


of the complex vector space g. We denote by A(X) its determinant. Then 
A(X) is clearly a holomorphic function on g and a well-known computation 
[4, p. 157] shows that if s* == exp(— X) žo, 
dr —= d(x*)-1 == | A(X) |? | dX |? (X € ge) 

where dz* is the Haar measure on G, and | dX |? is the Euclidean measure 
on g (regarded as a vector space over R). Since A(0) = 1, we may assume 
that «e is so small that | A(X)| Z 4 on ge. 

On the other hand we know (see Corollary to Lemma 1 and Lemma 26 
of [5(b)]) that (n,a,%) >~naz (ne N,aeA,,£eG.) is a one-one regular 
mapping of Ne X A,X G onto W and an easy computation shows that 


da* — erlo 9) dndadz, 
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where w* == naZ and dz*, dn, da are the (suitably normalised) Haar mea- 
sures of Ge No and A, respectively. Let V’ be the set of all points 
(n,a, 28) EN X A.X G such that nateV and let Vi, V2, Va denote the 
projections of V” on each of the factors No, A., Gp respectively. Then they 
are all open and since the closure of g, is compact, it is clear that the closures 
of V,V’, Vi, V2, Vs are also all compact. We can choose open neighbourhoods 
Vi’, V, Vs’ of 1,1,% in No, 4A» Gp respectively such that V,’V,’V,’ CV. 
Also choose a positive 5<« such that exp(—2X)aq,eVi/V2V,’ if Xega 
If f is any function in §, we denote by f the function on V given by 
f(v(w)) =f(w) (weV). Then 


J. Fep Ez) | ax PS4 [| F(exp(—X)x0)|* | A(X) | aE f 
85 85 
<4 | F (naz) |? ee dndadé = M, f | F(4) |? dé 
Vix VexVs : Vs 


x 


where M, == 4 f exp (2A (log a) + 4p (log a) ) da fran. On the other hand 
V1 Ya 


since the closure of V, is compact, 1/p is bounded on V3. Hence 


MOLETAI Ores T 
Va Va 


where M, is an upper bound for p* on FV. This proves that 


J | F(exp(—X)%) |? | aX PSM If IP 
8 


where M == M,M,. Since f(exp(—2X)%,) is a holomorphic function of X 
on ge it follows from a classical argument (see Bochner and Martin [2, 
p. 117]) that if | f |] tends to zero, f(exp(—X)2,) tends to zero uniformly 
on every compact subset of gs. This proves that || f || — 0 implies the uniform 
convergence of f to zero on some neighbourhood of z in W. Moreover since 
To can be any point in G and since f(nav) = éla) (z) (ne No, ae A, ceG) 
it is clear that the same conclusion holds in some neighbourhood of any 
given point in W. Therefore if fm is a Cauchy sequence in §, it converges 
uniformly on every compact set in W and hence the limit function f is 
holomorphic on W and clearly f(1nw) = é(a)f (w). Moreover it then follows 
by well-known elementary arguments that 


IFIP f 1f@) [Pa (@)ds—Lim | fa |? <o 


and || f—fm||—>0. This proves that f lies in § and fm converges to f in §. 
Therefore $ is complete. 
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Now we define a representation + of G on § as follows. If fe§ and 
yeG, r(y)f is the function whose value at w is f(r w) (we W). Since 


(29>) Su(Z)o(¥), 
MUCAL I, 


and so it follows easily that r(y)feS and |riy)f Sog f. This 
shows moreover that the operators z(y) remain uniformly bounded on any 
compact set. Now let V = V~ be any compact neighbourhood of 1 in G and 
let V be its image in G, under the mapping +—#. For any given «> 0, 
we can choose a compact set G, in G such that. 


LOITOLLA 


(°G, is the complement of G, in Go). Put G.=G,V. Then G, is also 
compact and if ye V, (*G.)y C °G. Hence rE 


f enbas f Ore, 
where Af? is an upper bound for o(¥) on V. Moreover 
Oi = J. |f(eu) fe)? m@)az + Sr he) Hea. ; 
But’ A 
f LIED —T@u@as 


SIS FEDI MEAE + f Kelaa) S14 
and since Ga is compact, 
Lim | | f(xy) —f(a)|*n(@)dé 0. 
yer Ga : 
As « is arbitrary, this shows that Lim |«(y)f—fl|—0. Moreover it is 
esi ai 


obvious that (zy) =r (x£)r(y) (x,y e @) and-therefore r is a representation 
[5 (b), p. 201] of G on §. 

It is obvious that § is contained in the space S¢ of Lemma 6. 

Lemma 9. If §=§,(u) Æ {0}, the function y of Lemma 6 lies in §. 


For if we choose ġo 5<0 in G, it is clear that ¢o(2)) 540 for some To € Gs. 
Then it follows from Lemma 6 that 


Í, bo (yt) dh = po (z0) (y), 
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and therefore 





[g(a f 1x0) 
=f f le(s) aoa. 


a(d f aB) f | bo(yieo) |? ah 


But if heA, 
f 1o(gizo) Puda — S | goChyh ao) |? ala)ag 


= È” | oly) | (Goh) ag S o (ER) oI 


since | é(A)| =1. Therefore if M is an upper bound for w on the compact 
set ZA, it follows that | do(2o)|? lly |]? S AZ || gol. Since po(£o) 40, we 
conclude that || y ||?<o and therefore ye ®. 


Lemma 10. Let ọọ be any element in G which is well-behaved $ under r. 
Then r(X)b=Xo (Xeg). Moreover if H = {0}, y is well-behaved under r. 


We have seen that if @ tends to ġo in & then ¢(w) tends to ¢do(w) 
uniformly on every compact set in W. In particular if œ is well-behaved 
under r and X £go (1/t){x(exptX)d—¢} (te R) tends to r(X)¢ in $ as 
t—>0. On the other hand it is obvious that (1/t){z(exptX)¢—¢} tends to 
Xd uniformly on every compact set in W. Therefore XY¥p¢—a(X)¢ and by 
linearity this remains true if Yeg. Also we know that r(z) =&(z)a(1) 
(zeZ). Therefore it follows from Theorem 4 of [5(b), p. 224] that the 
space of well-behaved elements is dense in §. On the other hand if heA, 
it is obvious that €(h-1)w(h) depends only on A and so we may denote it 
by z(h). Then h-7(h) (he A,) is a representation of A, on § and 


E—( #(h)dh 
Ao 


is a bounded operator with E° = E. Moreover since Ay is compact, it follows 
easily (see Lemma 29 of [5(b)]} that if @ is well-behaved under ~r, the 
same is true of Fo. Moreover if we regard 


E¢— Í, a(h) gdh ($28) 


as the limit of a sum in §, it is clear from the remarks on convergence 
made above that ® 


Ba(w) =f =(h)  (w) dh (we). 


e We use here and in the rest of this paper the terminology of [5(b)]. 
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But if Ae A, 
H(h) p(w) = Eh yeh) p(w) = Eh) (raw) = £(h*) 6 (nw) = p(w?) 
where a=-h-*, Therefore, from Lemma 6, | 
Eg(w)=o(1)y(w) or Eẹ=ẹ(1)ġ. 


Now assume that §=<{0}. Then from Lemma 9, yeğ and so we can 
choose a sequence ¢,, of well-behaved elements in § such that ¢,—>y in 9. 
Since Æ is bounded 


pm(1)y = Epm > Ey = y(l)y=—y 


from Lemma 6. Therefore ¢,(1) 40 if m is sufficiently large and since 
Edm is well-behaved the same holds for p= {¢m(1)}7*Edn. 


LEMMA'11. Suppose GÆ {0} and Qı is the smallest closed subspace 
of $ containing y which is invariant under a(G). Then the representation 
of G defined on §, under w is irreducible and quasi-simple.® 


Let S254 {0} be any closed invariant subspace of $,. Choose 640 
in §,. Then as we have seen above Hx(r)¢ = {r(z)¢(1) }p=—o(a)yb (we). 
Since $ £0 it is clear that (s) 540 for some x and therefore ye So. But 
this implies that == §, and therefore §, is irreducible. 


Now let z be any element in B of rank? zero.. Then it is clear that if 
¢@ is a well-behaved element in §, 


w(h) (2) =r (2)a (h) (he A), 
and therefore AO eee care In particular 
Doe (2) = (2) By = r (2)y. 
But we know that 26 —¢$(1)y for every ¢e%. Therefore 
a (2) = Ea (2)4 =x (2)4, 


where x(z) is the value of m(z)ẹy at 1. Now if z lies in the center of %®, 
it follows that 


n(2)n(t)yman(a)a(2)p—=x(2)e(c)y (ve G). 


Hence if V is the subspace of §, spanned by w(r)y (eG), r(z)ġ =x(z)ġ 
for all ġe VF. Since V consists of well-behaved elements and since V is 
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dense in §, the quasi-simplicity of the representation on §, now follows 
from ® Lemma 32 of [5(b)]. 


LEMMA 12. Suppose Š 4 {0} and r is a unitary representation. Then 
§ is irreducible under r. 


In view of Lemma 11 it is enough to prove that 6,—§. Let , be the 
orthogonal complement of §, in §. Since v is unitary, ə is invariant under 
m. Let @ be any element in a. Then we have'seen that Hr(z)d6—¢(2z)y 
(ce G@). Therefore ¢(7)ye 2.9 §:== {0} and so ġ(x)=0. This being 
true for every ze G, it is clear that ¢=0. This proves that == {0} and 
therefore §, = §. 


6. Computation of the function Y. We shall now determine the func- 
tion w explicitly. We know from Lemma 4 that Q = Po M.P. is an open 
submanifold of G, and there exists a (unique) holomorphic mapping m of 
Q into M, such that qe Pem(q)Pe for every geQ. Let M, be the simply 
connected covering group of M, and y the natural homomorphism of M, onto 
M, Since WCQ, w-—>m(v(w)) is a holomorphic mapping of W into M,. 
But W is simply connected and so there exists a. (unique) holomorphic 
mapping m of W into M, such that m(1) 1 and yom—moy, Now if we 
use the notation of [5(f),§5] it is clear that m—g’+f. Hence if c is the 
center of É, c, =c N g, is the center of m and m is the direct sum of c, and 
m’ = [m,m]. Therefore If, being simply connected, there exists a (unique) 
holomorphic mapping T of W into c, such that m(w)eM/expl(w). Here 
M is the analytic subgroup of I, corresponding to n. 


LEMMA 13. Let w be any element in W. Then 
T(lnat) =T(a) + Pw), (ruw) = T(w) + Tu), Pua) = Pu) + P(e) 


? It was pointed out to me by Dixmier that the proof of Lemma 33 of [5(b)] is ` 
incorrect. Since Jf is dense in a only in the weak topology, one cannot conclude that 
(S Av) [S[ Bly] ol] ¥| for all oc} and well, knowing it to be true for fe M 
and eM. However suppose there exists a positive real number @ such that every 
element Y in Š can be approximated arbitrarily well (in the weak topology) by 
elements yeM with |y|sel|y|. Then it follows immediately that |(¢, Ay)| 
=a|Bly|¢|| | for all $: ĝ and yM and therefore [A |w<a|Bly. Hence, in 
particular, A is bounded if B is bounded. On the other hand if we use the notation of 
[5(b), pp. 226-227], it is clear that if n is sufficiently large | AY | <a |y | where 
a= 2sup|m(a#)| and w is a compact set outside which all fa are zero. From this it 

Bed 
follows that | Āpn | Sa and therefore the subspace V of © does have the above addi- 
tional property. The proof of Lemma 32 of [5(b)] now goes through without any 
further modification. 
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for neN,, aed, uek and vef. | Moreover if a==expHeA, (He) and 
H=-H,+H’ (Hec H’eh Nm) then T(a) =H.. a 


Since [m,p_] C p- and [m, p+] C pa it follows that M.Q = QM, =Q 
and m(vq) =vm(q), m(qv) =m(q)v (vell.,geQ). Moreover n- C p+? 
Cp.+n’. Therefore No C P5y(M/). Similarly if ue K, m(qū) =m(q)ü 
(geQ) and m(ūs) =üm(s) (xe G&)}. The first part of the lemma follows 
immediately from these facts. Now put a, = exp H, and g == exp H’. Then 
a= aa and therefore T (a) =T (a) +T (a). But since d'e M/, D(a’) =0. 
On the other hand it is obvious that I'(a,) = H, and so the lemma is proved. 

By a complex representation of G, we mean a finite-dimensional repre- 
sentation such that the corresponding representation of g is linear over C. 
Since G, is simply connected we may identify the finite-dimensional repre- 
sentations of g with the complex representations of G,. If V is the repre- 
sentation space of such a representation ~, it would be convenient to regard 
V as a Hilbert space in such a way that + becomes unitary on the subgroup 
U corresponding to u==f,+ (+—1)4po. Since U is compact, this is always 
possible. Whenever we speak of a finite-dimensional representation of g (or of 
a complex representation of Ge) we shall tacitly assume that such a Hilbert 
space structure has already been introduced in the representation space. ' 


Now let A be the linear function of Section 5 and let g, - -,a, be a 
fundamental system of positive roots of g (see Corollary 2 to Lemma 4 of 
[5(£)]). We assume that a,,- - -,o, are all the totally positive roots among 
these. Define a linear function A, on by the conditions Ap(Ha,) =0 
11st and Ao(Ag,) =~A(Ha) (<issl). Then A, is a dominant 
integral function and therefore from Theorem 1 of [5(a)] there exists an 
irreducible representation o of g on the finite-dimensional space V with the 
highest weight Ay. Let $, be a anit vector in V belonging to the weight Ao 
and put à = A— Ao. | 7 


Lemma 14. Let ébe the holomorphic character of A, corresponding to A. 
Then the function y of Lemma 6 is gwen by the formula 


y(w) = (fo, o (v (w) ) bo) ATH) (we W). 


First observe that since o is unitary on U, the adjoint of the operator 
o(X) is —o(6(X))- (Xeg). Hence o(6(z*)) is the adjoint of o(z) 
(ze Ge). But 6(N~-) ==N,* and since ġo belongs to the highest weight, 
a(n’) bo = pa If n eN. Moreover from Lemma 13, T (lyw) =T (w) (ne N-). 
Therefore if yọ denotes the expression on the right hand side of the above 


ww 
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equation, yo(lnw) = po(w) (neN,-). Now let aexpHeA, (Heh). Then 
if @—v(w) (we W), 

(po, o(v (Taw) ) ho) = (7 (6 (T7) ) bos o (87) po) = 24 (ho, a (D) ho) 
since A, is real. On the other hand it follows from Lemma 13 that 
A(T (lw) ) = A(H,) +A(T(w)) where H=—H,+H’ (H,e¢,,H’eh Nm}. 
Therefore 

Yo(law) = exp (Ao (H) + ACH.) )yo(w). 
But A(H) =A(H,) + A(H’) and it is obvious from Lemma 13 of [5(f)] 
that H’ is a linear combination of Hy, (<iS!) so that A(H’) =Ù. 
Hence l 
Ao(H) + A(H.) = Ao (H) +A (H) =4 (B). 

This proves that yo(law) = É(a)yo(w) and so yoe He. Moreover if acA, 

Yo( Taw) = (ho, o(v(w)4) bo) exp (AT (w)) + AT (a))) = yo(w)é(a) 


since olã)p eT == E(a)ho. Hence 


pol W) = yollari ow) = Eh)E(h™) pow) = polw) (he A) 


and therefore pu) = f Yo(w")dh = yo (1)y (w) from Lemma 6. But 
Ag , 


yo(1) = | ġo |’ =1 and so poy. | 
We have still to show that the space § (x) Æ {0} for a suitable choice of p, 
In order to do this we need some preliminary results on finite-dimensional 
representations of g which we shall then apply to the above representation ø. 





7. Some results on finite-dimensional representations. First we prove 
the following lemma. 


Lemma 15. There exists an element H ebo such that 6(X) —exp(adH)X 
for all Xeg. | 


Since (H) =H (Heb) and 67(X¥)—X (Xeg), it is clear that 
6(X_) = + Xa for every root a If (a,,:--,%:) is a fundamental system 
of roots we can choose Hef such that 9(Xa) = eX, LSS It is 
obvious that a,(H),- + -,a:(H) are all purely imaginary and therefore H e be. 
Moreover since [Xan X-a] eb, it follows thet 0(X a) = 02X. There- 
fore 6 and exp(adH) are two automorphisms of g which coincide on H and 
also at Xq,, Xa, 1 SiS]. But g is the smallest subalgebra of itself con- 
taining ý and Xas X-a 11/1 (see Lemmas 18 and 19 of [5(a)]) and 
so 0 == exp (ad H). 
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Lemma 16. Let x be a representation of g on a finite-dimensional space 
VY. Then tf is a vector belonging to some weight of r 


(p,7(2)6) = (¢,7(4(2) )¢) (ze Ge). 


From Lemma 15 we can choose he A, such that 6(z) ==Azh* for all 
zee Then (¢,1(0(z))) = (r(h)¢, (2h) ¢) since r is unitary on Ap. 
But since ¢ belongs to a weight of r, r(h"?)¢==cp where c is a unimodular 
complex number. Hence 


(¢, (0(2))o) =| ¢|2(¢, (2) b) = (4, 2(z)4). 


Now ¢ being as above, we propose to study the growth of the function 
F(X) = (¢,r(expX)d) (Nepo) at infinity. Let X be a fixed element in po. 
Since 6(X) =— X, r(X) is a self-adjoint operator on V and therefore we 
can choose an orthonormal base (¢1,- - -,¢¢) for V such that r (X): = Aid; 
(Ace R, t==1,:--,d). Then if d= dad (aeC), 





F(X) = 2 | a |7 e, 


Similarly F(— X) =} |a| e. But since 6(X) =— X, it follows from 


Lemma 16 that F(X) =F(—X) and therefore F(X) = >; | a; |? cosh dj. 
Now consider the function 


c(t) = (cosh t—1)/t = X #"-2/(2n)! (te). 


n=1 


Then c(t) = c(—t) Z0 and c(%) increases with ¢ for ¿= 0. Also 
F(X) = Saf + E |o |20) 1+ E | ar žela) 
if we assume that | | =1. On the other hand | r(X)¢ |? 3 | aA, |? and 
therefore d4|a(X)p|Smax|aA,|. Let j be an index such that | a; | 
== max | au |. Then i 
F(X) = I -+ | AÀ; 26(| Àj |) = 1+4 | asd, |? e(| aàj] ) 
= 14d*|x(X)o |? cid |r(X)ẹ |) = cosh (4+ | x(X)¢ |). 





Therefore we have the following result. 


Lemma 17. Let m and be as in Lemma 16. Then if |¢|—1 and 
X £ Do, 


(4,7 (exp X)g) = cosh (d3 | a(X)¢ |) 


where d = dim F. 
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“On the other hand we have the following result concerning | «(X)¢ |. 


Lemma 18. Suppose ¢ belongs to the highest weight À of w. Then if 
\(Hg) 0 for every noncompact root B, |w(X)d|? (Xepo) is a positive 
definite- quadratic form on Po. 


Let X be an element in po. Then if we choose Xg, X_g as in [5(f),§ 4], 
we can write X¥— Di (cgXg-+ égX_g) where 8 runs over all noncompact 


positive roots and the bar denotes complex conjugate. Since ¢ belongs to the 
highest weight r(Xg)¢—0. Hence r(X) = dig égr(X_g)¢: On the other 
hand if.A(Hg) 40 we know (Lemma 1 of [5(f)]) that r(X_g)¢340 and 
it, belongs to the weight A—-8. Since nonzero vectors belonging to distinct 
weights are linearly independent, we conclude that +(X)¢5<0 unless ĉg = 0 
for all 8. This proves our assertion. 

In Section 2 we have defined a (real) analytic mapping z— H(z) of Ge 
into (—1)*, such that ze U(expH(z))N,* (z€ Ge). We shall say that a 
linear function A on § is completely positive if A(H,) is real and non- 
negative for every positive root g. 


. Lemma 19. If à is a completely posttwe linear function on h then 
MH (x)) = 0 for all eG. Moreover for any Xe po the function AH (exp tX)) 
(te R) is non-decreasing for (2.0. Finally H(p) =H (py) tf peexp po. 


Let «` -,o, be a fundamental system of positive roots. Define real 
linear functions A,,---,A; as follows: A(Ha) 8; 11,7531 where 
51 or 0 according as t=} or not. Then A == MA4, -+: + -+A;A; where 
à= A (Ha) are nonnegative real numbers. Since A; are dominant integral 
functions (see [5(a), p. 30]), it is clearly sufficient to prove the lemma 
under the assumption that à is such a function. Let r be a finite-dimensional 
irreducible representation of g on a space V with the highest weight A 
[5(a), Theorem 1] and let ¢ be a unit vector in V belonging to the weight À. 
Then if v=uhn (weGo,ueU,heA,neN,*) it is clear that 


| w(x) p |= | r(uh) | = |z (h)¢ | = edo, 


On the other hand vp (ve Ko, peexp pi) and therefore 





| (a) |? = | w(p) op |? = (4,0 (p") 4), 


since w(p) is self-adjoint. But it follows from Lemma 17 that (¢, x(p*)¢) = 1 
and therefore eM4#()) — | r(x) | 221. This proves that A(H(2)) 20. More- 
over if Xep, r(X) is self-adjoint and therefore 


ww 
Or 
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exp 2A(H (exp tX) ) = | a (exp tX)¢ |? 
— (p,m (exp 2X) d) = ($, r(exp(—2#X)$) (te RR) 
from Lemma 16. Hence . 
exp 2\(H (exp tX)) =$ ($, (exp 2X) $) + 4(4,4(exp(—2#X) 4) 
=F (24) | (w(X)) 9 |?/2nt, 


Since A(H (exp #X)) is real and since only even powers of ¢ occur and all 
the coefficients of the series are nonnegative, the second assertion of the 
' lemma is now obvious. Also it is clear that A(H(p)) =A(H(p*)) for 
peexppo This is true in particular for A=A; t=1,:--,1. Since 
Ai,‘ © c, A is « base for the space of all linear functions on §, we conclude 
that H(p) = (p>). 

Let B(X,Y) =sp(adXadY}) (X,Y €g). Then —B(6(X),X) is a 
positive definite Hermitian form on g which we denote by | X |7. We now 
regard g as a Helibert space uncer the corresponding norm ||- ||. By com- 
bining Lemmas 17, 18 and 19 we can get the following stronger result. 


Lemma 20. Suppose » is completely positive and X\(H,g) £0 for every. 
noncompact root B. Then there exists a posttwe real number c such that 
A(H(expX)) 2e|X || for all X €p, lying outside some bounded set. 


First suppose A(H,,) 1 +551 are all integers so that A is a dominant 
. Integral function. We define z, V and ¢ as in the proof of Lemma 19. Then 
from Lemma 17, 


(p, r(exp 2X) p) = cosh (2d-4| «(X)¢ |) 
where d— dim V. But we have seen above that if p=exp Ý, 


(p, r(exp2X)) =|a(p)¢ 


2 g2\(H(p)). 





Hence | 
d(H (p)) = Flog (cosh (244 | x(X)p|)) Z d+ | (X)¢ | —F log 2. 


On the other hand we know from Lemma 18 that |«(X)¢/* (Xep.) is a 
positive definite quadratic form on po. Hence if co is the least possible value 
of |x(X)¢| for all Xep. with | X | —1, co >0 and [r(X)o| Zali 
{(Xep,). Therefore 

ACH (exp X)) = cod? || X || — 4 log 2 = bead || X | 


provided || X | =co*d'log2 (Xepo). Hence we may take c= feod, 
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Now we come to the general case. Define A;,---,A, as in the proof 
of Lemma 19. Then à= ÀA +: ++ AA. where A;==-A(H,,) are non- 
negative real numbers. Choose a positive number r so large that if 4;5<0, 
ryezl GsS1S/1) and put às == mA, -+--+ tA, where a,=—0 or 1 
according as A;==0 or not. Then 7A— A, is completely positive and A, is a 
dominant integral function. Let æ be a positive root. Then Ha =b Ha +` 
+ b,H,,; (eR, b= 0). Suppose b; > 0 (11S m) and a =0(m<issl). 
Then A(Ha) = bà + -© bmàm and ào (Ha) =b +: > -+ Bnd. Since 
àp a are all maa and since M= 0 if and only if aq; = 0, it is clear 
that A(H,) = 0 if and only if ào(Ha) =0. Therefore Ao (Hp) 0 for’ any 
noncompact positive root 8 and so. by the above proof, there exists a positive 
number ec’ such that `o (H (exp X)) 2c’ |X] (Lep.) provided that || X | 
is sufficiently large. However since rà— Ào is completely positive 


rh(H (exp X)) 2A (H(expYX)) 
(Lemma 19) and therefore | | 
AH (expX)) =e 1X 44 ; (Xe po) 
if | X || is sufficiently large. 


On the other hand it is quite easy to obtain a result in the opposite 
direction. 


Lemma 21. Let à be a linear function on b. Then there exists a real 
number d such that |rX(H(expX))| Se’ || X | for all Xe po. 


Put M= A(Ha) 1=1,2,---:,1 Then A=), +: +--+ AA; and 
|A(H)| S E|] | 4:(2)| (Heb). Therefore it is obviously sufficient to 
prove the lemma under the assumption that A is a dominant integral function. 
Define x, V and ¢ as above. Then if p—expX (Yep), 


ME — | (po |<] a(p)| S erol 


where | T | denotes, as usual, the bound of-an operator T. Therefore from 
Lemma 19, 


|A(H(p))| =a(H(p)) S|2(5)| S (sp(e(X)) 


since (X) is self-adjoint. If a’ is the maximum value of sp(r(X))? for 
all Xepo with | X | =1, it is clear that sp(4(X))?a’ || X |? for every 
X in po and therefore |A(H(expX)){<c’ |] X || where d = (a’)3. 

We shall also need another similar result. Let p be defined as in 
Lemma 3. 
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Lemma 22. Let m be a representation of g on a finite-dimenstonal space 
V. Then there exist positive real numbers a, b such that 


| (at) | S ber | g | 
for every pe V and reGy. 


If s=up (ueKo, peexppo), r(2")p6—a(p")¢’ where ¢ =r(u)o. 
Also H(z) =H (p) and |¢’|=|¢|. So it is enough to consider the case 
when u= 1. Let p=expX (Xepo). Then 


CORE | 6] Se" | 6 


But as we have just seen above, there exists a real number a, such that 
|+(X)| Sa] X || for all Xep, On the other hand from Lemma 20 we 
can find positive real numbers a, and M such that *° 


p(H (expX)) Zaz |X | 


for all Xep,. for which |X| 2 W. Let b: be an upper bound for 
| r(exp(—X))| when |X| SM (Xeh.). Then if a= a/a it is obvious 
that |o(2)¢ | S be) for all de V and ve G. 

The following lemma describes some properties of the mapping c>T(2) 


(cet). 


Lemma 23. Let à be a real linear function on h. Then tf us K, the 
real part of A(T (u)) is zero. Moreover tf (Ha) =0 for every positwe root 
a which is not totally positive, | 


A(T (exp X)) = 2A (H (exp 4X) ) (X epo). 


We know that } is the direct sum of c, and Mm’ (in the notation of 
Section 6) and if g is a positive rcot which is not totally positive, Hae N nv’. 
Without affecting its values on t, we can replace à by a linear function 
which vanishes identically on hm’ and therefore assume that A(H,) —0 
for all positive roots « which are not totally positive. Then à = MA +: - 
— MA; (in the notation of the proof of Lemma 14) where d,,-- -,A, are 
real numbers. Obviously it would be enough to prove the lemma for A= A; 
+—=1,---+,¢. Hence we may. assume that A is a dominant integral function. 
Let v be an irreducible representation of g on a finite-dimensional space V 
with the highest weight A and let ¢ be a unit vector in V belonging to the 
weight A. Then if 8 is a positive root which is not totally positive, A(Hg,) —0 
and therefore from Lemma 1 of [5(f)] r(X_s)4=-0. Hence it is clear that 


10 Here we have to make use of the fact (see Weyl [9]) that (H ar aD for every 
positive root a. i 
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n(n’ +p) = {0}. On the other hand we have seen in Section 6 that 
= qm(z)}p (xe G) where geP,, peP. Therefore 
(p 3 (Z)h) = (7 (8(9*) oh, 7 (mE) )b) = (6, 2 (m(Z) 4) 
since (q7) eP.*. Moreover since r(m’)¢—= {0}, it is obvious that 
| x (m(4))p—= TOS 

and therefore (¢,7(%)¢) =e") (ceG). Now if ue K, teM, and there- 
fore r(t)p==eCM)g, But since (2) is unitary, A(T (u)) must be purely 
imaginary. On the other hand if s= p? where p—exp4Y (Neh), the 
above equation gives | r(~)¢|?>—e@), But we have seen that |r(p)¢| 
= eH), Hence | 

A(T (exp X)) —2A(H (exp 3X) ) 
must be an integral multiple of 27(—-1)%. However it is a continuous 
function of XY and it is zero at X=—0. Therefore since p, is connected it 
must be everywhere zero on Po. This proves the lemma. 


COROLLARY. If we K, T(u) lees in ho. Moreover 
(exp X) —4H(exp4X) eh On’ 
for all Xe po. 


This is an immediate consequence of the above lemma. 


8. Proof of the existence of representations. In order to show thas 
the space §,(#) of Lemma 9 is not zero for some u, it is enough to find a 
function » on Go, satisfying the conditions of Section 6 and such that 


J ¥@) Palade < 


where y is the function of Lemma 14. But | w(a*)] S| o(@*) do | ERATED, 
(in the notation of Lemma 14) where Sic denotes the real part of a complex 
number ce. On the other hand we know from Lemma 29 that 


| (E+) do | S beraren (ve) 


for suitable real numbers a and b. If t=up (ue K, p=exp £, X epo) 
T(x) == P(p*) +T(u-) (Lemma 13) and therefore 


H(A(L(a))) = AT (p) = 2A (H (exp(— £X))) = 2a(H (exp 4X) 


from Lemmas 23 and 19. It is obvious? that 1’p— 2d is completely positive 
for a suitable real 7 = 0. Then 


2A(H (exp $4X)) S 1’p(H (exp 4X )) S rp H (exp X)) = r p(H(8)) 
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from Lemma 19. Hence |y(a7*)|Sbe@r 0H (re G). Now. put 
p(é) =e rH) (Ze G) where r= 2a+ 27+ 4. Then a is a continuous 
function on G, which is everywhere positive and 


f OR S es S ed <a 
" Go Go 3 


from Lemma 3. Morecver since p is a dominant integral function (see Weyl 
[9]), there exists a finite-dimensional irreducible representation + of g with the 
highest weight p. Let ¢ be a unit vector in the representation space belcnging 
to the weight p. Then |7(#*)£|—e#@") (geG@,) and therefore, if 
č, Ye Go, 

gona) z= | r(e | = | rigt) | eh H(z), 


This proves that a(g) S|7(g)|"u(Z) and since |7(%)| is bounded on 
every compact set in Go, a fulfills all the conditions of Section 6. Hence 


we Ga(m) and so a (u) {0}. 


We can now summarise our results in the following theorem. 


THEOREM 2. Let A be a real linear function on } such that A(H,) ts 
a nonnegative integer for every positive root a which is not totally pcsitive. 
Let é denote the character of A, defined by é(exp H) =e (Heh) and 
let u be a measurable junction on Gy which is everywhere positive and such 
that = u(ZY)/u(&) (eGo) remains bounded on every compact subset 


of Go. Let alu) denote the Hilbert space of all holomorphic functions f 
on W which fulfill the following two conditions: 


(1) flew) =—é(a)f(w) (aeA,neNo,weW) 


(2) If P= f lf @Pa@)de <a. 


Then if a(x) {0} there exists a unique function y in S,(u) such that 
w(1) =1 and y(w") =y(w) for all he A, and weW. Put ¥.(w) = (rw) 
(ceG,weW) and let © denote the smallest closed subspace of (u) con- 
taining We for all ceG.. Then we can define a quasi-simple irreducible 
representation x of 'G on © by the rule - 


n(x) p(w) =$ (raw) (re G,peG,weW). 


This representation is infinitesimally equivalent to the representation a, of 
[5(f),§ 6]. Finally, it is always possible to choose u in such a way that 
Qa (p) 75 {0}. 
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The infinitesimal equivalence follows immediately from Lemmas 8 and 
10, Theorem 2 of [5(f)] and Theorem 5 of [5(b)]. 


COROLLARY. Suppose p==1 and Galu) {0}. Then H = Halu), m is 
unitary and 


(yr (s)y) =y) (ve G). 
It is obvious that if fe (u), 


f repase (ye@), 


and therefore from Lemma 12, Q = Qı (x) and r is unitary. Moreover 


J ¥(yie)dh =v (a) yu) ye) 


from Lemma 6. Hence*™* 
sy ||? == j ie\ dhidij 
Hayby =f ((conjy(y)) f, ¥(yte) at ag 


= f dh f (conjy (y) jy (yx) dy = (y, r (2)4) 
Ao Go 


by Fubini’s Theorem. 


9. Unitary representations. Our next object is to look for unitary 
representations among those constructed above. However the result which we 
give below is not quite as strong as Theorem 3 of [5(f)]| which was stated 
there without proof. We have to postpone its proof to another paper since 
it requires a deeper study of the representaticns. 


THEOREM 3. Let (01,--°+,%) be a fundamental system of positive 
roots and suppose (a: --+,%) are all the totally positive roots in this 
system. Let M (t<i) be gwen nonnegatiwe integers such that 4—0 
of a, is not a root of? g. Then we can find a real number c with the 
following property. If A is a real linear function on h and A(Hy,) Se 
(list), A(Aa,) = (E<Ctissl), then? ra is infinitesimally unitary. 


Let A be a real linear function such that A(H,,) =à (isl). 
Then A(H,) 0 for every root a of g’ (see [5(£),85]) and therefore 
ma (X) =0 if Xeg’ (Lemma 19 of [5(f)]). Since go = g. N go + gN go we 
can now restrict our attention to g, go Hence without any essential loss 
of generality, we may asume that g’=—{0} and so g=«g,. Then it follows 


11 conj c denotes the complex conjugate of a number ce, 


- 


REPRESENTATIONS OF SEMISIMPLE LIE GROUPS, V. 31 


from Lemma 13 of [5(f)] that a, (t <15 1) are all compact. Defne a 
linear function A on § by the conditions A(Ha) =~A(Ha) 1StSit and 
A(H,,) =0%'<issl. Then A is real and Ao == A—AÀ is a dominant integral 
function on ġ and © 


W (2) = (bo, o (2) po) ATO) (zeG) 


in the notation of Lemma 14. Now consider the integral 


fives. 
We know that 


| w(x) S | oC) go | ROTH == exp(A (H (8)) + RAT(2))). 
But if v =uexp X (ue K,X eb) 
HAT (x))) = AT (exp X)) == 2A (exp 34) 


from Lemmas 13 and 23. Now define A; 1 S&S] as in the proof of Lemma 
19. Then ào = A+: -`+ A; is a completely positive linear function and 
it follows from Lemma 13 of [5(f)] that A,(Hg)=1 for every totally 
positive root. Since g = g, every noncompact positive root is totally positive 
and therefore Lemma 20 is applicable to A». Hence there exists a positive 
number a such that 

Ao(H (exp X)) Bal xX |, 


for all X €p, lying outside some bounded set. On the other hand from 
Lemma 21 we can find a real constant b = 0 such that 
Ao(H (exp X)) + 2p(H(expX)) Sb XI (Xe po). 


Hence Ao(H(exp X)) + 2(H(exp X)) S (20/4) (H (exp $X)), for all Xep, 
with a sufficiently large value of || X |. We note that b depends only on A, 
and therefore only on the integers A; (t <i & 1). Now put c= — b/a. Then 
if A(H,,) Se¢ 1S1St, —A+ ca, is completely positive and therefore 
from Lemma 19 | 


— RACH (exp 3X)) = — 2cho(H (exp $X)) Z Ao(H (exp X)) + 2p(H(exp X)), 
if || X || is sufficiently large (X ep»). Hence 
exp{Ay(H (exp X)) + %o(H (exp X)) +A (T (exp X))} 
is bounded on pọ and if M is an upper bound for it, it is obvious that 


| y (2) | S Merne) (ze@). 
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Therefore So, |y (x)| d S H? Jo AEE < 00 from Lemma 3. This 


proves that the space $,; = $, (1) (corresponding to the function p==1) 
is not zero if A(H,,) Se (1&iS t) and our assertion now follows imme- 
diately from Theorem 2 and its corollary. 


10. A result on characters. Let A, be a linear function on h satisfying 
the conditions of Theorem 2. We denote by Ti, the character [5(c)] of the 
quasi-simple irreducible representation of G defined in Theorem 2 corre- 
sponding to Ay. Since two infinitesimally equivalent quasi-simple irreducible 
representations have the same character (see [5(c), §7|), Ta, is independent 
of the choice of » in Theorem 2 and so it is completely determined by Ao. 
We shall now try to obtain some information about this character under 
suitable assumptions on Apo. 

Let § be a Hilbert space and Q a bounded operator on §. We say that 
Q is summable if there exists a complete orthonormal set (wW,;)je7 in § and 
a regular operator B such that Pn |gu| <% where qu = (yu BQB*y;). Let 


C(A) denote the set of all Pa functions on A which are every- 
whére indefinitely differentiable and which vanish outside a compact set. 
' Since K is simply connected,‘ there exists (see Weyl [9]) an analytic func- 
tion A; on A such that 

A,(exp H) = IT A ees (H €o) 
where P; is the set of all ni compact roots of g. As before we write 
y? == vyr” (t,yeG). Let dh and di denote the Haar measures on A and Ko 


respectively. (We assume that f dii—-1). Then we have the following 
Ko 
lemma. 7 


Lemma 24. Let w be a quasi-simple irreducible representation of G 
on $. Then if fe (A), the operator 


f f f (h) An (h)a (h*)dhdū 
A Y Ko 


is summable. 


We can choose a homomorphism 7 of K into C such that n(u™)r(u) 
(we Kk) depends only on & (see [5(c), p. 249]). Hence if we put 
a(t) =7(u*)r(u) it is clear that 7 is a representation of the compact ° 
group Ko. Therefore we can find a regular operator B such that Br(%)B 
is unitary for every ie K,. Hence, in view of our definition of the summa- 
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bility of an operator, it is clear that, without any loss of generality, we may- 
assume that 7 itself is a unitary representation. © being the set of all equi- 
valence classes of irreducible finite-dimensional representations of K, we 
denote, as usual, by Sy (Me) the subspace of § consisting of those elements 
which transform under (K) according to D. Then there exists an integer 
N such that dim § = N(d(D))? (Me) where d(D) is the degree of any 
representation in D (see [5(c), Theorem 4]). Since 7 is unitary, the sub- 
spaces Hg are mutually orthogonal and so we can choose a complete ortho- 
normal set (¥;);e7 in § such that each y; lies in some Gq (see [5(a), Theorem. 
4]). Let J(D) denote the set of all jeJ for which yje Gq. Then (¥;)jes(q) 
is an orthonormal base for Gg. Put n(®)== (d(D))* dim Gg. Then n(D) 
is a nonnegative integer. Also if Hg. is the orthogonal projection of § on | 
Šo it follows from the Schur orthogonality relations on the compact group 
K, that 


Ba( f _4(#)da) Ey —1(h)Ea( f #(ahi) da) By | 
—d(D)-*sp(Hgr(h)Bg)By—d(D)*tg(h)Eg (he A) 


where ĉẹ is the character (on K) of the class ©. This shows that if 
i, jeJ (D), 


(Wi, Dry) = d(D) dy IR) An (h) ba (h) dh gi 


where ô; is the Kronecker symbol and Q; is the operator of er Ta 
Therefore if Qr is the set of all DeO such that a {0} 


Z Qn) SHS a) S POA aAA. 


Let D be a class in Qr and o a representation in, D. We denote the corre- 
sponding representation of f also by o. | Since # f — =f +e, it follows from 
Schur’s lemma that the representation space V of o is irreducible under o(f’). 
Let o’ denote the corresponding representation of f on V. Since § is the 
direct sum of c and p =) we may identify linear functions on }’ with 
those linear functions on h which vanish identically on c. Now ¥ is semi- 
simple and }’ is a Cartan subalgebra of ¥ and it is clear that the roots of ¥ 
` with respect to f’ then coincide with the compact roots of g. Let Ag denote 
the highest weight of o’ (if we take P, as the set of positive roots of Y). 
Then if 2p, = 2 a we know (see Weyl [9]) that 

- ae Py 


 As(exp H) ép (ezp H) =n(expH) Se(s)e%9™ (He N'%) 
selg 5 
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where Ap = Ag + px and wy is the group generated by the Weyl reflexions sa 
corresponding to «e Pp, and «(s)= (— 1)" where r is the number of negative 
roots among sæ: («e Pp). On the other hand the degrees of o and g’ are the 
same and therefore (Weyl [9]) 


d(D) = TI Na(Ha)/pr (Ħa). 


Now if we regard ņ as a representation of K of degree 1, it is obvious that 
y (exp X) —=e*) (Xeřf.) where u is a linear function on £ which vanishes 
identically on ¥. Select a base I4,- - -, I, for co—= cN f, (over R) such that 
exp(2,T, +: --+4¢4T,)=—1 in Ky (4,: etre E) tf and only if tp: e,t, 
are all integers (see [5(c), p. 239]). Then since y(h")o(h) (he A) depends 
only on fA, it follows that o(T;) ~p(Ti) + 2a(—1)3m, 11 Sr where m; 
are integers. We denote by mg the linear function on h given by mp(H) =0 
(Heh’) and mg(T;) = 2r(—1)§m, 1Sisr. Also put 


| mo | = (my? +: +--+ m,? + 1)8. 
Then if vo = Ag + Mo + px, | 
A, (exp H)fg(expH) =nlexpH) X, e(s)e” oH) (H eho) 
8 € Wy; 
and 


d(D) — TI vo (Ha) /pr (Ha) 


since sMo = Mg (sew) and Hyel’ (œe Pr). i 
Let U be the subalgebra. of B generated by (1,h). We regard elements 
of Ù as differential operators on A in the usual way so that 


(Hg) (A) — { (d/dt)g(h exp tH) }t=0 (A eA, H £ Jo, t ek, ge Ce” (A) ) i 
Since any element sew, permutes the compact roots among themselves, it 
follows that 
II se (Ha) = = I vg (A) 


aeP, 
and therefore it is obvious that there exists an element z£ ù such that 
Zo (e9) = d(D)? | mg |? e29 (s € Wwy). 


Here eS is the function g on A given by*? g(expH) = e”9%® (H ebo). 
Hence if gg(h) =y(h*) Az (h) fy (h) it follows that zogo —d(D)?| mo |? Jo. 
Now let ¢ denote the automorphism of U over C such that 4(H) —=—H 


12 Tt follows easily from the discussion at the beginning of § 5 that such a function 
on A actually exists. 
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and ġ(1)=1 (Heh). Then if z—¢(z), P (h) =f (h)a(h) rears and 
m is a positive integer, it is — that 


1D) | myo f TOOL 
= È P) (aga) (h) dh = fi AP) (b) ah) dh 


Bus | | —1 (Heh), hence | 9m (h) | <w (he A) where w is the order 
of w,. Hence | 


! f (MF) (A) go (h) dh | Sw f PE 


and therefore | “a A 
PO) s OINATI 


D A(D)m | mg |m [| emf (h)| dh. 
However if m is pee large we know (see [5(c), p. 240]) that 


R aD)" | Mg aa <0 


and this proves that Q; is summable. 

Now every summable operator has a trace [5(c), Lemma 1]. Let rz(f) 
denote the trace of Q;. Then the above proof shows that it is possible to 
choose a positive integer m and a real constant M such that | 


Jra(f)| Sar S erf (A)| dh 


for all feC (A). (Here F= fy). This shows that rx is a distribution 
(see Schwartz [8]) on A of finite order. Moreover ! 


(= SE Wo On) = Z D) S FOA) 


Der jeD) 
and this shows that rr does not change if we replace m by another infinitesi- 
mally equivalent representation. 
Now let Ao be a real linear function on § satisfying the following three 
conditions (cf. Theorem 3 of [5(f)]): 


(1) Ac(H,) is a nonnegative integer for every ae Pyp 
(2) Ao(H B) == 0 for every noncompact pose root which is not totally 
positive. 
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(3) Ao(H,) + p(H,) S0 for every totally ve root i as 2p 
is the sum of all positive roots}. 

We consider the quasi-simple irreducible representation m of G defined 
in Theorem 2 corresponding to Ay. Put Tas = Tr and let § denote the repre- 
sentation space of +. Our object is to compute tA We shall see in another 

paper that r4, is intimately related with T}, (see however [5(g)]). 


. We keep to the notation of the proof of Lemma 24. By going over, if 
necessary, to an equivalent representation we may again assume that 7 is 
unitary. For any linear function A on § let Q; denote the set of all elements 
@e such that r(expH)d—eA¢ (Heo). Then it is clear that the 
subspaces §, are mutually orthogonal. Put $° => Šoa and He =H N H. 

€ 


Since Éo is finite-dimensional and fully reducible under (A), it is obvious 
that ° =E H,°. Let H, denote the orthogonal projection of § ‘on §y. 
A 


Since §° is dense in §, #,$° is dense in a. But it is clear that Eag? C §° 
and therefore #,5° C §,°. However dim §,° <œ (corollary to Lemma 21 
of [5(£)]) and so it follows that }, == §,°. : 


Let P, denote the set of all totally positive roots of g and let h, be the 
open subset of consisting of all those element H for which | e¥| > 1 for 
every ye P,. Since every root takes pure imaginary values on Ño, it is obvious 
that J +h. Ch. Let og (Be P,} denote the hyperplane in the real Euclidean 
space h* == (—1)4h,. defined by the equation 8(H}==0. Consider the com- 
plement bı” of a a8 in ġ*. Let (æ, **,%) be a fundamental system of 


positive roots saa H, a point in h such that (Ho) =1 1S1]. Then 
H,¢%},* and if Ņ,* is the connected component of He in §,*, it is obvious 
that h” C H*N bh, Conversely h* N Ds is a convex subset of §,* and there- 
fore it is connected. Hence h,” == h" 1h, and therefore b = bo + *. In - 
particular tH, e},* for every t > 0 and so zero lies in the closure of b,. Now 
consider the complex abelian Lie group A, defined in Section 3 end let ,4, 
denote the subset of those he A, which can be written in the form h = exp H 
(Heh,).. It is clear that ,A, is an open connected subset of A,. whese 
closure contains 1. Also ,4,4 —,A,. We shall now define a bounded operator 
z(h) on § for every he,ãe Let $x be the set of those linear function A 
on § for which a {0}. Then if expH—1 in A (Hebo) it is obvious 
that ¢4@)=-1 and therefore, as we have seen in Section 5, there exists a 
holomorphic character £ of A, such that é(expH}—eA® (Heh). Let y 
be’ the element’ in § corresponding to Theorem 2. Then weQ§,, and 
§° =2(B)y. Moreover if V =~ (Z)y, dim V <œ (Lemmas 8 and 10) and 
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V..is irreducible under r(t) (Lemma 2 of [5(f)]). Let D, denote the 
class?! (in Qr) and Ao, As,* * 7, Ap all the (distinct) weights of this repre- 
sentation of fon V. Then if yọ: > -,yq are all the (distinct) totally positive 
roots of g, every Aer can be written in the form 


A= Ai (miy + * + + Maya) 
for some i (0i=r) and some non-negative integers m1,° - +, mq (see the 
corollary to Lemma 21 of [5(f)]). Therefore if he,A, 
| éa (h) | Æ max | a, (A)| (Aer). 
Hence it is clear that the infinite sum 2 Ex(h) Had converges in © for any 
he,A, and de. Let r(h)¢ denote the limit of this sum. Then 


|a(h)o |? max | én (h) ef 


and therefore r(h) is a bounded operator on §. It is obvious from its 
definition that if h,e,A, and he A, w(hh,) =r (hyr (h) =r (hi) (h). 
Let ča, denote the character of the class Do. Then if d; = dim ( V N 9,,) 
O17, 
Cao (h) = È dién (h) 
oSiSr 


for any he A and we can extend fy, to a holomorphic function on A, by 
means of the above formula. Let à be a linear function on b such that A(H,) 
is an integer for évery compact root « Then as we have seen in Section 5, 
there exists a holomorphic character é of A,, such that &(exp H) == ed 
(Heh). Put p =$ È y» pe= $ 2 x and po==p.-}+-pz Then if s, is the 
Yes asik 

Weyl reflexion corresponding to a compact root «œ, it follows from Lemma 10 
of [5(£)] that Sapı = p, and therefore p,(Ha) =0. Also if 8 is any root, 
B(Ha) and p(Ha) are integers (see Weyl [9]). This shows that we can 
construct the corresponding characters ép, &,, p» és- Put 


An(h) = fp (h) IT tae Th Cerne een) 
A. (ht) = ép, (h) IL {1—&y(h)} = TI (eh) — evn} 
yePs very 
where h=expHeA, (Heb). 
Lemma 25. If he,A, the operator a(h) is summable and 
spa (h) = {4 (h) y fp, (h) ioh). 


13 As usual we identify finite-dimensional irreducible representations of f with those 
of K. 
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Moreover the serves > on QA) | éa (| i uniformly On every com- 
pact subset of Ac. ' 

Let h= exp H (Heh,). Then from the corollary to Lemma 21 of 
BHL. | > 

Re (dim Ga) | a (2) | 


= > 4 | exp (As) — mys (H) — ‘+= Maya (H )} |. 


uS tr Mp“ 2 


Since the real part of y;(H) is positive, the series converges and clearly its 
convergence is uniform if H remains in a compact subset of h,. Moreover 
since w(h) coincides with (hi #, on ,, it is now clear that r(h) is 
summable and 
spr (h) = 2 (limi a)éa (h) 
== S d 2  exp(A;(H) —miyi(H) -—- + '—my(H)) 


OStZ=r my) Mg=z0 


= IT {1— eu } 65, (exp H) = {4 (A) } Ep, (A) EnA). 


12j=¢ 


For any fe C.°(A) and h,©,A4,, put 


Qr (h) = f Fh) Ar (hh,)a (hh )dh, Q= J f f (h) Ay (h)rih?)dhdū. 
Lemma 26. If feC,"(A) the operator Qy(h,) is summable and 
Lim pQ; (hs) —=spQy (hee 4Ae). 
Let Ac Sa. Then it is obvious that 
Qha) Ba = (fF) ax (lh) ba (ahs) dh} Ba, 


and therefore, in order to show that Q;(/,) is summable, it is enough to 
prove that 


2 (dim $14) | f, f (h) An (hy) Eq (bh,) dh | <o. 
Eir j : 
But this is obvious in view of the fact that | 


> (dim $a) | & (hh) | 
Aes 


converges uniformly (with respect to hì on every compact subset of A 
(Lemma 25). | 
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Now we use the notation of the proof. of Lemma 24. Since Q;(h,) 18 
summable, 


spQ;(h.) = R a (Eos (h) Eg). 
Then if we define y, p, v9, n(D) and m(D) @ T as before, 
n (exp H) = e+), A, (exp H )égo (exp H) = et) F, «(s) esa (H ebo) 
seo; 


and it is clear that we can send „n and by to holomorphic functions on A, 
so that the above relations actually hold for all He}. Then if DeQz, 


sp(HaQs(hs) Eo) =0(D) f, fO) Ar (hh) to (hs) dh 


and therefore 


spQ (ha) = I m(D)-f F) Ar (hha) Ea (hh) dh 


Now put vo = ” + yo where yo is the restriction of » on h, 


go (h) =n (h) An (hh) (h) = F €(s) berg (h) (he A.) 


and (A) =— f (h)y(h) (he A). It is obvious from the definition of vs 
that v'a — pr € Yr and therefore ae o — pr) © a for sew, (corollary to Lemma 
6 of [5 (£)1). Hence 


[Sera (A)| S max |ne (h)| [a(W*)| (hed). 


We can now argue as in the proof of Lemma 24 and show that the series 
= ()| Í, #(h) Ag (Ithy) Ly (hh,) dh | 


converges uniformly with respect to h, on B,A, where B is a compact 
meighbourhood of 1 in Ay. Hence it follows that 


Lim spQ; (h) = S n(®) Lim J f (h) Ar (hh) to (hh,) dh 
hal Der holi A 


= F (D) |, OAA) dh = spr 
Now put 


Bio = Epin ie = X €(S) Estacepy)- 
sel; 
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COROLLARY 1. 7,,(f) —Lim { f(A) (Ba, (hh) /A, (Ah) )dh (hye4Ae) 
for feC® (4). A | 

This is an immediate consequence of Lemma 26 and the fact that 
Tao (f) = spQy. 

COROLLARY 2. Astu = Ey,0n A. 


Let M, be an element in ķ,* so that y(H,) is real and positive for 
every ye P, Then if h,(¢) =exptH, (t{>0) we know from the above 
lemma that 


Talaf) Lim fO ACAP) (Ena (Aha (E) ) /A4 (hg (4) }a 


for fe.” (4). Now we claim that there exists a constant M such that 
| As (A) Ea (Ah, (2) )/A. (RA (t)) | SM 


for all he A provided t is sufficiently small and positive. ‘This is seen as 
follows. If @ and e are real numbers and «= 4, 


| (e(-1)4@ — 1) / (ee 38 —_ 1) |? = (2— 2c0s4)/(1 + e — 2c cos 6) 
= 2(1—cos4@)/{(1—e)? + 2(1— cos#)} S1/eS2. 
Hence if g is the number of totally positive roots of g, it is clear that 
| A, (h) /A. (hha (t))| S20 


provided ¢ is sufficiently small and positive. Our assertion is now obvious. 
Therefore by Lebesgue’s Theorem 


rio(Qef) = ff (lt) Lim (A. (h) Eao (hh. (t) )/A, (hh, (t)) Fh 
But i 
0 if A, (h) = 0 
Zah) if A (k) 0 
and since the set of all he A for which A,(h) ==0 is of Haar measure zero, 
we get 


Lim A, (b) AA A AO =} (he A) 


rol Sof) = f f(T) Bao(t) dh 
This proves the corollary. 
CoLUMBIA UNIVERSITY. 


14 Here we use the standard terminology of the theory of distributions (Schwartz 


[8]). 
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SPECTRAL ISOMORPHISMS FOR SOME RINGS OF INFINITE 
MATRICES ON A BANACH SPACE.* 


By G. L. KRABBE. 


1. Introduction. Suppose p>1, and let J, denote the set of all 
sequences c such that X |c <o. Ifa is a sequence {a,}, the matrix 


(anv) is usually known as a Laurent matriæ when n,y=0, + i+ Mert te 
it represents the transformation <a>, which maps any member c of lp on a . 
sequence J defined by . | 
- On—yCy (n==0,+1,+2,---). 

If F belongs to the ring (L”) of essentially bounded summable functions 
on [—-xz,7], then AF will denote the sequence of Fourier coefficients of F. 
Restricting themselves to the case p—2, O. Toeplitz [14, pp. 499-502] and 
F. Riesz [12] have shown that, when F == (L°), then - 


(i) the mapping F— <AF>p is a continuous Se i of F into 
the ring € of bounded operators on lp. 


When ¥ is the ring (C) of continuous functions (and again with the 
restriction p = 2), they established {see [4]) that 


Gi) the spectrum of <AF), is the image F([—z,]), when Fef, 


. (iii) if Fef, then the inverse Q of the operator <AF), exists af and 
only if F does not vanish on [—z, 7]. When Q exists, then oa LAGSp, where ` 
G (0) = [F (0) J>. 


Assume henceforth p > 1; we will show in 4.2 that (i) holds when # 
is the ring (BV) of functions of bounded variation on [—r, 7]. The above 
results of Riesz and Toeplitz prompted us to consider (in [6]) the extent 
to which (ii) holds when F is in the ring (OBV) of continuous functions 
in (BV); it was found that the spectrum of <AF), is then a connected sub- 
set of F([—7,7]). In the present paper, we prove that (ii) and (iii) hold 


* Received June 30, 1955; revised October 27, 1955. 
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i 
when # is the ring (AC) of absolutely continuous functions, „From these 
results follows that, if-Fe(AC). and. T = <AF>p; then 


sup {| P(6)|:|@|Sa} SIT I. 


‘The equality sign holds when p = 2 (see 4. 4 and Riesz [12]). In the general 

case p> 1, we show that T belongs to the ring €[H]| generated by the 
operator H which is represented by the Laurent matrix (¢n,), where 
‘Anp = 4(—1)"*”/(n— vr) and &nn=0. Moreover, the mapping F — <AF), is 
the only continuous homomorphism of (AC) into € which maps on H the 
identity-function. 


1.1. Application. Suppose f belongs to the ring ù of all functions f 
such that f(A) = È anà” (n==—aœ : : -œ ) for some a in l. Note that the 
perceding series is the Laurent-expansion of f in some annulus containing 
I = {à: |à |= 1}; two members of U will be considered equal when they 
coincide on T,. Set Af = AF, where F(6) —f(e*) ; since F(@) = Sane, 
we have q= Af. The Laurent matrix (a@,,) again represents an operator 
<Af>p. Toeplitz ([15], [16]) has proved that, when p =? and F =U, then 


(i) the mapping f— <Af), 18 an isomorphism- of F into the ring ©, 
(ii’) the spectrum. of <Af>, is the image of T, by f, when fef, 


(ii) if fef, then the inverse Q of the operator <Af>, exists if and 
only if f does not vanish on Ty. When Q esists, then Q = <Ag>p, where 


g(a) = LFA) T°. 


It follows readily from our results that (i’)-(iii’) hold for any p >1, 
when we take for ẸF the larger class of all functions f such that f(e?) is an 
absolutely continuous function of 6 (|0| S ~r). 


2. Spectral mappings. Suppose Ñ is a Banach algebra with unit 1; 
we write R= film R, if lim | E — Rn || —0 (n->0, and in the norm of R). 
Let R’ be the set of all T in R such that T has an inverse (denoted 7-1) 
in R. The spectrum o(#) of some k in ¥ is the set of all oe à such 
that Al— REW. ; 

Suppose 8 is a fixed compact subset of the plane. The Panah algebra 
C(8) of all complex-valued functions on 3 has the norm n 


| A lo sup {| 4 (6)| +023}; 


the product A-B of two members of et) is the function F defined by 
F(6) =A(6)-B(6). 
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2.1 Remark. Denoting by I the member of C (8) defined by I(6) = 6, 
we have J*(6) = 6" and I° (0) = 1; note that I? is the unit-element of C (8). 
It is easily verified that o (4) is the image A(8) of 8 by A (when AeC(8)). 


2.2 DEFINITION. Assume that X 1s a subset of a gwen Banach algebra. 
If 6 is a mapping of Z into some Banach algebra, we say that > is “ spectral” 
of o(T) =o(ọ(T)) for all T in &. 


2.38 LEMMA. If Z is a subset of some Banach algebra, and if ¢ is a 
spectral mapping of © into C(8), then | o(T)]| SIT] when Teg. 


Proof. Set A-=¢(T). It is easily seen that || A |o = sup {|A|:Aec(A)}, 
and therefore || A |e = sup {|A|:Aeo(L)} Slim | Te |AS TU; the first 
inequality always holds for a member T of some Banach algebra ([7], 24 A). 


2.4 Lemma. Let F denote either C(8) or one of its subsets (AC) 
and (CBV). Suppose ® is a spectral homomorphism of some Banach algebra 
X into C(s). If TeX and A=O(T) eZ, then 


(iv) JAloSITI; o(T)=4(8); Trekss0ZA4(8), 
(v) if T+ek then At =8(T)e F. 


Remark. Since o(A) =A(8} (see 2.1), we have 0¢A(8) ss A(O) 40 
for all 6 in 850 f(A) ; note that A7(6) = [A(0)]* when 0744(8). 


' Proof. The first two statements of (iv) follow from 2.3, 2.2, and 2.1. 
On the other hand, T+eX¥s50f0(T) —a(A) ss Ate J; the proof is now 
concluded by noting that Ate F <0¢A(8) in each of the cases considered. 


2.5 Remark. If 8 is connected and if Æ is abelian, then. the existence 
of a spectral mapping of X into C(8) implies that Æ is irreducible (in the 
sense that L and O are the only members X of Æ such that X? =X). This 
is because a necessary and sufficient condition for irreducibility is that the 
spectra of all members be connected sets ([5], p. 454). 


2.6 kemark. The inverse V of the mapping F—>AF is a spectral 
isomorphism of the Banach algebra l into C(8) (where 8 ==[— r,r]; see 
4.5). A related example of a spectral isomorphism is also found in 4.5. 
Note that (iv)-(v) include the statements (ii)-(iii) when T == <AAS,. 


2.7 THEoREM. Suppose X is dense in an abelian Banach algebra &. 
If œ ts a spectral homomorphism of © into €(8), then œ can be extended to 
a spectral homomorphism © of. X into C(8). 
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Proof. The following property will be needed. If R and En are 
members of some abelian Banach algebra R, then (assuming n> through- 
out) | 
(a) R= R]lm Ra, implies off) =—limo(f,). 


In this statement (proved in [11]}, lim is the Hausdorff limit. From the 
continuity of @ (see 2.3) follows (using a well known theorem; cf. [7], 7 E) 
that @ can be extended to a continuous mapping ® on £; 


(1) &(T) =¢(T) tor all T in &. 


The .proof is completed by establishing the spectrality of ©. For any X in X 
there exists some Ta in & such that Y¥—XImT,; accordingly, if Y is a 
continuous mapping on &, then (by (a)), 


(2) o(&(X)) =limo(¥(T,)) (n>a). 


This holds therefore for ¥—© and Y =T (the identity mapping I (R) = È). 
On the other hand, o(@(7,)) =e (¢(Ta)) =o (I (Tn) ) follows from (1) and 
the spectrality of ¢. The conclusion o(®(X))=o(I(X))=o(X) is now 
a consequence of (2). 


2.8 DEFINITIONS. The setl, consists of all sequences a such that a, = Q 
except for- finitely many non-negative values of n. We say that Pe. if 
P == > anl” for some a in lo (recall that I” (0) == 0°) ; clearly a, == P™(0)/n! 
and P is the family of all polynomials. In case J belongs to some Banach 
algebra ©, we denote by [J;€] the mapping P (P™(0)/n!)J* of P 
into ©; the closure in € of the range of [J;€] is the subalgebra €[J] 
generated by J. | 


2.9 LEMMA. Suppose J is a member of a Banach algebra € such that 
a(J) is an infinite set 8. If w==[J:€], then y is an isomorphism of P 
into ©, and y(I) =J. Any homomorphism y, of P into Œ which maps I 
on J is identical to y. 


Proof. If PeP, then P = $ a,l” and y (P) = $ dJ” for some a in lo. 
By the Dunford mapping theorem ([3], 2.8 and 2.9). 


(3) o(¢(P)) =P(o(J)) =P(8) (when Pe). 


It is easily checked that y is a homomorphism. Suppose y(P) =O; this 
implies (taking {0}-o(O) and (8) into account) {0} =o (y (P)) —P(8). 
Hence the polynomial P vanishes at all points of the infinite (and bounded) 
set 8; consequently PO. This proves that the linear transformation y 
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is an isomorphism. We conclude by observing that the homomorphism y, 
satisfies y (X; anl”) = X, an| y (I) |", so that yı = when y (I) =J. 


2.10 Lemma. Let ©, J, and 8 be as m 2.9. There exists a spectral 
homomorphism © of €[J] into C(8) which maps J on I. If p=[J5;€], 
then P —=ð(y(P)) when PeP. | 


` Proof. If PeP and T—y(P), then o(T) =P(8)=—oc(P) (by (8), 
PeC(8), and 2.1). Hence the inverse œ of y is a spectral homomorphism of 
the ring ¥y(P) = into €(8). Since & is dense in the Banach algebra 
[J], the conclusion now follows from 2.7. 


2.11 Remark. From 2.3 follows that the mapping ® of 2.10 is a 
continuous homomorphism of ©[.7] into €(8) mapping J on I. We will 
now show that it is the only such mapping. Take .—1,2 and let ®, be 
continuous. homomorphisms of €[/J] into €(8) such that ®,(J) =T: note 
that $, and ®, coincide on the set y (P) ={d aad”: aelo} (since P, (© ard”) 
= X an| Ø, (J) |” = Sal”); but $, and &,, being also continuous on the 
closure €[J] of y(P), must consequently coincide on E[J] (cf. [7];? F). 
The existence of such a mapping could equally well have been obtained by 
appealing to Gelfand’s theory of maximal ideals ([7],23 E). 

2.12 DEFINITION. Suppose J ts a member of a Banach algebra È such 
that o(J) is an infinite set. The “ Gelfand-transformation” G(E,J) is the 
(unique) continuous homomorphism of E[J] into C(o(J)) which maps J 
on I. 


2.138 Remark. If @ is the Gelfand-transformation G(€,J), then (by 
2.11 and 2.10) ® is a spectral homomorphism of €[/J] into C(o(J)) such 
that, if y = [J ; €], then 


@(u(P)) =P for all P in ?. 


In other words, G(€,J) is the continuous extension to Œ[J] of the inverse 
of [J; €]. 


3. The Banach algebras (AC) and (BV). The set (BV) of func- 
tions of bounded variation on [— m,r] becomes a Banach algebra under the 
norm 


(4) IB lo = [B lo + var B (Be (BF)) 


(cf. [8], p. 448), where var B designates the total variation of B on [— r,r] 
and ` | 


(5) | B lo = sup {| B (8)|:| 0| Sa}. 


l 


SPECTRAL ISOMORPHISMS. 47 


Banach and Mazur ([2], p. 101) make (BV) into a Banach algebra by 
adopting the norm || Bll» obtained from (4) by replacing || B |a by B(—r); 
note that BiS] Blo &2 |B] so that the resulting topologies are- 
equivalent. The set (AC) of absolutely continuous members of (BV) forms 
a Banach algebra under the norm of (BV) (cf. [1], p. 194). It will be 
implied henceforth that (4) defines the norm for both (BV) and, (AC). 
That (AC) forms then a separable space, follows from 3.1. | 


38.1 Lemma. If Ace F = (AC), then there exists a sequence {Pn} of 
members of P such that A = im Pa. 


Proof. Let Pa be the n-th Bernstein polynomial of A. Since A is 
continous on [— r, r], we see from ([9], p. 5) that {Pa} converges uniformly 
to A; therefore lim | A — Pn |o =0. But Ae (AC) and consequently (cf. 
[10], Satz 7) lim var (A—P,)—0. This concludes the proof, since (4) 
defines the norm of #. 


4. The main results. Choose for p a fixed value p œ> 1, and denote by 
Y the mapping F—» <AF), defined in the introduction. In a recent paper 
[13], Steékin has shown that & maps (BV) into the Banaca algebra © of 
bounded operators on lp. From now on, @ will denote eitner one af the 
two Banach algebras (BV) and (AC); thus, d= ®&lmP, means that 
lim | 4-——P, |l)==0. Henceforth, 8 =C ([—xr,”r]); thus, A= @lmP, 
means that lim || A — Pp, |o= 0 (see §2 and (8)). 


4.1 Lemma. If F e 8 and A = R lm Fp, then A = Blm Fa. Suppose 
moreover that T == Elm (Fa) ; then T=W(A). 


Proof. Set fa = 4— Fp and note that | fy oS || fa llo; the conclusion 
A= lm Fa follows. The completeness of the space @ necessitates that 
Aek C (BV); the conclusion T—wW(A) is now given by 4.3 in [6]. 


4.2 Tuxorem. The mapping $ is a continuous isomorphism of R 
into © such that &(I) =H, where H is characterized by the Laurent matriz 
(anp) With Om ==1(—1)™/m and a, =0. 


Proof. It was shown in [6] that &(IJ) —H (the notaticn used there is 
I; instead of H); and that & is an isomorphism of the Banach space R 
into the Banach space ©. It will therefore suffice to show thet © is a closed 
operator (see [5], p. 30). To that effect, suppose Fae R, A = R lm F,, and 
T=—=C€lmv(F,); the conclusion T—wW(A) is given by 4.1. ` 


4.3 THEOREM. The isomorphism Y is the only continuous homomor- 
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phism of F = (AC) into Œ such that I is mapped on H. The image ¥(F) 
is dense in ©[H], and the Gelfand-transformation G(€,H) coincides on 
U(F) with the inverse mapping of ¥. Moreover, the properties (i)-(iii) of 
the introduction are satisfied. ' 


Proof. Suppose «1,2 and let Y, be continuous homomorphisms ot F 
into © such that ¥,(1) =H. The restrictions y, of Y, to P are homomor- 
phisms of P into © such that y, (I) = H ; having proved in ([6], 6.4) that 
o(H) = [|[— r,r], we can infer from 2.9 that 


(6) y =[H;C] =y and ¥,(P)—y(P) (when PeP}. 
If Ae, then (by 3.1) there exists a sequence {Pa} satisfying 
(7) A = f mP, (n>0,PreP). 


From the continuity of Y, follows that ¥,(A) —=€lmwW,(P,). This enables 
us to derive from (6) that 


~- (8) v,(A) =€lmy(P,} (n> 0 }. 


Thus #,(A) = (A), and Y, =Y.. Hence, there is at most one continuous 
homomorphism of F into © which maps J on H; from 4.2 now follows that 
Ww is the only such homomorphism. In the following, (6) and (8) should 
be viewed in the light of ¥,— vw. 

Next, observe that (Pa) is in the closure €[H] of w(P) (by 2.8), 
so that ¥(A)eGE[H] (from (8)). This implies ¥V(F) CE[H]. Since 
J(P) CU(F) (by (6) and P C F), the denseness of y(P) in €[H] now 
necessitates that 

(F) is dense in €[A]. 


We now turn to the conclusions involving G(©,H). Again referring to 
[6] for the result o(H) —[—v7,7], we see from 2.12 that the Gelfand- 
transformation G(€,H) is a continuous homomcrphism @ of €[H] into 
@—=C([—7,7]). A successive application of (8) with the continuity of 
6, and 2.13 (with y=[H;€]) yields 


©(v(A)) = lmt (y(Pa)) = 6 lm Fy (n—> 00). 


This result, combined with the consequence A = 4 lmP, of (7) (see 4.1), 
shows that 6(¥(A)) =A. Accordingly, if 7T—W(A) and if ¢ is the inverse 
of the mapping &, then (T) =A =¢(T), which states that @ coincides 
with ¢ on &(¥). On the other hand, ®(7)—AeF and 2.4 shows that 
(iv)-(v) are satisiied, in consequence of P being a spectral homomorphism 
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of X= ELH] into C (8), 8 = [— r,r] (es; 2.13). Therefore: a 
and the proof is completed. 


4.4 Remark. Suppose Ac (AC) and set T = = (A). In the oer 
paragraph, we have pointed out that the relations 2.4 (iv) are’ satisfied ; 
hence |A laS |T]. In case p=2, then |A ljo= |T|. ‘This was proved 
by F. Riesz [12] and can in the present context be derived as follows. The 
operator T is a member of the abelian Hilbert space €[H] and the same 
holds for its adjoint 7*; therefore 7 is a normal operator. But then . 
|| Z| sup {| a]: ee = sup {| àA | :àA £ A(8)} = || A llo; the first: equality 
holds for any normal operator, the second follows from o(T)} = ee, the 
third equality is obvious. 


4.5 Remark. We here supply a few details connected with 2.4 and 
2.6: It should be kept in mind that l; is a Banach algebra © having: :a 
member J such that o(J) =T,—={A:|A|—1}, and 1, is the subalgebra 
C[J] generated in Œ by J. The inverse V of the mapping f— Af is an 
isomorphism of J, onto U (the symbols Af and U are defined in 1.1). If 
we set =l, F¥—U and 8=—T,, then (iv) - -(v) hold when. TeX and 
A= V (T). This can be seen as follows. Let @(T) be the function defined 
on T; by f(A) = X T,A"; clearly ® is a continuous homomorphism of J, Ag ] 
inio C (3), and 2.12 now shows that @ is the Gelfand-transformation G (€, J Vis, 
Accordingly, ® is spectral; the conclusion is now obtained from 2.4 and the 
fact that Y (T) coincides with ®(7’) on T. 


Consequently, fte% when fe and provided O¢f(T,). This conclu- 
sion can be used in the otherwise obvious derivation of (i’)-(iii’) from 
(i)-(iii). Moreover, we have just seen that o(T) = (®(7))(T,); since the 
isomorphism V of 2.6 satisfies (V(T)) (@) = (®(T)) (2), we can conclude 
that V is a spectral isomorphism of ¥ ==}, onto the ring of all ‘absolutely 
_convergent Fourier series.. In view of these facts, the classical- Wiener 
theorems ([7], pp. 72-73) now appear as consequences of 2. 4. oa 
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A NOTE ON THE CLASS-NUMBERS OF ALGEBRAIC 
NUMBER FIELDS.* 


By N. ©. Ankeny, R. Braver and S. CHOWLA. 


Let F be an algebraic number field of finite degree n over the field P 
of rational numbers. Denote by h(F) and d(F) the class-number and dis- 
criminant of F respectively. According to Minkowski each class of ideals 
of F contains an ideal of normal at most |d(/’)|# Landau [1] used this 
result to deduce 

h(P) < c | a(F) |è (log | d(F) |)" 


where c, is a constant depending on n alone. If « is a given positive number, 
this implies 
(1) h(F) < c: | dP) | ) 


where the constant cə depends on n and e. 


We shall show that, for suitable fields F, the rather rough estimate (1) 
is actually remarkably sharp. Indeed, given any positive integer n = 2, let 
rı and ra be any two non-negative integers such that rı -+ 2ra ==n. We shall 
prove that for every e> 0 there exist infinitely many fields F which have 
exactly r, real and 2r. imaginary conjugate fields and are such that 


(2) h(P) > | a(P) |b 
holds. 


For the proof, we use the following result of R. Brauer [2] which con- 
firmed a conjecture of C. L. Siegel. .For all fields F of given degree n with 
sufficiently large |d(#)|, we have 


(3) _(F)R(F) > | d(F) |? 


where R{(F) is the regulator of F and §> 0 a given arbitrary constant. For 
n==2, this had already been proved by Siegel. | 

We can immediately settle the case »—2 as follows. If F is an 
imaginary quadratic extension of the field P of rationals, then (2) holds 
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for all fields F with |d(F)| exceeding a certain limit depending on e alone. 

To construct real quadratic fields with the property in question, let F be 

generated by [m? + 1]4, where we select the rational integer m Z= 2 so that 

m? -4-1 is square free. We recall the well-known result of Estermann [4] 

that m?-+-1 is square-free for infinitely many choices of m. Since 

H=m-+ [m?+1]4 is a unit contained in F and since d(F) = m?+-1 or 
d(F) =4(m?-+-1), we have 


R(F) Slog (m + [m? 4 1]8) Slog (2[m? + 1]8) Slog (m? + 1) Slog d(F). 


So (2) follows from (3) for the fields P=P([m?+ 1]#), where m?-+-1 is 
square-free and sufficiently large. 


Section 1. nis any fixed integer = 3, N is an arbitrary positive integer 
that is taken to be sufficiently large. 

Let Gy, @2,@3,° © *,&,-, be arbitrary fixed distinct integers, and take 
an= N. We define 


fu (2) =U (t—a;) +1. 
We prove (see the references [5], [6]). 


Lemma 1. FMN is sufficiently large, fw(e) enjoys the following 
properties: E 


(4) fx (aj) =1 (13757). 
(5) - fu(z) =0 has n distinct real roots: by, Oy, >» +, 0y™. 


For a suttable arrangement of these roots there exist constants b4540 such 
that, for N >œ, | 


(6) N (On — ai) > b0 (lS1=2n—1), Oy =N +0 (N>). 


(7) fy(x) is an irreducible equation of degree n in the peta of rational 
numbers. 


Proof. To prove that the roots are real, we note that f (a;+ 4) and 
f(a;—4), 7—1,---+,n are of different sign for N sufficiently large. 


| í 
(4) is clear from the definition of fy(x). Next, as N—>+ o, 
oe ek 
— (1/N)) fr (2) oi (w— a). 


a 
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Becaiise of the continuity of the roots as functions of the parameter Ñ, each 
of thé a, (t34n), is the limit of a root @y® of f(z). Aio 


(8x — aj) (6x — NZ = 1 = o` 
where, as N00, 


Ui, WEN 


Hence N (Ox — ay) —> JI (a—4a,)",.and this limit is a constant b, 0. 


' poeta n 
In particular, @y¥O=a;+ O(N") “(I1SiSin-—-1). Since > Oy) = 5 lis 
zl 
it follows that Ox = dn + O(N a) SN +- 0 (N+). `The above equations 
prove (6). ) 


Next let us assume that there are infinitely many N for which fy(z) 
is reducible and set fy(x) == 91,n(t)gon(@) where giw(x) and gax(s) have 
integral rational coefficients. By (5), we may always select giw(x) such 
that 6y™ is not a root of.giy(v). If 6y™ is a root of gin(x), all the con- 
jugates of N — 0y ® =— a, —6y™ will be larger than 1 for sufficiently large N. 
This is a contradiction, since (4) shows that a,—0y is a unit and hence 
has norm + 1. This completes the proof of the lemma. 

We note that the coefficients of fy(z) are linear functions of N. Hence 
diser (fy(v)) == g(N), where g(N) is a polynomial in N whose coefficients 
are rational integers. On considering the order of magnitude of 


g (N) == [| (8x oe Gy) 7 
i>j 


we see that g(N) is of degree 2(n—1). 


_ The following lemma is proved for general.polynomials g(x) and later 
specialized to the g(x) above. We prove i 


Lemma 2. Let g(x) be a polynomial with integral coefficients of degree 
s>0. Let m be the greatest common dwisor of the values of g(x) for 
integral x. Let p==3 be a fixed number, and let U be a number chosen 
sufficiently large. If U* denotes the number of integers N for which 
U <N=2U and g(N)/m has all prime factors greater than V = (flog U)’, 
then 
(8) U* > cU/ (log log U)*. 


Here c is an absolute positive constant: ie dd only on ne copmanis of 
g(x) and on p. : 


54 N. ©. ANKENY, R. BRAUER AND S. CHOWLA. 


The proof of Lemma 2 is in turn based on the following Lemma 3 which 
is a recent theorem of de Bruijn [3], For a simple proof, see the paper of 
W. E. Briggs and S. Chowla [7]. 


Lemma 3. Let f(x,y) denote the number of positwe integers Se all 
of whose prime factors are Sy. Then 


(9) f(z, (log e)*) = O (gen) 
where p œ>? and the constant implied in the O-symbol depends on p alone. 
Section 2. Im this section, we shall prove Lemma 2. 


For a positive integer d, let A(d) denote the number of solutions of 
g(z)==0 (modd) with OS e< d. In the following, the letter p will always 
denote a prime number. We have 


(10) Mp) Ss if ptm, a(d) Sd for all d. 


Denote by »(d) the number of distinct prime factors of d. Then, for 
any fixed «> 0, 


(11) l ð — O(d*\. 
To prove this, take s > 1 and ‘note that 


srd) — 2rd) log 4/log < {r ( d) }log s/log 2 


where r(d) is the number of divisors of d. Since (see, for example, Landauw’s 
Vorlesungen ti. Zahlentheorie) 


r(d) = 0 (d°), 0 == e log 2/log s; 


(11) now follows. We shall use the symbol w(t) for the well-known Mobius 
function so that i z o 


w(t) =0 if p° | t for some prime p, ` pit) = (—1)” for square-free t. 
As is well-known, | | | - 
(12) Alab) =A (&)A (b) for (a,b) = 1. 

We also need | | 


(18) a(d) =0 (4°) E (do), 


if d is a multiple of m such that d/m-is square-free. This can be seen easily 
(actually (13) holds for all d). 
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We now introduce the function Q«d) defined as follows: 
(i) Q(@)=a(d) if 1S4 £U 

(ii) Q(d)=p(d) if Vic dS U4 and v(d) odd. 

(iii) Q(d)—0 if Ui<dSU4 and v(d) even. 

(iv) Q(d)=—0 if d>U% 


Observe that Q(d) 0, if (d) = 0 and that Q(d) 1, if and only if 
d < Uè, d square-free, v(d) even. Further, set Q(d) == 0, if d is not integral. 


Lemma 4. If k >0 is an integer and if S(k) = 20 (d/m), then 
alk 


(a) S(k) =1 if k/m = k, is integral and not divisible by a prime S Uè; 
(B) S(k) 0 wm all other cases. 


Proof. If ks&0 (mod m), obviously S(%) ==0. Suppose that ko = k/m 
is Integral. Then 


(14) S(k) = 2 Q(t). 
Mie 


If & is not divisible by primes < U4, then S(k) —@Q(1) 1. Suppose that 
ko is divisible by a prime p & U4 and choose p as the least such prime. Since 
it suffices to take square-free ¢ in (14), we can arrange these ¢ in pairs h 
and hp where h is a divisor of kọ which is prime to p. In order to prove ' 
(8) it will be sufficient to show that Q (A) + Q(hp) S0. If this was not so, 


we must have either 


Q(kp)=1, Q(h) 20 or Q(h)=1, Q(hp) =0. 


Since Q(x) ==-1 implies that «= U4 and that «x is square-free, it follows 
easily from Q(hp) =1 that Q(h) =—1 and hence the former case is im- 
possible. Suppose then that Q (h) 1, Q(kp) ==0. Then hZ U}, h square- 
free and v(h) even. In order to have Q(Ap) =0, we must have hp > U3 
and hence p> Ut. Then every divisor hs41 of kọ with v(h) even would 
exceed U4 and this would imply Q(h)=0. Hence h==1. In this case 
Q(hp) =Q(p) =—1. This is a contradiction and the lemma is proved. 

| Suppose that U is so large that V == (4log U)’ <= U4 and that V = 2m. 
Let U* denote the number of N with 7 < N= 2U for which k, =g(N)/m 
is not divisible by primes SV. Then if (g(N),[V]!) denotes the g.c.d. 
of g(NV) and [V]!. 

(15) U*= S Sg (N), [7])). 


~ U<NEÆLU 
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Indeed, by Lemma 4 all terms here are either <0 or have the value i, and 
the latter case arises only if k == (g(N),[V]!) = mk, where k, has no prime 
factors <= U?. In this case, g(N)/m cannot have a prime factor < V and 
all such N are certainly counted by U%*. 

Let ga denote the largest prime dividing any integer d > 1 and set ja =; 
Then 

o= $ LF _ Q(d/m)=—DOld/m) S1. 
l ~ U<NE2U al (o(W),1V1) d N 

Here, d ranges over all positive integers such that 

(a) gaS V; (b) d==0 (modm)}; (c) d/m is square-free ; 


while N ranges over > all integers with U<N=2U and g(N) =0 (mod d). 
Thus, 
U* =U ZQ (d/m)A(d)/3— 5 | Q(3/m) | (8). 


Let «<1/(2p) be a positive constant. Using (18) a and recalling that 
Q (d) =0 for d > U4, we obtain . 


(16) | U* = =U 3.9 (d/m)a(a)/a— ie cee 
B If we replace Q(d/m) by p(d/m), the error term is 
ae | EQ (d/m)a(d)/d—p(d/m)a(d}/d | SIMONAS O (2 i=) A 


on t ranges over all integers with ¿> mU* for which g & V. The con- 
vergence of the sum on the right will become evident from the following 
argument. 

For «> mU*= Ui, we have V = (4log U)’ < (logx)*. If f(a,y) is 
the expression introduced in Lemma 3, this implies f(a, V) S f(z, (log x)?) 
== O(a'-/@)), Now, if n ranges over the integers larger than mU4, we find 
by, partial summation. 
i pe fe F(t, V V)—f(n—1,V)) 


22 (ite) Sf (z, V)a-de=0( | gerede), 


mute 


(18) - i | St! = O(U-1ep 4/4), 
| 3 


Since «<1/(2p), the exponent of U is negative. Hence, by substituting 
(17) and (18) in (16), we have 


(19) US U Be d/m) Md) /d— OO) 
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where y is a positive constant and where d still ranges over the integers 
which satisfy the conditions (a), (b), and (c). 
Set d= maß with («,m)=1,8|m. Then 
p(d/m)d(d)/d = p(a)rA(a) /a p(B)A(Bm) /Bm) 


and hence | 
(20) Sa(d/m)a(d)/d— E pla) (A(a)/a) Sa(A)A(Bm)/(Bm)- 


In the first sum on the right, « ranges over the integers prime to m for 
which gass V. Therefore 


Zela)Ala)/a= TE (1L—A(p)/2). 


If 8 is a fixed divisor of m, let mi(8) denote the product of those prime 
powers of m which are prime to 8 and set m==m,(8)m2(8). Then 


Bm) = A(m,(B))ACBm2(f)). Since m,(B)|m, we have A(m:(8)) = m, (8). 


Thus, 


2 #(8)A(Bm)/(Bm) = Bw (B)A(8m(8))/ (Bima (8)). 
If B= 8R” with (f’, 8") =1, then m.(B) = m.(f’)m.(B”) and 
A (Bme (B)) =A (R M(B) JA (8 ms(B") ).. 


Hence 


2 PIAL /(Bm) =H (1—A(pme(p))/(pme(p))). 


Now, pm.(p) does not divide m and, consequently, A(pme(p)) = pma(p). 
It follows that the last product is a positive constant cz. This shows that 


Su(d/m)a(a)/d— eo TE (1—A(p)/p) 


p= 


= es] (1—(p—1)/p) IL (A—s/p). 
Ss acpsVv l 
By Mertens’ theorem on prime numbers, we have 
(21) > u(d/m)à(d)/d = c4 (log V)-§ = cs (log log U)-s 
i ad 


where c, and cs aye also positive constants, independent of U. On combining 
(19) and (21), we obtain U*¥= = oU (log log U)-s with a positive constant c, 
and this proves Lemma 2. 


Section 3. We shall now prove that there are infinitely many totally 
real algebraic number fields of degree n= 3 over the rationals, and such 
that (2) holds. 


Writing Fy = Pify™) we prove 
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Lemma 5. There exist an infinite set of N for which | d(Fy)| 
> (Flog dN)? where p is an arbitrary but fixed positive integer. 


We refer back to Lemma 2. Let S(U) denote the set of N which satisfy 
the hypotheses of Lemma 2. Now we observe that d(/'y) divides the discrimi- 
nant g(N) of fy(z). For NeS(UV) it follows that if | &(Fy)| S (4 log 4), 
then | d(Fy)|S (4log U)? and d(Fy)|m. Thus if Lemma 5 were not true, 
we would have d(Fx)|m for all Ne S(U), U sufficiently large. It is a well- 
known theorem of Minkowski that there are only a finite number of algebraic 
number fields whose discriminant has a presecribed value. Hence there are 
only a finite number of fields whose discriminant divides m 

By Lemma 2 as U increases there is an increasing aaah of Ne S(U). 
Let us select U sufficiently large so that at least one of the fields, say. F”, 
contains @y“) for at least (n—1)!+1 values of N belonging to S(U). 
Consider the n isomorphisms of F’ onto its conjugate fields. Using 
Dirichlet’s chest of drawers principle we shall be able to select N, and N, 
with U < N: < N: & 2U such that 6y,©, Oy, F’ and that each of the n 
isomorphisms of F” maps fy,™, Oy, e F” on Ox, P, Oy respectively, with the 
same j. Write pO = 0y, —6y,4. Now p® eF and the ¢ are the n con- 
jugates of 6. For V,54N, we have 6y,@ 4 6y, since we have the roots 
of two different irreducible equations. Hence 6340. Now by Lemma 1, 
| $9 | < c/ N1 S co/U for j= 1,2,3, -+,n—1.1 Further | $™® | < N: + e 
< 2U -+ c. Hence _ 


| Nre) = |S | < od 
Ve I 


If U is sufficiently large, this implies Nr p(p®) = 0, since the norm of ọ® 
is an integer. Hence ¢™ =— 0, a contradiction. This concludes the proof 
of Lemma 5. 

We now prove 


THEOREM 1. For gwen e > 0, there ai an infinity of totally real 
fields F of given degree n such -that the elass-number h(F) satisfies the 
inequality h(F) =| d(F)|**, where d(F) is the discriminant of F. 


Proof. We show that we may take F as one of the infinitely many fields 
Fy where N satisfies Lemma 5 for a suitable choice of p and is sufficiently 
large. It is clear from the definition of fy(z) that 


Oy) — My, Gy — fo,” t t, fy — An- 


* We denote by Cec-... positive constants which may depend on a, @.,°--,@,., but 
are independent of NV and U. 
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are all units contained in Fy. The determinant 
A = det (log | 8y — ai |), SiiS ni], 


is not 0 for sufficiently large N, as by (6) of Lemma 1 the non-diagonal terms 
are bounded, whereas the diagonal terms —-—-o for N—--+o. Hence 


OY — a, Oy) — aa + +, Oy — an: are multiplicatively independent in Fy. 
The same argument yields 
(21) |A| Sey (log NW)", 


Now Fy is a totally real field of degree n over the rationals. So the regulator 
k(F) is at most equal to the regulator of a set of n—1 independent units. 
Hence, by (21) R( Fy) S ey (log N)”. Take 8==e/2 and choose p in 
Lemma 5 so that p >n—1. As N satisfies Lemma 5, | d(Fy)| > (4log N), 
so, for sufficiently large N, | | | | 


R(Fy) S eo (log N) S 7 (Py) 


Hence from (3), it follows that h(Fy) > | d(Fy)|*®® which completes the 
proof of Theorem 1. . 


Section 4. We now carry over the proof to the case when F is not 
totally real. Let n > 2,r, = 0,7, = 0 be given integers such that n = 7, + 2ra. 
We prove ' 


THEOREM 1*. There eaist infinitely many algebraic number fields K 
of degree n over the field P of rational numbers such that K has r, real 
conjugates and 2ra non-real conjugates with the following property. The 
class-number h lies above | d |3*, d the discriminant, «> 0 a given constant. 


1. Let the ay, (ZAR rı), and the ay > 0, (7 + LSpSr4+)), be 
distinct integers, where, as usual, Ta=t,-+%7,—1. It can now be assumed 
that r, >-0, ie. r= r, We take amı =N. Then define 


(22) He) =H e—a) T (+a) 
so that, for N — +o, 
(23) HEN >U (e—a) T (+a). 


We can denote r roots of f(z) by @y%, 177%, in such a fashion that 
Ox >a; (J==1,2,:°°-,71), Ox — ta (j =r 41, r). 


Then there exist constants b;540 such that 
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(24) NOx —a;) > (’SjSn); NOF +å) >b, (+1 S780). 


Actually, 
b= — H (aa) H (a? F Gy) Grn) 
bi=— II (ta? — ay)” sar | een -1 (1, +1SjSr'. 
pf Tt 


For N sufficiently large, @y?, 17521, is real and Oy), n HISS, 
-4-7 — 1, has positive imaginary part. Then'r,— 1 further roots are obtained 
. in the form é6y, (r, +1jSr,+7.—1). These have the limits — ia. 
Since the limit in (23) has degree n— 2, two of the roots of f(x) tend to oo. 
.We see easily that these roots dre not real for N sufficiently large and if 
6y"*) is the one which, has positive imaginary part, then Oy*) — iN? + 0(1). 
(Actually one can show without difficulty that Oy’) —iN3-+ O(N-30-4), 
It follows from (22) that the r, -+ 7, elements 


(25) 6— a, 6° + ay 
are units of the field K = P(6), ‘6 one’ of the 6;. 


2. We show that f(x) is irreducible in P for sufficiently large N. If 
this was not so, let fo(%) be an irreducible factor in P such that @y*» is not 
a root of fo(z). Then Gy (r+) is not a root either. Let @ be a root of folti. 
All the conjugates of 6 are close to fixed values. Take the unit (6? --a,.:)7*. 
All its conjugates are less than 1 in absolute value for N sufficiently large. 
This is impossible. Thus f(x) is irreducible in P. Hence K=P(6) is a 
field of the given degree n with the given number r, of real conjugates. 


3. Form the regulator Ry of the r units (25) with »54r-+-1 of the 
field Fy =P (6), using the conjugates corresponding to @y™,- + -,@y. It 
follows from (24) that | Ro | = 0 ((log NY). Hence | R(Fy)| = O ((log N)*). 
Now everything works as in the totally real case. 
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THE REPRESENTATION OF INTEGERS BY CERTAIN 
RATIONAL FORMS.* 


By E. G. Srravs and J. D. Swirt. 


1. Introduction. In a previous paper [2] we discussed the repre- 
sentation of integers by f(z, y) = (az? + bay + cy”)/(p + qzy) where a| (b, q) 
c|(b,q). Similar questions have been discussed by other authors, [1], [3], 
[4]. In this paper we intend to analyze the underlying*ideas and to extend 
their applications. 

We wish to investigate an algebraic Diophantine equation in n+ 1 
unknowns which is of degree no higher than the second in every unknown 
and, of first degree in at least one of the unknowns. We distinguish the 
latter unknown by calling it z, and denote the other unknowns by £i, °, £n 
writing == (%,,:-°,2,). Solving for z we obtain 


(1) f(z) =z, f(e) =N(«)/D(z), 


where N (s), D(z) are polynomials in æ of degree no higher than 2 in each z, 
We shall be concerned here with the case deg D = deg N. 


Our main results are finiteness results. More precisely, we shall see that 
in certain cases there is a finite number of infinite classes of solutions of (1} 
which correspond to solutions of simpler Diophantine equations obtained 
from (1) by replacing some of the v; by functions of the other z,’s. These 
we shall call the regular solutions of (1). The solutions which are not con- 
tained in the regular classes are called exceptional. : They will be finite in 
number if certain divisibility conditions are satisfied. To a more limited 
extent we shall also be able to obtain infinity results; that is, prove in some 
cases that there is an infinity of exceptional solutions, if the divisibil-ty 
conditions are violated. 

The method of attack is a combination of two extremely simple ideas 
described in Sections 2, 3, 4. The remaining sections are devoted to a more 
complete discussion of special cases for the purpose of illustration. Finally. 
we shall discuss some possible extensions of our method. 


~ 


* Received October 25, 1954. 
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2. The critical cone. For the results in this section we need only the 
assumption deg D=deg N with no restriction on the degree in the indi- 
vidual zt. 


Definition. Let D,(x) be the homogeneous polynomial consisting of 
the terms of highest degree of D(z). Then the critical cone, B, of (1) is 
the locus 


(2) D, (s) =0. 


A conical neighborhood of @ is an open set of rays originating at the 
origin and containing &. 


Lemma 1. Let K be a conical neighborhood of B, and let deg D= deg N. 
Then (1) has at most a finite number of integral z for lattice points s K. 


Proof. Since Dı (s) 0 in the exterior of K and since deg N = deg D 
there exist a radius r and a number M so that for |x | = (21? +: © -+ 2r?) 
>r and cg K we have |f(£)| SM. On the other hand there is only a finite 
number of lattice points with |z| Sr. 


COROLLARY. If D,(x) is a ii then f(x) represents at most a finite 
number of integers. 

3. Conjugate points. For the results of this section we need only the 
assumption that N and D are at most quadratic in the z; under consideration, 
with no restriction on their degrees. 


Definition. If (1) is quadratic in z; then corresponding to each solution 
(21° °°, i++ 32n Z) there is the t-conjugate solution (2y 15 Uy’ * + Buy), 
where 2’; is the conjugate of z; when we consider (1) as an equation in t 
with all other unknowns fixed. We denote the i-conjugate of x by 2, 


A point x is a conjugate of x if there exists a sequence ti,’ ° `, tp 80 
that af = xls) > (én), 

In general the conjugate of a lattice point has rational coordinates but 
is not a lattice point. However, writing 


N(x) = Ut + bya; + Cis D (2) = Aix? -}- Bizi + Ci, 
where a; bu C Ai, Bi, Cy are independent of Ti we obtain from (1) 
(3) (a; — 2A,) (zi 4 zi) = 2B; — bi. 


This leads to the following result. 
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LEMMA 2. The 1-conjugate of a lattice point x is always a lattice ae 
in either of the following cases: 


I. b=aa, Bi aA; («integer valued), 
TI. 4=0; |b, and ax | Bs 
where a|b means that b/a is integer valued. 


In case I we obtain 


. N (a) = a, (2? + a) + ca D(z) = A;(a? + um) + Ci. 


Thus, if we set u= z? -+ uz; then f(z) =F (2> - -,u,° * *,%,) where F 
is rational. Thus in case I we consider instead the simpler Diophantine 
equation 

(2") |, F (a, 7 Ue * `, Tn) = 2, 


whose solutions obviously include all those obtained from @) by setting 
Wy == BF + Oey. | i 

In case II we may first consider the case B; = 0, that is, D independent 
of zı In this case we see that if f(s) represents an integer at all, then it 
represents all the values of a certain quadratic polynomial, since we may 
replace 2 by q+ mD (m==0, + 1,: - -) to obtain other integers. 

In case B;5£0 we can write 


(4) Bef =a;B i, — aC; + Bibi + (aC 2 — b:B:0: + 4B?) /D. 
Writing (4) for 2, subtracting and dividing by a;— 2’; we obtain 
(5) D(x) D (2) = a0? — BBCi + CBP. 
4. The method, We can now combine the methods of §§ 2, 3 to state 
the following. 


FINITENESS RESULT. If every lattice point x satisfying (1) has a con- 
jugate lattice point in the exterior of some conical neighborhood of the critical 
cone, then (1) has solutions for at most a finite number of z. 


It will be somewhat more difficult to state a general description of the 
infinity results and we shall therefore do this by example. 


5. The casen—2 We set £, =T, t.—y and have 


(1”) f(z, y) =N (2,y)/D (2,4) =z. 
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We first consider the case deg D = 4. That is, N =ar°y +: ` +, D = Ary? 
+4.---, (4540), where --- stands for terms of lower degree. Hence ` 
Af(z,y) =a 4- N*/D where deg N* <3. Thus there exist numbers £e Yo, 
M so that if c= zo and y= yo then f(s, y) = M. We may therefore restrict 
our attention to the strip neighborhood |s| < 2% or |y | < yp of the critical 
cone zy = 0. 

This reduces the problem to the consideration of a finite number of 
rational functions of one variable 


ga(y) =f (2,4), g= 0, = 1, ‘se (oa 1)$ 
hy (£) =f (x,y), y=0, + 1, * *,+(%—1). 


The regular values of x are those (it any) for which g.(y) is a polynomial 
in y; similarly the regular values of y are those for which h,(z) is a poly- 
nomial in v. There are at most 2 regular values for © and for y. If there 
are such regular values then g,(y) and hy(x) may represent an infinity of 
regular integers. For all other values of (x,y) we obtain at most a finite 
number of exceptional integers. 

We next consider the case deg D==3. That is, N = zy (as + by) +-- 
D==ay(Ac-+ By)-+--:+. The method first used can be used with minor 
modification in the special cases (i) deg N==1 or (ii) e/A—b/B, or (iii) 
neither N or D contains quadratic terms. Since it involves few new ideas 
we shall not elaborate on it. 

Outside the above cases we shall not be able to proceed without the con- 
jugate point method. If case I of Lemma 2 is satisfied for either x or y 
then we have seen that by a change of variable we reduce the degree of D 
to 2, to be discussed below. 

For case II of Lemma 2, D must be linear in one of the variables, 
say y, so that D—Aa’y+---. Hence we may write Af =a + N*/D, 
N* == b*axy?’ + - 

The lattice ane (x,y) for which N*==0 lead to at most one integer 
z=a/A. IE N* £0 then writing D = (A,7?+ Bit+-0,)y+ A.2?+ Bor+ C, 
we have either y=0 or Ay + Á ==0 or there exists an M, such that 
|a/y|=M,. If y——A,/A, is an integer then this special value leads to 
easily determined solutions which may form a regular class or be finite in 
number. Unless A = Q the value y = leads at most to a finite number of 
exceptional solutions. 

Writing now N* =a(z)y? +b(z)y + e(z), D=B(x)y+C (cz) we have 
according to (5) 


(5°) a(x) (By + C) (By + C) = aC? —bBO + cB?. 
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The case a==0 can be treated with the method used for deg D==4. If 
a=*() then the special values of x for which r= 0 or a(x) =0 or B(x) —0 
lead to easily determined solutions which may contain regular classes. Finally, 
if the divisibility conditions a|b and a|B of Lemma 2 are satisfied and 
taB 40 then we obtain from (5’) 


| y Y Oly vy can ee 

(6) T g AE a L) (a si) —° 
oy, S Die 

~L.Lia(L4L\i2 


The degrees of the denominators of œ and 8 are no less than the degrees 
of their numerators. Hence a, are bounced. Thus, if we choose |y | S |y | 
then there exists an, M, so that | y/r | S M}. 

To sum up. We may obtain regular solutions or a finite number of 
solutions for y==— A,/A,, and the values of x for which c—0 or a(x) =0 
or B(x) =0. In addition there may be a finite number of exceptional valuss 
for y—0Q.. All other lattice points have a conjugate for which both 
(s/y SM, and |y/z| SM, that is, lying in the exterior of a conical 
neighborhood of the critical cone zy=-0. According to Lemma 1 this leads 
to at most a finite number of exceptional values oi f(2,y¥). 

Finally we consider the case deg D—2. Let D (z, y) = Av? + Bay + Cy? 
be the quadratic part of D and A = B? — 44C. 

The case A < 0, that is D, definite, is covered by Lemma 1. . 

In case A==0 we can make a unimodular transformation so that 
D = Az? + B-z -+ Bay -+ C. Here there may well be an infinite number of 
exceptional values. For example if the congruences 


(7) Aq? + Bs + C= +11 (mod Ba) 


have solutions, then for each z satisfying (7) there is a y so that D(z, y) = +1 
and hence certainly f(s, y) =z is an Integer. From the conjugate point 
method we obtain only the existence of constants W, M, so that the regular 
integers are represented by t= 0 while all but a finite number of exceptional 
integers are represented by lattice points satisfying M, |s| S ]y | < Maz’. 

The case A> 0, Assquare, is similar. to the preceding one. The 
equations D = + 1 may again have infinitely many solutions. 

In case A>O0, A=square, we can write D—A(azt By) (ye + dy) 
+ Bız + Bay +C where (a, 8) = (y,8) =1, a—fy340. If we. make the 
transformation u= ag +- By, v= ys + sy, then every lattice point (x,y) 
there corresponds a lattice point (u,v). The converse is not true unless 
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að — By = + 1, but for finiteness results we do not, need. it. We çan, thus 
restrict our attention to the case | 
Dig, 4) = -Aay + Bat By +C. 


If we write N (z, j E EEE + bix + doy,+-c, then the i: 
bility conditions of..case II, Lemma..2 become a; | a2, @ı| A, a| Bz and 
as | ds, as | A, as | Bı respectively. If both sets of divisibility conditions are 
satisfied, then from (5) we obtain, 


AS) as (Aay + B: z+ By +C) (Azy! + Bio + Buy zy C) 
= Ql? — (aat + be ) (dz +B) + (ay? be +e) (Ag+ Bs 2 





and | | | | | | E 
(9) a (Azry +- Bye + Boy + 0) (Az'y + Bis’ + Boy +C) | . 
= m0? — (dey + b1) (Ay + Bi) OC + (asy? + bey + ¢) (Ay + B1)’. 


From (8) we see that either t= 0 or g =: —B,/A or there exists an M, such 
that if we choose |y] S |y] then |y/e|<M,. Similarly we obtain from 
(9) that either y==0 or y=-—-B,/A or there exists an M, such that if we 
choose |s| =| a’, then |2/y|< My. Regular values may be represented by 
z= — B/A or y=—B,/A; the values c==0 or y=0 give rise to only a 
finite number of exceptional values unless they happen to coincide with the 
regular values. - All lattice. points (x,y) which are not conjugate to one of 
the above points have a conjugate—obtained by choosing x minimal and y 
minimal for:that «—which lies in the:exterior of a conical neighborhood of 
the critical cone «y==0. Hence there is-only a finite nuns of exceptional 
values of z 


6. An examplen=—3. We consider the equation 
(0,42) = (@+y+2)/(ayetlyau 


This is the analogue of [2, Example 1]. The divisibility conditions of 
Lemma 2, case II are satisfied for a, y, z; and (5) becomes ai the variable an 


(xyz +1) (aye! +1) 1- aty? (2 ty). 
Hence either =L oe if |z| S i | then 
(10) (pH ISLEP 


We can obtain the analogous inequality for the cther two variables. 
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Thus the regular values of f(#,y,2) are the ones obtained on the critical 
cone zyz = 0; that is, the numbers which are the sums of two squares. 


If xyz 0 we may restrict our attention to the points (x,y,z) for which 
0<|x|SySz. In case zyz>0 equation (10) yields 2 <a?+y? and 
hence y? > 2°/2. Thus f(a,y,2) < 827/2-4a2* = 3-24/r. The only possible 
positive values for u which can be represented by exceptional lattice points 
are therefore 1, 2, 3, 4. It is easily seen that the equations f(1,y,2) =1, 
f(2,y4,2) 1, f(8,4,z) —=1, f(4y,z) —=1 have no solutions with yz5<0. 
The equations f(1,y,z) =2, f(%,y,%) =2 do have solutions with yz3£0; 
however these solutions can be seen to be conjugates of solutions with yz =Q. 
Finally f(1,y,2) =3 and f(1,y,z) —4 have no solutions. 

We have thus seen that there are no positive exceptional values of u, 
and that the positive regular values of u are represented only by the conjugates 
of regular lattice points. | 

By inspection we obtain the negative exceptional values f(—1, 2,2) 
== — 38, f(—1,1,2) ——6. From (10) we obtain for syz <0 


aPy* (2—1)* SS a*y? (1-4 2°-+-y*) or By? 4-1 = (z—1)?*. 
Hence 
f(#,y,%) S32°/[| z | 2(z—1) /38—1] S(3 -38/| æ |) -2/(2—2). 


We see that for z=_8 this leads to |f| <6. Thus we need inspect only a 
finite number of cases to exclude exceptional values less than — 6. For 
z= 8 the values — 4, —5 are possible only for z= — 1 but the equations 
f(—1, y, z) == —4, f(—1, y, z) = — 5 have no solutions. To exclude u = — 2 
we observe that f(—1,y,z) =—2%, f(—2,y,z) =—-2 are both impossible. 
The impossibility of u =—=— 1 follows from the impossibility of the congruence 


r? + y? +. 2? -+ eyz==—1 (mod 4). 
7. Infinity results. In [2] we discussed the case 


f(x,y) = (2? + 2y?)/(1 + ay) 


which violates the divisibility condition of Lemma 2, case II for y. We can 
now argue that there must exist an infinity of exceptional. values as follows. 

We have a =—2-+ yz, y —=—y-+ 402. For even z this leads to the 
conjugate point method and our previously discussed finiteness result. For 
odd z we see that a non-lattice point 


T= EQ, yoy are (é, nodd; e= 0,1) 
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has a conjugate which is a lattice point. Hence every integer represented by 


fu(2,y) = (2° + 2y?) /(2* + ay) 


for odd 2, y is also represented by f(x,y). But every fp represents at least four 
exceptional integers for odd x, y; namely those obtained from gy ==— 2" + 1. 
Jt is clear that these values for fẹ are unbounded with k. Hence f(z,y) 
represents infinitely many odd exceptional numbers. It is easy to apply this 
process to other cases, but it may be difficult to formulate a general theorem. 


8. Conclusion. Our method is clearly not restricted to the classes of 
equations which we have considered here. Changes in variable may bring a 
rational function into the form’ we considéred. 

A more interesting possibility is that of increasing the number of variables 
in order to decrease the degree of the equation in each variable and then 
restrict attention to the case in which the new variables are functions of the 
old variables. . 

As an example of this last possibility we discuss the equation 


(11) u= (zts + y*)/ (ey 4-1). 
The substitution z*==2 brings this to the form 
(12) u= (+y +2) / (aye + 1) 


which we discussed in Section 6. We see therefore immediately that u must 
be either the sum of two squares or one of the exceptional values — 3, —6. - 
For t = — 1, y= 2 we obtain u = — 6, while z =}, y = — 1 yields u = — 3. 
Now for the regular values of u we know that they must be represented by a 
lattice point (x,y,z) so that z==x?° and so that there is a conjugate of one 
of the forms (0,a,0), (a,0,6), (@,6,0). From (5) we see that 


T == — T A- UZ, y'= — y + urz, z = — z + uzy. 


Thus, if (%1,41,2:) is a conjugate of (x,y,z), then n= £g, y= ty, 
z= + z (modu). Hence if (a, y, x?) is conjugate to (0, a, b) then s==2? == 0 
(mod (a?-++ 6?)) and b= + z°=0 (mod (a?+ b?)) which implies b ==0. 
The regular values thus obtained are therefore exactly those peers from 
(11) by setting z == 0, that is the squares. 

If (a, y,x") is conjugate to (a,0,b) then, since y==0 (mod (a?+ 6?)), 
at every stage, t= t @, v==+06 (mod (a*?+b?)?) and hence 6? =:at 
(mod (a? + bY), but 6°9—a* < (œ + b°). Hence b?—a* and u = &? + at 
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is the regular value obtained front (11) by ‘setting’ y = 0. Finally, if (a, y, x?) 
is conjugate to (a,6,0) then .._ 


pasta (mod(a +0) ), ore fe 0 (moa (+04), 


This is possible aly if b — 0 which we.haye, discussed before. | ; 

. The conjugate point idea is; of course, not restricted to equations which 
are of second degree in the unknowns, however, our divisibility conditions. of 
Lemma 2 will then. have to be replaced by- more complicated and cumbersome 
conditions. ` 
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IDEALS AND POLYNOMIAL FUNCTIONS.*? 
By D. J. Lewis. E | 


1. Introduction. Let K be either an algebraic number field or a func- 
tion field over a finite field or any completion of such fields under a rank one, 
non-archimediean valuation. Let © be the integrelly closed ring of integers 
of K, p any prime ideal of O, and r any element of p not in p?. Then ©/p 
is isomorphic to a finite field GF'(q), where g = př, p a rational prime. Let 
Bym = Bm be the set of polynomials in O[z], which when considered as 
furctions on © map © into p”; i.e., 


Ba =f (2) Im Ole) such that f: O —p”}. 


Clearly Bm is an ideal in D[z]. 

It is well known [1] that B, = (z1— z, r), in fact this result has now 
become a part of elementary algebra and number theory [2]. Here we 
analyze Bm, when m1. Clearly B= Ofr], and Bm D By. We show 
that Bm is generated by m -+ 1 elements, and give a specific set of generators. 
The prooz is by induction and is of an elementary nature. The results may 
also be viewed as a concrete realization of a general theory of rings, see [3] ; 
results for the case of polynomials of several indeterminates are also obtained. 
Because of the computations involved, we first consider the case of one 
indeterminate and then outline the steps necessary for the case of ‘several 
indeterminates. These results have been applied to a study of Diophantine 
equations, which will appear in another paper. 


2. Preliminaries. Define 
Tolz) = T, Tna (2) m F a(x) ) — rir, (2) for n: 0. 
Let Q(n) = (qt—1)/(q—1). It is easily verified that r,(z) is in Baca. 


The expression of a rational positive integer m as 


m = py + uQ (2) > se *+ uw: Q(t), 


where 05S j= q, we 9, and p= 0 for 1S1<j if pj—g, is unique. We 
use it to define the following polynomials: 


* Received March 29, 1954. 

1This paper is a part of the results presented to the American Mathematical Society, 
August 31, 1953, under the title: “ Polynomial functions over the residue ring D/~™.” 
This work was done while the author was a National Science Foundation Fellow at the 
Institute for Advanced Study. 
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Ag = 1, Am == TIT + e T! if m > 0. 
Clearly Am is an element of By. 

Let Anm (Am Ama,’ * 1) 7" 7A, e™), mal. Then A, C By. We 
contend that Bm = Am. As we shall sometime make a change in variable, 
for clarity we may sometimes write A»(z) or By(x) to indicate we are 
operating in O[ 2]. 

We make several observations concerning Am. 

THeoreM I. i) Am D Amu. 

Hi) An ApC Ame 
iii) If g(z) is in O[z] and f(x) is in Am(2), 
then f(g(z)) is in Am(2); symbolically Am(g(2)) C An(2)- 

Proof. In view of the definition of Am, (i) is evident, provided Ams is 
in Ám. Consider the expansion 

| m-+1=n 2Q(2) +--+ Q(t). 
If vy, +0, Amci = TiAnm and hence is in Aa If Vi == Va ==" * t == ny == 0, and 
va FO, then Anas == Àm — al Aimars, Which is in Am. 

By definition 7,% is in Aagi iE OSa gq, but because of (i) we have 
this for all «= 0. Then by induction rp’, is in Amigan if 0 = 8 Z0, and 
finally w8AmAn 18 in Agimine Thus proving (i). 

Using (ii) and the definition of r; and Às we obtain A,%== 1-4), 
(mod Ags). 

Observe that the binomial coefficients C==0 (mod p) if 1 SiS q— 1, 
also that rı (2°) = Si glr-dare-ay, (2). It follows immediately that 7,(g(z)) is 
: izt 
in A,(z). Because of (ii) it is clearly sufficient for proving (iii) to show 
that tn(g({z)) is in Agm (2). This is proved by induction: 

Suppose rz(g(2)) is in Agay(z) if lSksn. Then: 


tan (g(2)) = LÈ ha (2) 0e, (z) ]¢ — S hs (2) 2-8), (2) 
=% [he (21) 9 00)-28),9(2) — hg (2) 29-82, (2) ] (mod Agn) 
=> [ha 20) 1220-104 (2) — ha (2) 2-8), (2) ] (mod Agm) 
=F, (2) [he (22) —hs(z)] (mod Ag inary) 


Q(n) 
== X r -8),(z) 71 (h(z)) == 0 (mod Agin) ). 
0 


= 
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If m= pm + poQ (2) +: Hgt), define 
m* = p + pQ (2) +: | “+ peQ(¢—1). 


t 
Then m—m* = X, mqi and m S q implies m* =Q. 
= 


We shall have use of the following lemma. 


Lemma 1. For every a in &, there exists a c in © such that ac 
(modp) and such that for every A, there ts a polynomial hs(z) in Bası 
such that 

Ng (6 — mZ) = ni z) Aga (2) + oR, (2). 


Proof. Take c=a-+7,(a). Then 7:(c)==0 (modp?) and conse- 
quently 7,(¢—az) = r2 + 7°hi(z). By induction we show that 
Ti (c — mZ) = 7!" 7, (2) (mod pot) ? 


the congruence being coefficient-wise. Suppose such is the case for rp, where 
l&k n. Then 


Tna (C — T2) = tnt (c — 1%) —— 7?" 47, (C — r2) 
= n [rpa (2) + rk (2) ] 2 — are- — Lrg (2) + rk (2) ] 
=r [rnat (2) — rrna (2)] (mod pet) 
==7"r,(z) (mod pr"). 


If s= p (8) + y2(s)Q(2) ++ - ++ m (8)Q (t), we obtain 


t t | 
às (c — m2) = J| ri (c — rz) = n II [ria (2) + hy (z) ] oO 
j=1 oat 
= m58 gHal8) À pe (2) + m8 +h (z) an 


Since A, and w®-*"\z« are in B it follows that h, is in Bs. 


3. Proof of the contention that Bm = Am. Let 
T = {Am such that m = m + po (2) +: + uG); 0S: < g}. 


Then for each non-negative integer r, T contains a unique polynomial of 
degree rq. 

Let f(z) be any polynomial in Ola]. Let d denote the degree of f(a) 
and define e such that egSd<q(e+1). Then f(z) can be expressed 
uniquely as f(x) —g(x)A(v) + f*(x), where the degree of g(a) is less 


v4 veto 3 Dy J LEWIS. `“ 


than g, A(x) is the unique polynomial ‘in T of degree. eg and the degree of 
f* (x) is less than eg. 


` A 


If c is the largest power of ‘a dividing any soaa of g(x) we may 
write g(x) =F xg,(2), where the non-zero coefficients ‘of -the g(x) are not 
i=0 


divisible by ~. Clearly the g:(x) are uniquely. determined by. g(x), hence 
by f(s). Continuing the process on the residual polynomial we arrive ai a 
unique expression for I o of the form. 


(1) f(z) = 21 2 Gue(Z) ax (2), 


f 


where the A;(%) are in T, the degree of each gg, (æ) is less than g, the non- 
zero coefficients of the gy, (&) are not in p; and almost all of the 9,:(z) are 
the zero polynomial. 

As previously remarked B, A, Assume B; == 4, for 1Sisim and 
suppose f(t) is im Buu. Now Bm C Bm= Ám, hence using (1) we obtain 


(2) f(z) => ge(z) m™-*X, (x) "(mod Amn) 


where the g(x) are of degree less than q aa their non-zero E T are 
not in p, and where the accent mark indicates that the sum ranges over 
the à, OS sS m, which are in T. 

If s£ m, we have s* < m, then in light of the induction hypothesis for 
sm, the h(z) of Lemma 1 is in A. Hence 


f (c — az) => (g,(@) 4 rws (2)) mths (c— rt) (mod Am) 


= SY ga (a) [zma (2) LE ameh (2)] (mod Am) 
8=0 l i 
== [F yae) amme (2) R(x) (mod Amn) 


where R(z) is a polynomial in Ám»; where the double accent indicates that 
the sum ranges over those s for which A, is in T and for which s* ‘oe 70 5 
and where ys==g,(a) if gs(a). not in p and y,==0 if g(a) is in p, 

If s*— m* =7* and s5&t, then m (s) <4.(¢), thus the ys are coeffi- 
cients of different powers of-2. Since p(s) <q for all s for which 4, is 
in T, G(z) = X” yee) is a g-polynomial of the type specified in (1). 

Let H(z) = G(z)Am+(z) + rR(z), then f(e—2z) ==r” "H (2) (mod Ama) 
By assumption f(z) is in Bme, hence H(z) is in Bme. But m*-+ 15S m, 
thus by the induction hypothesis Bye == Am». Hence, H(z) is in Ames, 
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consequently G (z) is the zero: polynomial and we oon ga(a ) = 0., (mod p), 
for all's for which ‘A; is'in T and for which s* = m* ee oe 

Since this computation is true for every a' it D we have that for ‘these s, 
gs(z) is in Bı (z) = A,(z) and hence are the zero-polynomial. , In particular 
if Am is in T, gm(@), is the zero polynomial. Using this fact and (2), we 
obtain 


f 


He) =r X ge(2)a e (E)] =F (2), (mod Am). 


But then F(z) is in B,j =A, and so must be- the zero polynomial. Thus : 
f(z) is in Ay, Since f(x) was any. ee ae from Buus, We have proved 
that Byii—=Ami, proving 


THEOREM IT. Am= Bm, for, all m2 1.. 


We also obtain that Ba = a By= 0. For suppose f(x) is in Ba, let d 


maz 


denote the degree of Ha) and let r be the hikeat power of v dividing all 
of the coefficients of f(z). Then f(z) is not in Bera, hence not in Ba. 


4. The case of more than one indeterminant. Where convenient we 
shall denote a polynomial of O[a,,22,: * °, £a] by F(X) and sometimes just 
by f. Let B be the n- -dimensional vector space oyer ©. Let 


== {f in ofn, Dai -Eal such that f: B— p*}, 
It is well known [1] that B, = (rı (21), ti (£2), © -yra (2n), r). 


Consider all partitions, (p) = (ps p2, pas''.*; pn) of m into n non-negative 
integers; i.e, m == p; -+ po+:- +--+ pm where p= 0. Define 


| Am (X) = H Ap, (Ti). 
=1 


Clearly each A,,“) is in Bm- Hor completeness we. shall outline the proof of 
the following result: 


THEROEM III. Bn—= (Bm Am), where (p) ranges over all parti- 
tions of m. 


Let Am = (nXm An), where (p) ranges over all partitions of m. 
Then we obtain 
LEMMA 2. 1) Am D Amn 
Ty Aa W C Wian 
iii) If gi(Z) are in Dla, za tn] and f(X) is in 
Mn (X), then f(g:(Z),92(Z),° + -59n(Z)) is in Un(Z). 
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Ti (p) = (pi; p2,° * ‘> pn) define p* = $ p;* where p;* is defined as in 
Section 2. Then p* <m and (p*) = (pi*,p2*,: © *, paž) is a partition of p*. 
Using Lemmas 1, 2 and definitions, we obtain 


Lemma 3. For every vector a= (dı, Q2, ``, Qn) m B there. exists a 
vector t= (C, Co °, Cn) im B such that q= (modp) for i1iSiSn, 
and such that for every A, there is a polynomial H© in Bor, such that 

n 
As O(t —— rZ) = 1 FOZ) Age Z) + r AHO, where KOZ) = [I zw, 
i=1 


Let Ty be the subset of the Am® which do not have a factor 7;(2;}, 
appearing to the g-th power. We can develop an algorithm which leads to a 


unique expression for each f in O[%,,2%2,- > *, £a] in the form 
(3) HE) = Z E g.core(L) ads (X) 


where the A, are in Ty, the degree of each indeterminate in gs o),; is less 
than g, the coefficients of the gs (c),; are either zero or not in p, and almost 
all of the gs,(c),z are the zero polynomial. 

As noted B, = %,, we suppose B; == M; for i= m and prove Bini == Am 
Let f be in Baar C Bn ~= Un. Then 


s=0 (o 


IÆ) = ZB Fargo (X) As (Z) (mod mn) 
where the accent indicates the sum ranges cver that A, in Ty, and the ga (o) 


are as in (3). . 
Let u== Max{o*, where (ø) is a partition of s and sm}. Then 


be o*=r 
F(X) = ZFX) (mod naa), where f.(X) = BY a gs, (X)As (X). 


Here the sum ranges over those integers s and their partitions (s) for 
which A,™ is in Ty, sm and o* =r. Then 


f(c—7Z) ={r G (Z) +a" R(Z) (mod Ama), 


where fu (t— rZ) =r" "G(Z) (mod p») (the congruence being coefficient- 
wise), where 
G(Z) =E KO (Z) A(Z) 


where the sum ranges over partitions (w) of u. And KOZ) = X ys cajk(Z), 
where the sum ranges over those integers s£ m and their partitions (e) for 
which (o*) = (w) and for which A, is in Ty. The ysto) = gat) (a), if 
gso) (a) is not in p and yso) = 0 if geo) (a) is in p. 
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If (o) and (8) are either different partitions of the same integer or are 
partitions of different integers, there is a j such that oj 48; If (o*) = (8*), 
then y(0;) ~pi(8;). Hence in K® the variotis ys,(c) are coefficients of 
different monomials. Since A,‘ were in To, the degree of each indeterminate 
in the &@, and hence in the K®), is less than q. 

Since f(c—7Z) is In Buu, G(Z)+7Kh(Z) must be in Bwa. But 
utism, hence G(Z)+7h(Z) is in Ay. Consequently G(Z) is the 
zero polynomial, and thus the K® (Z) are the zero polynomial. Hence for 
those integers s and their partitions (o) for which A,™ is in Ty, sm and 
o* =u, we have g;,(c)(a) =0 (modp). Since this is true for every a in %, 
we must have for these s and (oc) that gsc) is the zero polynomial. Cense- 
quently fa( X) is the zero polynomial. One can now continue step-wise, and 
show that for each r, f,(X) is the zero polynomial. Hence f(X) is in Uni. 


5. Generalization. If we let © be a ring of algebraic integers and let 
m be an ideal in © which is not a power of a prime ideal in © and consider 
By, or Bm, we have considerable more difficulty. Jf m= p4p- - -p,°, 
Bm ByeBy»: + Bp, For let Z be the ring of rational integers and let p 
and q be primes in Z, then v(2?t*—1) (2t1—1) is in Bp This illustrates 
the type of element in By. We leave further discussion of Bm to another time. 
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A GENERAL THEORY ‘OF ALGEBRAIC GEOMETRY OVER 
pe ee DOMAINS, I.* i 


| The Noton of Models. 


By MasayosHi NAGATA. 


In the present:sequence: of papers; we want to study a general theory of 
algebraic geometry over a ring, which is.a field or a Dedekind domain, under 
the restriction that the almost finite integral extensions of this ring are finite. 
(Observe that this condition is satisfied by: fields, by ‘complete’ discrete 
valuation rings and by Dedekind domain of characteristic zero.) 

The writer wishes at first to express his hearty thanks to Professor C. 
Chevalley, to whose lectures* at Kyôto University the writer owes many ‘ideas 
and who gave’ the writer many TEREA during the a nen ‘of the 
present paper. r ahi e i 

In Chapter 1, we prove some preliminary results on rings (mainly on spots, 
which will play an'important rôle in our study). In it 2, we study 
the notion of models of function fields. . 

In Chapter 1 we first prove the normalization theorem in a generalized 
form ($1) and then we define the notion of spots and study some of their 
properties; here the notions of affine rings and of function fields are also 
defined (§§ 2-4). Applying a result in §4, we prove the finiteness of the 
derived normal ring of an affine ring in §5. In §6, we prove some lemmas 
on. valuation rings. 

In Chapter 2, we first introduce the notions of places and of models 
(§§ 1-2) and then we introduce the notion of specializations ($3). Then 
we study the notion of joins of models (§4) and prove the existence of the 
derived normal model of a model (§5). In §§ 6-7, we introduce the Zariski 
topology on models and in §8 we introduce: the notions of induced model, 
local model and reduced model. In 89, ‘we show that under a certain restric- 
tion on the function field under consideration, the notion of model is equi- 
valent to the notion of abstract variety in the sense of Weil [12]. 


* Received May 16, 1955; revised November 10, 1955. . 

1 Professor ©. Chevalley lectured at Kyéto University in January of 1954. Our 
definition of models is an adaptation of his to our case. Main results in Chapter 2 of 
the present paper were shown by him for the case of algebraic geometry over field in 
his lecture. 
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Terminology and notations. ` . , ae y 

Besides the terminology which was used in Nagata [10], we. use the 
following terms: A ring is called quasi-local if it has only one maximal ideal. 
When o and o’ are quasi-local rings, we say that o dominates 0 if o is a 
subring of o’ and if the maximal ideal of o’ lies over that of o (we say that 
an ideal a’ of a ring o’ lies over an ideal a of its subring o if a=a’ Mo). 
Observe here that domination defines a partial order. | 

A ring o is called a semi-local ring if it has only a finite number of 
maximal ideals and if the topology of o introduced by taking all powers of 
its J-radical as a system of neighborhoods of zero is Hausdorff; a quasi-local 
semi-local ring is a local ring. But since’ we treat mainly the Noetherian case, 
we shall mean by local or semi-local ring a Noetherian local or semi-local 
ring, unless the contrary is explicitly stated.. 

When o is an integral domain, the integral closure of o in its field of 
quotients is called the derived normal ring of o. Let o be an integral domain. 
An integral extension o° of o is said to be almost finite if the field of quotients — 
of o’ is a finite algebraic extension of that of o (see [10]); we say that o 
satisfies the finiteness condition for integr al extensions if every almost finite 
integral extension of o is a finite o-module. Observe that, if o satisfies the 
finiteness condition for ee extensions, then so does any ring of quotients 
of o. 

Let o be a ring and let S be a-set of elements of a ring containing o. 
Consider the ring 0’ =o[8]. Let T be the intersection of the complements 
of all prime divisors of ideals of o’ generated by maximal ideals of o. Then 
the ring o'r is denoted by 0(S). Observe that if S is a set of independent 
elements over a local ring o with maximal ideal m, then o(8) == 0[ 5] mors. 
(We shall use mainly this last case.) | 

Though the notion of rank of rings was defined in [10], we shall re 
it again: A ring o is said to be of rank n if there exists a chain po C p, C 
C5; of n+ 1 prime ideals p; of o and if there exists no such chain with 
more prime ideals; here the symbol C means “included in and different 
from” (to indicate only “included in,” we shall use the symbol C) and 
prime ideals mean those which are different from the ring. When a is an 
ideal of 0, rank o/a is called the co-rank of a. ‘The rank of'a prime ideal p 
of o is defined as the rank of oy; the rank of an’ ideal a is the minimum of 
the ranks of the prime divisors of a. - | oe | 


Results assumed to be known, — l ne 
Besides elementary results on fields and rings of polynomials, we need 


80 MASAYOSHI NAGATA. 


some results on commutative rings: (1) For the general theory of comm- 
tative rings, results which are contained in Nagata [10] are assumed to be 
known. (2) For the theory of local rings, we assume that the following 
lemmas are known: 


Lemma 0.1. If o ts a local ring with maaimal ideal m, then the 
completion o* of o ts a local ring with maximal ideal mo*. Further, rank 
o—rank o* and if a is an ideal of o, then ao*Mo=—a. (See Krull [5], 
Cohen [2], Nagata [9], Samuel [11].) 


LEMMA 0.2. Assume that o is a semt-local ring with maximal ideals 
Potec’ pr Then the completion of o ts the direct sum of the completions 
of the local rings dy,,- ` +, Op, (See Chevalley [1], Nagata [9], Samuel [11].) 


(A proof can be given as follows: Set m= f]: p: Then the completion 
o* of o is the limit space of the inverse system {0/m";n==1,2,---}. Since 
_ the ps are maximal ideals, o/m” is isomorphic to the direct sum of rings 
- 0/p (1th). But 0/p:” = oy,/pi"op,. Therefore o* is isomorphic to the 
direct product (sum) of the limit spaces of the inverse systems {0y,/D;"0p,}, 
whose limits coincide with the completions of the op,-) 


LEMMA 0.3. Let a be an tdeal of a semi-local ring o and let o* be the 
completion of o. Then ao* N o =a and o*/ao* is the completion of o/a. 
(See Chevalley [1], Nagata [9], Samuel [11].) 


LEMMA 0.4. Let o, o* and a be as in Lemma 0.3. If b is an element 
of o, then ao*:bo* —(a:bo)o*. (See Zariski [15], Nagata [9], Samuel 
[11].) 


COROLLARY. If an element a of o is not a zero-divisor in o, then a is 
not a zero-diwisor in o*. (Chevalley [1]) 


LEMMA 0.5. Let o be a complete local ring with maximal ideal m. 
Assume that a local ring 0’ dominates o. If o’/mo’ ts a finite o/m-module, 
then o ts a finite o-module and is a complete local ring. (See Chevalley [1], 
Cohen [2], Nagata [9], Samuel [11].) 


Lemma 0.6. Let o and o’ be semi-local rings which satisfy the following 
conditions: 1) o ts a subring of 0’, 2) o is a finite o-module generated by 
Ys’ © Yn and 3) every nonzero element of o is not a zero-divisor in o. 
Then I) o is a subspace of 0’, IL) the completion o’* of o is the module 
generated by Yı’ '*`,Yn over the completion o* of o, III) if elements 
L'-E, of o are linearly independent over o, then they are linearly 
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independent over o* and IV) tf an element a of o* is not a zero-dwisor in o*, 
then it is not aizero-divisor in o’*. . (See Chevalley [1], Nagata [9], Samuel 


[11].) 


LEMMA 0.7. A regular local ring is a normal ring. (See Krull T8], 
Cohen [2], Nagata [9], Samuel [11].) : oe ee 


Lemma 0.8. Leto bea complete local ring. Assume ia 0 contains. 
a field or dominates a descrete valuation ring with prime element p; in the 
latier case we asume further that po is of rank-.1. Then there exists an 
unramified regular local ring r contained in o such that o is a finite r-module. 
(See Cohen [2], Samuel [11].) (It was communicated. to the writer that 
a much simplified proof of this lemma is given by Mr. Narita in a forth- 
‘coming paper. (Added October, 1958. )) i 


Lemma 0.9. If r is a complete, unramified regular mar ring, Tin 
any prime ideal of rank 1 in r is principal. (See Cohen [2], Nagata [9], 
Samuel [11].) 


Remark. This last lemma holds without the assumption that r is.com- 
plete (see Nagata [9]; the proof will be repeated in the second paper of-this 
sequence), as was announced by Mr. Y. Mori in the spring meeting of the 
Mathematical Society of Japan in 1949. 


Numbering. 


Numbering. of lemmas will begin anew in each section ; numbering of 
propositions and theorems will begin in each chapter. When we refer to a 
lemma in another section, we shall use notation such as Lemma 1.2.3, the 
first. number, the second one and the third one indicating the number of 
chapter, section and the lemma respectively; as for the theorems or proposi- 
tions, we shall use notations like Theorem 1.1, the first number indicating 
the number of the chapter. 


On the restriction of ground rings. 


As was stated above, ground rings are assumed to satisfy the finiteness 
condition for integral extensions. But the definition of spots, affine rings, 
function fields, models and so on may be given without making use of this 
condition. When we want to talk about these notions without assuming that 
the ground ring satisfies the pee. condition for integral extensions, we 
shall say: “in the non-restricted case.’ 
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` Chapter 1. Preliminaries from the Theory of Rihgs. 


Most of the results in the present chapter are not new: Results in §1 
are essentially contained in Nagata [7], [9]. The main results in §4 is a 
slight generalization of a result in Nagata [8]. The results in §6 are well 
known, but they are basic for the theory of valuation rings. 


1. Normalization theorem. 


Lemma 1. Let k be a field and let £, ` `, a» be algebraically indepen- 


dent elements over k. If y, is an element of k[2,,: ` -,2n] which is not in k, 
then there exist elements Ya >, Yn of k[t, 0, £a] such that 1) yi = ay + g! 
for some natural number m; (t= 2,: n) and 2) k[£ > °, 8n] is integral 


over kly,,- © © Yn] (and therefore y,,: ':,Yn are algebraically independent 
over k). 


Remark 1. If k contains infinitely many elements, we may replace the 
y : P } 

first condition by: “yo,- --,y, are linear combinations of #,,- --,2, with 

coefficients in k.” 


Remark 2. For any given natural number r, the m,’s may be selected 
so as to be multiple of r, as will easily be seen fromthe proof below. 


Proof. We write Y aS DyiaM;, where mek, a;540 and the Mrs are 
monomials in 2;,:-°,2%,. We define weights m,—=1, Ma‘ `>, Mn of 2%, 
oes oe such that one M, say M,, has greater weight than the others. 
(For example, set m= (d-+1)* for each i, where d is the degree of the 
polynomial y;.) Set y; = t; + ay" for i==2,-°-,n. Then y, can be written 
at + fiat +--+ fy, where the frs are polynomials in y2,° ° ',Yn with 
coefficients in k and w == weight M,. Then these 47s are the required elements. 


Proposition 1. (Normalization theorem for polynomial rings) Let k 
be a field and let x,,: ` -,2%, be algebraically independent elements over k. 
If a is an ideal of rank r in k[a,,---,2], then there exist elements 
Y 5 Ym Of k[t + +, 2n] such that 1) k[2,,---,a,] is integral ‘over 
kly °° Yn], 2) klyi,: Yn] Ma is generated by Yu ` -Yr and 3) 
Yri = Trj +f; with f; in w[ai,: > -,2,] for each j=1,---,n—r, where r 
is the prime integral domain of k. 


Remark 1. This condition 3) shows in particular that k[a,,:- -, 2n] 
== k[t +, Ern Ynn © Yn] and that yn; (JÈ 1) is in wfa,:- <, ea]. 
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Remark 2 Assume that k is of characteristic p40. Then taking the 
natural number r in Remark 2 after Lemma 1 to be equal to p, we see that 
we can select fps to be in w[@,?,- - <, 2P]. 


Proof. When r= 0, our assertion is evident and we prove our assertion 
by induction on vr. Let a’ ‘be an ideal contained in a’and of rank r—1. 
Then there exist elements ¥:,° Yru Yr Yn OL kfz, + +, 22) which 
satisfy the conditions in our assertion for a’ instead of a. Since a is of rank 
r, aN klun: °°, Yr i'n: © Ya] is of rank r ([10,§8]). Therefore there 
exists an element yr of dN k[y’,,- >Yn] which is not zero. Then applying 
Lemma 1 to y. and k[y’,,- - +, yn] we see the existence of Yrm’ °°, Yn of 
kiym Yn] such that i) yr = Yr + y'r for some mjand ii) kynt eY ad 
is integral over k[y,,- - >, Yn]. Then by condition i), we see that condition 
3) in our assertion is satisfied by yrs1,*°,Yn- By condition ii), k[t": >; Tn | 
is integral over k[y,,:--,yn]., Since aN k[y:,---,yn] is of rank r and 
since a contains Yı' ` ‘Yr we see that aN k[y,-: -,yn] is generated by 
Yi © ta Ure 


COROLLARY 1- Let I be an integral domain and let T,,' ` `,En be 
algebraically independent elements over I. Let k be the field of quoitents 
of I. If a is an ideal of I[ay,--+,%] such that aN I==0, then there 
exist elements Yı: `, Yn Of I[%,°°-°,2n] and an element a (340) of I 
such that 1) I[a+,2,.,---+,%,] is integral over Ifat,yi,: + -,yn] and 2) 
alfat, Ea t En] OTa, Yu Yn) is generated by 1, °°, yr with 
r == rank ak[z1,: >, 2n]. Further.3) if m is the prime me domain of 
I, we can choose Ynis © +> Yn from nft: > +, Xn]. 


Proof. Set a’ —ak[a,,-:-,t,]. Take elements y:,- --,Y, as in the 
above proposition applied to a’ and k[z,,---,a,}. Then Yru’ Ya are in 
a[as,° eTa] (CIfa,'*-,¢,]). For each 171, there exists an element 

(0) of IZ such that aisa, because y,e0’. Since k is a field, 
Yi © *;4rYr are as good as ¥,,'°-°,y, Therefore we may assume that 
Yi; ` ‘Yr are in a. Since z; is integral over kly,,:- -,yn], there exists 
an element ci (£0) of I such that cm; is integral over I[y,,: + -+,yn] for 
each i. On the other hand, let p,,- --,pm be the set of prime divisors of a 
which contain nonzero elements of J and let b be a nonzero element of I 
which is contained in all of p, Let a be the product of b and all the cps. 
Then as is easily seen, me a` and the above yı, -,Y, are the required 
elements. 


COROLLARY 2. (Normalization theorem (for finitely generated rings)) 
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Assume thut a ring o is generated by elements tı: ` °,%_ over an integral 
domain I. Assume further that no element a (0) of I is a zero-diwvisor 
in o. Then there exist elements ay --.2¢ Of w[t1,: + >°, En] (where a is 


the prime integral domain) which are algebraically independent over I and 
an element a (0) of I such that o[1/a] is integral over I] 1/a,%,- > °, 2]. 


Remark. Observe that if I is a field, then our assumption on J is satisñed 
and we may take a1. 


Proof. Since o is a homomorphic image of a polynomial ring o’ over J, 
applying Corollary 1 to o and the kernel of the homomorphism, we prove 
our assertion.. 


COROLLARY 3. Let o be an integral domain which is finitely generated 
over a field k. Then for any prime ideal p of o, rank p + co-rank p ts equal 
to the transcendence degree of o over k and co- di ws equal to the a 
cendence degree of 0/p over k: 


Proof. By Corollary 2 and some results in [10, §§ 4-5], we may assume 
that o (and for the last assertion, 0/p) is generated by algebraically inde- 
pendent elements of k. Then our proposition shows the validity of Corollary 3. 


COROLLARY 4. Let k be a field and let Ty," ' *, 2n be elements of a ring 
containing k. Then every maavmal ideal m of k[z,: ` ', 8n] is generated 
by n elements. Further k[a,,- ` +, %_]/m ts algebraic over k. (Zariski [14]) 


Proof. By Corollary 3, we see that k[2,;- - -,«,]/m is algebraic over k. 
Let x’; be the residue class of z; modulo m for each 7 and let /’;(X;) be the 
irreducible monic polynomial over k[2’,,- : -,2’;,] which has 2’; as a root. 
Let f: be the monic polynomial in z; with ccefficients in kfz: - ti] which 
is obtained from f: replacing Zst -,2¢1,Xi by %,° °°, Zi Zi respec- 
tively. Then we see that m is generated by fat c -, fn. 


COROLLARY 5. Let I be a field or a Dedekind domain and let tı, ` ', £n 
be algebraically independent elements over I. If pis a prime ideal of rank r 
in the ring pend Pas ` +, Gn], then dy is a regular local ring of rank r. 


Pr oof. We first assume that I is a field. Let ¥,,°- °, Yn be elements 
of o as in Proposition 1 applied to p. Then 0—I [zu ann ia] 
by condition 3) of the proposition. Let K be the field of quotients of 
IYn + *> Ya]. Then pX[a,,: + -,2,] is a maximal ideal of Kfe, © -,2,|. 
Therefore pK [2,,- * >, £r] is generated by r elements. Since 


0p = K [ 2,,° i Mi creer 
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this proves our assertion in this case. Now we prove the general case. Set 
q=pNI. If q=0, then op contains the field of quotients of J and the 
assertion follows from the case where J is a field. Therefore we assume that 
qs40. Since Jg is a principal ideal ring ([10,§9]) and since op contains 
In, we may assume that q is generated by an element q. Since I/q is a field 
and .since p/go is-of rank r— 1, poy/gqoy is generated by r— 1 elements and 
therefore po, is generated by r elements, which proves our assertion. l 


COROLLARY 6. Let I be an integral domain and let T En (n=1) 
be algebraically independent elements over I. Then there exists a maximal 
ideal m of I[a.,- © -,%] such that mN I =—0 if and only if there exists an 
element a (0Y of I such that I[1/a] is a field. 


Proof. If there exists such an a, then a maximal ideal m contaming 
azı —1 meets I only in 0. Conversely, we assume that there exists such a 
maximal ideal m. Set o—J [z ` -£n |/mM. Then by Corollary 2, there 
exists an element.a (340) of J such that for a suitable system of alge- 
braically independent elements y,,:--,y- of o over I, o[1/a] is integral 
over I[1/a, 41, © -,Y,|. Since o is a field, o[1/a] = o. Further, since there 
is a field which is integral over Z[1/a,y,- --,yr], I[1/a,y1° ° Yr] must 
be a field ([10,§4]), whence *—0 and I[1/a] is a field (and therefore this 
is the field of quotients of I). - | 


We have proved at the same. time the following 


COROLLARY 7. Assume that o is a finitely generated ring over a ring I. 
If m is a maximal ideal of o, then o/m is algebraic over I/ (mN T). 


PROPOSITION 2. Let £u, ``, be algebraically independent elements 
over a Noetherian integral domain I. If I satisfies the finiteness condition 
for integral extensions, then so does I[a4,° - +, 2a]. | 


Proof. Let L be-a finite extension field of the field of quotients K of 
I[w,°°+,¢%,]; we have only to’ show that every integral extension of 
I{a,---,%,] contained in Lis a finite I[2,,- * -,a,]-module. By our 
assumption on J, we may assume that J is normal. If L is separable over K, 
then the assertion is obvious ([10,85]). When L is inseparable over K, take 
elements @;,- - -,a, of I and a power q of the characteristic of J such that 


L == 2 (a,“%, a, a,*/4, ga, AR Era) 
is separable over 


t 
l K ARA K (a9, EaD ce à 1/4, a, 1/4, i en : Er) : 
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Let J’ be the derived normal ring of J[a,/4,---,a-/4]. Then I’ is finite 
over I by our assumption, and J’[2,2/4,: - -,2,1/4] is finite over I[z,,- © +, Za]. 
Since L’ is separable over K’ the integral closure of J’[#,/%,- - -,2,/9] in I 
is finite over I’[a,1/4,--- -, 8,4], and is therefore finite over I[2,,-- -,2,]. 
Since I[a,,: :-,%,] is Noetherian, we see that every integral extension of 
I[{2,,: + *,%n] contained in L is finite and we have proved the assertion. 


COROLLARY. If an integral domain o is finitely generated over a field, 
then the derived normal ring of o is a fimte o-module. 


2. Definition of spots. An integral domain o is called an affine ring 
over a ground ring I if I is a field or a Dedekind domain and ‘if o is finitely 
generated over J; here we assume that any ground ring satisfies the finiteness 
condition for integral extensions (cf. the remark “On the restriction of 
ground rings” at the beginning of this paper). 


Remark. If p is a prime ideal of an affine ring o over a ground ring J, 
then o/p is an affine ring over I/(p N J); this last ring is J itself or a field 
and satisfies the finiteness conditicn for integral extensions. 


A field L is called a function field over a ground ring J if there exists 
an affine ring o over J such that L is the field of quotients of o; such o is 
called an affine ring of L. 

A ring P is called a spot over a ground ring J if there exists an affine 
ring o over I which has a prime ideal p such that. P = oy; if L is the field 
of quotients of P, P is called a spot of L. 


- Remark 1. If P is a spot over a ground ring I and if m is the maximal 
- ideal of P, then P is a spot over Innn; this last ring is a field or a discrete 
valuation ring ([10,§9]). : 


Remark 2. If pisa prime ideal of a spot P over a ground ring J, then 
1) Py is a spot over J and 2) P/p is a spot over [/(pN I). 


_ Remark 3. A spot P is a (Noetherian} local integral domain. 


A subring B of a spot P is called a basic ring of P if 1) P is a spot 
over B, 2) B is a field or a valuation ring and P dominates B and 8) the 
residue class field of P is a finite algebraic extension of that of B. 

A basic ring which is a field is called a basic field. 


Proposition 3. Every spot P has a basic ring. 


Proof. Let I be a ground ring of P; by Remark 1, we may assume that 
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I is a field or a discrete valuation ring dominated by P.- Let p be either a 
prime element of I or zero according to whether Z is a valuation ring or a 
field. Let p be the maximal ideal of P and let 2,,: + ', ta be elements of P 
whose residue classes modulo p form a transcendence base of P/p over I/pl. 
Since J is a field or a valuation ring, zı’ ` ', £a are algebraically independent 
over I, pl[2,,---,2a] is a prime ideal and pM I[a.,---, va] = pI [£u ty £a]. 
Set B =T (2: -+,%4). Then B is a field or a valuation ring which is 
dominated by P and the residue class field of P is a finite algebraic extension 
of that of B. Further B satisfies the finiteness condition for integral exten- 
sions by virtue of Proposition 2. Therefore B is a basic ring of P. 


A spot P is said to be of the first kind if it has a basic field; otherwise, 
P is said to be of the second kind. 


Remark.- A spot of the first kind may have a basic ring which is not a 
field. 


3. Dimension and rank of spots. Let L be a function field over a 
ground ring I. The dimension of L over I (in symbols, dim; or merely 
dim L) is or n-+ 1 according to whether J is a field or not, where n is the 
transcendence degree of L over I. The dimension of a spot P over a ground 
ring J (in symbols, dim: P or merely dim P) is defined to be the dimension 
of the residue class field of P modulo its maximal ideal m over I/(mN J ye 


iawn 1. a pasaet bs algebraically independent elements over a 
Dedekind domain I and let m be a maximal ideal of the ring o=I[2,,--+,%n]. 
Assume that mN I0. Then om is a regular local ring of rank n+ 1; if 
q is a prime ideal contained in m, then rank q -+ co-rank q=n + 1 and 
co-rank q = co-rank qom. 


Proof. The first assertion follows from Corollary 5 to Proposition 1. 
Since Om is a regular local ring of rank n + 1, rank qom -+ co-rank qom =n -+ 1 
(by a result due to Krull [5]; a proof will be given in the appendix aż the 
end of the present paper). By the definition of rank, rank q = rank MOm- 
Since every maximal ‘ideal of o is‘at most of rank n -+ 1, co-rankq & n+ 1 
— rank q, while, by the definition of co-rank, co-rank q = co-rank qom. There- 
fore co-rank q = co-rank qo, and rank q -+- co-rank q == n + 1. 


THECREM 1. Let o be an affine ring over a ground ring I. Let 
O=p) C p, C: Cp, be a maximal chain of prime ideals y; (that is, each 
bi/pi_-, 1s of rank 1 and p, is maximal). If pp I ==0, then r is equal to the 
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transcendence degree of o over I; if pp I I0, then r—-1 is equal to the 
transcendence degree of o over I. 


4 


Proof. When p, N I==0, we may assume that J is a field. Then our 
assertion follows easily from Corollary 3 to Proposition 1. Therefore we 
assume that p, N I540. Let tu’ + +, 2, be algebraically independent elements 
over J such that there exists a homomorphism ¢ from I[2,,: - -,2,] onto o; 
let q be the kernel of ¢. Then we have rank q -+ rank o =n -+ 1, by Lemma 1. 
Let kÆ be the field of quotients of J. Since q N I= 9, I[z,,° * +, 2n]q contains 
k. Therefore we have n—— rank g = transcendence degree of o over I; we 
denote this number by % Since rank q -ranko =n +- 1, we have ranko 
== -+ 1. Therefore r2t-+1. Therefore, when ¢=-0, our assertion is 
evident. Thus we will prove our assertion by induction on ¢. Assume that 
t= 1. By Lemma, 1, ranko ==rank op, Therefore r> 1. 


1) When Pr, N T0: 0/pr is an affine ring over the field 1/ (Pr N T), 
which shows that o/p,_, has transcendence degree 1 over I/ (pr N I). There- 
fore there exist a basic ring B (defined even in the non-restricted case) of 
Oy... Which is of transcendence degree 1 over I (as in the proof of Proposition 
3). Set o — Blo]. Then 0= poo’ C þh, C- - - C Prg is a maximal chain 
of. prime ideals of g’, because o’ is a ring of quotients of o (see the constrac- 
tion of B in the proof of Proposition 3); that p,,0’ is maximal follows from 
the fact that o/p,, is an affine ring over the field [/(py1J). Since o’ has 
transcendence degree t—1 over B, we have r—1-==# by our induction 
assumption. ‘Thus, this case is settled. 


2) When p, N I =0: Since r>1, 0/Pr has a transcendence degree 
less than that of o over J. Therefore by our induction sale donee 0/ Pr is 
algebraic over I. Set o ==k[o]. Then 0—p 0’ C pg C---Ch,,0’ is a 
maximal chain of prime ideal in o’. Therefore r—1-==t by Corollary 3 to 
Proposition 1. Thus we have settled this case, too. 


COROLLARY 1. Let P bea spot of a function field LD. If I is a basic 
ring of P, then dim, L = rank P. 


COROLLARY 2. If pisa prime ideal of a spot P, then rank p 4 co-rank p 
sore rank P.. 


COROLLARY 3. Let o be an affine ring of a function field over a ground 


ring I. If pws a prime ideal of o, then rank p + dim; 0p = dim, L. 


E Analytical unramifiedness of spots. A semi-local integral domain 
is said to be analytically unramified if its completion has no niloptent elements. 
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A prime ideal p of a semi-local ring o is said to be analytically unramified if 
o/p is analytically unramified. . 


Lemma 1. Let o be a normal semi-local ring. Assume that a prime 
ideal p of rank 1 in o is analytically unramified. Let o* be the completion 
of o. Then for every prime divisor p* of po*, o* + is a valuation ring. 
(Zariski [15]) | | 


Remark. This result does not show that o* is an integral domain, but 
shows that p* contains only one prime divisor * of zero in o* and that the 
primary component of zero belonging to H* coincides with $8* (and the ring 
of quotients of 0*/§3* with respect to p*/$8* is a valuation ring). 


Proof. Let w be an element of p which is not in pop. Since o is a 
normal ring, oy is a discrete valuation ring ([10,§9]) and wo:p is not 
contained in p. Let b be an element of wo:p which is not in p and let a* 
be an element of o* which is not in p* but is in every other prime divisor 
of po* (such a* exists because p is analytically unramified). Set c*—=a*b. 
Then c* is not in p* and p*c* C o*pb C wo. Therefore we see that p*o*y- 
C wo*ps, whence p*o*,.— woe. Since w is not a zero-divisor in o* 
(Corollary to Lemma 0.4), p* properly contains a prime divisor §$* of zero. 
Since in any Noetherian ring, a principal ideal generated by an element of 
its J-radical cannot properly contain any prime ideal other than zero ([10, 
§6]), we see that P* must be the kernel of the natural homomorphism from 


ate al 


domain which is not a field, o*,+ must be a valuation. ring. 


Lemma 2. Let o be a normal semi-local ring and let o* be its com- 
pletion. Assume that for an element t of o, which is neither zero nor unit 
in o, every prime divisor of to is analytically unramified. If an element u | 
as integral over o* and if tu is in o*, then u is also in oë. (Zariski [16]) 


Proof. Let p,,- - -,, be all the prime divisors of to; they are of rank 1 
({10,§9]). Let p*, (7—=1,- - -,n(%)) be all the prime divisors of p,0*. 
We set § = {a;ae0,a¢h; for every t}.2 Then since o is a normal ring, oy 
is a semi-local Dedekind domain and is a principal ideal ring ([10,§9]). 
Let. z; be an element of g such that pjoy—ajog. Let e; be natural numbers 
such that tos = T^: + +2,°r0g. Now we have cnly to show that for some 
element s of S, tus is divisible by 7,%- - -sfr in o*. For, once this is done, 
the proof concludes as follows: since to:so==to, we see that fo*:sp* == to* 
(Lemma 0.4). Since q, - -sro C to, we see that m,a - -2,¢9* C to*. 


* The notation {a; P} denotes the set of a which satisfy P. 
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Therefore the fact that tuses- + :z,£ro* shows that tuseto* and tu is in 
to*:so* == to*. Then since ¢ is not a zero-divisor in o* (Corollary to Lemma 
0.4), wis in o*. Now we proceed to show that tus is in 7,%: - -2,°r9* ior 
some sin S. Let w be the valuation of the field of quotients of o*y+,, with 
o*y-,, as valuation ring and w(t) ==1. Let gi be the natural homomor- 
phism from o* into ops, Let f,,. © -,f, be non-negative integers satisfying 
the following condition: tus is in #,/- - -2z,/ro* for some s of 8 but for any 
s of S and for any i tus is not in g,- - mpal t t atro. Then it 
is sufficient to show that fi Z= e: Assume the contrary, for instance that 
fı< e. We take an element s ofS such that tus is in z," > -a,feo* and 
take an element z of o* such that tus == m,f- - -2,/rz.- Since the kernel 
of ¢4 is a prime ideal and since o*y-,, is a normal ring, we may regard ¢,; as 
a homomorphism of the total quotient ring o* of o* into the field of quotients 
of ops, Then since u is integral over o", y(u) is in ops, whence 
wis(pis(w)) 2O. Since wij(giy(t)) = e1 > fr = Wy (piy (T: + -a,/r)), we 
have w.;(¢1j(2)) 21. This shows that ¢1;(2) is in ¢1;(p*1;) and therefore z is 
in p*,; for every 7 because z is in o* (observe that the kernel of ¢$,; is con- 
tained in p*,;). Since 2,0%s =f]; p*,j0%s, Z is in 2,0*g and therefore there 
exists an element s’ of S such that zs’ = 2,2" with an element 2’ of o*. Thus 
we see that tus” == m hitim, f- - -a,fr2’ with s ‘== ssf (which is in 8 ). This 
is a contradiction and we have e; & f; for every t. Thus the lemma is proved. 


Lemma 3. Let r be a normal local ring whose completion is a normal 
ring. Let L be a finite separable extension of the field of quotients R of r 
and let X be the integral closure of r in L. Assume that every prime ideal p 
of rank 1 in X ts analytically unramified. Then the completion of X ws 
integrally closed, that is, for every maximal ideal m of X, the vom peto 
of Xm is a normal ring. (Zariski [16] ) 


Pra. Let a be an element of X such that L == R(a). Let d be the 
discriminant of the irreducible monic polynomial over r which has a as a root. 
On the other hand, let r* and 3* be the completions of r and 3 respectively 
and denote by $% the integral closure of X* in its total quotient ring. Since 
S is a finite r-module, the integral closure of r*[a] in its total quotient ring 
coincides with S*" (Lemma 0.6). Therefore we see that d&*¥ Cr*[a] ([10, 
§5]). By. Lemma 2, we see that 5°’ —3* and therefore 3* is integrally 
closed. Since 3* is integrally closed and is Noetherian, we see that %* is 
the direct sum of normal rings. On the other hand, since 3* is the direct 
sum of completions of Sm, where m runs over all maximal ideals of & 
(Lemma 0.2), we see that the completion of Xm is a on ring for every 
maximal ideal m of X 
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LEMMA 4. Leto be a normal local ring and assume that its completion 
o* is an integral domain. Let L be the field of quotients of o. Assume that 
a local ring o’ which is a'subring of L satisfies following conditions: 1) o 
dominates d, 2) o’/t’ is a finite algebraic extension of o/m, where m and mn’ 
denote the maximal ideals of o and o respectively, 3) mo’ is a primary ideal 
belonging to m’ and 4) rank o'= ranko. Then o coincides with o. 


Proof. Let o’* be the completion of o’. Since n” N o =m, we see that 
mCon m ao every 1. epnertore there exists a natural homomorphism ¢ 
from o* into o’*. Set o**—¢(o0*), (this is the closure of o in o’* in the 
topology of o +), By ETA 2) and 3), we see that o’* is a finite 9**- 
module (Lemma 0.5). Therefore rank o** — rank o”* ({10, §8]). Since 
ranko = rank o’, rank o* = rank o’* (Lemma 0.1) and rank o* = rank o** 
Since o* is an integral domain, we see that ¢' is an isomorphism. Thus we 
see that o is a subspace of o’ and o”* is integral over o*. Now let a/b (a;be0) 
be an element of o’. Since a/b is integral over o*, there exist elements 
Cut e +,c%, of o* such that (a/b)*-+ c*,(a/b)*?*+---+c*,=—0 and 
therefore a” -+ barte +: +--+ b"c*,==0, which shows that a” is in the 
ideal generated by ba*,---,5". Since (3),"b*a*o*)N o = > "bia to 
(Lemma 0.1), we see that there exist elements c,,---,¢, of o such that 
a + barte, +: +--+ b"e,==0. Therefore (a/b)” +e (a/b)? +p: -+ey 
= 0, that is, a/b is integral over 0. Since o is normal, a/b is in o, which 
proves Lemma 4. | : 


-= Now we come to the important 


THEOREM 2. Any spot is analytically unramified. Further the com- 
pletion of a normal spot is à normal ring. 


Proof. ‘Let P be a spot of rank r. We prove our assertion by induction 
on +. When r= 0, our assertion is obvious. Assume that >> 0 and that, 
the theorem is true for spots of rank <Sr—l. We first remark the following 
fact. Let o be a semi-local integral domain. If for every maximal ideal m 
of 0, Om is analytically unramified, then o is also analytically unramified 
(the proof follows easily from the fact that the completion of o is the direct 
sum of completions of rings 0m). Therefore our induction assumption means 
that if o is a semi-local integral domain of rank r such that for any maximal 
ideal m of 0, Om is a spot and if p is a nonzero prime ideal of o, then p is 
analytically unramified. Let B be a basic ring of P and let w,,:--+,2, be a 
system of parameters of P, where if B is not a field, we choose x, to be a 
prime element of B. By Corollary 1 to Theorem 1, the field of quotients L 
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of P is algebraic over B[e' > °]: Let X be the integral closure of 
Blw,,-- -,@] in L. Further set P’=P[S]. X is a finite Ble,,: : -,z,]- 
module by Proposition 2 and P’ is a finite P-module. 

(a) When L is separable over B[z,,-- -,%,], let n be an arbitrary 
maximal ideal of F’ and set m= m N.X.. Then by Lemma 8 and by- our 
induction assumption, we see that the completion of Sm is a normal ring. 
Since 2,,- -,®, is a system of parameters of P'mw and of Sm, we see that 
Py = Xu by Lemma 4 and Theorem 1. Since the completion of P’ is the 
direct sum of the completions of the rings P'w, P’ is analytically unramitied. 
Since P’ is a finite P-madule, P is a subspace of P’ (Lemma 0.6) and P is 
also analytically unramified. When P is normal, P’ coincides with P and its 
completion is a normal ring. . 

© (b) Next we assume that L is not separable over B[z,,---,2,]. Take 
elements a,,- - -,a, of B and a power q of the characteristic of B such that 


T N p (a9, etin a/t, v4, ng g/t) 
is separable over | 


1 ten id 1 of; aera 1 
Bla, /q, `s &s id aes q, sUr ra], 


Let B’ be the derived normal ring of Bla,/%,---,a@,1/¢] and let Y be 
the integral closure of Bla,,---,2,] in L’. Since I’ is separable over 
Bl a/4,- - -,a,/4], for every maximal ideal m” of P” ==P[S’] the- comple- 
tion of P’m is a normal ring and Pm =X mr og) (by our observation in 
(a) above). By Proposition 2, 9’ is a finite B[a,,- - -,v,-]-module and P” is 
a finite P-module, which shows that P is a subspace of P”. Therefore we 
see that P is also analytically unramified. Assume that P is normal: Let 
ba’ °°, be elements of X which are maximally linearly independent over 
Bl«,,:--,2,] and such thet the module generated by 5,,:--, br over Bl a1,---, £] 
is a ring; let ¢,,- ` -,¢, be elements of % which are maximally linearly 
independent over B[2,,---,#,,b1,°- +, bi] and such that the module generated 
by eu ° +, ¢y over Bl[a,,: - By, biy --,0;| is a ring. Since & is a finite 
B[a,: - +, 2#-]-module, there exists an element d (£0) of B[z,,:--+,2,] such 
that dS’ C Bla: Erbit + t, by Ct + 5 Cu]. Let P*, P”* and r* be the 
completions of P, P” and Bla: > °, €r], respectively. Then we have 
dP”* C r*[b:, +, Ot Ci © +, eu]. Let 8 be the integral closure of P* in 
its total quotient ring. Since P”* is integrally closed, 8 is contained in P”*. 
Therefore d8 C r*[bi; > <; Di Ci" © Cu]. Since cı’ *', Cu are linearly 
independent over r* [b > +, B¢] (Lemma 0.6), we see that d8 C r* [b >, b] 
and d3 C P*. Therefore by Lemma 2 and by our induction assumption, we 
have P*=—8 and P* is a normal ring. Thus the proof is completed. 
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COROLLARY. If P isa spot, then the derived normal ring of Pi a 
finite P-module. 


Proof. The ring P’ in the above proof is a normal ring and is a finite 
module over P. Therefore P’is the derived normal ring of P,’which proves 
our assertion. A 


Remark. It is known that if a semi-local integral domain o is ana- 
lytically unramified, then the derived normal ring of o is a finite o-module. 
(Nagata [8]; a proof will also be given in the second paper of the present 
sequence. ) : 2 


5. Finiteness of derived normal rings of affine rings. 


THEOREM 3. If o is an affine ring, then the derived normal ring o of 
o ts a finite o-module. 


Proof. Let I be a groud ring of o. Then by Corollary 2 to Proposition 1, 
there exist an element a (340) of I and elements y,,---,y, of o which 
are algebraically independent over Z such that o[1/a] is integral over 
T[1/a,41,° © *;Yn]. Let o” be the integral closure of I[1/a,y1,-* *;,Ya] in 
the field of quotients L of o. Then by Proposition 2, o” is a finite 


I[1/a,y,,° + *,Ynj-module. If a is a unit in o, then o” =o’ and o’ is a finite 
o-module. Therefore we treat the case where a is non-unit in o. Since o” 
is a finite I[1/a,41,° ` >, Yn]-module, there exist a finite number of elements 


Cy,’ * +, C in o’ such that o” = o[1/a, ¢,,- ¢ +, cr] (because o” =o’[1/a]). Set 
0, = 0[C > >, Cr] (which is a finite o-module). Let p’ © -,p, be all the 
minimal prime divisors of ao,. Then there exist a finite number of elements 
Cat > +, 6, In o such that (0,)y,[¢1,- - -, 6s] is a normal ring for every 1, 
by the corollary to Theorem 2. Set v2. o [ch © gi]. Now we prove 
the following two lemmas: 


Lemma 1. For any ring 8 such that oo C 8Co and for any prime 
ideal p of rank 1 in 8, the ring 8y is à normal ring. 


Proof. If agp, then 8p contains 1/a and therefore p is a Ting of 
quotients of o”, which shows that &, is a normal ring in this case. When p 
contains a, we set p’==)Mo.. Then p’ is of rank 1 by Theorem 1. There- 
fore (0:)y is a normal ring and it contains o’. Therefore 8, is a ring of 
quotients of o’ and is a normal ring. 


Lemma 2. With the same 8 as in Lemma ie let aise "5 4n be all the 
wmbedded prime divisors of a8. If dı: + -,d, are elements of o such that 
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$q,Ld1,° © +, dy] is a normal ring for every i and if q is an imbedded prime 
divisor of a8’, where 8’ =8[d,,: ` -, dy], then q’ N 83 contains some q properly, 
pr ovided that 8 is N oetherian. 


Proof: Set q=qgq N8. Since q is an daki prime divisor of a3’, S'y 
is not a normal ring ([10,89]). Therefore 8, is not normal because 8’ C g. 
This shows that q contains one of q, say gq, by Lemma 1 ([10,89]). If 
q= q, we have a contradiction to the choice of das - `, dẹ and our assertion 
is proved. | — 


Now we proceed with the proof of Theorem 3. We choose elements 
dı, ` +,dy-of o’ as in Lemma 2 with 8=—o.; then repeat this process with 
8==0.[d,,---,d,| and so.on; the existence of.such drs follows from the 
corollary to Theorem 2. Then by the finiteness of chains of prime ideals 
in o> (or by the finiteness of dimension over I of the field of quotients L 
of o), after a finite number of steps we reach a ring o* in which ao* has no 
imbedded prime divisor. Since 0.[1/a] =o” is a normal ring, o*[1/a] is a 
normal. ring. Therefore the fact that ao* has no imbedded prime divisor 
shows that o* is a normal ring (on account of the property proved m Lemma 
1) -({10,§9]). Therefore o* =o’ and o’ is a finite :o-module, because we - 
added only a finite number of elements.of o” at each step. 


6. , Preliminaries from the theory of valuation rings. 


LEMMA 1. An integral domain b 1s a valuation ring if and only tf the 
set of all principal ideals of p is linearly ordered by inclusion. Equivalently, 
if an element a of the field of gunen of b is not in b, then a is in b. 
(Krull [4]) 


Since the proof is easy and is well known, we will omit it. 


Remark. From this lemma, we see that if b is a-valuation ring and ‘if 
p is a prime ideal of b, then by, and b/p are valuation rings. Further it is 
casy to see that pby = p (set-thecretically). 


LEMMA 2. Let a be an ideal of an integral domain o. Let L be a field 
containing 0. if « is an element of L and if aolx] contains the identity, 
then ao [z+] does not contain the identity. (Chevalley ; see Cohen-Seidenberg 


(3]) 

Proof. We may asume that a is a prime ideal in o, for, if not, we may 
replace a by any of its prime divisor. Similarly, considering oq instead of o, 
we may assume that a is the unique maximal ideal of o. Since leao[z], 
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there exists a. relation 1 = po + pır 4: = :-+ ps” with pea. Since a is 
the unique maximal ideal of o, 1 — pe is a unit in a and 2’ is integral over o. 
Therefore ao[a-*] 40[s>] ([10,§4]). 


LEMMA 3. Let o be a subring of a field L and let p be a prime ideal 
of o. -Then there exists a valuation ring b of L which dominates op. (Krull 


[4]) 


Proof. Let F be the set of subrings 3 of.L which contain o such that 
$8548. Then the set F is an inductive set, because members § of F are 
characterized by 1¢p$8 and o& 3C L. Therefore there exists a maximal 
member b in F by Zorn’s lemma. If x is an element of L which is not in b, 
pb [x] contains the identity by the maximality of v. Therefore 1¢pv[1/z1 
by Lemma 2 and we see that 1/xeb again by the maximality of b. Therefore 
b is a valuation ring by Lemma 1. The existence of » which dominates Oy 
is easily seen if we consider op instead of v. | | 


Proposition 4. Let b be a valuation ring of a field L and let p be 
the maximal ideal of v. Let o be a valuation ring of the residue class field 
b/p. Then there exists a uniquely determined valuation ring v’ of L which 
contains p as a prime ideal and satisfies: b’/p==0. With this v’, we have 
b’y =b. 


Proof. If there exists such b’, it must be the set.of all elements of 9 
whose residue classes modulo p are contained in o. Therefore we have only 
to show that this set b’ is a valuation ring, because if we see that b’ is a 
valuation ring then the last assertion is easy. .Let.a be. an element of L 
which is not in b’. If a is not in p, then 1/aep-and l/aeb’. Assume that 
æ is in b and let a’ be the residue class of a modulo. p.. Since o is a valuation 
ring, 1/a’ is in o and 1/aeb’.. Since obviously b’ is an integral domain, we 
see that b’ is a valuation ring. 


We call b’ the composite of b and o. 


Proposition 5. Let o-be a subring of a field L and let pı Cp. C>> 
C p, be a chain of prime ideals p; in o. Then there exists a valuation ring Y 
of L which has prime ideals n: :,ny such that pp—=nmNo for each i. 
(Krull [4]) 


Proof. We prove our assertion by induction on r. Let p, be a valua- 
tion ring of L whose maximal ideal n, lies over p,; existence of b, follows 
from Lemma 8. Then by our. induction asumption, there exists a valuation 
ring b’ of b/n, which has prime ideals na: -:,n’, such that t’,M(0/p,) 
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== $;/p, for each 7. Then by Proposition 4, we see the existence of a valua- 
tion ring with the required property. a n 


Remark. The proof of Proposition 5 shows that if we’ are given a 
valuation ring b, which dominates op, then the valuation ring b may be 
chosen as the composite of v, and a valuation ring of the residue’ class field 
of b. 


Proposition 6. Let o be a subring of a field L. If an element x of L 
is not iitegral over o, then there exists a valuation ring b of L which con- 
tains o and does not contain x. (Krull [4]) 


Proof. If x is integral over o[1/z], then æ is integral over o. Therefore 
z is not integral over o[1/x] and we may assume that 1/aeo. Let p be a 
prime ideal of o containing 1/x and let b be a valuation ring of L which 
dominates op (by Lemma 3). Then r*p=b and b does not contain "A 


COROLLARY. A normal ring o ts the intersection of all valuation rings 
(of its field of quotients) which contain o (and conversely). (Krull [4]) 


Chapter 2. The Notion of Model. 


Throughout this chapter, we fix a ground ring J unless the contrary is 
explicitly stated. Further, all function fields will be assumed to be contained 
in some fixed field, unless the contrary is explicitly stated. i 


1. Places and correspondences. A valuation ring (or a-field) which 
is a ring of quotients of the ground ring T'is called'a ground place (of I). 
When Z is a function field (over I), a valuation ring b of L is called a place 
of L (over I) if b dominates some ground place (of I). Since we fix the 
ground ring J, we shall often omit the term “over I” or “of I”. 

When P and P’ are spots, we say that P and F’ correspond to each 
other or that P corresponds to P’ if there exists a place which dominates 
both P and P’. (The function fields of P and P’ may be distinct from each 
other. ) a 


THEOREM 1. A spot P corresponds to a spot P’ if and only af the 
ideal a of P[P’| which is generated by the maximal ideals m and w of P 
and P’ does not contain 1. In that case, if p is a prime ideal of P[P’| which 
contains a, then P[P']p ts a spot which domiantes P, P’. Conversely, if a 
spot Q dominates both P and P’, then Q dominates a spot which is a ring 
of quotients of P[P'] obtained as above. 
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. Proof. Assume that P corresponds to P’. Then there exists a place b 
which dominates both P and P’. Let w- be the maximal ideal of b. Then w 
contains m and m’, and therefore also a, which shows that a does not con- 
tain 1. Conversely, assume that a does not contain 1. Let p be a prime 
ideal of P[P'] which contains a. Let o and o’ be affine rings such that P 
and P’ are rings of quotients of o and o’ respectively. Then P[P’] is a 
ring of quotients of o[o’] and. o[o’] is an affine ring. Therefore P[P’], is 
a spot. Since p lies over m and m (because m and m’ are maximal ideals), 
the maximal ideal pP[P’], of P[P’], lies over m and m’, which shows that 
P[P’|, dominates P and P’. Next we assume that a spot Q dominates both 
P and P’. . Let b’ be any place which dominates Q. Then b’ dominates both 
P and P’. Therefore P and P’ correspond to each other. Let p’ be the prime 
ideal of P[P’] over which the maximal ideal of Q lies. Then Q dominates 
P[P]p and this last spot dominates P and P’. Thus the proof is completed. 


Lemma 1. If two spots P and P are rings of quotients of the same 
ring o, then P cannot correspond to P’ unless P = P. 


-~ Proof. If P=«P’, then there exists an element a of o which is a unit 
in one of the rings P and P’ and a non-unit in another, and P cannot 
correspond to P’. 


2. Definition of models. A set A of spots of a function field L is 
called an affine model (of L) if there exists an affine ring o of L such that 
A is the set of all spots which are rings of quotients of o (with respect to 
prime ideals). Such an affine ring o is called an affine ring of A and A is 
called the affine model defined by o. A given affine model can be defined by 
only one affine ring. Indeed: 


Lemma 1. If A is an affine model and if o is an affine ring which 
defines A, then o ts the intersection of all spots in A. 


This follows from the remark at the end of [10, §9]. 

Now we define the notion of models. A non-empty set M of spots of a 
function field L is called a model of L if M is the union of a finite number 
of affine models of L and if two different spots in M never correspond to 
each other. 

Observe that an affine model is a model by virtue of Lemma 2.1.1. 

When M is a model of a function field L, we say that L is the function 
field of M. 

Let M be a model of a function field L. When b.is a place of a function 


7 
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field Z” containing L, there may be a,spot .P in M which is dominated by b 

if so, then P is uniquely determined; it is called the center of b on M. A 
model -M of a function field L is said to'be nee if every pees of L has a 
center on M.. ae 


Remark 1. An affine model is complete if and only if its affine ring 
is integral over the ground ring. 


The proof follows from Proposition 1.6. 


Remark 2. A model M ofa function field L is complete if and only — 
if one of the following conditions is satisfied: 


(1) Every place of a function field containing L has a center on M. 

(2) Every spot of L corresponds to a spot in M. 

(3) Every spot of a function field which contains L corresponds to a 
spot in M. 


In order to prove this, we first establish 


Lemma 2. Let L be a function field and let L’ be a function fietd 
which contains L. Then 


1) Ify isa place of I’, then N L ts a place of L. 

2) If b ts a place of L, then there exists a place bd of I such that 
b= N L. 

3) If P is a spot of L, then there exists a place b of L which domi- 
nates P. 


This follows immediately from results in $6 of Chapter 1. 


Proof of Remark 2. Equivalence with (1) is immediate from Lemma 2. 
We will prove the equivalence with (2) or (3). Let LZ’ be any function field 
containing L. Assume first that M is complete. Let P be any spot of L or I. 
Then there exists a place Y of L’ which dominates P. Let Q be the center 
of v on M. Then P corresponds to Q. Conversely, assume that M is not 
complete. Then there exists a place b of L or L’ which has no center on M. 
Let A,,--°,A, be affine models of L such that. M==(|J,A; and let o; be 
the affine ring of A; Since b has no center on M, b does not contain any 
of the rings 0;; let z; be an element of o; which is not in b and set y; = 1/2. 
Further let Yn © Yr be elements of p such that Iyi + -,y-| 8 is an 
affine ring of L or I”. Set P= 8 nng where m is the maximal ideal of b. 
Let Q be any spot in M. Then Q is a ring of quotients of some o0, say o, 
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Then v, is in Q and y,—1/z, is.a non-unit in P. Therefore y, is a unit 
in the ring P[Q], which shows that P: does not correspond to @ by Theorem 1. 
Thus we see that this spot P does: not ied Saal to any epot in M and the 
proof is- completed. l : , 


THEOREM 2. Let 2 —1, i z `, Ün be elements of a function field L 
such that Ifz,,: - - n] is an affine ring of L. Let A, be the affine model 
defined by o; == I[To/2" * +, 2n/ti] for each i such that 4540. Then the 
union M of all A; is a complete model of L. 


This model M is called the projective model of L deie by the ain 
coordinates (,,:-**,;%n). (A model is called a projective model if it is a 
projective model defined by a. suitable affine coordinates.) 


Proof. We first show that M is ‘a model. Assume thè contrary. Then 
there exist two different spots P and’ P’ in M which correspond to each other. 
. By Lemma 2.1.1, P and P’ cannct be in the same affine model A; Since 
(2/2) / (2y/%1) = T/r, We May assume that P is in Ap and P’ is in Ay. 
Set o==c,[0,]. Then by Theorem 1, there exists a prime ideal p of o such 
that op dominates both P and P’. Since o contains both z, and 1/2, % is a 
unit in o. Since P contains z, and since 0» dominates P, we see that s, is 
a unit in P and P contains o. Tt follows that op == P (because Pisa ring of 
quotients of 09; see [10,§2]). Similarly we see that op = P’, whence P == P’, 
which is a contradiction. Thus we have proved that M is a model. Now 
let b be a place of L and let v be a valuation of L defined by b. We choose 
z, such that v(a) Sv(z;) for any 7=0,-+-,n. Then o; is contained in b. 
Let q be the intersection of the maximal ideal of p with o Then Q = (0;)q 
is dominated by p. Therefore Q is the center of b on M, which shows that M 
is complete. 

The notion of projective eel can be defined bg homogeneous coordi- 
nates as follows: Let 2,- ` -,2, (at least one of z say 2%, is not zero) be 
elements of a certain field containing J . Let A; be the affine model defined 
by the affine ring I[%/z,~ ` +,%n/2] for each i such that 2,40. Then the 
union of all- A; is the projective model defined by the affine coordinates 
(21/Z0.° * *,2n/%). This model is called the projective- model defined by 
the homogeneous coordinates (2, - -,%,). Observe that the projective model 
defined ty the affine coordinates (2,,- --,2,) is also defined by the homo- 
geneous coordinates (t, x,t, `- ant) with an arbitrary nonzero element t. 

Let M be a projective model of a function field L. An affine Ting o 
is called a homogeneous coordinate ring of M if o is generated by a system 
of homogeneous coordinates over: the ground ring J and if it contains an 
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algebraically independent element over the function field L of M; when p 
is expressed in the form [[2,- + :,2,], then we understand that (Zo ° -,2n) 
is a system of homogeneous coordinates which defines M, unless the contrary 
is explicitly stated. Observe that one nonzero z; is transcendental over L if 
and only if every nonzero z; is transcendental over L. Let K be the field cf 
quotients of o and asume that z is transcendental over L. Then K = L (zo). 
An element a of K is called homogeneous if there exists an element b of L 
such that a= bz," with a rational integer r; this r is called the degree of 
homogeneity (or merely degree) of.a. 


3. Specializations. A quasi-local ring P is said to be a specialization 
of another quasi-local ring P’ if P’ is a ring of quotients of P (necessarily wita 
respect to a prime ideal). Observe that if a valuation ring b is the ccm- 
posite of a valuation’ring b’ and a valuation ring of the residue class field 
of b’, then b is a specialization of p’. 


Proposition 1. I f a spot F is a specialization of another spot P and 
if P’ is in a model M, then P is also in M; if PSAP’, then dim P’ < dim P. 


Proof. Since there exists an affine model A such that P’e A CM, we 
may assume that M is an affine model. Let o be the affine ring of M and 
let p’ be the prime ideal of o such that P’—o,. Let m be the prime ideal 
of P’ such that P= Pm. Then P= b mnog Which shows that P is in M. 
If P4 P, then rank P < rank P’, whence dim P > dim P’ by Corollary 1 to 
Theorem 1. 1. 


PROPOSITION 2. Assume that a spot P’ of a function field L is a 
spectaliaztion of another spot P (necessarily of L). If dim P’ < dimP, then 
there exists a spot P* of L such that 1) P’ is æ specialization of P*, 2) P* is 
a specialization of P and 3) dim P* = dim P’ -+ 1. 


The proof is easy making use of Corollary 1 to Theorem 1.1. 


PROPOSITION 3. Assume that the ground ring I is either a field or a 
Dedekind domain which has infinitely many prime ideal. If M is a model 
and if P is a spot in M, then there exists a spot P’ in M which is a spectaliza- 
tion of P and of dimension 0. 


Proof. We may assume that M is an affine model. Then the prcof is 
immediate from Corollary 6 to Proposition 1.1. 


PROPOSITION 4. Let M be a model of a function field L and let L’ be 
a function field which contains L. Assume that spots P and P’ in M are 
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dominated by places b and w of L’ respectively and that bv’ is a specialization 
of v. Then P’ is a specialization of P. Conversely, if a spot Q of Lisa 
specialization of another spot Q and if a place w of L’ dominates Q, then 
there exists a place w of L’ which is a specialization of w and dominates Q. 


Proof. Let A be an affine model of L which contains P’ and is con- 
tained in M. Let o be the affine ring of A and let m and m’ be the maximal 
ideals of b and b’ respectively. Then we have 0CP’Cb’Cpb. Therefore 
we can set P* =0 anno) and P** == 0 woog: Then P* and P** are the centers 
of b and b’ on A, hence on M. Therefore P* == P and P** == P’ and P’ isa 
specialization of P because m Con’. The converse follows from the remark 


after Proposition 1.5. 


4. Joins of models. Let M and W’ be models (of function field L and 
I’ respectively. We say that M dominates W (in symbols Al’ M) if every 
spot in M dominates some spot in W. 
_ If P and P’ are spots, the set of spots which are rings of quotients of 
P[P’| and dominate both P and P’ is called the join of P and P’; it will be 
denoted by J(P, P’). 


Remark. J(P,P’) is empty if and only if P does not correspond to P’, 
by virtue of Theorem 1. ` : 


Now, for two sets M and W of spots, the union of all J (P,P), where 
P and P’ run over all spots in M and MW’ respectively, is called the join of 
M and M’ and will be denoted by J (M, WM’). 


THEOREM 8. Let M and M be models of function fields L and I 
respectwely. Then the join J(M,M’) of M and W ig a model of L(I). 
Further J (M, W) dominates both M and Al’ and if a model M” (of a function 
field which contains L(L’)) dominates M and M’, tt dominates J (M, W). 


Proof. Our assertion, exception for the fact that J (M, M’) is a model, 
follows from Theorem 1. We prove that J (M, Af’) is a model. Assume that 
spots P’, and P” in J(M,M’) correspond to each other. We take spots 
P, Pace M and Pr Pae W such thet Pied (Pa P'i) for each i Let b be a 
place which dominates both P”, and P’.. Then b dominates P,, Pe, P’, and 
P’,. It follows that these spots correspond to each other. Therefore by the 
definition of models, we have Pı = P, and P’,==FP’,. Thus we see that P”, 
and P” are rings of quotients of the same ring; by Lemma 2.1.1, we have 
P” =P”. Now we have only to show that J(M, M’) is the union of a 
finite number of affine models. In order to do this, we have only to prove 
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Lemma 1. If A and A’ are ue models, then the join J(A, A’) ts an 
affine model. 


. Proof. Let o and o’ be the affine rings of A and A’ respectively. Then 
the mng o” == o[9’] is also an affine ring. Let A” be the affine model defined 
by o”. By the definition of J (4A, A’), every member of J(A,A’) is a ring 
of quotients of o”, whence J(A,A’) CA”. Conversely, let P” be a spot in 
A” and let p” be the prime ideal of o” such that P” = o”. Then P” con- 
tains spots P = 0 prno and P= 0 yrngy Therefore P” is a ring of quotients 
of P[P’] ([10,§2]) and dominates P and P’. Therefore P” is in J(A, A’ i 
and A” CJ(A,A’). Thus the assertion is proved. 


-Proposrrion 5. I f M and W are complete models of function fields L 
and L’ respectively, then J(M, M’) is a complete model of L(I’). If M and 
M’ are projective models, then so is J(M, W). 


Proof. Let » be a place of L(L’). Then b has centers P and P’ 
on M and WM’ respectively. Let m be the maximal ideal of b and set 
n=mOP[P’]. Then P”’=P[P'|n, which is in J(M,M’) by Theorem 1, 
is dominated by b, which shows that b has a center P” on J (M, W). It 
follows that J (M,M’) is a complete model. Now we assume that M and W’ 
are projective models defined by homogeneous coordinates (%,---,@%m) and 
{Yo.’ * *>Yn) respectively. We may assume here that no z; and no y; is zero. 
Let M” be the projective model defined by the homogeneous coordinates 
(xy;3i—=0,- + -,m37—=0,---,n). We denote by o; and o’; the affine 
rings I[ao/ai,- * `, Em/2i] and I[yo/y;;- - +; Yn/y;] respectively. Let A, and 
A’; be the affine models defined by o; and 0’; respectively. On the other hand, 
let 0”; be the affine ring 0,[0’;] and let A”,; be the affine model defined by 
o” Then o”y is generated bv the elements 2,y,/xy; (i and j are fixed; 
Osram Ssn) over J. Therefore M” is the union of all A”; Since 
0” ij = o,[0%;], Ay =J (Ai, A'i). Therefore M” is the join J (M, W) of M 
and MW. Thus we see that J(M, M’) is a projective model. 

If a model M dominates another model W’, then J (M, W) == M. From 
this fact we deduce 


LemMMaA 2. Assume that a model M of a function field L dominates a 
model W of a function field I’. Then there exist.affine models Ay of L 
and affine models A’; of LD’ ` (j=1,:; -< ,m;i=1,; >: n(j)) such that 
1) A; Z A’; and 2) M=UyAy, W—U;A4 


Lemma 3. Let M and W be models of the same function field L. 
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Assume that there exists a model M” of L which contains both M and M’, 
then M N M’=J(M,M’). 


The proof is easy. 


5. Derived normal model of a model. We say that a model M is 
normal if every spot in M is normal. 


Norarion. Let P be a spot of a function field L and let L’ be a finite 
algebraic extension of L. Further let o be the integral closure of P in F. 
Then we denote by N(P;L’) the set of spots which are rings of quotients 
of o with respect to maximal ideals of 0. When M is a set of spots of L, 
then the union of all N(P;L’), where P runs over all spots in M, will be 
denoted by N(M;L’). On the other hand, N(P;L) and N(M;L) are 
denoted by N(P) and N(M) respectively. 


Remark 1. N(P;4/) is a finite set, because o is a finite P-module.3 


Remark 2. In §§ 1-4, our assumption that ground rings satisfy the 
finiteness condition for integral extensions did not play any rôle. Jn the 
present section this condition will be used m an esential manner. Without 
it, it would not be true in general that the derived normal ring of a spot P 
is a finite P-module. (If the function field is separably generated over the 
ground ring J, then the derived normal ring of P is a finite P-module; cf. 
the appendix to the second paper of this series; in this case, assuming 
further that L” is separably generated, the results of the present section hold 
without assuming the finiteness condition.) 


THEOREM 4. Let M be a model of a function field L and let I’ be a 
finite algebraic extension of L. Then N(M;L’) is a normal model. If a 
normal model W of a function field containing I dominates M, then W 
dominates N(M;L’). 


This model N(Af;L’) is called the derived normal model of M in L’; 
N(M) is called the derived normal model of M. 


Proof. We first prove the first assertion in the case where M is an affine 
model. Let o be the affine ring of M and let o’ be the integral closure of o 
in DL’. Then by Theorem 1.3, 0’ is also an affine ring. On the other hand, 
N(M; L’) is the set of spots which are rings of quotients of 0’, which shows 


3 It is well known that if o is a (Noetherian) semi-local integral domain, then the 
derived norma] ring of o has only a finite number of maximal ideals (but it may not 
be Noetherian). 
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that N(M;L’) is an affine model and is normal. Now we consider the general 
case. By the above statement, we see that N(M; L’) is the union of a finite 
number of affine models. Assume that a spot P*eN(i1;L’) corresponds to 
a spot P**eN(M;L’). Let P and PF’ be spots in M such that P*eN(P;L’) 
and P**—eN(P’;L/). Let p be a place which dominates both P* and P**, 
Since P* and P** dominate P and P’ respectively, bo dominates both P and 
P’, which shows that P= P’. Therefore P* and P** are rings of quotients 
of the same ring (which is the integral closure of P in L’). Therefore by 
Lemma 2.1.1, we have P*==P**, Thus we see that N(M; L’) is a model 
and is obviously normal. Now we prove the last assertion. Let P” be a spot 
in M’. Then there exists a spot P in M which is dominated by P”. Since P” 
is a normal ring and since the field of quotients of P” contains L’, P” 
contains the integral closure o’ of P in I’. Let m” be the maximal ideal 
of P”. Since P” dominates P, m” N P is the maximal ideal of P. Therefore 
wW” No lies over the maximal ideal of P, which shows that m” Ng is a 
maximal ideal of o’ ([10,§4]). Therefore the ring 0’ (qo) is in N(M; 2’) 
and is dominated by P”. This completes the proof. 


THEOREM 5. Let M be a model of a function field L and let I’ be a 
finite algebraic extension of L. If M is a complete model, then N(M; L) 
is also complete. If M is a projective model, then N(M; EL) is also a pro- 
jectwe model. 


Proof. Since the first half is easy, we prove only the last assertion. We 
assume that Jf is the projective model defined by the homogeneous coordinates 
(Yo © *,Y%n), Where we may assume that yọ is transcendental over Z and 
that all y; are not zero. Set h—T[yo,---,;yn]. Since h is an affine ring, 
the integral closure Y’ of § in LZ’ (yo) is a finite h-module. Let i be the set of 
elements of b’ which are homogenzous and oi positive degree (where the notion 
of homogeneity and of degree are defined in the same way as in the case of 
L(yo)). Since §’ is a finite h-module, h” == Hfi] is a finite h-module. Let r 
be a natural number and let wo,- - -, wz be a set of generators of the J-module 
of all elements of h” of degree r; here we choose w; to be yë for i& n. 
Further, let Jf(r) be the projective model defined by the homogeneous coordi- 
nates (Wo,° - * ,w:) and let L(r) be the function field of M (r). It is obvious 
that L(r) is contained in I’. We set 2j== w/w; and o= I[Zon" + +, Zu]. 
Then 


(1) For each in, o; is integral over I[yo/yi,- © +, Yn/yi]. 


Proof. Since w; is integral over h, there exists a relation w" -+ cyw! 


A 
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+: - --4-ceu=0 with ceb; here we may assume that each C is a homo- 
geneous polynomial in Yo''`',Yn of degree rk. Then c/yř* is in 
T[yo/ys* ‘+s Yn/yil and w,/ys is integral over I[yo/ys- ` `, Yn/yil. 


(2) For sufficiently large r and for t&n, o; is the integral closure ot 
Il Yyo/Yis' © 2 Yn/ys] in T. 


Proof. Let c be any element of the integral closure 0% of I] ¥0/Yi, 
- + +,%n/y;| in LD’. Then there exists one integer d such that cy, is integral 
over §. If r is chosen to be not less than d, then, since cy;” is also in h” 
in this case, we see that c is in 0; Since 0%; is a finite I[yo/ys,° © ©, Yn/Y:l- 
module, we see that for sufficiently large r, o; contains o% Now, by virtue 
of the observation in (1) above, we see that o; = 0; for sufficiently large r. 


The fact proved in (2) shows that N(M;L’) is a subset of M(r) for 
sufficiently large r. Since N(M;L’) is a complete model, it follows that 
N(M; Lì == M(r) and N (M;L’ ) is a projective model of L’. Thus the 
assertion is proved. 


6. Irreducible sets. When M is a model and when P is a spot in M, 
the set of spots in M which are specialization of P is called the locus of P 
in M and will be denoted by M(P). 

A subset E of a model M is called an irreducible set if there exists a 
spot P in M which satisfies the following two conditions: (1) Æ is contained 
in the locus of P in M and (2) for any finite number of spots P,,---,Pn 
in Jf which are specializations of P and which are different from P, # is not 
contained in the union of the loci M(P,) of the spots P; We call.P the 
generating spot of E; it is unique as we now show. 

Assume that P’ is also a generating spot of F. Let Q be a spot in E 
and let A be an affine model containing Q and contained in M. By Proposi- 
tion 1 P and P’ are in A. Let o be the affine ring of A and let p and p’ 
be the prime ideals of o such that P= oy, P’ = op. Let p,,- -+,p, be the 
set of all minimal prime divisors of p-++p’ and set Pi= 0p, Since Q is a 
specialization of both P and P’, the prime ideal q such that Q =o, contains 
p-p. Therefore Q is a specialization of some P;. This shows that EN A 
is contained in the union of the loci of the spots P, > +, P, Since the 
same holds for any affine model contained in M and since M is the union 
of a finite number of affine models, we have a contradiction if P34 P. 


Remark. Since the notion of specialization does not depend on the 
choice of the model which carries the given spots, the notion of irreducible 
set does not depend on the choice of the model which carries the given sets. 
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Lemma 1. Let A be the afine model of a function field L defined by 
an affine ring 0. Let E be a subset of A. Then E is irreducible if and 
only if the intersection p of all prime ideals q such that. oq 18 in E is a prime 
ideal. In this case, dy is the generating spot of E. 


Proof. Assume first that p is a prime ideal. “If oq is in Ẹ (q being a 
prime ideal of 0), q contains p and od, is a specialization of the spot P = pp. 
If there exist spots op: °°, Sp, (P: being prime ideals of o) which are 
specializations of P and are different from P such that Æ is contained in the 
union of Å (o0p,), then by the definition of p, the intersection of all p; must 
be contained in p, which is a contradiction because pC p; (phi). This 
shows that P is the generating spot of Æ. Conversely, assume that p is not 
prime. Since p is an intersection of prime ideals, p is a semi-prime ideal. 
Therefore p is the intersection of the minimal prime divisors p, © ,pr 
(r>1) of p ([10,$1]). Set Pi= op, If P is a spot whose locus contain 
E, then the prime ideal q such that Pog must be contained in p. Since 
# is contained in the union of the loci P,,- - -,P,, P is not a generating spot 
of E, which shows that Æ is not irreducible. Thus the proof is completed. 


On the other hand, with the same notations as above, if we set 
E= EN A(P;) for each 1, then #; is an irreducible set with generating 
spot P, which shows that Æ is the union of the irreducible sets #;. Since a 
model is the union of a finite number of affine models, we have 


LEMMA 2. Every subset E of a model M is the union of a finite number 
of irreducible sets. l 


COROLLARY. I f a subset E of a model M contains infinitely many spots, 
then there exists an irreducible subset of E which contains infinitely many 
spots. 


Again by the fact that a model is the union of a finite number of afne 
models, we see easily 


Lexma 3. Let E be a subset of a model M of a function field L. Then 
a spot Pe M is the generating spot of E (and consequently E is irreducible) 
if and only if 1) E is contained in the locus of P in M and 2) there exists 
an affine model A of L which ts contained.in M such that P is the generating 
spot of HOA. 


Remark. Let E be a subset of a model M. Then there may be different 
expressions of Æ as the union of a finite number of irreducible sets. But 
the following fact holds good. 
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There are irreducible sets -E4 >, Ea which. satisfy the ba three 
conditions; these Æ; are uniquely determined: 


1) Æ is the imion of all E 2) Every irreducible subset of Æ is con- 
tained in at least one of Fi 3) There is no inclusion relation among the E 


Proof.. Let F,,- -+,F, be irreducible subsets of # such that Æ is the 
union of them. Let P, be the generating spot of F; and set E; = E N M (P;). 
We may assume without loss of generality that there is no inclusion relation 
among H,,---,#, and that each of Ens’ * ', Er is contained in some &; 
(isn). These E, > -,H, satisfy the conditions 1) and 3). Let F de an 
irreducible subset of W with generating spot Q. Let A be an affine model 
contained in M such that F N A is an irreducible set with generating spot Q 
(by Lemma 3). Then by the proof of Lemma 1, we see that Q is a specializa- 
tion of some Pa, which shows that F is contained in some F; Therefore these 
F; satisfy the condition 2). If K’: - -,E’m satisfy the above three condi- 
tions, then each Æ; must be contained in some Æ’; and E’; must be contained 
in some Ep. Therefore the systems Kat, Ep and #’,,- - -,H#’, must 
coincide with each other. 


7. Zariski topology. Let M be a model. Let 9% be the family of subsets 
F of M which satisfy the following conditions: (1) If a spot P is in F, then 
F contains the locus of P in M and (2) if F contains an irreducible set F, 
then F contains the generating spot of Æ. 

This % can be used as the family of closed sets in a topology, called the 
Zariski topology in M. 


Trrorem 6. A subset F of a model M is a closed set of M if and only 
af there exist a finite number of spots P,,---+,P, in M such that F is the 
union of the loci M(P;). 


Proof. Each M(P;) is a closed set and therefore (j; M (P;) is also a 
closed set. Assume that F is a closed set of M. Let F” be the set of spots 
P in F which are not specialization of any other spots in F. We have only 
to show that #” is a finite set, which follows immediately from Lemma 2. 6. 2. 


Proposition 6. A subset F of a model M is a closed set of M if and 
only if the following two conditions are satisfied: (1) If P is a spot in F, 
then M(P)CF and oe : a spot P’e M is not in F, then there exist a finite 


number of spots Pat > -,P,eM(P’) which are different from = such that 
FOM(P’) CS UMP). 
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Proof. Assume first that F is closed. By the definition of closed sets, 
condition (1) must hold. Since Fis a closed set, F N M(P’) is also a closed 
set. Therefore by Theorem 6, condition (2) holds also. We shall now prove 
the converse part. Let F’ be defined as in the proof of Theorem 6. Then 
we have only to show that F is a finite set. Assume the contrary. Then there 
exists an irreducible set FP” which contains infinitely many spots and is 
contained in F” by the- corollary to Lemma 2.6.2. Let P” be the generating 
spot of F”. Then by our assumption, P” is not in F and therefore there 
exist a finite number of spots P,,---,P,eM(P”) (Pi P”) such that F” 
is contained in (J; M (Pi) by condition (2), which is a contradiction to our 
assumption that F” is irreducible. Thus the proof is completed. 


THEOREM 7%. Let A be the affine model defined by an affine ring o. 
Then a subset F of A is a closed set of A tf and only if there exists an ideal 
a of o such that F is the set of spots which are rings of quotients of o with 
respect to prime ideals which contain a. 


In this case, we say that F is the closed set of A defined by the ideal a 
and that a is an ideal of o which defines F. | 


Proof. Ji F is a closed set, then by Theorem 6, there exist a finite 
number of spots P,,- - -,P, such that F—=|J,A(P;). Let p; be the prime 
ideal of o such that P;—oy,. Then a—[),); has the required property. 
Conversely, asume that a is an ideal of o. Let p,,- + -,), be the minimal 
prime divisors of a. Then a prime ideal of o contains a if and only if p 
contains one of ps. It follows that the set of rings of quotients of o with 
respect to prime ideals containing a is a closed set. Thus the proof is 
completed. 


THEOREM 8. Let M be a model of a function field L and let A,,: > -,Ay 
be models of L such that M is the union of them. Then a subset F of M 
is closed if F A A; is a closed set of A; for each i. Conversely, if F is a closed 
set of M, then FN A is a closed set of A for any model A of L contained in M. 


Proof. Assume that F N A, is closed in 4; for each +. Then there exist 
a finite number of spots Py (i=1,: -+ ,n;j=1,' +, m(i)) such that 
Fn Å; = LJ; Ai( Px). Then F = (Ja A (Pa) = ig M (Pi). We denote this 
last set by W. Let P’ be a spot in W. Let i be such that P’ is in Aj. 
Then P’e Uj; Ai( Pi), which shows that F = F and we see that F is a closed 
set of MW. Conversely, assume that F is a closed set of M. Take spots 
Pate e, Pae F such that F = |]; M (P). I£ M(P;) meets A, then P; is in 
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A by Proposition’1 and in this case M(P;) MA coincides with A(P,). 
Therefore we see that FNA is a closed set of A. 


COROLLARY. Let MW be a model of a function field L. If W is con- 
tained in a model M of L, then M’ is a subspace of M. 


Proof. If F is a closed set of M, then FN M’ is a closed set of AL’ by 
Theorem 8. Assume that F” is a closed set of M’. Take spots P,,- © +, Pae W 
such that F == LJ MW (Pi) and set F= JiM (P:i). Then F is a closed set 
of M and FN M’=F’. Thus the corollary is proved. 


THEOREM 9. Let M be a model of a function field L. A non-empty 
subset MW of M is again a model of L if and only if M’ is an open set of M. 


Proof. Assume that W’ is a model. We may assume that M is an affine . 
model; because for every affine model A contained in M, W N A =J (W,4) 
(by Lemma 2.4.3) is a model and therefore, if our theorem is proved for 
M = A, then Theorem 8 asserts that W’ is open. Further, we may assume . 
that M’ is an affine model, because M’ is the union of a finite number of 
affine models. Let o and o’ be affine rings of M and W’ respectively and let 
F be the complements of W in M. We have only to show that F is a closed 
set of M. Since M contains M’, o” contains o. Let a,’ - +,a@, be elements 
of o such that o’ == ofa.: - -,a,] and set a; = {a;ae0,aae0}. Then each 
a; is an ideal of o. Set a— fl: and let F be the closed set of M defined 
by a. Then it is sufficient to show that F — F”. Let p be a prime ideal of o. 
Then oye F” if and only if aC p. Equivalently, p contains some a;, which 
means oy does not contain aj, i.e., oy is not in M’, op is in F. Thus we see 
that F = Æ. Now we shall prove the converse part of our theorem. Assume 
that WM’ is an open set of M. Let A, (¢=1,- -.-,n) be affine models such 
that M is the union of them. "Then each A; is an open set by the above proof. 
Therefore M'i = W N A; is an open set of M and therefore of A;. If we can 
show that M’, is a model, it is the union of a finite number of affine models, 
and the same will be true of W and W’ will be a model. Thus it suffices to 
prove the theorem in the case M = A; is an affine model. Let o be the affine 
ring of M and let F be the complements of MW’ in M. Then there existis an 
ideal a of o which defines F by Theorem 7. Let a,,:--,a,- be nonzero 
elements of o which generate a (of a=-0, then F =M and MW’ is empty, 
which is not the case). Let A’; be the affine model defined by o’; = o[a;7] 
for each 7 and set M” = |]; A’; Each set A’; being contained in M, M” is 
contained in M and M” is a model. Therefore it is sufficient to show that 
W coincides with M”. Let p be a prime ideal of o. Then ope M’ if and 
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only if p does not contain a. Equivalently, there exists.one ¢ such that 
a Ép, i.e., a+ oy and oye A’;, which is equivalent to say that ope M”. ‘Thus 
W = M” and the assertion is proved. 


Lemma 1. Let A and A’ be affine models of the same function field L. 
Assume that A dominates A’. Then AN A’ is a model. 


Proof. Let o and o’ be the affine rings of A and A’ acu Since 
A dominates A’, o contains o’. Take elements a,,-°-,@, of o such that 
o = 0 [t'an]. We set a= {a;ae0’,ade0’ for every i}. Then a is an 
ideal of o. Let.F be the closed set of A’ defined by a. It is sufficient to 
show that F coincides with the complements. W of AM A’ in A’ by virtue 
of Theorem 9 (observe that A N A’ is not empty because L is in every model 
of L). Let p’ be a prime ideal of of. Then o'p eF if and only if aC y’. 
Equivalently, there exists one + such taat af o'y and opek. Thus F = F 
and the lemma ‘is proved. 


THEOREM 10. Let M and MW be models of the same function field L. 
Then M N M is also a model of L. 


. Proof. Since M AM =J (W, MW) N W, we may assume without loss 
of generality that M dominates M’. Let Ay and A’; (i=1,: + -,m3j—1, 
n(i)) be affine models of L such that M = UyAy W = a A’, and 
Ai = j’, for every îi and 7 (Lemme 2.4.2). Then by the eae lemma, 
we see that Áy N A’; is a model, which shows that M” = Uy (Ajj 1 A’;) isa 
model (because it is a subset of a model and is the union of a finite number 
of affine models). Therefore it is sufficient to show that M” coincides with 
MAM’. Assume that PeMriM’. Then P is in some Ay. Since Ay 
dominates Á’ A’; contains a spot 2’ which is dominated by P. Since P is 
in M’, we have P’ =P and Pe dAynA’;CM”. Thus MN M CM”. Since 
the converse inclusion is obvious, we have Mn W =M” and MN W is a 
model. 


COROLLARY 1. Let M be a mcdel. Then the set M of normal spots in 
M is a model. | 


The proof is easy if we observe that W= M N N(M). 


COROLLARY 2. Let M and M" be models. of function fields L and L 
respectively. Assume that L contains L’. Then the set M”. of spots in M 
which dominate spots in MW is a model. = 
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The proof is easy if-we observe that M” == M N J (M, M). 
Now we shall add some remarks on closed sets. ` 


1) If F is a closed set ofa model M, Fis- the union of a finite number 
of closed sets F,,-- -,F, of M which are irreducible. Here, if there is no 
inclusion relation F,- +, Fm we say that each. F; is-an irreducible com- 
ponent of F. The set of irreducible components of a closed set is uniquely 
determined. (The proof is similar to that of the remark at the end of § 6.) 

2) If E is.an irreducible set in a model M and if P is.the generating 
spot of #, then the closure of E in M is the locus of P in M, as shows 
that it is an irreducible set. (The proof is easy.) 

3) With the-same notations as in the remark at the end of §6, the 
closure of E is the union of the closures of #,,---,E,. Further, each of 
the closure of #,,- * +,#, is an irreducible component of the closure of Æ. 
(The proof is easy by virtue of the result in 2) above.) - 

4) By virtue of Proposition 6, we see that the minimum condition for 
closed sets holds in a model. Consequently, a model is a compact space. - 


8. Induced models, reduced models and local models. Let P be a 
quasi-local ring with maximal ideal m. - Then the natural homomorphism 
from P onto P/m is called the homomorphism defined by P ; it will be denoted 
by gp. If M is a set of rings contained in P, the set of homomorphic images 
of rings in M under ¢p (which will be called merely the image of M by ¢p) 
will be denoted by p (M). 

Let M be a model of a function field L over a ground ring J. 


Proposition 7%. Let F be an irreducible closed set of M with generating 
spot P. Then op(F) is a model of dp(P) over ġp (I). 


This model ¢p(f) is called the induced model defined by F, or the 
induced model of M defined. by.P; this may be denoted also by ġp(M) 
(because this is uniquely determined by M and P). 


Proof. If M is the affine model defined by an affine ring o, then ¢p(F) 
is the affine model defined by ¢p(o0) over ¢p(I). From this, in the general 
case, it follows that ¢p(F) is the union of a finite number of affine models 
over dp(I). Assume that two spots ¢p(Q) and r (F) in dp(F) (Q, Ref) 
correspond to each other. Then there exists a place b’ of dp(P) over ġp(I) 
which. dominates both @p(@) and @p(#). Let b be a place of L which 
dominates P and let o be.a valuation ring of the residue class field of b which 
dominates b’. Then the composite b” of b and.o dominates both Q-and R; 
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Q corresponds to R, whence: = =F and ¢p(Q) =¢ġpr(B). This completes 
our proof. i 


Remark. The above proof shows also that gas in F are mapped in a 
one-to-one way onto spots in ¢p(F). 


Let M be a model over a ground ring I and let p be a prime ideal of I. 
A spot P in M is called a general spot over b (or over the ground place Ty) 
if 1) P dominates Jy and 2) P is of rank 0 or 1 according as p= 0 or not. 
(If p—0, then P is just the function field of M.) . If, for a given prime 
ideal p of I, there exists one and only one general spot P over p,.then tke 
induced model ¢p (M) is called the induced model of M modulo p. 

Let I’ be a subring of L such that 1) there exists an affine ring 8 over 
I such that I’ is a ring of quotients of 8 and 2) F is a Dedekind domain. 
Since 8 satisfies the finiteness condition for integral extensions by Theorem 
1.3, F also does and J’ is a ground ring. E 


Proposition 8. Let My be the set of spots in M which contain I’. 
Then Mr is a model over I’. 


This model Mf; is called the reduced model of M over I’. 


Proof. Since Mr is a subset of a model (over I), we have only to show 
that Mr is the union of a finite number of affine models over I’. Therefore 
we may assume that M is an affine model. On the other hand, let A be the 
affine model defined by the affine ring 8. Then Mr is contained in J(A, M) 
and My,=—=[/J(A,M)N M]r Therefore we may assume further that the 
affine ring o of M contains 8. Let M’ be the affine model defined by I’[o] 
over I. Since J’[o0] is a ring of quotients of o, W is a.subset of My. Con- 
versely, if a spot P is in Mr, then P is a ring of quotients of J’[o] and is 
in MW”. Thus Mr = W and the assertion is proved. 

Now let p be a prime ideal of J. Then the reduced model of M over I, 
is called the local model of M attached to the ground place Ip; it will ke 
denoted by My. 


Remark 1. If I is a field, then p must be zero, and My = M. 


Remark 2. If I is a semi-local ring, then any local model is again a 
model over I. 


For, any ground place of J is an affine ring over J. 
Remark 3. If I is a Dedekind domain with infinitely many prime ideals, 


then for any prime ideal p of J, the local model My is not a model over J, 
but is the intersection of infinitely many models over I. 
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Proof. Let k be the field of quotients of J. Assume that My is a model 
over I. Let A’ be an affine model over J which is contained in My and let 0’ 
be the affine ring of A’. Since k is an affine ring over Jy and since o 
contains Jy, o—k[o’] is an affine ring over J. Let A be the affine model 
over J defined by o. Then every spot in A has dimension at least 1, which 
is a contradiction by virtue of Proposition 3. Therefore My is not a model 
over I. Now we prove the last assertion. For every maximal ideal q of I 
other than p, we take an element a of q which is not in p and set I{(q)) 
= I[1/a]. Let M(q) be the reduced model of M over I((q)).’ Then each 
M(q) is a model over J and Mpy is the intersection of all M (q), which proves 
the last assertion. 


9. Equivalence of the notions of models and of abstract varieties. 
Let V be a variety (in the sense of Weil [12] ) defined over a field k; we shall 
call such a variety an affine variety. Let (x) be a generic point òf V over k. 
Then the field k(x) is uniquely determined to within isomorphisms over k 
and is, by definition, a regular extension of k. For a point P of V, we denote 
by Qr (P) the specialization ring of P in k(s) over k. Then the set S(V) of 
specialization rings Qy(P) (PeV) is the affine model defined by the affine 
ring k[t: <, £n] (where (£) = (21, --,@,)). Further, it.is evident that 
for two points P and P’ of Y, P’ is a specialization of P over-k if and only 
if Qy(P’) is a specialization of Qy(P). Conversely, if M is the affine model 
of a function field L over a ground field k defined by an affine ring 
k[a,,: + -,%,| and if L is a regular extension of k, and if V is the affine 
variety detined over k with generic point (ta en > n), then S(V) = {Qv(P) ; 
PeV} coincides with M. 

Next, let V and V’ be birationally suas affine varieties and let T 
be a birational correspondence between V and V’. Assume that V, V’ and 
T are defined over a field k. Let (s) and (2’) be corresponding generic 
points of V and V’ under T. We can identify k(x) and k(x’) ‘by the 
correspondence T. Then it will be easily seen that the join of the affie models 
defined by A[ (x) ] and k[ (2’)] corresponds to T in the sense we stated above 
and that a point P in V corresponds biregularly to a point P’ in V’ if and 
only if Oy(P) = Qr-(P’), provided that P and P’ are corresponding points 
under T. (Observe that if Qr(P) = Qr: (P) for voints P and P’ in V and 
V” respectively, then there exists a point P” in V’ such that P” is a generic 
specialization of P’ over k and that P” corresponds biregularly to P under T.) 

Now let V be an abstract variety (in the sense of Weil [12]) defined 
over a field k, with representatives V;, frontiers %; and birational corre- 
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spondences Ta; Let (v) be generic points of the varieties V; which 
correspond to each other under the correspondences Ta. Then we can identicy 
the fields k(z®) with each other. Let L be the field obtained in this 
manner. Now let P®,,--+,P@,q) be points in $: such that every point 
of r is a specialization of one of PM,,- --,P@,g) over k; stich points exist 
because 9; is normally algebraic over k by definition. Then S(%:) = {Qr (P); 
P ¢%i} is the union of the loci of the spots Qy,(P™,) in the model S(V;) and 
is a closed set of S(V;). Therefore, S(Vi— i) = {Qr,(P) ; P e Vi— Bi} is 
a model of L by Theorem 9. Let P be a point of V. Then there exists one 7 
such that P has a representative P; in V;—%i. We call the specialization 
ring Qv,(Pi) of P; the specialization ring of P and denote it by Yy(P) ; even 
if P has another representative P; in V;—%;, Qv(P) is unique because P, 
and P; correspond biregularly to each other. Now let S(V) be the set of 
specialization rings of points in V. Then S(V) is the union of all 8(Vi— &). 
Since S(V;-~—%.) is a model, it is the union of a finite number of affine 
models, and the same is true of S(V). To prove that S(V) is a model, 
we have only to show that any two different spots in S(V) do not correspord 
to each other. Assume that a spot Qr(P) corresponds to a spot Qyr(P’) 
(P,P’cV). Let Pi and P’; be representatives of P and P’ in V;—%; ard 
V;—%y, respectively. Then there exists a point P” in V;— %; which corre- 
sponds to P; under Ty such that P” is a generic specialization of P’;. Since 
P” corresponds to P; under Tą, P” is a representative of P, whence 
QOv(P) = Qy,(P”) eS (V;—%;). Since S(V;—%,) is a model, we kave 
Qr(P) = Qy(P’) and S(V) is a model. 

Conversely, assume that M .is a model of a function field L over a 
field k and assume that E is a-regular extension of k. Let 4,,---,4n 
be . affine models of Z such that M is the union of them. Let 
o = k[a2,,---,2%,@] be the affine ring of A; Let V; be the affine 
variety of generic point (¢@) = (#,,- - -,2@,,() defined over k and let 
Tą be the birational correspondence between V; and V; under which (a) 
and («%) correspond to each other. Then there exists an abstract variety V 
with representatives V;, birational correspondences Ty and empty frontiers. 
The variety V being defined in this manner, we see easily that S(V), as 
defined above, coincides with M. 


Remark. Let V be an abstract variety defined over a field k. Then 
there exists an abstract variety V’ which is everywhere in biregular corre- 
spondence with V and which has representatives V; and correspondences Ta 
such that the frontiers are empty. ‘ | 
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Appendix. A proof of a result due to Krull. 


Lemma 1. Let o be a complete local integral domain of rank r. If 
bo Cp, C-- Cph, is a maximal chain of prime ideals mm o (that is, Po = Ù, 
Ps is maximal and each pi/p:, ts of rank 1 for every t—=1,---,s), then 
r= s. (Cohen [2]) f 


Proof. Let r be an unramified regular local ring contained in o such 
that o is a finite r-module (Lemma 0.8). Since a regular local ring is a 
normal ring (Lemma 0.7) and since o is an itegral extension of r, p, M1 is 
of rank 1 ([10, §5]). Therefore p, N r is a principal ideal (Lemma 0. 9),* 
whence rank (rt/p, Nr))=r—1 and rank 0/p,=r—1. Thus we prove 
our assertion easily by induction on r. 


Now we prove 


LEMMA 2. Let r be a regular local ring of rank n. If p is a prime 
ideal of r, then rank p + co-rank p =n. (Krull [5]) 


Proof. Let r* be the completion of r. Then r* is also a regular 
local ring, and it is an integral domain (Lemma 0.7). Set rank p =r, 
co-rank p==s. Since r*/pr* is the completion of r/p, rankr*/pr*—=s 
(Lemma 0.1), which shows that there exists a prime divisor p* of pr* such 
that co-rank p*==s and that there exists no prime divisor of pr* whose 
co-rank is greater than s. Therefore rank pr*—»—s by Lemma 1. On the 
other hand, let S be the complements of p in r. Since r*/pr* is the com- 
pletion of r/p, every element of r/p is not a zero-divisor in r*/pr* (Corollary 
to Lemma 0.4), which shows that every element of 9 is not in any prime 
divisor of pr*. Therefore rank pr*—rankpr*s. Let a,,- - -,a@, be a system 
of parameters of tg==Try. Then pr*g and $ ax™g have the same radical, 
whence rank pr*s = rank S\ar*s. Therefore rank pr*s <7; it follows that 
rank pr* 7, Therefore n—s& r. Since obviously n Ær- s, we see that 
m—s-==r and the assertion is proved. 


MATEEMATICAL INSTITUTE, 
KYOTO UNIVERSITY, JAPAN. 


t If we want to avoid making use of Lemma 0.9, we may choose r such that some 
element æ of p, is in r but not in the square of the maximal ideal of r. Then p, f ris 
‘generated by a. 


116 MASAYOSHI NAGATA. 


REFERENCES. 





[1] C. Chevalley, “On the theory of local rings,” Annals of Mathematics, vol. 44 
(1943), pp. 690-708. 

[2] I. 8. Cohen, “ On the structure and ideal theory of complete local rings,” Trens- 
actions of American Mathematical Society, vol. 57 (1946), pp. 64-106. 

[3] I. S. Cohen and A. Seidenberg, “ Prime ideals and integral dependence,” Bulletin 
of American Mathematical Society, vol. 52 (1946), pp. 252-261. 

[4] W. Krull, “Ideaitheorie,” Ergebnisse der Mathematik und ihrer Grenzgebiete, 
vol. 1, No. 3 (1935). 

[5] , ‘“Dimensionstheorie in Stellenringen,” Journal fiir die reine und ange- 
wandte Mathematik, vol. 179 (19381, pp. 204-226. 

[6] T. Matusaka, “Some theorems on abelian varieties,” Natural Science Report of 
the Ochanomizu University, vol. 4 11953), pp. 22-35. 





[7] M. Nagata, “Some remarks on local rings,” Nagoya Mathematical Journal, vol. 6 
(1958), pp. 53-58. 








[8] ; “Some remarks on local rings, IL, Memoirs of the College of Sctence, 
University of Kyoto, ser. A, vol. 28, No. 2 (1954), pp. 109-120. 

[9] , “ Local rings” (I and II), Stgaku, vol. 5 (1953-1954), pp. 104-114 and 
pp. 229-238 (in Japanese). 

[10] , “Basie theorems on general commutative rings,” fortheoming. (This 





paper appeared in Memoirs of the College of Science, University of Kyoto, 
ser. A, vol. 29, No. 1 (1955), pp. 59-77. (Added in October, 1955.) ) 
[11] P. Samuel, “Algèbre locale,” Mémorial des Sciences Mathématiques, No. 123 (1953). 
[12] A. Weil, “ Foundations of algebraic geometry,” American Mathematical Society 
Colloquium Publications (1946). 


[13] O. Zariski,“ Some results in the arithmetic theory of algebraic varieties,’ American 
Journal of Mathematics, vol. 61 (1939), pp. 249-294. 














[14] , “ Foundations of general theory of birational correspondences,” Trans- 
actions of American Mathematical Society, vol. 53 (1943), pp. 490-542. 

[15] , “Analytical irreducibility of normal varieties,” Annals of Mathematics, 
vol. 49 (1948), pp. 352-361. 

[16] , “Sur la normalité analytique des variété normales,” Annales de D’Institut 
Fourier, vol. 2 (1950), pp. 161-164. 

[17] , “Theory and applications of holomorphic functions on algebraic variety 


over arbitrary ground fields,’ Memoirs of the American Mathematical 
Society, No. 5 (1951). 


ON THE CURVATURES OF A SURFACE.* 


By AUREL WINTNER. 


I. On the Mean Curvature. 


1. Let S be a (piece of a) surface in the Y-space, where XY = (x, 4,2), 
and let SeC* for a fixed n> 0. By this is meant that a neighborhood of 
every point of S has some C*-paramerization, that is, a parametrization of 
the form 


(1) tanud. WoD 


where D is an open, simply connected (u,v)-domain and X (u, v) a vector 
function satisfying the conditions XY (u,v) e C” and [Xu X,] 40 on D. Note 
that if n< m, then a C”-parametrization of an SeC™ need not be a C”- 
parametrization. If SeC*, there exists on S a continuous normal vector N.. 
The latter -is a function N (u,v) eC" in terms of every C*-parametrization 
(1) of an SeC* not only if k =n but also if k= n— 1 (but not necessarily 
if k=n— 32). In order that SeC", where n > 1, it is sufficient (and, of 
course, necessary) that S possesses some parametrization (1) satisfying 


(2) A (u,v) eC" and N (u,v) e 0", where EAE 


In fact, the sufficiency of (2) for some C*-parametrization of S is a conse- 
quence of the (local) theorem on implicit functions; cf., e.g., [8], pp. 188- 
134, and the references given there. 

If a=a(u,v) denotes the matrix of the first, and 8 == 8 (u,v) that of 
the second, fundamental matrix in terms of a C?-parametrization (1) of an 
SeC?, then a is a (symmetric) positive definite matrix satisfying a(u, v) eC" 
but nothing more than @(u,v) eC° is in general true of the (symmetric) 
matrix 8; so that the mean curvature H — H (u,v) exists but is, in general, 
just continuous, since it is defined by 


(3) H == 4tr( Ba) ; ° 


in view of 


(4) K — det (Ba), 


* Received July 27, 1955. 
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this applies to the Gaussian curvature K == K (u,v) also. As is well-known, 
(5) KS’, 


where the sign of equality holds at a point (u,v) if and only if (u,v) is an 
umbilical point, that is, a point at which 8 becomes a scalar multiple of a 
(a “flat” point, with K = 0 = H, is here included as “ umbilical”). 

The following considerations on H, considerations in which SeC® or, 
if SeC?, the C?-character of a given parametrization (1) of SeC? will not 
be assumed, have various motivations. On the one hand, it can happen that 
no C*-parametrization of a given SeC? is available, since precisely the 
“natural” parametrization of Se0?, one given in geometrical terms, must 
fail to be a C?-parametrization (cf. Section 8 below); so that the definition 
of (3) of H fails (in terms of what is available). On the other hand, the 
theory of minimum surface (H =:0) speaks since Haar (cf. [5]) of surfaces 
SeC' for which SeC? is not assumed (even though proved, as a consequence 
of the theory}. Such occurrences call for a definition of H = H (u,v) which 
is more geometrical than (3) (concerning the geometrical, but erroneous, 
attempts of Minding and R. Sturm, ef. the comments of Stickel [15]). 

_ An approach of the desired type can be abstracted from the manner in 
which H appears when, in the classical instance of varying a double integral, 
the first variation, 


(6) a f f IZo X01] aude, 
B 
of the area (of a piece of §) is transformed into a line integral. 


2. Let (1) be a Ct-parametrization of an §SeC*; so that N (u, o) e C° 
holds for the unit vector 


(7) N = [Xu Xv]/g, where g = |[X,, Xy]| > 0 
(this g is the positive square root of the determinant of 
(8) | dX (u, v) |? = E (u, v) du? + 2F (u, v) dud + G (u, v) dv”, 


the first fundamental form of 8, with continuous F, F, G). By the existence 
of a continuous mean curvature on S eC? should be meant that, for some con- 
tinuous vector function (-- :) of (u,v), 


(9) f [N, Yadu + Xydv] — f f (- - -)dudv 
J B 
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holds as an identity in J and its interior B=B(J). Here J denotes any 
positively oriented, piecewise smooth Jordan curve which, together wich B, 
is contained in the fixed (u,v)-domain D on which the Ct-function (1) ‘is 
given. | 

It is easy to realize that the existence of a continuous (- - +) satisfying 
the requirement (9) is not implied by the C*-character of (1). Ii there exists 
a continuous (- - +), it is unique, since B is arbitrary. It also follows that 
(-- -) must be a vector function which is a (possibly vanishing) scalar 
multiple of N (u, v), simply because the scalar product of dX — X,du -+- Xy,du 
and N is 0; cf. (7). Hence (© - -) can be written as gN times — 2H, where 
H = H (u,v) is a unique continuous scalar, since g—=g(u,v) in (7) is 
positive and continuous. Let H be declared to be the mean curvature of S. 
The explicit form of (9) becomes 


(10) f [N, de] = f { —2HgNdude. 
J a 


3. This transcribes into a (generalized) definition a fact pointed out 
by Weatherburn ([16], p. 255; cf. also [14]), who observed that (10) holds 
on every Se C? if H is defined by (3). For reasons of covariance, (10) holds 
for C*-parametrizations (1) of SeC? also. Actually, it is clear from (7) that, 
for reasons of covariance, (10) holds in every C'-parametrization of every 
Se if it holds in one C*-parametrization of that SeC?, and that H is 
invariant if a C’-parametrization (1) is replaced by any other C?-para- 
metrization of SeC? (provided that the local C*-transformation, say 


(11) u* = u* (u, v), v* == v* (u,v), 


which represents this reparametrization is of positive Jacobian ; if the Jacobian 
of (11) is negative, then N goes over into — N, hence H into — H, and so 
only H? is invariant). 

If SeC?, and if (1) is a C*-parametrization of S, then Gauss’ definition 
of K (in terms of oriented areas of the spherical images of portions of 8), 
when combined with the derivation formulae of Weingarten (cf., e.g., [2], 
p. 62), can be written in the form 


(12) J [N, dN] = J if 2K gN dud. 


This striking ae of (10), also pomted out in Weatherburn’s paper risl, 
can be considered as defining K in the same way as (10) defines M. But 
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(12), in contrast to (10), differentiates N (u,v) and represents, therefore, a 
requirement which cannot be formulated if only XY(u,v) eC is assumed. 
On: the other hand, (12) holds whenever (1) is a C'-parametrization of an 
SeC?. This follows for reasons of invariance, and since N(u,v) eC? holds 
for every C'-parametrization (1) of an SeC* (conversely, the case n==2 of 
the assumptions (2) implies that S eC" = C°). 

_. A definition of the mean curvature which is more general than the 
definition of a continuous H (on an SeC*) above results as follows: With 
reference to any piecewise smooth J, put 


(13) $(B) = f (Wax), 
J 


where B is the interior of J. Suppose that the set-function (13) can be 
extended from the particular (u, v)-sets B == B(/) to all Borel sets Æ, leading 
to an additive set-function ¢(#), defined on the Borel field of (u,v)-sets E 
contained in D. Then, if d(/) is absolutely continuous, the analogue of the 
relation (10) leads to an L-integrable H (u,v). 


4. It will now be proved that an Se C? possessing a continuous H need 
not be an SeC*; in other words, that the definition, (10), of Section 2 is 
actually more general than the classical definition, (3). In fact, the example 
8 e 0t to be given will be such that B(u,v) will in no sense exist at a point, 
say (u,v) = (0,0), although there will exist a continuous H. Incidentally, 
this particular S will be such as to possess a C?-parametrization in which 
a(u,v) eC! (as though (1) were a C*-parametrization, which (1) cannot be, 
since SeC? fails to hold). 

First, if an SeC® is given in a Cartesian parametrization, say as 


z=z(z, y) (so that u =z, v =y), then z(x,y) eC? on an (z,y)-domain, 
D, and (3) reduces to 


(14) (1 -+g°)r—2pqs + (1+ p°)t = 2Hhs 
where pba - + f==2,, and 
(15) | h = (1+ pP + P). 


Next, if [F] denotes the Lagrangian ‘derivative of an F= F (2, y,2, p,q), 
then, formally, the identical vanishing of (8) is equivalent to the case F =h 
of .[#]=0, whereas Laplace’s equation; r-+t==0, belongs to F= p? + g. 
Since [F+.G])—[F]+[G@], and since [G]——f(2,y) when G= 
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G(x, y, z, p,q) is of the form G =zf (x,y), the formal analogy between (14) 
and Poisson’s equation.: | | 


(16) ` . 4 ©  rtti=f(a,y) 


indicates that, in order to obtain an S eC" of the desired type, a construction 
of Lichtenstein [10], which refers to F = p? + g?— 2z2f (x,y), can be adapted. 

Lichtenstein’s construction is based on the results of Petrini [12] on 
logarithmic potentials. The following construction will have the same basis, 
in a form similar to that used in [8], pp. 134-135. 


5. Let D be the unit circle 0 = z? + y? < 1, and let w(x, y) be (— 2r) 
times the logarithmic potential of a density f(z,y) which is uniformly con- 
tinuous on D. According to Petrini, w(z,y) —w;(x,y) need not possess 
second derivatives r,- - - (so that (16) need not be meaningful for z = w), 
if f is suitably chosen on D, an example being .. 


(17) f(x,y) = (cos #)?/log p (z = p cos 9, y = p sin 0) 


(if 0< p, with f(0,0)=0 at p=0); ef. [12], p. 188. But z =w must 
always satisfy the “integrated form” of (16), which is 


(18) | f (way—aae) S f jis 
J B 


(cf. [10], pp. 99-100), where J and B—B(J) are meant in the same sense ` 
as in (9). It is also known that, since f(z,y) is uniformly continuous, 
p=w, and q= wy will not only exist but be such as to satisfy a uniform 
Holder condition of any index A < 1; in particular, of some index à > 4. 
But the analyticity of (17) for p340 implies that w,(2,y) is analytic, hence 
of class °, at every point. (z,y) Æ (0,0) of D. On the other hand, since 
w(x, y) is the logarithmic potential of a continuous density, it is readily seen 
that w,(¢,y) =O ([logr|) and w,(z,y) =O (|logr |) as r= (z? + 78> 0 
(in this connection, cf. [18], pp. 736-737). Hence, if p—w, and q—w, 
are such as to satisfy 


(19)  p(0,0) =0 and q(0,0) =0, 
then 
(20) p(s, yje, pla,y)g(ayleC, Pa, y)eC on D: 0Sr +y <1 


(even though p(z, y) e Ct, g(a, y) C> cannot hold, since w(x, y) e0? is false). 
Finally, (19) becomes satisfied, and both (20) and the formulation (18) of 
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(16) remain valid, if w{a,y) im the preceding deduction is replaced by 
z(x,y) + ca + dy, where c—-—w,(0,0), d==—w,(0,0). 

Accordingly, S: 2==2(a,y) is of class C* but not of class C? (even though 
the coefficients of (8), where (u,v) = (x,y), are functions of class C7, since 


(21) E=1+p;, F=pq G=1+9”, 


and since (20) holds). It remains to be shown that this § has a continuous 
H mm H (z, y). 


6. A Pfaffian 
(22) als, y)dx + b(x, y) dy 


is called regular (on D) if a(a,y), b(v,y) are continuous and such as to 
satisfy the condition 


(23) | f (ade + bdy) = J f fdedy 
J B 


for some continuous f(e, y), where J, B = B (J) have the same meaning as in 
(9). Itis clear from Green’s thecrem that (22) must be regular if a(x, y) ¢ 01 
and b(2,y)eC*. It is also known that if (22) is regular (for some reason), 
then »(2,y) times the Pfaffian (22) must also be regular whenever 


(24) a(g, y) e, 
since (23) and (24) imply that 


(25) S m (ade + ay) = S | fay + bye) dey. 
B 


J 


This is a theorem of E. Cartan (which unfortunately escaped us in [6], where, 
without a reference to [3], pp. 69-70, it is stated (p. 761) and, essentially 
with E. Cartan’s proof, is proved as a lemma). 

Let p= 1/h. Then (15) and (20) show that (24) is satisfied. Hence, 
f (23) is identified with (18), the case »==1/h of (25) is applicable and 
leads to 


(26) f h: (2,dy—2,dv) = PES a 
J 


where (- - -) is a certain continuous function of (s, y). On the other hand, 
since the C’-parametrization (1), where X = (x,y,z), is now given in the 
form 


(27) S: z =z (1%, 4), 
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it is clear that the vector requirement (10) for a continuous H reduces to 
the scalar condition 


(28) f (1 + 2,? + 2y)’ (22dy —2,dx) = ff 2H dady. 
J B 


Since the existence of a continuous H satisfying (28) follows from (26) 
and (15), this proves the existence of an S which has the properties announced 
at the beginning of Section 4. 


7. A matrix function 
(29) (¢ 4 
of (u,v) is called regular (on a (u,v)-domain D) if both Pfaffians 
a(u,v)du-+b(u,v)dv,  ¢(u,v)du+d(u,v)dv 
are regular. Since this will be the case if (though not only if) the function 
(29) is of class C1, the matrix, a(u,v), of the first fundamental form (8) 


of a C*-parametrization (1) of an SeC? is a regular matrix. With regard 
to the matrix, @(u,v), of the second fundamental form 


(30) L (u,v) du? +- 2M (u, v) dudv -+ N (u, v) dv?, 


the situation is as follows: 


The classical formulation of the Mainardi-Codazzi equations is of the 
form l 


(31) Lo — Ma = (- ` “J> My — Nu = ( es] 


and assumes a C°-parametrization (1) for an SeC*. Under this assumption, 
a(u,v) eC? and B(u,v) eC. It follows therefore from Green’s identity that 
(31) is equivalent to the pair of relations 


f (Ldu + Mdo) = Sf ( - dud», 
J B 
f Maut wae)— S f (- - -Jdudv 
J B 


(as identities in J and its interior B), where the expressions (- - -) are the 


same as the respective expressions (+ - -) in (31). Both of these functions 
(-- -) of (u,v) are bilinear forms in 


(33) (L,M,N) and (Ly, Ev, Pu, Fos, Gu, Go), 


(32) 
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with coefficients which are rational functions of the coefficients of (8). There 
is no point in writing here down this classical pair of expressions (+ - +), the 
more so as, in the more general formulation of (32) which will be given 
under (II) below, (- - -) could not be written down (in fact, the second of 
the two sets (33) will then become undefined). The preceding assumption, 
SeC%, is-relaxed to Se C? in (1) and (II) below. ; 


(I) Let (1) be a C?-parametrization of an SeC*.’ Then all 3+6 
functions (83) exist and are continuous, since B(u,v)eC®, a(u,v) eC. 
Moreover, if the two classical expressions (- - +) are formed from the functions 
(33) in the same way as in the traditional case Se C°, it can be shown (cf. 
[6], pp. 760-766) that the Mainardi-Codazzi equations are valid in the form 
(32). Consequently, B(u,v) (and not only a(u,v) ; ef. above ) is a regular 
matrix if (1) is a O*-parametrization of ; an Sec’. 


(II) It follows that (32) holds in terms of every C*-parametrization 
(1) of an SeC?, provided that the (continuous) elements L, M, N of the 
(symmetric) matrix function @ are defined, not directly (which, in terms of 
the C1-parametrization of SeC?, would not be possible), but by covariance, 
and that the validity of the Mainardi-Codazzi equations is interpreted to mean 
the existence of certain continuous functions (--~-) for which the pair of 
relations (32) holds as an identity in J and its interior B. In terms of : a 
C?-parametrization (1) of SC, the second of the sets (33) enters into (- - 
in the form of the Christoffel coefficients I'*,, of a(u,v) e01. But I, jn 1S x 
a tensor; its transformation rule involves the second derivatives of a C1-trans- 
formation (11) of non-vanishing Jacobian, and these second derivatives will 
not exist if (11) represents the passage from a C?-parametrization (1) to a 
C*-parametrization X = X (u*;v*) of SeC?. On the other. hand, the coeffi- 
cients of (30) form a contravariant tensor under C-transformation (11) (of 
positive Jacobian) and are, therefore, defined in terms of C1-parametrization 
of SeC* also. Since the regularity: of any matrix (29) is preserved under 
C1-transformations (11) of non-vanishing Jacobian (when (29) is thought 
of as a tensor which is contravaniant in both indices), the proof is complete. 


8. It seems to be quite artificial to consider, as in (II) or (12) and 
(10), parametrizations (1) of an SeC? which are just C1-parametrizations. 
Actually, such.a step.is often unavoidable, since it can. be imposed by the 
geometrical structure of a problem. A convincing instance of this situation 
presents itself in the theory of ruled surfaces, a theory which (as it turns out, 


ON THE CURVATURES OF A SURFACE. 125 


partly for this reason) is in a notoriously poor shape from the point of view 
of analysis. 

Let. Ti 
(34) l a ruled surface Ff of class C? 


be defined as’ follows: R is an SeC? possessing a C-parametrization (1) in 
which the parameter lines u= const. correspond to segments A= A(u) of 
straight lines in the X-space, where Y = (x,y,z). In other words, (34) 
means that R is a surface S which, besides possessing some C?-parametrization 
(1), has a C1-parametrization of the form | 


(35) R: X(u,v) = A(u)o+ B(u), 


where A(u), B(w) are vector functions possessing continuous first deriva- 
tives A’ (u), B’(u) (on a certain interval uo < u < u°). 

It would be out of place to replace this definition of (34) by the require- 
ment that ReC* should have a C?-parametrization of the form (85). For 
suppose that an R possessing a C®-parametrization happens to be a “ develop- 
able” (a “torse”), in the sense that the plane tangent to R at (u,v) does 
not vary along A(w). Then it is readily seen from (35), where A (u) eC? 
and B(w) eC? by assumption, that the normal vector (7) is a function N (u) 
of class C*. Since the case n = 3 of (2) implies that Se C°, it follows that F, 
instead of being just an SeC?, must be an SeC*. For a certain converse 
(even with C*, C? replaced by C*, C?, respectively), cf. [8], pp. 183-134. 
In what follows, neither N (u,v) =N (u) nor ReC*, but only (34), will 
be assumed. 

Since (35) is just a C*-parametrization, the coefficients of the first funda- 
mental form (8) follow from (35) as continuous functions, whereas the second 
fundamental form cannot be formed in this parametrization. But the (con- 
tinuous) second derivatives Xy,, Xuv == Xu» of (35) exist (though -X,, need 
not), and so it is easy to realize that the last two coefficients, M and N, of 
(30) can be defined not only by covariance (as in (II), Section 7), but also 
by their standard definition. According to the latter, M, N are the scalar prod- 
ucts of [Xu Xo] and Xu./g, Xvv/g, respectively, where g = (HG — F?) > 0 
(cf., e.g., [2], p. 52). In view of (35), this leads to 


(36) M-—=det(A,A’,B’)/g, | N=0, 
where g = | [Xu Xo] | and’=d/du. Hence, in order to obtain (30) in terms 


of the C'-parametrization (35) of ReC*, only D—L (u,v) remains to be 
determined. But it turns out that L is given by 


(37) L = 29°H/G + 2F det (A, A’, B’)/(g@), 
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where the coefficients of (8) are supplied ky the first derivatives of (35) and 
H = H (u,v) is the mean curvature. The latter is supplied by (10), since 
(10) is valid in terms of the C’-parametrization (35) of R eC? also. 


In order to verify (37), note that, since the coefficient matrices, a and £, 
of (8) and (30) are contravariant tensors, (3) holds in terms of C*-para- 
metrizations of every SeQ?. But (37) follows if (36) is inserted in the 
explicit form of (3). 


9. In Section 8, reference was made to a paradoxical situation which 
originates from the conclusion (2) (SeC"). In what follows, the same 
conclusion will lead to certain, geometrically quite unexpected, implications 
dealing with the degree of smoothness concerning both types of classical 
developables, say 8S = V = Y (T) and 5 = W = W (T), which are the envelopes 
(V) of the normal planes and the envelopes (W) of the rectifying planes of a 
space curve T. . 

The results to be obtained can be considered as counterparts of the 
results obtained, in [19], p. 368, and [20], p. 251, respectively, for the 
parallel surfaces (Steiner) and the evolute surfaces (Monge) of a surface. 
In all four cases, the result is to the effect that, subject to a rank condition 
on the Jacobian matrix involved, the “generated” surfaces are smoother than 
one would expect from their geometrical definitions. 

Let ©: XY =X(s), where X = (2,y,2), be a (sufficiently short piece of 
a) curve of class C° possessing a non-vanishing second derivative X” (s) with 
respect to the are length s. Then T has a positive curvature «x(s) eC? and 
a torsion +(s) ¢ C°, and the unit vectors U, == X’, Ua = X” /k, U3 = [U Ua] 
satisfy Frenet’s equations 


(38) U’ =U, U’, =— «KU, + 70/3, U’; = — rU. 


(so that Ui(s)eC? but U;(s) eC! if +2 or t=3). Conversely, if any 
positive function x(s)eC* and any real-valued function 7(s)eC® are given 
on an s-interval, then an application of the existence and uniqueness theorem 
of linear systems of ordinary differential equations supplies a unique T'2C? 
satisfying (88). 


10. It follows that if only TeC*® (with «x >0) is assumed, then the 
function 


(39) X (s, t) = X (8) + Ua (8) /x (8) + tU: (8), 


where ¢ is a linear parameter and X — X (s) is the parametrization of T in 
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terms of the arc length, need not have a second derivative 4,,(s,¢). But it 
turns out that the locus S: X = X (s, t), which, as is well-known (cf., e.g., 
[2], pp. 43-44), is the envelope S — V == V (T) defined in Section 9, is an 
SeC*, provided that the curve, say a(s, t) =-0, on which 


(40) | [Xa X] A0 
fails to hold is excluded from ©. The explicit representation of a is 
(41) a==a(s,t) = tr (s) + K (s)/«?(s) 


(if a(s, t) == 0 is inserted from (41) into (39), it follows that that singular 
curve on © is the path, if any, of the centres of the osculating spheres of T; 
cf., e.g., [2], p. 36, and, if [eC for some n= 4, the theorem italicized on 
p. 246 of [20], where n = 4). | 

Accordingly, the “natural” parametrization, (39), of S =V (T), being 
just a C*-parametrization, disguises the fact that, under the restriction (40), 
there must exist some C?-parametrization X = X(u;v). The proof will be 
such as to show a corresponding result, SeC™* (instead of just SeC*?) 
when TeC* in S= FY (T), holds for every n= 3. 

Suppose that TeC? and (x >0). Then (38) is applicable. But if (39) 
is differentiated with respect to s-and ¢ and then use is made of (38), where 
U,(s) =X (s), it is seen that 


(42) a [Xs Xi] = —al;, 


where a is the scalar defined by (41). It follows from (42) that, on the one 
hand, S == V (T) has a (unit) normal vector N == N(s,t) unless a—a(s,#) 
vanishes and that, on the other hand, N == + U, if a3<0, that ‘is, if (40) is 
satisfied (it also follows that N(s,¢)==N(s), but this will not be used). 
Since U,(s) e°, it follows that the normal vector N is a function of class 
C?, and therefore of class Ct, in a C'-parametrization, (891, of 9 = F(T). 
Hence Se C?, as claimed. | | 


11. Ifthe envelope V (T) is replaced by the pa W(T) (cf. Section 
9); then (39) becomes replaced by 


(43) X (s, t) =X (s) + t{r(s)Ui(s) + «(s)Ua(s)} 


(cf, eg, [2], pp. 45-46). If only re0° (and, as always, «(s) >0) is 
assumed, then, since the torsion (s) can be any continuous function (cf. the 
remark made at the end of Section 9), the continuous funztidn (43) need 
not be differentiable. 
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Suppose therefore that TeC*. Then r(s)eC* (and «(s)eC*). But 
since r(s) eC? need not hold, (43) will not in general be a function of class 
C*. Accordingly, the “natural” parametrization, (43), of S = W (T), where 
TeC*, is just a Ct-parametrization, provided that the inequality (40) 
(which, if 


(44) B= B(s, t) —=x(s) + t{r (s)« (s) —7(s)«’(s)}, 


turns out to be equivalent to 8&0) is satisfied. Nevertheless, W (T) C° 
(as long as 80). 

In fact, if (38) is used in the same way as in Section 10, it follews 
from (43) that what now correspond to (42) and (41) are 


(45) el Se: 


and (44), respectively, Hence, if the “path” of the points (s,¢) at which 
(44) vanishes is excluded from the surface W(T), then W(T) ¢C*, where 
TeC*, follows from (45) in the same way as V(I') eC, where TreQ’, 
followed from (42) in-Section 10. It is also seen that, as long as f(s, t) 
does not vanish, n==4 can be replaced by any n==4 in the assertion 
W (T) eC’, if TeC” is the assumption. 


12. Let SeC* mean that Se C* and that S possesses a continuous mean 
curvature (in the sense of Section 2). Thus SeC? implies that Se C* but 
the converse is not true (Sections 4-5). This situation leads to various 
unanswered questions of which only three, (a), (8) and (y) below, will be 
mentioned. 


(a) If an SeC* is a convex surface (in the sense that its tangent 
planes, which exist, since Se C° by virtue of SeC*, support S), must S be 
of bounded curvature K in the sense of A. D. Alexandroff [1], Chap. XI and 
pp. 491-514 (and must this K satisfy (&))? It is natural to raise this 
question since KÆ 0 holds formally but the proof of (5), when based on 
(3)-(4), asumes that SeC?. In this connection, cf. also (+?) in [22], 
p. 848. 


(8) If SeC*, must S possess a C-parametrization (1) in terms of 
which the first fundamental form (8) becomes isothermic (i.e, E =G, 
F==0)? This question has some interest in view of [4], where H is replaced 
by K. An affirmative answer would be surprising, since H, in contrast to K, 
has little to do with the metric (8). 
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(y) Does SeC* imply SeC? if S possesses continuous curvatures H, 
K and is free of “umbilical points,” points at which the sign of equality 
holds in (5)? ‘The answer to those variants of this question in which the 
indices of differentiability are raised is known to be affirmative (cf. [8], 
p. 128). It is understood that, in the present case, K must be thought of 
as defined in terms of the metric (8) of SeC*; Zor instance, by assuming 
that S is a Ct-embedding of a regular C’-metric (in this connection, cf. also 
(iv?) in [22], pp. 846-848). Incidentally, it is now not clear that the sign 
of inequality cannot reverse itself in (5); cf. question (8). Correspondingly, 
(y) has an analogue in the direction of (£8). 


Other problems are those in the large, such as the uniqueness statement 
of Christoffel and the corresponding existence question for convex surfaces 
SeC*. The latter question concerns the existence of a closed, strictly convex 
SeC* for which H is assigned as a (positive, continued) function of the 
normal. The method of construction which in Part II below will be 
applied to another embedding problem (Weyl) supplies a counterexample only 
if H is allowed to have an infinity. A similar situation prevails if H is 
replaced by K (Minkowski). 


Remark.* Suppose that an SeC? has a C?-representation (27) ‘over a 
domain D of the (z,y)-plane and let J be a rectifiable Jordan curve which, 
along with its interior B = B (J), is contained in D. It was recently observed 
by E. Heinz (Mathematische Annalen, vol. 129 (1955), pp. 451-454) that 


(46) 1/r= min | HA |, 
Bud 


if J is (or surrounds) a circle of radius r. 


Since the proof of (46) depends on (28), which is (10) in the case (27), 
and since (10) is paralleled by (12), it is natural to raise the question con- 
cerning a counterpart of (46) in which H is replaced by K. It will turn 
out that the answer to this question is | 


(47) |I |/ (271) = min | K |, 
Bult 
if |Z| denotes the length of I, where I is the image (on the unit sphere 
| N | =1) of J under the Gaussian mapping N =N (u,v) of S: X =X (u,v). 
Actually, both (46) and (47) can be generalized to the case in which 


* Added November 19, 1955. 
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J is any rectifiable Jordan curve. In fact, if | J| denotes the length of J, 
and |B | the area of the (x, y)-domain B surrounded by J, then 


(48) | [J |/|B| Bmin2| A] 
and i 
(49) |I|/|B| 2min2|K}. 


Clearly, (48) reduces to (46), and (49) to (47), if J is a circle of radius r. 
The proof of (48) (which is between the lines of Heinz’s proof of (46)) and 
of (49) proceeds as follows: 

Since [[Y,Z]|S|¥]]|Z| and |N|=1, the absolute values of the line 
integrals occurring in (10) and (12) are majorized by 


(50) f laxi =s] ana f jan {=z}, 

J J 
respectively. On the other hand, since (1) is given in the form (27), the 
relation (10) simplifies to (28), and (12) to a relation similar to (28) (with. 
2H replaced by 2K in the dxdy-integral). Accordingly, (10), (12) and the 
majorants (50) of the line integrals lead to m 


(51) | f 2Hdsđy| S|, f Eiis]. 
B B 


Clearly, (48) and (49) follow from (51). 

Heinz points out (loc. cit., Satz 2) that (46) can be combined with (5) 
if § satisfies the convexity assumption K > 0. Under the same assumption, 
(48), too, can be combined with (5) and leads to 


(52) (4|J|/|B|)i2= mink >0 
B+J 


(whereas the classical isoperimetric inequality, being the relation | J|/| B P 
= (4r)3, cannot be combined with (48) or (52), at least not directly). But 
(52) is of a type quite different from (49) and, in contrast to (52), neither 
(49) nor (48) asumes that § is convex. 


II. Embedding and Gaussian Curvature. 


1. In general terms, Wey!’s embedding problem can be formulated as 
follows: On a two-dimensional manifold © which is of the topological type 
of a sphere, there is assigned a metric » which (in sense to be specified) 
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K 
has a positive curvature. The problem consists in finding in the Euchdean 
(x, y,%)-space a surface % which is topologically equivalent to ® and which 
realizes p on X by virtue of the topological correspondence between ® and $ 

From the point of view of differentiability assumptions, there is today a a 
considerable gap between what is known to be true and what is known to be 
false concerning the existence of a 3 (cf. [11] and [7], respectively). Corre- 
sondingly, the assumptions of smoothness on » under which the existence ofa & 
of appropriate smoothness is assured today, appear to be quite restictive from 
the point of view of local embeddings (in this regard, cf. [22]; in the existence 
proof given in [11], the strictness of the assumptions placed on p is originated, 
as in [17], by the necessity of appealing to Weyl’s inequality (cf. [23]) in 
the treatment of the non-local problem). 

No such analytical restrictions on u, and no corresponding complications 
in the proof, arise in A. D. Alexandroft’s approach to the problem (ef. [1], 
Chap. VII; cf. Chap. XI). This approach, like Minkowski’s treatment of 
his embedding problem, obtains $ as a limit of closed convex polyhedrons 
I, Ia, - +. Correspondingly, since the strength of the limit process IL — 3 
is not under control from the point of view of differentiability (as a matter 
of fact, II, itself is not a differentiable surface), no assertion of smoothness 
can result for 3. 

The following comments have the purpose of exhibiting the intrinsic 
necessity of not claiming any smoothness for X (at least when the curvature 
K > 0 of wis allowed to be co at a point of ©; except for this point, p will 
be a regular analytic Riemannian metric). 


2. Let D be a domain, say the circle D = Da: w? -+ v? < aè, in a para- 
meter plane (u,v), and let there be given on D a metric ds’, that is, a quadratic 
form (8) (but no function X), with coefficients #, F, G which are continuous 
on D and satisfy the condition g > 0, where g = (HG—-F?)*>0. Then ds? 
will be called a continuous metric (on D}. By a C'-embedding S of ds? in 
the X-space, where X = (x,y,z), is meant a surface S: X = X (u,v), where 
A (u,v) is a vector function of class C1 satisfying (8). If X(u,v) is a 
function of class O”, then the surface § is called a C”-embedding of ds?. 

Let B= B, denote the domain which results if the point (u,v) = (0,0) 
is removed from the circle D = Da so that Be: 0<u?-+v? < a?, and let ds? 
.be a metric which is continuous on Da: u?+ v? < a’, with coefficients E, F, 
G which are of class C? (or, for that matter, regular analytic) on B, and 
possess a curvature K — K (u,v) which tends to œ as u?+-v?->0 (so that 
K > 0 on Bg, if a is small enough). It will be shown that, roughly speaking, 
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such a continuous metric ds? on Da can be chosen in such a way that for no 
positive c(< a) will the metric ds? on De possess any conver Ct-embedding S 
(even though there exists on B, an analytic K(u,v) having a positive lower 
bound, and even though E, F, G are continuous on De or on the closure 
of B,). 

Since K > const. > 0, the italicized proviso, that of restricting the C- 
embeddings S to be convex, seems to be redundant (the more so as the 
metric is regular analytic on Be). But as matters seem to stand today, this 
conclusion is valid only if the surfaces S admitted are assumed to be C?- 
embeddings, rather than just C*-embeddings (in this regard, cf. (iv?) and 
(+?) in [22], p. 848.* As a matter of fact, the proof to be given below will 
assume that the Ct-embedding S of the continuous metric ds? is a C?-embedding 
near all those points (u,v) at which the functions Æ, F, G are not of class C? 
(and these functions will be regular analytic except at a single point, a point 
at which they will remain continuous). All such embeddings § turn out to 
be convex (as a matter of fact, strictly convex) by virtue of K > 0; cf. the 
proof in Section 4 below. | 


3. Let E=1 and F= 0, hence g = G4; so that 
(1) = ds? = du? + g*dv?, 


where g = g(u, v) >œ>0. Then, at those points (u,v) at which g has con- 
tinuous second derivatives, K == K (u,v) is given by ` 


(2) o, Juu + Kg = 0 


(Jacobi). Define on D, a continuous metric (1) by placing g(0,0) = 1 a3 
Da — Ba and 


(3) g (u, v) a1 -+ (cos¢)*/logr, where u—rcos¢,v==rsing 


(r> 0); so that g(u,v) is positive and regular analytic on B, (if a> 0 is 
small enough). Incidentally, cf. (3) with (17) above. 

Substitution of ($) into (2) shows that K (u, vo) ~—2/(r?logr) as 
r—oo. This implies that K >0 on Be (if a> 0 is small enough) and that 


_* As will, however, be shown elsewhere, a treatment of questions (-+-?)-(—?) of 
[22], p. 848, and of the related questions, pointed out above, can be based on the results 
of A. D. Alexandroff [1], p. 51, concerning convex metrics. 
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the integral of K (u,v) over Ba is œ. Since g(u,v)—>1 as (u,v) — (0,0), 
this is equivalent to 


(4). Sf Kgdudv = œ (K >0,g >00). 
Bo 

It will be concluded from (4) that, no matter how small a > 0 be chosen, 
there cannot belong to (1) on De any surface S: X == X (u,v) of class O? 
satisfying ds == | dX |, provided that, corresponding to (but, as far as present 
knowledge seems to go, perhaps not implied by) the fact that the coefiicient 
g of (1) is regular analytic, and K is positive, on By (with K =œ at Da— Ba), 
that portion, say So, of the Ct-surface S which corresponds to B, is assumed 
to be of class O? (hence, strictly convex). 


4. Suppose the contrary. Then, since S is a surface of class C7, it can 
be assumed to be in the form S: z=z(z, y), where x,y,z are Car-esian 
coordinates, (u,v) = (0,0) corresponds to (w, y,z) == (0,0,0), the function 
z(x,y) is of class C1 in an (x,y)-neighborhood, say V, of the point (x,y) 
= (0,0) and, if Q denotes the latter point, the (z,y)-plane is tangent to S 
at Q (i.e, 2¢==0 and z,—0 at Q). In terms of the notation So, introduced 
at the end of Section 3, the surface S, results if the origin is removed from 
the surface §. Since & is supposed to be of class C°, the function z(x,y) 
. has continuous second. derivatives on the (z,y)-domain F — Q. 

According to Satz IV of Schilt [13], p. 257, the origin is the only point 
of S§ on the (z,y)-plane (if V or a> 0 is small enough). In fact, z(2,y) 
is of class C°, hence the normal vector to Sy is of class C*, on V — Q, and the 
proof, given in [13], is such that the “gradient,” considered on p. 244, need 
not be assumed to exist at the critical point. Accordingly, it can be assumed 
that z(z,y) > 0 on V —Q, since z(z,y) =0 at Q. 

Also the consideration of Schilt on pp. 250-251 of [13] (§9-§10) remain 
valid, since, for the proofs given loc. cit., only the existence and the continuity, 
but not the differentiability, of the normal to 8 is needed at Q. Hence. Satz 
V of Schilt [13], p. 257, is applicable. 

This means that, if N =N (x,y) denotes the (oriented) unit normal at 
the point (x,y) of S (where the boundary point (0,0) of S—S> is included), 
then N == N (x,y) represents a one-to-one continuous mapping of a neighbor- 
hood V of Q on the unit sphere. Let T denote the spherical image of V or S, 
and let | T| be the area of R. Then, since T is-a schlicht image of V, and 
since K >0 on V—Q, 


| T | = lim f f xgauas 
620 ' 


Ba-Be 
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(Gauss). It follows therefore from (4) that | 7]—=0o. But |T |=% con- 
tains a contradiction. In fact, since T is a schlicht piece of the unit sphere, 
|T |< 4r E 


5. The preceding results is of a local nature, since it deals only with 
‘a sufficiently small D,. It is, however, clear that the case (3) of (1) can be 
extended from D, to a closed, orientable (u, v)-manifold in such a way as to 
be of class: ©” and of positive K(u,v) on the closure of 3— Da, and the 
passage from the class O” to the class of regular analyticity (except for the 
center of V,) also offers no difficulty. What thus results is the situation 
announced in Section 2. 


ApprenpumM.* Let there be given on the abstract sphere © a positive 
definite metric form ds*, suppose that the coefficients E, F, F of ds? are 
functions of class C* in suitable local parameters (u,v) on © and that ds? 
has at every point of © a continuous curvature K, finally that K >0 
throughout. The general existence statement in Weyl’s paper [17] is that, 
under these assumptions, the ds? on-@ can be realized on a (strictly) convex, 
closed surface % of class C? in the X-space, where X = (x,y,z). This 
existence statement of Weyl will be referred to as (*). 

Weyl was aware that he did not fully succeed in proving (*) (ef. [11], 
where further references are given), and it was observed in [7] that certain 
variants of (*), variants the truth of which one would expect if (*) is true, 
are certainly false. It will now be shown that (*) itself is false. 

For a real zg==2(2z,y), and-on a sufficiently small neighborhood of 
(æ, y) = (0,0), consider the implicit equation 
(5) a= 4(of-+y/f), where f—f(z) = 2 + sin log(1/logz) ; 
so that z(z,y) >0 unless (s, y) = (0,0), and 2(0,0)—0. Let D be the 
circle 0 =7 <a, and D, the punctured circle 0 <r <a, where r == (2? + 47). 
According to A. D. Alexandroff [1], pp. 446-447 (where log w must be inter- 
preted as log —w if w < 0), the implicit relation (5) defines over D a differ- 
entiable convex cap S: z==2(z,y) which is such that, although the plane 
curves which represent the normal sections of S at the point D — D, fail to 
have curvatures, 


(6) S possesses a continuous K > 0 on D 


(hence, at the point D— D, also). Clearly, 8 is-analytic (hence S e C°) on 
Do, but what was mentioned before (6) (and, in fact, (5) as it stands) shows 


* Added November 19, 1955. 
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that SeC? cannot hold on D. In what follows, it will be granted that, as 
claimed by Alexandroff, (5) defines over D a convex cap S satisfying (6). 

Let every O refer to (x,y) (0,0), ie, to r—>0. Then it is clear 
from (5) that z(z,y) =O(1"). Since 5 is convex, this implies that the 
‘derivatives p= Zs q= 2y, which are analytic on Do, are of the form O (r) 
near D—D,. By a standard property of functions which are derivatives of 
a continuous function, this implies that p and q exist (==0) and are con- 
tinuous at D—D,. Hence SeC? on D. 

Since the Gaussian parameters (u,v) are (x,y) in the C*-parametriza- 
tion z= 2(z,y) of 8, the (continuous) coefficients of ds? on D are given 
by (21) above. On the other hand, the argument which led to (20) is 
applicable, since p and q are analytic, hence of class C*, on D, (though not 
on D) and continuous.and of the form O(r) at D—D, (actually, only 
p==o(rt) and g = 0 (1%) are needed). Hence, #, F, G are of class C* on D. 

The situation can be summarized as follows: On D, both SeC* and (6) 
hold, but SeC? does not hold (except on Dy), although S possesses on D a 
Ci-parametrization in which the coefficients of the ds? on S are functions of 
class C*. In order to conclude from this that the assertion (*) is false, it is 
sufficient to repeat the argument applied on p. 487 in [7]. 
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A VARIATIONAL METHOD IN THE THEORY OF HARMONIC 
INTEGRALS, II.* + 


By CHARLES B. Morrey, JR. 


1. Introduction. In this part, the variational method introduced in 
part I [9] is applied to the study of boundary value problems for exterior 
differential forms on a compact Riemannian manifold Yt with boundary %. 
The manifold is not assumed to be orientable and parallel theories are 
developed for even and odd forms. 

We shall use the results of part I extensively and shall refer to it 
frequently; the words part I in such a reference will stand for that paper 
[9]. We retain the notations of that part except for one change used 
only in Sections 2 and 3 and introduce new notations as required. 

In Section 2, we discuss the behavior of the G-quasi-potentials and G- 
potentials defined in Section 3 of part I on the part «*—0 of the boundary 
of a hemisphere. The behavior of certain more general quasi-potentials and 
potentials, satisfying a “natural boundary condition” on 2*=0 is also 
studied. In Section 3, systems of equations in integrated form like those 
in Section 4 of part I are studied, particularly with reference to the differ- 
entiability properties of the solutions along z*=0. Certain approximation 
and boundedness theorems are also proved. The results of these two sections 
form the analytic basis for our results concerning the differentiability of the 
solutions at the boundary. 

In Section 4 important preliminary material is presented: Riemannian 
manifolds with boundary of class C,*, etc., are defined, certain results about 
Pa forms are carried over from Section 5 of part I, the tangential and 
normal parts of the boundary values of forms are defined, a number of 
important lemmas are proved, and the Gaffney inequality [5] and theorem 
are proved for the closed linear subspaces P+ of §8.-forms œ for which nw == 0 
and H of %3.-forms w for which to = Q. 

The Gaffney theorem for the spaces t and P. makes it possible to 


* Received May 24, 1955. 
t This research was partially supported by the United States Air Force through 
the Office of Scientific Research of the Air Research and Development Command. 
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carry over verbatim the analysis of Section 6 of part I to each of the spaces 
Vt and P. The differentiability theory of Section 38, together with the 
approximation device used in the proof of Theorem 7.1 of part I, is used 
to establish complete results concerning the differentiability properties of 
the “plus and minus potentials” and their derivatives. These results are 
then used to establish an orthogonal decomposition theorem 2,—=-§ OC @D 
similar to that of Kodaira [6] given in part J in which § consists of all 
harmonic fields in %, and € and D consist, respectively, of all &.-forms of 
the form ĝa for æ in P+ and df for 8 in Py. The differentiability of the 
projections of a ‘given form on these spaces is discussed completely and 
several other interesting related theorems are proved. Im this case, the 
manifold © has infinite dimensionality, but the Friedrichs inequality [4] 
D(w)= || o |? is proved to hold for all o in C D. This leads. directly to 
the existence of a certain overall potential Q in © D of forms o in CED 
which turns out to be related to the positive and negative potentials Q* and 
Q- of w; in fact 

(1.1) da= dn, 80° = 80. 


In Section 6, we begin by deducing the results in Theorems 2, 3, and 4 
- of the paper [3] of Duff and Spencer very quickly from the Theorems of 
Section 5. Next the Dirichlet problem (¿K and nK given) for harmonic 
forms (Theorem 1 of Duff and Spencer [3]), as distinct from harmonie 
fields, is proved including the result of Spencer [11] concerning the unique- 
ness of the solutions in the analytic case. The potentials O*, Q-, and Q of 
Section 5 satisfy the boundary conditions | 


(1.2) NOt == ndO* ==0; t = t = 0; ndQ = 180 = 0. 


These potentials are used to obtain the results of Connor [1] concerning 
boundary value problems for harmonie forms K. He solves the problems (i) 
nK and ndK given, (ii) tK and é8K given, and (ili) ndK and t8K given. 
We solve these, roughly speaking, by showing first that there is some form o 
satisfying the given boundary conditions and then defining K as o minus 
the relevant potential of Aw. This procedure is carried through under very 
general conditions and complete results concerning differentiability are pre- 
sented. We conclude with a remark concerning a recent extension due to ° 
Spencer [10] of the Dirichlet problem to bounded manifolds. 

As was pointed out in the introduction to part I, K. O. Friedrichs had 
obtained some results for the case of manifolds without boundary but had 
not published them. He has been working almost concurrently on the case 
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of manifolds with boundary. All of his results are included in his paper [4]. 
After a detailed discussion with him of our and his results-and methods, 
we have concluded that there are sufficient differences to warrant publication 
of both of cur papers. 


2. Potentials on hemispheres. In this section we study the G-quasi- 
potentials and G-potentials defined in part I [9], definition 3.4 for the case 
that G is a hemisphere Gz where Gx is the part of B(0,R) for which z” < 0. 
We also study certain unrestricted G (£o #)-quasi-potentials and potentials 
which we define below in Definition 2.2. In this and the next section, we 
retain the notations of Sections 3 and 4 of part I unless otherwise specified. 
For convenience, we derote by op the part of B(0,R) for which 2*—=( and 
Spr the part of 3B (0, R) for which z*=0. We also define G(a,7) as the 
part of B(az,r) for which a < 0 and S-(a,r) as the part of S(2,1) for 
which z” < 0 and define ['(z,7) as the union of G(z,7r), its reflection G*(2,1r) 
in *—0, and the interior of the (n— 1}-sphere 0@G(a,7) N OG*(2,7). 


THEOREM 2.1. (1) If we. on G(x, R) and vanishes on S-(a, R), 
then dolu, C (£o R)] SCiRd,[u, G (£o 2) ], Cy = 24. 


(ii) The totality cf such functions forms a closed linear manifold in $a. 
Proof. (i) follows from the integration of the inequality 
(2.1) q | (a, Z'a) |? da’, = J | u ( 2", L'n) —u(X, on) |? da’, 
S (2*— 2" +.B) D:lu, G(x, R)], 
Xt == Go" — (R? — | 2’, — Ton |?)3 
with respect to s”. (ii) follows from Theorem 2.12, part I. 


Defimtion 2.1. We define the space B*, on G (zo R) to consist of all 
u in Pa which vanish on S- (zo R) with inner product given by 


((u0))* =f uade 
G (za 
and norm | u |*= ((u,w))% 
Remark. It is clear that Pao C P*a. 


The proof of Theorem 3.3 of part I with the obvious modifications 
yields the following theorem : 
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THEOREM 2.2. Suppose e= (61,' *', €n) and f are in Q, on G(a%, B). 
Then there are unique solutions u* and v* in B*. on G (£a R) such that 


(2.2) f wea(wteteo)de—0, f (waat ufjdr—=0 
G(20,R) G(ao)R) | 
for all w in B*. on G(2,h) and we have 
| u * = dole, G (2%, E) |, v \|* = C,Rd,[f, G(X, R)]- 


Definition 2.2. The solution u* above is called the G (£o, #)-*-quasi- 
potential of e and the solution v* is called the G (z. R)-*-potential of f. 


The following lemma of Soboleff is proved exactly as it was in part I, 
Lemma 3.2: 


LEMMA 2.1. Suppose u, Vu, = Vu are all of class B: on G(2, R) 
p= [n/2]. Then uf 
| u(v) | E anik- OU [u, G(x, R)] (2R)I/)! 
+ donlu, G (to, R)]2+ (2B)? /p)}; 
weG(a%,R), dne =}4m[B(0,1)]. 
Remark. It is clear that the definitions and theorems above extend 


immediately to vector functions u, v, w, etc.’ This is true of the following 
theorems and definitions also. 


The proof of Lemma 3.6, part I, carries over with only very minor 
changes to yield a proof of Lemma 2.2 below; in fact the writer originally 
proved the lemma for this case (see [7], pp. 180-182). 


Definition 2.3. For points se G (zo E), 8 denotes the distance of <x 
from S (T E). 


LEMMA 2.2. Suppose ue P, on G(a,R) and suppose 
d,[u—ly,, Gr] SL (r/dy)", OSrSs, O<pcl, p—n/2, 


for each ye G(x, R) where ly is the linear function of Lemma 3.5, part I, 
for u on G(y,r). Then u is of class C, on G(a, BR) and there is a constant 
C,.—C,(n, p) such that : 
| Vu(é) — Vu (s)| S CaLas rr | E—a |a, 
0 | é— r | S 8/2, é ce G (2o B). 
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Definition 2.4. We define the spaces Qə and C,° of functions in & 
on G(a,R) and the respective norms |e¢|, and | ¢2|,° exactly as they were 
defined (for iunctions’ in Q, on Bp) in Definition 3.5 of part I, 8, having its 
significance above. We define the spaces $oo, and Cont, and P*a and C*,', 
and the corresponding norms just as the first two were defined in Definition 
3.5 of part I with the obvious changes, the first two being subsets of Bao 
and the latter two being subsets of B*, on G (zo R). 

The writer found it convenient to replace the spaces Wreg? and Worx’ of 
Section 3, part I, by other spaces which we define below in Definition 2.6 
which definition necessitates the following: 


Definition 2.5. By ’V%e, p—1,2,°- -, we mean the set of functions 
defined by ’V%e =e, ’W?e= {lapy} t t sy Sn—1. We define the non- 
negative quantities d*,(e,G) and d**,(u,@) by | 


d*a (e, G) = do (e, G), [d*p(e, C) |? 
=f [vre Yea de, p 
d Ti (u, G) = dı (u, Gi, [d**, (e, G) ia 


IV 


= f UV VER + UVa, pz 


Definition 2.6. We define the space Bpr’ to consist of all e (or f) which 
are in 2, on Gr with all the ’Ve? in R, on each G, with r < R with norm 
defined by 

| e | zr? = sup[ (2p) Kr] >- (R—r)?d*,(e, G,), 
p=0; LR 07 <A: 


We define the spaces ®*px* and rt as those subsets of P*, and Pap, 
respectively for which all the Yu? and ’Yu,»PeB. on each G, with r < R, 
the norm being defined by 
| u “zz, | u lorr = sup[ (2p) ?]-4- (R—r)ed**, (u, G,), 
0S r < E, p= 0,1,2; 
Lemma. 2.3. If weB*px' or to Bor, then all the ‘Vu? and VUP 


are continuous in x on Gp and analytic in a’, for each z", —R < œ <0. 


Proof. Suppose —R<a<b0, -+a < R* Letv be any one of 
the functions above. Since v is of class H, on any G, with 7 < R, we have 


a 
J 1800, 2%s) — alm rn) asn <(b—0) f ES Bala) |? data] de 
r G Or 
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so that f | O(a", 2',) |? dln, r< R, is uniformly bounded for a = z" S9 if 


a+r? < R”. Then Soboleff’s lemma 2.1 in (n—1) dimensions implies 
uniform (independent of z”) bounds for ell the ’VWu and ’V?ug om any G, 
with r< R which insure their analyticity in the variables 2’, for each z”. 
Since each is also absolutely continuous in æ” for almost all z'a, the con- 
tinuity in æ follows from the uniform continuity (with respect cc s”) in 


the variables Z'n. 


The following symmetry ieee is useful in the proof of sur main 
Theorem 2.4: 


Lemma 2.4. Suppose that e and fe, on G(%,R), supvose that 
Uo == Qro(e), Vo= Prol(f), u* —=Q*r(e), v* -= P*gęr(f), and suppose that 
U» Vo, U*, V*, Eo Fo H*, and F* are defined on T(z, R) to be equal on 
G(a),R) to the corresponding small lettered functions and to be defined on 
G (£o, R) by 


Uo (2%, Ln) = — Uo (— 2", L'n), U*(#", Ea) =u* (— T Ta), 
(23.3) Eon(t", L'n) = en(— 2", Ln), B®, (a, Ln) = — en(— 2", T'a) 
Bog (2", Z'n) = — ea (— 1", 2'n), E*ala”, Ln) = ea (— 2%, Cay, 


a=], -n — l, 


with formulas for V, and F, itke those for U, and formulas for V* and 
F* like those for U*. Then U= Qr(Eo), Vo= Pr(Eo), U* = Qr(E*”), 
V* == PgR(F*). Here Qor, Por, Q*n, and P*g refer to G(£o R) and Qr and 
Ppr to T (2o R). | 


Proof. All of these are proved in a similar way so we shall prove only 
the first. We note that VU, and YVU* are related to Vu, and Vu* as Æ, 
and #* are to e and e, respectively. Let w be any function in Boy on F(a, R); 
obviously (since U, == V, = 0 on 2*=—0), Uo, Vo, U*, VF e Bo on T(t, È). 
We write w = Ww, + we. where un is odd in a” like U, and w, is evan in x” 
like U*. Then YU.: Yw, and Vw, F, are even in z” while Yw: VU, 
and Vw: E, are odd; ery wı=0 on ðG (zy R). Clearly, then, 


f. Wo ( U 20 + Eva} dx = 2 Soe a (Ua + ĉa) dz == 0. 
Títo R) 


We now list a few additional properties of functions in the various 
spaces; the analog of (ii) should have been included in Theorem 3.5 of 
part I. | i 


HARMONIC INTEGRALS, II. 143 


THEOREM 2.3. (i) There-is a constant C:(n,p) such that 
(2. 4) | e(a)| S03: |e |u = we G (a, E); 
for any ee Cyu? on G (Xo, R). 


(ii) There is a constant C4, 1) such ‘that if ee C,° on C(t R), then 
ee for any AS p on G(x, R) with |e & 04] e |p. 


(iii) There is a constant C5(n,p) such that if WE Cou or to C*," on 
E (2o), then u and Yue, there and 


[Vu S jut (uE OB hu h Vela l fog? or Yu N 
(iv) If we Borr! or B* rit" , then u and Vue Serr and 


| Vu |e? Su ex, |u |er? £ (0, + (2K) AIR: | u lee, 
| [u [rr = || u orz or |u || rr. 


The proofs of (i), (iii), and (iv) are very similar to the corresponding 
parts of Theorem 3.5, part I. (ii) follows easily. by squaring (2.4), inte- 
grating over G(y,r), and using the finiteness of |¢|<|e|,°. 


THEOREM 2.4. The transformations Qro and Pro (Q*r and P*p) are 
bounded linear operators from Qay to Boor (Ber) for 0 <A <p, from Cp? to 
Cou (C*,1) for O<p<i1, and from Brg” to Born (B"*rx*) for any K >e. 
The transformation Pr(P*z) is also a bounded linear operator from Xo,p-r44 
to Co (C*,1) forO<p<l. There are constants Ce, Cr, Cs, Co, C%e, C™r, 
C*s, and C*, with Cy=Cz(n,p) and -C* ‘s= OM (n p), k= 6,7,8, and 
Cs =O (K, n), C*,—=C*,(K,n) such that 


| Proif) lo S CE |f la | P*e(f) I S C*R |F fx 
| Pro(f) llou* S CoB | f |x’, | P*r() "a SC* RB |f |e, 
| Pro (f) llog S Cok |F [paw | P*R(F) |u S C*sE |F |pasus 
| Pro(f) orz! S Cok | f |rz’, | P*2(f) ||" rr S C*R |f | rr. 


Proof. We use the notation of Lemma 2.4. We see that the first 
results for Qro and Q*pr and the first three results for Pr, and P*p follow 
from that lemma, Theorems 2.2 and 2.3, and Theorems 3.5 and 3.6 of 
part I. Using also Lemma 3.3 and the very last part of tiig proof of 
Theorem 3.5, both of' part I, we see that 
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VF. = Qr(G) Ho VV*=Or(G*) + H*, Goya = Syallo, Gy = yaf”. 
L:(Ho, Be), Lo (H*, Br) S Z3 (n) RL: (f, Gr). 


We may therefore deduce the last statements for Pro and P*gę from the 
symmetry lemma (note the symmetry properties of Go), Theorem 2.3, and 
the last (Brz?) results for both Qro and Q*p. 

In order to prove the last results for Qro and Q*r, we begin by applying 
Lemma 3.3 of part I repeatedly with ySn—1 to the functions U, and U*; 
it is clear from the proof of that lemma that this procedure is valid. Exactly | 
as in the proof of (iii) in Theorem 3.6 of part I, we obtain (going back 
to Gr). 


(2.5) Do? Vu, G,) S2(1—e/K) (2p)! K? - L?-(R—r)-*?, L= | e ler, 
u= w or u*, (Sr <ko, p—0,1,2,° + <, 6o = 2.718: --. 

(2.5) yields bounds for all the derivatives of u involving at most one 

differentiation with respect to z”. But on spheres interior to Gp, we may also 


apply Lemma 3.3 of part I once with y == n to each ‘V?u and conclude that all 
the “Vtgne Pa on such spheres. But then we obtain the equations 


n-i 
(2. 6) VW nen TEC >, (V PU,o,0 + T Pena) apg VPC, an 
azi 


which shows that all the ’Y®u,.e%. on each G, with r< R, and, together 
with (2.5), yields the desired bounds on the d**, (u, G,). 

The proofs of the second results for Qro and Q*pr are practically identical 
with the proof of (ii) of Theorem 3.6, part I, and proceed as follows: We 
note that e satisfies 


dole — e(yo), G(Yo, 7)] S L(r/dy,.)?*, | e(Yo)| S Z2(n, p) LD sy’, 


(2.7) 
L=Z;(n, p) ` | e e Yo E Gr. 


We shall show in both cases that (2.7) implies that 
(2. 8) dı [u — lyor G (Yos r)] S Z,(n, p) L (7/3y.)°*4, | 0S7rSh; 


the result will then follow from Lemma 2.2 since yy is arbitrary. 

We first consider Q*z and let yọ be fixed. For each s, O<2s5¢1, define 
y(s) = L> times the sup of the left side of (2.8) (u =u*) for all G (z R) 
containing yo, all e in Q, and satisfying (2.7) (for all r) on G(a, B), 
and r== sy, Then choose an arbitrary G (zo, R) containing Yo an arbitrary. 


HARMONIC INTEGRALS, IT. 145 
e in & and satisfying (2.7) there (for all r), choose 0 <r & 84,,, and 
let u* = Q*g(e). We write 
(2. 9) UM = U” yoro T A yores UF yoro = V* yaro — En (Yo) E” ravo 


where U*yo5) U" ry» and k*,y, are the G (Yo, ro)-*-quasi-potentials of e, e— (yo), 
and e, where eoa == — San, respectively, and h*,,,, iS the harmonic function 
=u on S` (YoTo). From the symmetry lemma, we see (by comparing U* 
and U*,,.,==0 on IT (Yo To), ete.) that 


(2.10)  Dalu*, G(Yo, 70)] = Da [t" yro HYo, 70)] + Dalh" yoros G(Yo, ro) l. 
From (2.7), we conclude that 
(2.11) dole, G (Yo, 7) ] S Zain, p) (7/8y.)?. 


Thus, using the symmetry, (2.10), (2.11), the fact that B (Yo, ro) C D (Yo19), 
and the first result for Q*”r, we see that 


(2.12) d:[h* yore) B(Yos to) |S Zo(n, p €) (r0/8s) s, OS Sp. 
Finally, it is easy to see that 
(2.18) BM yaes(2) = a" + KF y(t), b*¥ysnar(0, n) = 0, VE yorg(0 Y'o) = 0, 
k**y., being the harmonic function on T (yo, fo) which = | z” | on 3E (Yo, 70). 
Now, clearly, . | 
dy [u* — lnr, Uo D) SS di [0¥ yor, — 14, Co r)] 
+ di[h* yro — lr, Gyo, 7) | + dilen(yo) + &* yera — 1°, (Yo, 7) | 


where the various ls have their usual significance. From our definition of y, 
we have | 


(2.15) dy | 0" yoro — l, G (Yar) | SL- (10/8y) 2# W(1/To) 


since € —e(yo) satisfies (2.7) on G(yoro) with L replaced by L: (n/t) 
Using (2.12) and Lemma 3.4 of part I, we obtain 


h [htp — Let, G (yo 1)] E da [h*n — loads (Yoo) | 
S d, [7* ‘tore byt »B(ys, 7) | 
S (1/10)? da [h yoro — lyo", BC Yo, r X] E (1/10). di [PM pero, BUY os r 
S Za (1, py €) (10/8y) (r/r) r7 


(2.14) 


(2.16) 


10 


Caii 
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where I,,* is tangent to h*,,, at yo. Finally, from (2.13), we obtain 
ds [en(Yo) ` k” yoro — l°, F(Yos 7) ] S | en(yo)| > di [e yoro — lus G(Yos 7) | 
(2.17) S (1/10) | en(Yo)| da [e oro TKY; 70) | 
S (2a) Zar L (70/8y.)** (7/170), an= m[Bi0, 1) ]. 
Combining (2.14) to (2.17), setting eia t = T/y, combining the last 
two terms, and using the arbitrariness of G(s» R) and e, we obtain 
y (8) Stomp (s/t) + Zr (i p e) ELSE 


The result for Q”r now follows from the last part of the proof of (ii), 
Theorem 3.6, part I. 


The proof for Qr is the same except that we may take Uory, = Vora 1D 
(2.9) and (2.10) follows since tony == 0 on IG (Yo, To). 


3. Regularity properties along x” —0. In this section, we prove cer- 
tain differentiability properties of the solutions of ‘differential equations in 
integral form of the type 


(3. 1) f. (W ,at(a;Pu, pi + bytu? + et) + wi(b* ya? + eu + fi) jde = 0, 
R 
q == i; . * e 3 N, 


for all w in P*a where %*,. consists of all vectors w in ©, with 


(3. 2) wi==Q on Se, t=], >`, N, wt—0 on or, i~1,:: -,k, 
0OSkSN. 

In general, we shall also assume that 

(8.3) ut = 0 on on, t==1,° °°, 4h. 

We assume that 

(3. 4) a(0) =a, loiz? = 898 - 8; 


and also that if z, is any point in Gp, there is a linear transformation of H* 
into itself so that the new ’a(z)) =a). We assume at least that the a’s are 
Lipschitz with b, b*, and c bounded and measurable and e anë fe. 
Additional assumptions will be made about the coefficients as desired. We do 
not assume that b and b* are related in any way. The integer k above will 
be held fixed throughout this section. 


As in part J, we assume that we, and we wish to conclude further 
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differentiability properties of u by making further assumptions about the 
coefficients. As before, we write | 


(3. 5) u = Uy -- H 
where now E 


(3.6) weB%o, Hi —=0, i=1, rk, Hat =0, imk 4 l, pn on op. 
The harmonic vector H may ‘be found by first extending u to Br by 
(3.7) ul(—a, 8a) =— ui (T, Ta), i=l, +k, 

ut (— 2", L'n) =U (L, Ea), =k tl, n 


and then chcosing H to coincide with u.on @Br; it is easy to see from the 
uniqueness that the H+ also satisfy ~ 4) and hence (3.6). Then we note 
that i 


3.8 Wiko PH gide —=0 for all we pi sos 
z J «B ; f 
š GR 


Then reasoning as in Section 4 of part I, we see that 
u= Tus +V +W, Tuo— Qr[eo(uo)] + Palfo(we) 1, 
(3.9) V = Qr[eo(H)] + Pelfo(H)], W= Qr(e) + Prlf) 
e($) = (a—a) VE +b h, fold) =d: V+ ee 
where Qg(e) and Pr(e) are now the vectors [Qrt (e)] and [Pr (e)] where 
Qrë (e) = Qor(e*) and Prt (f) = Porlfi) i=l k, 
Qr (e) = Q*r(e) and Pai(f)—P*a(fi), =k N. 


The proof of Theorem 3.1 below is just like that of Theorem 4.1 of 
part I; the spaces and norms mentioned are defined in the obvious way: 


(3. 10) 


THeorem 3.1. (i) If a is Lipschitz and b, b*, and c are bounded 
and measurable with, say, 


(3.11) |a(a1)—a(a2)| SL,-|2,—a|, 


|b(«)| SL, |b*(2)| SL, | ele) SL, 





then T is an operator on B20 and on Bons A =p —l +Hum 0u], where 
IT oS Cio (Ln La L* 2, La, Bo) Ry 
IT Fon SS Ca (n, p, La; Le, D* 2, La, Bo) RRS R 
Cio = La + C, (La + L*.) + CPR Ls. 
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(ii) If, also beC, with 
(3.12) | b(a,) — b (za) 





=f; ae S 0 ea <1, 
then T is an operator on C*op and | 
|T "oa SS Crs (n; m Lau: i Da, L%2, Bo) R, R S Ry, 
(ii) If, also, the coeficients are all analytic on Gr, with 
| Va| SA- piFr, |V| SB- pire, | yeb* | S B*p!F., | yee |S Cpire, 
on Gr, for p==0,1,2,---, then T is an operator on Bon? with 
| T | org SS Ci (n, K, A, B, B*, C, F, Roo R if RS Ro K > e—2.718--:. 


COROLLARY. If R is so'small that |T} <1, then there exists a 
unique solution u of (3.1), in Pz on Ge which coincides on Sp with any 
gwen function u* in Pa on Gpr and satisfies (3.3). 


For we may write (3.5) where H is determined by (3.6) and then 
solve (8.9) for to in B* oo. l 


THEOREM 3.2. Suppose a, b, b*, and c satisfy the hypotheses of 
Theorem 3.1(i), suppose & is small enough so that 


(3.13) R(L + C,L*,) =A <1, 


suppose u, e, and feX, on Gpr, and suppose ue. and satisfies (3.1) and 
(3.3) on each G, with r< R. Then 


(8.14) dy(u, G) S d,(Uo, Gr) + (2e.)4K d,(U, Gp) - (R—r), 


(eo = 2.718 - : ‘) 
where 


d,(Uo, Gz) S (1— A)*[d,(e, Ge) + GRdy(f, Gr) 
i + (L: + O:RLs)do(u, Gn)] 
do(Uo, Gx) S CrRdy(Uo, Gr), do(U, Gr) S dolu, Gr) + do(Uo, Gr), 
K31+AR-(1—A)1. 


(3. 15) 


Proof. The proof is identical with that of Theorem 4.2 of part I with 


G, replacing B,, B*2) replacing Bo, Sr replacing S,, etc. down to the step 
(4.16) where | 


(3. 16) D.(U, G) <ED2(H,, Ge). 
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Now, if we extend U and H, to B, and Br by (3.7), we see that (3.16) 
holds with G, replaced by B, The result follows from Theorem 3.4 of 
part I. 

The proof of the following theorem is identical with that of Theorem 
4,3 of part I except for the obvious changes (Bz replaced by Gr, numbering 
of equations, P: replaced by %8"2o, ete.) : 


THEOREM 3.8. Suppose a, b, b*, and c and Gp, by, b*p, and Cp satisfy 
the hypotheses of Theorem 3.1(i) untformly wm p, suppose R is small enough 
so that Ciok < 1, suppose a,(0) =a(0), suppose a,-—>a, etc., almost every- 
where, and suppose ep—> e and fp— f strongly in Q&Q: on Gr. 


(i) If wes, satisfies (8.3), and ts a solution of (8.1) on Gr and 
if Up 8, for each p, that solution in SB. of (8.1), and (3.3) which =u on 
Sr, then up—u strongly in P on Gp. 


(i1) Jf, for each p, up ts a Solution tn R. of (8.1), and (3.8) on each 
G, with r< R and if up—>u strongly in & on Gp, then ue, and is a 
solution of (8.1) and (8.3) on each G, with r < R and uu weakly in $.» 
on each such G,. 


We come now to our principal theorem on differentiability : 


THEOREM 3.4, Snppose that u is any solution of (3.1) and (3.3) 
which eB. on Gp. 


(i) Suppose that a, b, b*, and c satisfy the hypotheses of Theorem 
38.1(1), suppose that Cuk <1 and RS Ro and suppose e and fe, 
As==p—l—+p, 0<p<i1, an Br Then Vue. and ueC,° on Bpr. 


(ii) Suppose also that b and eeC,° with b satisfying (3.12) on Gx 
and suppose that Ci: R <1 and RS R, Then UEC on Gp. 


(ili) If a, b, and ee C°, a, b, b*, and c satisfy the hypotheses of (i), 
and fe, on Br, then Vue. on each G, with r< R: 


(iv) If a, b, and ee C,*? and b*, c, and feC,**, 0<p<1, k23, 
then ueCy** on each G, with r< R. 


(v) Jf a, b, b*, c, e, and f are analytic on Gr, then u is analytic on 
Gr for each sufficiently small R. 


Proof. In (i) and (ii) our assumptions guarantee that |T} <1. 
From the symmetry properties (3.6) and (3.7) for H and from Theorems 
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3.4 and 3.5 of part I, it follows that V belongs to whatever space is being 
considered. This is also true of W, using the thecrems of Section 2. 


The proofs of (iii) and (iv) are like those of (iv) and (v) of Theorem 
4,4 of part I, except that y is kept =n—1 when applying the device of 
Lichtenstein. We conclude from this that all the u,, for y & n— 1 belong 
to P, and satisfy (3.3) on each G, with r < R. Moreover, on spheres interior 
to Gr, the device may be applied with y =n showing that u ne: on such 
spheres. But then a simple Green’s theorem for P, functions allows us to 
replace equations (3.1) by the corresponding system of differential equations 
(almost everywhere). These may be solved for the u,,,,/ obtaining 


(BA) tenant = S Anj thyna? + 5 B Pu oop) + C Ua + Djui + Ni 
a=i w g= i 

where in (v) all the coefficients are analytic if Ry is small enough, in (iii) 
the A’s and B’s eC,°, C and D are bounded and measurable and F eQ., and 
in (iv) the A’s and B’s eC,** and C, D, and FeC,k3. The result (iii) 
follows immediatelv. To obtain (iv), we first apply the device of Lichtenstein 
with y&n— 1 on the whole of each G, as many times as the coefficients 
allow. Then by applying the device with y—n on the interior of G, and 
using (3.17) and its derivatives, we obtain the desired results. 

In the analytic case (v), we conclude from (iv) that weC” on each 
G, with r< R. If we choose # so small that R R, and Ci, <1, the 
argument for (i) and (ii) shows that we B*orx? from which we conclude 
using Lemma 2.3 that all the "Vu and ‘Vu. are continuous in s and 
analytic in 2’, on each such G, Our previous regularity results show that 
u is analytic interior to such G, The 8*orx«’? bounds, together with repeated 
differentiations of (3.17) suffice to obtain the necessary bounds for the deriva- 
tives of u; or a sort of dominating function method like that in the Cauchy- 
Kowalewsky theorem may be used. 


4, Manifolds with boundary. For an n-dimensional Riemannian mani- 
fold M with boundary $ of class C,* (OS p21), (C”, analytic) we adopt 
the standard definition: each point of Yt(U%B) is contained in some set N 
open on W which is either the homeomorphic image of the unit ball or of the 
part of it where z” < 0 in which latter case, the points where «” 0 corre- 
spond to NN B; any two overlapping coordinate systems are related by a 
transformation of class C,* (C”, or analytic). An admissible coordinate 
system for such a manifold will be any homeomorphism of a Lipschitzian 
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domain in G in #" onto a set N open on M which is related to the “ pre- 
ferred,” coordinate systems above by a transformation of class C,* (C™, or 
analytic); if NN B is not empty, G must lie in the half-plane a <0 and 
the part of 0G on s” ==0 must correspond to NNB. In any admissible 
coordinate system, the gi are of class C,*?. 


As in part I, we shall assume that WM is at least of class Ct, in which 
case the gą are merely Lipschitzian. We shall be concerned with exterior 
differential forms on W. Since we have not required (and shall not) Bt to 
be orientable, we shall consider both even and odd forms (see [2], §3) on Mt. 
The law of transformation of the components under coordinate transforma- 
tions is 
O(a, ae gir) 


oae S aa A 


Crh, sos ‘gir) ° 


Ase 
(4.1) | 
pe +1, for even forms, Ja CE 
_ i J/\F |; for odd forms. alrt, : Fe a 


The differentiability class of a form œ is that of its components in all ccordi- 
nate systems; on a manifold of class C,*, it is clear that no form can be of 
class == @,** (although in particular coordinate systems the components 
might have higher class). Forms of class 2, are defined as usual and the Q, 
inner product of two (both even or both odd) forms w and y and the norm 
of w will be denoted by (w,7) and |o |, respectively. Forms of class P, were 
defined in part I for manifolds without boundary; it is clear that the 
definition there given carries over to the present case along with those of 
the P inner product and norm ((w,7)) and || ol, depending on a finite 
number Yt of admissible coordinate systems covering M. The differential 
operators d and ô and the Dirichlet integral are defined as usual (see part I, 
§5). The dual operator * is defined as usual (see, for instance [3], p. 129 
or [2]). 

There are parallel theories for even and odd forms. From now on we 
assume that all forms are of some one kind. 


We have immediately the theorem: 


THEOREM 4.1. The spaces Q, and R of even or odd forms are Hilbert 
spaces with the norms above. The operators d and 8 are bounded operators 
from Boe to ee and from Boo to Qas and the Dirichlet integral D(w) is lower- 
semicontinuous with respect to weak convergence in either Boe or Boo. Finally 
if wp—> w weakly in Boe (07 Boo) then wp — w strongly in Bee (07 on). 
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` We shall be concerned with the boundary values of forms. We begin 
with the following definition: 


. Definition 4.1. By the boundary values of a form on M(UB), we 
merely mean that form restricted to B; that is the boundary value bw of w 
is given by 
(4.2) bo= © ooa (0, 0'n) dat» date 

l ty Lirén l 
whenever w,--;(£) are the components of » in an admissible boundary 
coordinate system. The boundary value of w is said to be of class & or $ 
along W, if M is of class C,%, or of class C, < C, (C,* for 0-forms) if 
M is of class C,*, or C”, or analytic, if and only if its components under 
any admissible boundary coordinate system have the indicated class as func- 
tions of ay. If is of class P, on Pt, it is understood that the components 
of w are to be replaced by the corresponding functions of Theorem 2.7 cf 
part I as in Theorems 2.9, ete., of part I. 


Before proceeding further, we prove tke following lemma: 
Lemma 4.1. (a) Jf we, on Wt, ats boundary value eX, on B. 


(b) Zf the boundary value of some form wo is of class P, along the 
boundary B of a manifold W of class C,', then there ts a form we Pı on WM 
with the same boundary value almost everywhere on W. If, also duo (8) e $. 
along B, we may choose w so that dw(dw) eB, on W. 


(c) If Ms of class C,* (C°) and the boundary value of w is of class 
O5 (C, for 0 forms) (C?) along B, then there is a form w of class Cj" 
(C,* for 0 forms) (C°) on W with the same boundary value. If we also 
assume duw(dw) of class C,*" (on Wè of class C,*) we may choose w so that 
dw (So) eC on Pe. 


(d) If Mt is analytic and the boundary value of w is analytic along $, 
then w may be chosen to be of class C”? on Mt and analytic in some neighbor- 
hood of any gwen boundary point. 


Proofs. (a) follows from Theorem 2.9 of part I. We prove (b) and 
(c) simultaneously as follows: We may cover B with the ranges Ni, - -, Ite 
of admissible boundary coordinate systems whose domains are all the part 
s” 0 of the unit ball B(0;1), and we may find a partition of unity 
oe - -, $s, each of whose functions is of class C;1(C,*), and such that each 
function whose support intersects B has support in some one Jy. Since the 
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sum of all those (P) whose support intersects B is 1 on B, we may define 
«=o +: -Hog where each w,=-0 unless the support of œ, intersects B 
in which case we define w == 0 outside N, and define w, in Mt, by 


(4.2) 09 55,4, (U7, Un) = 0M o4,-.- 4, (0, Vn) ` ps (2, V'a). 


The differertiability results, including those about dw follows from (4.2); 
to get the ones about 8, begin by taking duals. In the analytic case we 
make sure that one of the Jt, is a boundary coordinate system about the given 
point P and that one ¢,==1 in some neighborhood of P. . 


Definition 4.2. Suppose w is defined on Yt. Then we define the 
tangential and normal parts tw and nw of its boundary value by the condition 
that 


(4.3) lo= D> 9 o,--1,da%-- -datr, no = bo — to, on z” =Q 
ta Lien ‘ 
in any admissible boundary coordinate system in which 
(4.4) o= Do oda: +> -det on ct =]. 
dil dp Sn 


Since ézx"/i’xt 0 on “2*==0 in the relation between two overlapping 
admissible boundary coordinate systems, it follows that to and hence nw is 
invariantly defined on %. 

The folowing lemma is important : 


LemMa 4.2. (a) If op—>o weakly in Pı on M, then bop—> bo, 
top to, and nop— no strongly in Q, on B. 


(b) If we, on M, then t(*w)==* (no) and n(*o) =* (to) and 
* (bw) =b (*w) on B. Here *(nw) and *(tw) may be found by first extending 
no and tw to Mt in any way, taking the duals, and then finding the boundary 
values; the result is independent of the way nw and tw are extended. 


Proofs. (a) follows from Theorems 2.11 and 2.12 of part I. From our 
strong convergence theorems, it suffices to prove (b) for Lipschitz forms. 
Let w be such a form and let P be any point of B. There exists an admissible 
boundary coordinate system with domain Br which carries the origin into P 
with gi;(0) = 8. In that coordinate system, we have (see formula 1.10) 
cf [3], for instance) 


(4. 5) (0) bg o> inr = Oje jra Oj je Gj not summed ) at T == 0; 


the fs being those positive integers <n which are not among the ts. The 
results follow from (4.5) and the definitions. 
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If Wt is of class C” and ¢@ and yw are forms of class C” of the same kind 
and of degrees p and (p+1), respectively, the following formula is derived 
in [8], §2, from Stokes formula: 


(4.6) (dey) — (4,8) =f Asy 
From this, it follows that if W} is of class C”, œ is of class C’” and ¢ is of 
class C”, then 
(4. 7) (dw, at) + (8, 5f) = (Aa, £) + fi (EA #dwo — doA*6), 
A = åd -+ dé, 


A being the Laplacian operator as used in [2] and [3] (see [3], p. 130). In 
Euclidean space with Cartesian coordinates, this is the negative of the ordinary 
Laplacian. In this connection, we note that if t= Gp, the part of the sphere 
|æ| < R for which z” < 0, then . 


l r 
Dolo) = f (SDH B Š (Donerem 
OR <i: 


Arnkil 
(4.8) sita eea (ee ee 
h ; 
Hf BB ei 
GR hle Ci, ark : 


for any form o of class C’ which is zero on and near the spherical surface of 
Gr, Dolo) being the Dirichlet integral D(w) referred to Cartesian coordinates 
and ox being the part of Gr for which z” ==0. 


Lemma 4.3. (a) If w (considered as a set of functions) eR, on Gr, 
w 1s zero on and near the spherical part of the surface of Gr, and of either 
lo = 0 or no = 0, there exists a sequence wp of forms of class C* for any 
desired k, on Gp which converge. strongly in P, on Gr to w and such that 
top =0 or nwp—=O0 (respectively) for each p. 


(b) - If w satisfies the hypotheses of (a), then 


(4.'9) | ~ Do(w) =f S oma)? de. 
Ge (ia 


Proof.’ Clearly (by follows from (a) and (4.8). Also, since the 
condition te =Q is just the same as saying that the o’s with tp <n vanish 
on op and no =Q is the same as saying that those with 1,—- vanish on 
or, part (a) is just reduced to proving tke theorem for functions. If the 
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function w is not required to be zero on op, we extend w.to the whole of Br 
by o(— 2", £n) =o(2z",a,) and then note that the first spherical h-averages 
of w are of class C and have support CBr if h is small enough; these tend 
strongly in $, to œ on Br. We may then repeat the process k-—1 more. 
times. If w is zero on or, we begin by extending w to Br by o(— 8", Zn) 
== —w(2",2’,) and then proceeding as above; we note that each of the suc- 
cessive averages vanishes on op. 

This lemma and equation (4.6) for smooth te and manifolds allows 
us to prove the following important facts: 


Lemma 4.4. Suppose a and B are any forms eB. which are of the same 
kind and of proper degrees. Then (8a,d8) —0 and (a,dB) = (8a, 8), if 
ecther na or tB = 0. | 


Proof. We may select a finite covering of W by coordinate neighbor- 
hoods N, > -, Nto covering Mt, the coordinate system corresponding to any 
boundary neighborhood being an admissible boundary coordinate system. It 
is clear that there is a number &, > 0 such that any geodesic sphere on Mt 
of radius A, is contained‘in some one Ne. A finite: number of new neighbor- 
hoods, each part of a sphere of radius #,/3, also covers M. If we choose a 
partition of unity ¢,-+---+¢s=1, each function of which is Lipschitz - 
and has support in one of these small neighborhoods we see that 


(8a, dp.) = 2 (õa, dB), &a = het, Bt = Qib 


where the sum is extended over all ordered pairs (s, £) such that the supports 
o a, and B: intersect. But for any such pair, the union of the supports is 
included in some one N, so our problem.is reduced to that case. But for 
inner neighborhoods the theorem has been proved in part I, Lemma eke 
But the same proof extends to boundary neighborhoods using Lemma 4.3. 


Lemma 4.5. (Gaffney [5]). With each point P of WM and each «> 0 
15 associated an admissible coordinate system © with domain G and range UW 
and a constant | such that 


rozaa f 3 X (wi)? de —1(o, 0) 


for any form we QB, with support on VU and either to =Q or no =0 on ®. 


Proof. This has been proved for interior points in part I, Lemma 5:1. 
Iz P is a boundary point, it is clear that we may choose an admissible 
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boundary coordinate system with domain GrUor which carries the origin 
into P and GrU op into a neighborhood cf P in which g;;(0) =6,. Then, 
exactly as in the proof for interior points, we conclude that we may choose Æ 
so small that 


» 


D(w) = Do (w) Se > (wigs)? dt—~1(w, w) 


Gr ia 
for some l and all we. with support in N, Do(w) having its significance 
in Lemma 4.3. The result follows from that lemma. 
The following theorem follows from the lemma above in exactly the 
same way as in the case of part I, Theorem 5. 4. 


THEOREM 4.2. For each finite system N of admissible coordinate systems 
whose ranges cover Mt, there are constants k and | such that 


DG) Saletan) 7 (k > 0) 


for any form in P with either to =Ù or nw = 0 on B, the norm being that 
corresponding to N. 





5. Potentials; the decomposition theorem. In this and the next sec- 
tion, we shall assume that all of our forms are of the same kind, completely 
parallel theories being obtained for each kind. 


| Definition 5.1. We define the closed linear manifolds Pt and P: (see 
Theorem 4.2) of P., as the totality of forms in R, for which no = 0 and 
tw ==0 on $, respectively. 


Just as in part I, Section 6, we obtain the following result: 


Lemma 5.1. Lei M be any closed linear manifold of Q, such that 
M NPV) ts not empty. Then there exists a form w in M N Bot (Be) 
which minimizes D(w) among all such forms with (w, w) = 1. 


THEOREM 5.1. The manifold H(G) of harmonic fields in $.*(B.-) 
is finite dimensional. 


THEOREM 5.2. If we S.t(B.) and ts &.-orthogonal to $*(S-), then 
there are positive constants à* and X for each N such that — 


Do) ZX lle PO [o l7). 


TEEOREM 5.3. If ER, and is R,-orthogonal to (Q), there is a 
unique form (Q) in P 1 Ht (Po 1 H-)such that 


(5.1) (d2*, dg) + (89+, 86) = (n, €), EE Pot (Bo). 
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Definition 5.2. The functions Q* and Q- are called the plus-potential 
and minus-potential of y, respectively. 


The defining equations (5.1) for the potentials are a special case of 
the more. general equations 


(5.2)  (do—¢,d£) + (80—y, 8£) — (m£) =0, Ce Bor or Pr 


which were discussed in Section 7, part I. The differentiability results for 
such equations on the interior of W follow from the discussion there given. 
But now, suppose we select a point P on $ and choose an admissible boundary 
coordinate system with domain Gr and range a boundary neighborhood U of 
P such that gi;(0) = &;. In such a system the conditions no = né = 0 for 
B and to = té = 0 for P correspond under a proper ordering of the sets 
ʻi) and (j) to the equations (3.3). Accordingly as in Section 7, part I, 
we see that if the support of ¢ is confined to U, the system (5.2) reduces to 
the system (3.1) and (3.8) discussed in Section 3. Since the theorems of 
Section 3 parallel exactly those of.part I, Section 4, we may conclude that 
the differentiability results for the plus and minus potentials stated near 
the beginning of Section 7, part I, hold right up to the boundary. We now 
extend these results as in Section 7, part I, and summarize as follows: 


THEOREM 5.4. Suppose we LQ: © (Q: O Q) and Q is its plus (minus)- 
potential. 


(i) If M is of class C+, then Q, dQ, and 8Q are in P (Po). 


(ii) Jf Mt ts of class Cy and oœ is in Qoy with A=p—1+p(p—n/2), 
then Q, dQ, and 8Q are in Bot (Haa) and OL if O0<w<l. 


(iii) Jf Mts of class C,* and weC,*? (k= 2,0 <p<1), then Q, dQ, 
and Qe, =. If k=3 and weC,*, then Oe 0,7. 


(iv) If M and w are of class C® or analytic, then so is Q. 


(v) Jf Q and w are 0-forms, then Q has an additional degree of difer- 
entiability in all cases above except the second half of (iii). 


In all cases, if we set « = dQ and B=8Q, 
(5.3) 8a + dB = 8(dQ) + d (89) =a, da = ôB =Q; 
(5.4) (da, dt) + (8a—w, 8) = (dB — o, dt) + (88,36) = 0, Ce Bs" (Ber). 


Proof. The results for Q follows directly from the discussion above and 
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Section 3. The proof of the results for dQ and 8Q is like that of Theorem 7. 1 
of part I where it is already done for the interior of Mt. We choose a 
boundary point P and an admissible boundary coordinate system of the type 
described in the preceding paragraph and approximate (if necessary) to w 
and the gi; by smooth functions. For each of the approximating functions Q, 
we see from formula (4.7) that AQ==» and 


(5.5) . dO=0 if Oc $.t and 40-0 if Geka 


since the integral over $ depends only on the tangential parts of each factor 
in each term and té is arbitrary if fe P.t and né or t*Z is arbitrary if fe Be. 
From Stokes’ theorem we see that tdd==0 whenever tọ = 0 and ¢ and W 
are differentiable. From Lemma 4.2(b) and the formula for 8, it follows 
from this that . 


(5. 6) nd = 0 — 1*¢ = 0 > td*6 = 0 — n*d* 6 = 0 — nbd = 0. 


Hence, from this and (5. 5), we see that both æ and Be Bt (B27) if w and 
Qe P(B) at each stage of the approximation, that a and 8 satisfy (5.3), 
and hence (5.4) using Lemma 4.4. The approximation may then be 
carried through as before on each G, with r< R. Since a finite number of 
the smaller boundary neighborhoods cover 8, the results (5.4) for all,¢ in 
P (W) follow and the differentiability of « and 8 now follow from Section 3. 


Remark. Except in the case of zero forms Q, the individual derivatives 
of the individual components of Q do not, in general, have the same differ- 
entiability properties as do dQ and 8Q (the coordinate transformations will 
not allow it). | 


The following two theorems are useful and important: 


THEOREM 5.5. Suppose yeG., H* and H- are its projections in +t 
and § and Q* and Q are the plus and minus potentials of »—H* and 
n—H-, respectively, and gë = dQ*, B* ==807. Then 


(i) at as the plus potential of dy and B is the minus potential of Sy 
and dyek: © GS and Sek, O &. 


(ii) If neS.*, then B* is the plus potential 8722. © Sr. 
(iii) If yey, then a` ts the minus potential of dyek: OS. 


Proof.’ These results follow from Theorem 5.4, equation (5.4), and 
Lemma 4. 4. 
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THEOREM 5.6. (i) If ate Bet and.y eB, there are unique forms x 
and B, where «eR and is &.-orthogonal to tand Ber and is R- 
orthogonal to Q- such that ða = èy, da = 0, dB = dy, èp =Ù. 


(ii) If nea there are unique forms yeB.* 1(L2—H*) and e in 
Pa N (L —'$H-) such that dy = dy, 8y—=0, 8e—=5n, de=0. 0 ` 


Proof. The uniqueness is evident. To prove (i), let Q* and Q- be the 
respective plus and minus potentials of 4*— H* and y — H- and let T = 80* 
and E =d. From Theorem 5.5, we see that T is the plus potential of yt 
and E is the minus potential of dy. Then, from Theorem 5.4 we conclude 
that a—- dT and 8 =E have the desired properties. To prove. (ii), let Q* 
and Q- be the.respective .plus and minus potentials of »—H*.and y— H- 
and let F 
A =d, B=807, y=8A, «=—dB 


and (ii) iollows from Theorem 5. 5(i). 


Definition 5.8. .We define the linear sets © and D as the sets of all 
forms of the form $a and dg, where ae $.* and Be .", respectively. 


We now can prove an analog for the Kodaira decomposition theorem [6] 
for manifolds with boundary. 


THEOREM 5.7. The sets © and D and the set § of all harmonic fields 
in Qy on M are closed linear manifolds in W and 


(5.7). = CODOS. 


Moreover, tf we Po, tts Qı projections y, e and H on ©, D, and § belong to 
Vat, P, and Pa, respectively, and Sy = de == 0. 


l Proof. That © and D are closed linear manifolds follows immediately 
from Theorems 5.6 and 5.2 and that § is also follows from the theorems of 
part I, Sections 4'and 7. Using Lemma 4.4, we see that € and D are 
orthogonal and that © and. Ð are both orthogonal to § N $: and, in fact, 
if HeP.n(OEC SD), then, HeH (P+ and PB. are both everywhere 
dense in &,): 


Now, suppose ye% and let y and’ e be its projections on © and 9, 
respectively. Using Theorem 5.6 we conclude the existence of unique forms 
a and 8 in +N (2%. © H*) and PN (R © S-) respectively, such that 


(5.8) Sa==y, da=0, 88=0, dB=e. 


160 CHARLES B. MORREY, JR. 


Since y and e are the projections of y on € and ©, we see from (5.8) that 
æ and 8 satisfy 


(da, dg) + (8a, 86¢) — (n, 86) = (da, dE) + (8a, 8E) — (dy, *) = 0 
(df, ag) F (38, 8£-) ~ (n, dg-) = (dB, dg) F (88, $f") =e (ôn, E) =% - 


for all ¿¢ in $+ and £,- in a. Thus æ is the plus potential of dy and 8 
is the minus potential of &. The results follow from Theorems 5.3 and 5.5. 

The following theorem contains further information concerning the de- 
composition (5.7): 


(5.9) 


THEOREM 5.8. Suppose we&, and y, e and H are its projections on 
C, D, and §, respectively, and suppose Q* and © are the plus and minus 
potentials of w—H, respectively. Then 


(5.10) ` y= 8a, e= dB, a=dQ B=80-, da—3g—0. 


If we, then a and B are the plus and minus potentials of dw and 8, 
respectively. We have the following differentiabtlhty results on the closure 


of M: 


(i) If Mis of class Cy and we», then y, e and He, and a, B, O 
and Q- &€ Bo; if also we Bay then y, ea and Hea with y, 8 and H in C,° 
in case X==p—1typO<pcl. 


(ii) If Wt is of class C,H with k= 2 and 0<p<1 and if we C,F°, 
then H, y, and eeC,*? and a, B, Q, and Q-eC,**; if, also, we C,**, then 
H, y, and ee 0. | 


(iii) Jf M and w are C” or analytic, so are a, B, y, e At, and œ. 
(iv) In the case of zero forms, H 13 a constant, and «0. 


If we with do =Q or if oe &, and rs where neBo, then y—0; of 
wE P and o =Q or if we and w= 8y where ne Pa then «= 0. 


Proof. Suppose, first, that wes.. If we then define a, 8, y, «, Qt, and 
Q- by (5.10), the results follow from (5.8) and (5.9). In case w is merely 
in Q, we use the left sides of (5.9) and approximate, using Theorems 3.3 
and 5.2. The regularity results and the last statement follow from the facts 
that a and 8 are-the respective potentials of dw and 8w, since dH = dH = 0, 
in case wea The last results for wo merely in 2, follow from Lemma 4. 4. 

We may now prove a slightly strengthened form of an inequality due 
to Friedrichs [4] : 
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THEOREM 5.9. There is a X>0 such that if of Pe LG, then 
D(w) ZA |o |P. 
Proof. For if oel §, then’ 
(5.11). awrite Sy—de=0, y aa ek 
Hence, from (5.9) and Theorem 5.2, we see that 
D(w) =D (y) + D(e) ZX ly l+ tel? 2a? y? e Le l] 
= Allo ||? à= min[At/2, A-/2]. 


The following theorem completes the analogy with the case for a compact 
manifold without boundary. 


THEoREM 5.10. If neg, and is Qy-orthogonal to §, there 1s a unique 
form Q in P and Q-orthogonal to § such that 


(5. 12) (dQ, df) + (80, 8£) = (q, é), eRe. 
Moreover, 
(5.18) dQ = dQ* and 80 == 60-, 


Q* and Q- being the respective plus and minus potentials of n. The difer- 
entiability properties of Q are the same as those in Theorem 5.4. 


Proof. The proof that Q exists in $, and is unique is just like-that of 
Theorem 5.3. Obviously ye&: O Q and &,©- so that its plus and 
minus potentials exist. Accordingly we have, for example, 


(5.1 4) (dQ — dht, df) + (80 — 80", 8£) = 0 for all gezi. 
But, from Theorem 5.6, we may find a fe Rt such that — 
(5.15) dt — do — dot, 8t = 0. 


Using (5.14 and (5.15) and a similar argument for Q-, we derive (5.138). 
Now, let us consider the decomposition (5.7} for .Q, Ot, and Q-. Using 
(5.18) and the last statement in Theorem 5.8 also, we obtain 


Q=T+F, OF = Ht +I HE, Q= K+, dK+—8K-—0 
K+ =H, Er, Ko == Hy + Ty. 


(5.16) 


where the I’s e£ ©, the #’s e D, and the H’s ce. From (5.16) and the unique- 
ness of the decomposition, we obtain 


it 
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H: 4Ht=0, DHE=I 4 (E 4 Et) = (4r) 4 
(5.17) 
r=", E =F- 


The differentiability properties of dO and êQ follow from (5.13) and Theorem 
5.4 and those for Q follow from (5.16) and (5.17) and Theorems 6.4 
and 5.9. 


Remark. We cannot conclude the differentiability of Q directly from 
(5.12) and Theorem 3.4, since the equations (5.12) are not the same as 
(3.1) and (3.3) since the boundary integral corresponding to the first term 
in (4.8) is not necessarily zero in this case. 


Definition 5.4. The form Q in Theorem 5.10 is called the potential of q. 


Important Remark. All differentiability properties at either interior or 
boundary points are local; all ditferentiability results extend immediately to 
cases where the given hypotheses hold in some coordinate patch, the conclu- 
sions then holding in that patch. 


6. Boundary value problems. In this section, we derive briefly the 
results concerning boundary value problems for harmonic forms and fields 
which have been obtained by other methods by Duff and Spencer [3] and 
Conner [1]. The differentiability results on the interior have been obtained 
in part I and stated also in [8]; the corresponding results on the boundary 
depend on the given boundary values as well as on the differentiability of It 
and are stated below. | 

The following theorem is seen (from their proofs) to be equivalent to 
Theorems 3 and 4 of [3] (pp. 150, 151): 


THEOREM 6.1. (a) If œ ws any closed form in Go, there ts a unique 
harmonic field H such that (r= degree of w) 


v = H +- dB, tH = tw, 8, dB e Po (t8 = tdh = 0), 0Srln—t1. 


(b) If œ is any co-closed form in $a, there is a unique harmonic field 
H such that | 


o = H 4- 8a, nH = no, a, doe Pat (nà = nia =0), 1Sr Sn. 
In etther case, the diferentiability results are as follows: 


(i) If M is of class Cp and we Ron, A =p —1 +u O<e< 1, then 
H is also and œw and HeC,° at B. If r==9, o and H are constants. 
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(ii) If Mis of class C# (C”, analytic) and wis of class C,* (C”, 0°), 
k=z2,0<p<1, then H is of class C,** (C°, analytic). 


Proof. If de= 0, then from Theorems 5.7 and 5.8, we see that the 
term S«¢=—0 in the decomposition which proves (a); (b) is proved similarly. 
The differentiability results follow from Theorem 5.8. 


The next theorem is a refinement of Theorem 2 of [3]: 


THEOREM 6.2. If q is any form in Bo, there is a form w in Pa such 
that to = in and dw is a harmonic field. If, also, y==8y for some x in Ps, 
then there is a unique w of the form o = 8é with é in Pa which satisfies the 
conditions above. 


Proof. Let H- be the projection of dy on §, let « be the minus 
potential of dy—H-, and let 


(6.1) w ==) — y, y= da, e= da, 

Then y and e are in Pa and from (5.3) (æ =Q), we have 

(6.2) ty=O—te, dy+de=dy—H, do = dy — dy = H- + be 

From (6.2) and the last statement in Theorem 5.8, we see that 
dwe(9 © D)N (S E ©) =Ñ. 


Now, suppose n = dy for some x in P. Then w==8(y—a@) from (6.1). 
Suppose w, also satisfies all these conditions. Then 


t{w—wo,) =0, o— o = dv TETEE d(w—w,) €§. 

But then, from the definitions of © and D and Theorem 5.8, we obtain 
o—o, eB, ..d(a—a,) €ON H, ..d(o—o,) =0, ~.0o— oe § @ D, 
o—o,—dvEHOE, “.w—w&e GH, o — o € R:— G (Theorem 5.5(i)), 

6 O— wy = 0. 


We now consider boundary value problems for harmonic forms as distinct 
from harmonic fields. We begin by defining 


Boo = PNB, HHH NG = HN Po. 


Then z; consists of all H, forms o with te = nw = 0. The last part of the 
following theorem is due to Spencer [11]. | 
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“THEOREM 6.3. Go ts finite dimensional. If H co, 5, or &, then H 
has the differentiability properties on B stated in Theorem 5 of [8]. If M 
(and B) is analytic and H £ Ko, then H =Q. 


Proof. The first statement is a consequence of Theorem 5.1. Obviously 
(6.3) (dH, dt) + (8H, 8) =0 | 


for all £ in P, and hence in P or Pa. If He B,*($B.-), then (6.3) is equi- 
valent to (3.1) and (8.3) so the differentiability results follow. 


Now chose any point P on $ and choose an analytic admissible boundary 
coordinate system mapping the origin into P and Gr U op into a neighborhood 
of P with g;;(0) =y. Since He,t, (6.3) is equivalent to (3.1) and (38.3) 
with a, b, b*, and c analytic and e=f==0. Accordingly H is analytic on 
x"=-(0 and hence H and the coefficients can all be extended analytically 
across v” = 0. Since dH = 8H —0 we see that all the Hy) and Hyy~—0 
on æ” = 0. The result follows from the Cauchy-Kowalewsky theorem. 


Definition 6.1. A form K is harmonic on Mt if and only if K, dK, and 
dk eH, on any damain interior to W with édkK + dik =Q there.. 


THEOREM 6.4. If we, there exists a harmonic form K in P, such 
that tK = to, nK =no. Any two such solutions differ by a harmonic feid 
im So. The differentiability results for K are the same as those in Theorem 
6.1 except that in the case of zero-forms, KeC,* if we CF. 


Proof. Write K==o-+ 7 and minimize 


D(o +y) = D (n) — 2 (dy, dw) + 2 (89, 8) +D (w) 


among all ņ in Bz N (%. O Ho). Then D(y) ZA | x ||? so that the minimizing 
function exists as usual. Then K is easily seen to satisfy (6.3) for all ¿ 
in Pz so that K is harmonic on the interior of Mt (using the differentiability 
results of Section 4 and 7 of part I). Since ye Boo N (Q: © Go), the equi- 
valent equation 


(6.4) (dy + dw, dE) + (89 + dw, 8f) = 0 


for all £ © Wso is of the form (8.1) and (8.3) on boundary coordinate patches. 
The differentiability results follow from Section 3. In case K e% we may 
set H=—{€—K in (6.3) and conclude that K is a harmonic field in Sp. 


Lemma 6.1. Suppose f(x) is of class R, for |z| <R with support 
interior to that sphere. Then there is a function u(z1,-++,a",h) with 
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support in |s|?-+h? < R*, with u and Jue% there, with u(z,0) =0, 
u,(z,0) =f(x). If, also f(x) eC,*, OS p <1, then u may. be taken to be 
of class C,**1 there. If, also, feC”, then u may be taken to be of ċlass C°. 
If, also, f is analytic near Za then u may be taken to be analytic in (a,h) 
near (£o 0). 


Proof. (By Friedrichs mollifier): Let k(x) be of class C” for all z 
and have support in |s| <1 with the integral of k(s)=1. Extend f(z) 
to be zero outside |z|— FR and define 


(6.4) (m4) =h f fla thy) k(y) dy =h S FOREN ahaz 


In all cases uy is of class C* in (v, h) for h40 and we have 


u (g, h) =— Jf f(E In) ket() dy 
(6.5) | 
waleh) = ff (+ Fen) Lathan) + (m—1) k(n) Ja 


and t;{2,h) tends to f(z) as h-»>0 for each x for which the Lebesgue 
derivative of the integral of f—f(z). It is easy to see from (6.5) that ur 
has the desired differentiability properties. Since f—0 for all v on and near 
dor, we may multiply u, by a function /(h) of h alone which is analytic at 

—=0 with 7(0) =1 and 7’(0) =0 and O” for all h and zero for |A | = ho 
where fto is chosen small enough so that u(x, h) =-1(h)u,(2,h) has support 
in |s| + r <. 


The following lemma simplifies the statements and proofs of our 
remaining results on boundary value problems. 





Lemma 6.2. (i) Suppose é and y are r and r-+1 forms on W, respec- 
tively, with £, dé, and q in P: along B (i.e. bé, bdé, bye Bz, along B). Then 
there exists an r form w with w and dw in $B, on Mt with 


(6.6) no = né, ndo = ny on P. 


If & dé, and ne Ba along B, w may be chosen so that w and doe Ba on W. 
If W is of class O,” and é, dé, and qe C,* along B (k =2,0 <u <1), o may 
be chosen so that œ and doe C. If MteC and £ and eC”? along È, o 
may be chosen to be of class C* on W; if Mt is analytic and £ and y are also 
analytic near a point P of B, then w may be chosen to be also analytic on WM 
near P. If r=0, the first condition is vacuous and we may choose weC,* 
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if MeC,* and ne C,** or to be.in Pa with all the derivatives of its com- 
ponents being in Wa if MteCy. If r=n, the second condition is vacuous 
and nw = bo, né = bé, and the result is that of Lemma 4.1. 


(ii) The dual of (i), with 
(6.7) tu = té, to = tn on B. 


(iii) Suppose é and ņ are r +1 and r—1 forms on Wt, respectwely, 
with é and y in $: along B. Then there exist a form w with w, dw, and 8 
in Pa on Mt such that 


(6.8) = ndwe = nf, to = ty on B; 


if é and neBa along B, œ may be chosen so that w, dw, and Soe Pa on We. 
If M is of class O (kKZ2,0 <u <1) and é and eC, along B, then w 
may be chosen so that w, dw, and ŝoeC, > on M. If Mec” and € and 
neC® along B, then w may be taken in C® ; if also M, £, and n are analytic 
near a point P on B, then w may be taken analytic on Mt near P. If r=0, 
the condition on ĵo is vacuous and œw may be taken to have one additional 
degree of differentiability (but not dw); the case r=—n ts the dual of this 
(*w additionally differentiable). 


Proof of (i). From the proof of Lemma 4.1, we conclude that there 
are forms &,---,& and m,°--,yg on Yt in which each pair (és s) has 
support in some one admissible coordinate patch and each satisfies the differ- 
entiability requirements of € and y but on W. Thus our problem is reduced 
to the case where € and y have their stated properties on {Jt and support in 
an admissible boundary coordinate system with domain Gp. We write 
wv =é- o, y=d&+7, and seek an o, with the desired differentiability 
properties satisfying 
(6.9) no, = 0, ndoi =q, on B. 


Actually, we may set bw, = 0 in which case (6.9) is seen using the formula 
for dọ (see formula 1.9 of [3]) to reduce to 
(6.10)  (—1)"orm-- iar (0, Tn) = Mii- inir < My wri iran (0, Z'a) = 0. 


From Lemma 6.1, we see that we extend the components to be of class 
C,* (or etc.) in Gg and to vanish on and near Sg. Accordingly w, and dw, 
have the proper class on Wè. 


Proof of (ii). We begin by taking the duals of all the forms and then 
proceeding as in (i). . : 
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Proof of (iii). From (i) and (ii) we may find forms œ, and w> with 
or dw wz and Swe all in C,** (or etc.) such that 


no, = 0, ndo, = né, tu. =Q, tdo: =w on B. 
Then from Theorem 5.6(ii), we may find forms ws and œ, with 
nug = 0, dws = dor, Dwg = 0, ta, = 0, Dwa = 82, doa == 0. 


The desired o = w3 + m It is seen from Theorems 5.4, 5.5, 5.6, and their 
proofs and that of hTecrem 5.8, etc., that w has the desired differentiability 
properties. i 


Lemma 6.3. Suppose ock O Q, we PB. on all domains (with closures) 
interior to W, and D (w) is finite. Then we: on WM. 


Proof. We may choose a finite covering of W by admissible coordinate 
patches, choose a corresponding partition of unity, and thus express 
o=o +: + *+og, each w having support in some one coordinate patch, 
being in $8. on interior domains, in % on M, with D(w,) finite; each os 
with support interior to Me.. Now, consider an w, with support in a 
boundary patch with domain Gr; we assume w,==0 elsewhere. Now for each 
p define w? on Gr by 


3g (4)? (T E'n) = wa (iy (2° — Np, L'n) h= k: (p +17. 


If we detine w = ws for those with interior support and define ’w? = w,? 
-+.- +--+ gs? on W we see that ’w?, d'aP, and oP tend strongly in & on 
M to w, du, and dw, each ’w? being in P If we let w? be the projec- 
tion of ‘uw? on R. © Q, we see from Theorem 5.8 that we may approximate 
equally well using {w?}. But then, from Theorem 5.9 and the fact that 
D(o®?—o)-—>0, we see that | w?]] is uniformly bounded. Hence a subse- 
quence, still called w”, converges weakly in R, and hence strongly in & to 
something which must be o. 
We can now state the results of Conner [1]: 


THEOREM 6.5. In each part of Lemma 6.2, the form w may be replaced 
by a harmonic form K with the same differentiability properties. In fact if 
in (i) we merely require that é, dé, and ye Be(Ba) on M, then any such 
Ke B.(8:) along with dK; analogous results hold in cases (ii) and (iii), 
except that in (iii) K must be properly chosen, orthogonal to § for example. 
In case (i) ((ii)), any two solutions K with K and dK (8K) in P, differ 
by a harmonic field in $*(§-) ; in case (iii), any two solutions K in 2 with 
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dK and 8K in Q, differ by a harmonic field. If in (i) ((ti)) 80(dw) eC,*' 
(or etc.), then 8K (dK) does also. | 


Proof of case (i). Let œ, be the positive potential of Sdw; since dw € o+, 
Sdwe 8, OQ. Choose w, in Pt (Theorem 5.6) so that 


(6.11) dws == 0, ĝo == du. 
Let us define K by 
(6.12) K = o — o — 0p. 


Then we have 
(6.13) dK = do — dw, £ Bo, dK = fdo — fdo, = ddo,, NE = no, ndK = ndo. 
Then if ¿e Ra, we have 
(dK, df) + (8K, 8£) = (8dK, £) + (8K, 8£) 
= (dw, E) + (8K, 8£) = (8K -+ 801, 8E) == (80 — wa, 8£) = 0 


using (6.11). Hence K is harmonic from Sections 4 and 7, part I. If dw 
were already known to be in Ca (R, ete.), we would simply have defined 
K by | 

(6.14) Kg 


where © is the plus potential of Aw. 


Now, in the case of two solutions, the difference K’ would be a harmonic 
form with K’ and dK’ in $, and — 


(6.15) | nK’ = nd K’ =Q. 


Now 8K’e%, on interior domains is harmonic there (Sections 4 and 7%, 
part I) and is in & on Wt. Moreover 


JSK’ —=—8dK’ €Q, 88K’ — 0. 


Hence D(8K’) is finite and, by Definition 5.3, K'e € C 2,6. Hence êK’ 
is also in $, by Lemma 6.3. But then | 


(6.16) (dK’, dK’) + (8K’, 8K’) = (K’, AK’) 
re Í, K’ n *dK’ — 8K’ N *K’ = 0, 
so that K’ e §*. 


Proof of case (ii). Dual to case (i). 
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Proof of case (iii). In this case we define K by (6.14) and note that 
it satisfies the conditions if we choose Q as the potential of 


Aw = 8(dw) +d(so)e€ OD 


(Definition 5.3, Theorem 5.10). 

Suppose now that we have two solutions with the stated properties. 
Then the projection K’ of the difference on ©@®D is harmonic and in 
2, © © with dK’ and 8K’ in P, with ndk’ = t8Kk’=0. Then (6.16) holds 
so that K’eS. Hence K’ = 0. 


Remarks. We conclude with remarks about a result of Spencer on what 
he called a bounded manifold [10]. An open manifold Wè is bounded if and 
only if there is a compact manifold M, with or without boundary, of which 
Yt is an open subdomain with closure interior to W; as usual, we assume 
Tr, of class O,1 at least. We may define the subspace Rao of Pa forms on Wè 
a3 the closure in Wa on Mt, of the Pa (or Lipschitz) forms with support 
interior to M; any form in Boo is in Ha on Mt, if it is defined to be zero on 
and outside Mt. Thus, if M is any finite covering of WM, we have 


| Dasti -tia 


for all w in a on M the norm corresponding to Yt. Clearly D(w) is still 
lower-semicontinuous with respect to weak convergence in a and weak 
convergence in Pz implies strong convergence in Q. Hence we may generalize 
Lemma 5.1 and Theorems 5.1 to 5.3 immediately and hence also Theorems 
6.3 and 6.4 except for the differentiability on the boundary; the conditions 
iK = tw and nK = no of Theorem 6.4 must be changed to K —weù% In 
Theorem 6.3, if WM, is analytic, we see that any harmonic field in Bao is 
also one on St, if extended as above; since PeU 3M is interior to Wé, it 
follows that any such field is zero. Moreover if K is a harmonic form [defined 
as in Definition 6.1] in zo, we see (by first considering ¢’s with support 
interior to Mt) that (dk, df) + (8K, 8£) = 0 for all ¢ in P2; by taking 
¿= K, we see that K is a harmonic field. 
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FIBRE SYSTEMS OF JACOBIAN VARIETIES.* * 


By Jun-IcH1 Ieusa. 


The method of Picard and Poincaré in studying an algebraic surface V 
consists in applying the theory of curves to the curves of an auxililary linear 
pencil {C,} on V. The same method was employed later by Lefschetz in his 
theory of algebraic surfaces (cf. [19], Chapters 6-7). If we examine closely 
their method, we can see that they considered implicitly a certain variety 
J which the author proposes to call the Néron variety of V associated with 
{C,,}. In fact Néron was the first who considered § explicitly in his algebraic 
proof of the theorem of the base [12]. The variety J is the graph of the 
correspondence u—->J, between u and the Jacobian variety J, of C,. Here, 
we restrict our attention to such linear pencils whose members are all irre- 
ducible and whose general members are nonsingular. If V does not carry 
any multiple curve, we can always find such a linear pencil. Also, if V is 
nonsingular, we can assume that singular members of the pencil are curves 
with ordinary double points. Now, the main part of the paper is devoted 
to determining the “degenerate fibres” of the fibre system {u X Ju} on J at 
those finite number of values of u where C, become singular. We note that 
in Néron’s case such degenerate fibres are not considered explicitly. The 
same thing can be said about Chow’s investigations on Abelian varieties over 
function fields [4]. However, in some problems in algebraic geometry it 
becomes necessary to consider those degenerate fibres and also the behavior of 
fibres along the degenerate fibres. We shall show that the degenerate fibres 
are certain completions of the generalized Jacobian varieties of the singular 
curves in the sense of Rosenlicht [15]. The singular locus of J is con- 
tained in the union of singular loci of degenerate fibres. Also we can define 
in a natural way a birational map ¢ from V into J, and we can show that 
$ gives isomorphisms of the Albanese varieties and of the spaces of linear 
differential forms of the first kind of V and J. This result has already been 
applied to show that the dimension of the Albanese variety of an arbitrary 
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variety is not greater than the dimension of the space of linear differential 
forms of the first kind on the. variety [6]. 


In the course of the preparation of the paper, the re had precicus 
discussions with and valuable suggestions from Professor Zariski, to whom 
the author wishes to express his deepest appreciation. 


1, Existence of general linear pencils. 


1. Let V be an arbitrary algebraic variety in a projective space P”. 
We shall denote by & the universal domain of our algebraic geometry.? Let 
H be a hypersurface of order m in P” not containing V. Then the inter- 
section product F-H is defined, and V:H is a P*-cycle carried by V. We 
shall denote by &m the totality cf such cycles. Now the system of hyper- 
surfaces of order m in P” defines a biregular rational map ¢ of P” into a 
projective space of dimension (,™"—-1. Consequently V is transformed 
biregularly to an algebraic variety V* in this projective space. We shall 
denote by PN the smallest subspace containing V*. If L is a hyperplane in 
PN and if T is the graph of Try ¢, then pry[T; (V X LZ) ] is a member of Sp. 
Moreover this operation defines a one-to-one correspondence between the 
system of hyperplanes in PN and Qm. The system of hyperplanes in PY can 
be identified with the dual space P’Y of PN. If P” is a subspace of PY and 
if Xo is a P*-cycle of dimension dim(V)—1 carried by V, then the set of 
P"-cycles of the form X -H Xo, where X vary in P’, is called a linear system 
of dimension r on V. In particular Qm itself is a linear system of dimension 
N on V. In the following V is either an algebraic surface or an algebraic 
curve. | 

Now let V be an arbitrary algebraic surface. We know in general that 
of all fields in @ which define F, there is one smallest one kọ We shall 
denote its algebraic closure by k. Since the rational map œ is defined over 
the prime field, ko is again the smallest field of definition of V*. Therefore 
the projective space PY is defined over kp. A positive cycle is called a 
reducible variety if the sum of the coefficients of its components is at least 
equal to 2. A normally algebraic bunch over a field will be called, after 
Zariski, a closed set over this field. We shall now prove the following 
theorem.® | 


*'We shall use the results and terminology of Weil’s book [16] mostly without 
quoting. 

3 A slightly less general result was proved by Néron and Samuel [13]. We shall 
use their idea in our proof. 


FIBRE SYSTEMS OF JACOBIAN VARIETIES. 173 


THEOREM 1. The set ©, of hyperplanes in PN, which have reducible 
curves as intersection products with V*, is ‘a‘closed set over ky of dimension 
at most N--2 for m=38.- The only exceptional surface for m =} is a 
subspace P? of P". oO ae | 


Proof. The assertion that ©, is a closed set over ko can be. proved ty 
the standard method [1], hence we can omit it here. We shall first treat 
the case where V is a subspace of P”. Let G(X) and H(X) be homogeneous 
polynomials in three letters Xo, Xi, X, of orders æ and £ respectively such 
that at B==m. Put F(X)=—G(X)H(X). The set of all F(X) of this 
form is an algebraic variety of co-dimension C,"*?— (C,%? + (8?) + 1 
— a(m—«a’ in the projective space of homogeneous polynomials of order m. 
If we remark that the minimal value of a(m — a) forlSa=m—1ism—l, 
the first assertion and the trivial part ‘of the second assertion for V = P? 
follows immediately. We shall exclude this case in the following. We fix 
one m by m= 2. Let R be a component of €,. Then ÈR is defined over k, 
and we have dim(#) =N—1 by a theorem of Bertini [21,9]. We shall 
derive a contradiction from the assumption dim (R) =N —-1. Let ube a 
generic point of R over k and let L, be the corresponding hyperplane in PY. 
Then V*- LZ, is a rational PN-cycle over &(w), hence it determines a rational 
positive cycle X of the product PN X R over k, every component of which 
has the projection È on R and such that X (u) = V*- Lu. Let z*X u be a 
generic point of some component of X over k. Then x* is a generic point of 
V* over k. Otherwise z* has a locus C* over k, which is contained in every 
hyperplane of £. However, this is impossible by the following reason: Let 
C be the corresponding curve on V. Then we have ord(C*) = m: ord(C) = 2. 
Therefore C* contains three points which are not colinear. Hence the hyper- 
surface R is contained in the intersection of dual hyperplanes of these three 
points; a contradiction. Let C* be a component of V*-Z,,-containing gë. 
Then C* appears with coefficient one in V*- Lu, and it is the only component 
of V*-L, passing through «*. Otherwise, by a criterion of multiplicity one 
[16, p. 141] Lu contains the tangent plane of V* at a*. The totality of 
hyperplanes in P having this property is a subspace T of P'N of dimension 
N — 3 defined over k)(z*). On the other hand if K is the algebraic closure 
of ko(v*), the point u has a locus 8 of dimension N—2 over K, and every 
hyperplane cf S contains the tangent plane of V* at s*, i.e., S is contained 
in T; a contradiction. Since C* appears with coefficient one in X (u), it is 
defined over a separably algebraic extension of k(u). Since C*.is also the 
only component of X (u) passing through 2*, we conclude that C* is defined 
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over k(u,z*), hence over K(u). Therefore, by assumption V*-L,—C™* is a 
strictly positive and rational P’-cycle over K(u). Hence it determines a 
strictly positive and rational cycle Y of the product PY X § over K, every com- 
ponent of which has the projection S on S and such that Y(u) = V*-£,—c™. 
Since § is of dimension N—2, our previous argument shows again that 
every component of Y has the projection V* on V*. Let Z be a component 
of Y, and let 7” be the projection on S of a component of the intersection 
Z0«e* XS. Since this intersection is nonempty, T” exists actually and it 
is a subvariety of S of dimension at least N—3 defined over K. From the 
same criterion of multiplicity one as before, we conclude that 7” is contained 
in T. Since the dimension of T” is at least equal to the dimension of T, we 
get T == T”; hence in particular T is contained in Cae 
Now let @* be a generic point of V* over ko(s*). Let « and Z be the 
points of V corresponding to sz* and z*. We may assume that they have 
representatives (1, £1, + `, £n) and (1,2%1,: + *, Zn) respectively. Let Xo, Xi; 
` +,X, be the letters to describe equations in P”. Then m-fold products cf 
the form E 
(Xi — tXo) (Xi — 2X0): * + (Xr — tro) 


for l1S+=jS5:-:-Sk=n correspond to hyperplanes in PN, and, by the 
criterion of multiplicity one, all of them contain the tangent plane of V* 
at z”. They determine a subspace of T. We may assume 7,542, Put 
Yı = %,—v,/i,—a, for t—1,---,n. We shall show that ko(x)(z) is 
separably algebraic over ko(z)(y). Otherwise, there exists at least one non- 
trivial derivation D of k(x) (#) over k(x) (y). Let F;(X) be a polynomial 
in X,,- + -,X, with coefficients in k, such that #;(Z)—0. We then get 


yiDi,— Dé;==0 2 Sin), > OF, /02,- Di, = 0. ae the determinant 
of these n linear equations ie be zero. Hence we get $ OF ,/0Z;- (%;— 4) == () 


for every #’;(X). However, since z is a generic wei of V over ka(ē), this 
shows that V is contained in, hence coincides with the tangent plane of V at Z. 
This is the case we have excluded in the beginning. Thus the linear system 
_on V which is determined by T is not “composite with an algebraic pencil,” 
hence its general member must be irreducible by the theorem of Bertini 
[21,9]. This contradicts to the conclusion we have arrived before, i.e., to 
the fact that T is contained in G,. 


2. The following three lemmas hold also for an. arbitrary algebraic 
surface V: . 
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LEMMA 1. Let z* be a simple point of V*. Then we can find a 
hyperplane L in PN containing the tangent plane of V* at z* such that 
V*-L consists of two nonsingular curves with distinct tangents locally at x* 
for m = 2. 


Proof. Let x be the point of V which corresponds to 7*. Let Le and 
H” be independent generic hyperplane and hypersurface of order m—1 
over ko(x) passing both through « Then VL" and V-H*" are irreducible 
curves at least locally at « which are transversal to each other at- s on FY. 
Let I” be the hyperplane in PN which corresponds to L" -4+ H”*, Then 
V*-Z’ corresponds biregularly to V» (Le H*"). Therefore V*-L’ con- 
sists of two nonsingular curves with distinct tangents locally at s”. 


Lemma 2. Let x* be a simple point of V*. Then the tangent plane 
of V* at z* meets V* only at z* for m=z 2. 


Proof. We can use the same notations as in the above proof. Suppose 
that z* is a point of V* distinct from z*. Let Z be the corresponding point 
of V. If L° and H”? are taken to be generic over k)(z,%), then L’ does 
not pass through z*. ‘Therefore the tangent plane of V* at z* can not 
contain <*. 


Lemma 3. Let x* and <* be two distinct simple points of V*, Then 
the tangent planes of V* at x* and at £* do not intersect with each other 
for m= 3. 


Proof. Let x and ž be the points of V which correspond to x* and <*. 
Let H,” and H” be independent generic hypersurfaces of order m—2 
over ko(z,Z) passing both through æ. Also let La”, L,/"4, L! and 
L” be four hyperplanes passing through Z, but not through æ. Let L; be 
the hyperplanes in PN which correspond to Lp -+ Lë + Hir for +=1,2. 
Then both L, and L, contain the tangent plane of V* at £*, while V*-L, 
and V*-£, are transversal to each other at z* on V*. Therefore Æ- La is 
a subspace of P of dimension W—2 which contains the tangent plane of V* 
at z* and which is transversal to V* at x*. The existence of such a sub- 
space implies that the tangent planes of V* at x* and at @* are disjoint. 


3. We shall now assume that V has only “negligible singularities,” i. e., 
that V does not contain any multiple curve. We can then add the following 
three supplements to Theorem 1: 


SUPPLEMENT 1. The set % of hyperplanes in PN, which are not trans- 
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versal to V* at one point of V* at least, is a closed set over ky of dimension 
at most N—1 for m1. 


Proof. First of all the singular locus of V* is a closed set over ky 
consisting of a finite number of points. The dual hyperplanes of these 
points form a closed set over k, in P’N. On the other hand, let x* be a 
generic point of V* over kọ and let L be a generic hyperplane of PY over 
ko(z*) containing the tangent plane of V* at a*. If u is the dual point 
of L, then u has a locus over k, of dimension at most N—1. Let I’ be a 
specialization of L over ko and let «#’* be a specialization of 2* over this 
specialization. If 2’* is a multiple point of V*, then L’ is a member of the 
dual hyperplane of 2’*. Jf 2’* is a simple point of V*, then L’ contains the 
tangent plane of V* at 2’*. This follows from the fact that the tangent 
plane of V* at 2’* is the unique specialization of the tangent plane of V* 
at «* over the specialization «*-—>2’* with reference to ko Conversely let 
L’ be a hyperplane in PY containing a tangent plane of V* at a simple 
point z’* of V*. Then I’ is a specialization of L over ko, as we-can show 
by the following general argument: The totality of hyperplanes in PY con- 
taining the tangent plane of V* at æ is a subspace T of PN of dimension 
N —3 defined over k)(z*). Similarly a subspace T” of PN of dimension 
N — 3 ts attached to 2’*. Since the specialization T” of T over the specializa- 
tion z*—>2’* wita reference to ko is carried by T” and since T” and T” are 
linear spaces of the same dimension, we have T” = T’. In particular a generic 
member of T” over ky(2’*) is a specialization of L over the specialization 
g* ->x * with reference to ky. Since Z is a member of 7” and since 7” is 
defined over k,.(z’*), we see that L’ is a specialization of that generic member 
over ko(a’*). Therefore L’ is a specialization of L over the specialization 
x —> x’* with reference to ky. Since a hyperplane L’ of PY is not transversal 
to V* ata poat x’* of their intersection if and only if either 2’* is multiple 
on V* or æ™ is simple on V* and L- contains the tangent plane of V* at a”*, 
our assertion is proved. 


SUPPLEMENT 2. The set of hyperplanes in PY, which are not transversal 
to V* at two points of V* at least, is contained in a closed set È, over ky of 
dimension at most N—2 for m= 3. 


Proof. Since the set of singular points of V* is closed over ko, the set 
of hyperplanes in PY containing at least two of them is a finite set of sub- 
spaces of dimension N—2 in PN, which is again closed over ko In the 
next place let a* be one of the multiple points of V*, and let z be a generic 
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point of V* over ko, hence also over k,(a*).. Then we can speak of a generic 
hyperplane L of PN over k,(x*,a*) containing the tangent plane of V* at «* 
and passing through a*. The dual point of L has a locus over k)(a*), and 
the dimension of this locus is at most N—2 by Lemma 2. The union of 
such varieties for all a* is closed over kọ, Moreover, if I/ is a hyperplane 
in PN containing a tangent plane of V* at a simple point 2’* of V* and 
passing through a multiple point a* of V*, then L’ is a specialization of a 
generic L corresponding to the same a* over the specialization 2*-—> 2’* with 
reference to ky (a*). This can be proved exactly in the same way as in the 
proof of Supplement 1 using Lemma 2. Finally let c* and z* be independent 
generic points of V* over ko. Then we can speak of a generic hyperplane L 
of PN over k,(x*,@*) containing the tangent planes of V* at z* and at 2*. 
The dual point of L has a locus over ko, and the dimension of this locus is 
at most NW —2 by Lemma 3. Moreover, if L’ is a hyperplane in PN containing 
tangent planes of V* at two simple points z’* and <’*, then L’ is a specializa- 
tion of L over the specialization (#*,@*) — (a#’*,2’*) with reference to ko. 
This can be proved in the same way as in the proof of Supplement 1 using 
Lemma 3. We can take as ©, the union of the above three types of closed 
sets over Kp. 


Our final supplement is more delicate. Let z* be a simple point of V*, 
and let C* be a positive divisor of V* passing through z*. Then we can 
find an element f of the local ring of V* at 2* such that its divisor (A 
represents C™ locally at g”. We shall assume that f is contained in the 
square, but not in the cube of the maximal ideal of the local ring. Then 
the residue elass of f with respect to the cube of the maximal ideal is a 
quadratic form in the Zariski tangent space of V* at 2*, and this quadratic 
form is uniquely determined up to a constant factor by C*. If its dis- 
criminant is not zero, then æ* is called an ordinary double point of C*. 


SUPPLEMENT 3. The set of hyperplanes in P, which intersect with V* 
along curves with non-ordinary multiple points at simple points of V*, is 
contained in a closed set ©, over ky of dimension at most N—2 for m = 3. 


Proof. Let z* be a generic point of V* over ko, and let L be a generic 
hyperplane over k,(x*) containing the tangent plane of V* at «*. Then a* 
is the only point of V* at which L is not transversal to V*. Otherwise, 
from Lemmas 2, 8 we conclude that the dual point u of L is of dimension 
at most N—4 over k){x*). However, this dimension is actually N— 3, 
and this is a contradiction. In particular u is not contained in any dual 


12 


178 JUN-ICHI IGUSA. 


hyperplane of a multiple point of V*: Also the point z* has no other 
specialization: than‘ itself over & (w),-hence z* is purely inseparable over 
ko(u). Hence the locus U: of u over: k, is of ‘dimension exactly equal to 
. N—1.' A nonempty subset-of U is called to be open over:ko, if its com- 
plement is closed over ky). Let U, be an affine representative of U in which u 
_ has a representative (wu). -We note that U, is an open set over ky. Let U, 
be the subset of U which is obtained from U, by subtracting the singular 
locus, the-union of dual hyperplanes of multiple points.of V* and the set ©, 
which we introduced in Supplement 2. Then; by our previous remarks U, 
is nonempty, hence it is open over kp. Moreover, if (w) is a point of U, 
the corresponding hyperplane in PY is not transversal to V*- at exactly one 
simple point v’* of V*. Thus we have a single-valued map (u’)—>2’* of 
U. into V*. Let V,* be any, but fixed affine representative of V*. Let (sF) 
be. the corresponding representative of «*. : We may assume that (z,*, s") 
are separating variables of k ){a*) over ky Then we-can find N—2 poly- 
nomials #;(X) in the defining ideal over ky of Vo* such that det (0F;/0x,* ) ia: 
is not zero.. Since v”: is purely’ inseparable over ko(u), a certain power of 
this. determinant is an element (u). of ko(u). Here ¢ is a function on U, 
defined over kọ. In the same way we can associate to each q,” a function g; 
on U, defined over ky. Let U, be the complement of U, of.the poles of ¢; and 
the zeros of ¢. Then U,.is open over ko. Moreover, if (w) is a point of U, 
the corresponding point 7’* on V* has a representative in. V,*, and (#,*, 2*) 
form local coordinates of V* at 2’*. We shall denote by. 6/0z,* the deriva- 
tions of ko(s*) over ko(zg") normalized. by d2,*/dt.* = 1 for «, B=1, 2 
(a548). Then det(>) u,0*e;*/dr,*dvg*) is purely inseparable. over koiu). 
i 


Therefore, its certain power determinés a function y on U, over ky. We note 
that % is regular on U, (cf. [8]), and y is not identically zero by Lemma 1. 
Therefore, if we denote by ©, the union of the boundary of U, and the zeros 
of.y in U., then ©; is a closed set over ko of dimension at most N—2. It 
follows from the construction that Œ, satisfies our demands. 

In the following we fix one m by m= 3. If u isa point of the dual 
space PN of PN, and if L, is the corresponding hyperplane in PN, then the 
biregular transform-C,, on V of V*- L, is a member of Qm, and C, is rational 
over ko(u). If we define € as the union of €; for tI, 2 "; then we can 
summarize our results in we TONER way: 


CONCLUSION. There exist two closed sets % and € over ky in PN of 
dimensions at-most N—1 and N—2 respectively such that (i) if u is not 
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contained. in Yy the corresponding Cy, is an irreducible+ nonsingular curve ; 
(ii) if w isa point of $—G, then Cy is still irreducible and has one and 
only one multiple point ; (iii) if this multiple point is simple on V, ien 
it is an ordinary. double ‘point OE Cy. $ i 


"at at 


t 


Now, “consider the’ Grassmann variety G of straight lines in PN, The, 
variety @ has a generic point over ko, and this point generates a purely trans- 
cendental extension over ko. Moreover the totality of straight lines in P’Y, 
which either lie on Şor intersect with &, is a closed subset of G over ko of 
co-dimension at least equal to oñe. On the other’ hand to each’ straight line | 
D in PN corresponds a subspace L of PN of dimension N—2.” If D is 
generic over ko, the intersection product V*-D is defined and consists of, 
say £, distinct generic points of V* over ko. If we associate the Chow point 
of V*-L to D, we get a rational i map over ko of Ginto the 8-fold symmetric 
product V*(8) of V*. The points of V*(), which’ correspond to 8 non- 
distinct points of V*, forma‘ closed set over ko of ‘co-dimension ‘one. The 
inverse image “of this‘ closed šet in G is again ‘4 ‘closed set over ko ‘of co- 
diménsion one. We take'an'algebraic point over ‘Ky in'G which ‘is contained 
neither in this set nor in thd closed set | we introduced before. ' If k is an 
infinite field, even a rational ‘point over k, can be found under the above 
condition. It is an open question whether we can do ‘the same thing, by 
taking a larger m if necessary, when ky is finite. Let*D be thé straight line 
in P’N which’ cofresponds to the point under consideration. Then we get a 
linear pencil’ {Ca} with the parameter’ straight line D such that the para- 
metrization, ‘i.e., the correspondence u-—>C,'is defined over the’ algebraic 
closure k of ky. Since D does not'interséct with €, (i) every C, is irreducible. 
Since D is not contained in %, (ii) there is a finite number of ‘points, say 
diy’ © *,4q,0n D such that Cu becoine singular only at these points. | (iii) Each 
Co, has ene and only one multiple point, and if this nee point ts simple 
on V, ü is an ordinary double point of Ca, for i= | ce a “Also since we 
have avoided another kind of ‘exceptional straight lines, ‘by. the criterion of 
multiplicity one, (iv) the base points Aig Ag of the pencil are simple 
on r and any two members of the pencil are i transversal to each other on V 
at An i Ap A linear pencil {Cy : with the above four properties will be 


l te’ 


s Tt is flea that nA is a disjoint : sum of. nonsingular curves. However OA must be 
connected by the principle of degeneration. We can avoid this deep principle ‘simply 
by taking the union of & and E as our 8. 
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2. Construction of generalized Jacobian varieties by Chow’s method. 


4. Let C be an arbitrary irreducible curve in a projective space P” and 
let o be the intersection of local rings of C at its multiple points. Then o 
determines C uniquely up to biregular transformations. We shall denote by 
K, the smallest field of definition of C. Also, if q is a positive 0-cycle in P”, 
its Chow point will be denoted by (q). If K is a field, we write K(q)} 
instead of K((q)). On the other hand, a divisor of C means always a 
divisor of C in the sense of Weil, i.e., every component of a divisor shall 
be a simple point of C. If f is a function on C, we shall consider its divisor 
in the sense of valuation theory. This is not a good terminology; it means 
the regular image on C of the divisor of the function induced by f on the 
normalization of C. 

Now, if p is an arbitrary divisor of C and if q is a 0-cycle in P” carried 
by C, we write p— q whenever there exists an element f of o such that q — p 
is the divisor of f in the sense of valuation theory [14]. Here f does not 
vanish at any multiple point of C if and only if q is also a divisor of C. 
Therefore the relation p — q can be reversed if and only if q is a divisor of C. 
In other words, if we restrict to divisors, the arrow relation is an equivalence 
relation. If pis a divisor of C, we shall denote by |p | the set of all positive 
0-cycles {q} in P” satisfying p—c, and we call |p | the complete linear system 
on C determined by p. We note that every member of |p| has the same 
degree, and we call it the degree of |p|. Here we must show that |p| is 
actually a linear system on C. This can be done by using the following 
lemma due to Zariski [20]: Let V be an arbitrary variety in P”, and lei 
to: © +5 ty be the coordinates functions of the representative cone of V. Let 
h be a homogeneous element of degree m in the function field of the cone 
such that h/t” is regular on V outside the closed set defined by t;==0 for 
each 1. Then h can be expressed as a polynomial in the t; with coefficients 
in & provided m ts not less than a fixed integer independent of h. Now, 
let Sm be the linear system on C which we defined before. If we take m 
sufficiently large, we can find a positive divisor r of C such that p+-r is an 
intersection product of C with a hypersurface H, of order m. We shall show 
that | p| coincides with 2,,—r. Let q be an arbitrary member of |p|. Then, 
by definition we can find an element f of o such that q— p is the divisor of 
f in the sense of valuation theory. In other words we can find two hyper- 
surfaces of the same order F and F, such that Fo does not pass through any 
multiple point of C and (FP —F,):-C=q-—p holds. If h is the function on 
the representative cone of C corresponding up to a constant to F -+ H,— Fe, 
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then, by Zariski’s lemma there exists a hypersurface H of order m such that 
(F+H,—F,.):-C=q+r=H-C holds. Therefore q is a member of Ra — r. 
The converse is obvious. We note also that if p is positive, we have only to 
take m not less than the maximum of the degree of p and of the fixed 
integer in Zariski’s lemma for V =C. 

Now, if d is a positive integer, we shall denote by C(d) the d-fold 
symmetric product of C. Also we shall denote by C,(d) the Chow variety 
of positive divisors on C of degree d. It is clear that Co(d) is an open 
subvariety of C(d), and C(d) lies in a projective space Pt of dimension 
t==(',"—1. The following lemma is proved, not exactly in this form, 
by Chow [3]: 


LEMMA 1. Every point of Co(d) is simple on C(d). If W is a sub- 
variety of C(d) of dimension r, then the order of W ws at least equal to 
ord(C)*. The extremal value ord(C)* is attained if W is the variety of a 
“ sufficiently general” linear system on C and also if r==d. 


Here a linear system & is sufficiently general if the following condition 
is satisfied: Take a field K over which the corresponding subvariety of C(d) 
is defined. Let p= SP, be a generic member of & over K. Then all the 

{=I 
d points P,,- - +, Pa are generic points of the curve C over K and distinct 
from each other; moreover, any 7 of these points are independent with 
respect to each other over K and determine the remaining d—r points 
uniquely. 

On the other hand, it is better to state here Chow’s theorem on fibre 
systems in a form suited for our purpose. First of all, we must recall the 
definition of fibre systems. Let V and W be irreducible, but possibly “ incom- 
plete varieties” in projective spaces, and let p be a function on V with values 
in W. We assume that p is regular on F and the point-set theoretical inverse 
Fy of each point y of W is an irreducible variety of the same dimension and 
of the same order. We then call {F,} a fibre system on V over W. If we 
take the set of Chow points {y*} of the fibres F,, we get an irreducible, 
possibly incomplete variety W* such that W is a one-to-one rational trans- 
form of W=. This variety W* is called the associated variety of the fibre 
system. According to a theorem of Chow [2], a point y* is simple on W* if 
and only if the corresponding fibre Fy ts simple on F. 


5. Now we shall construct the so-called generalized Jacobian variety of 
C as an associated variety of a certain fibre system on ()(d). The following 
lemma is well known if C is nonsmgular: 
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LEMMA 2. If a-is a rational divisor of C over a field K and if 
dim |a| 0, then la| contains a rational é¢ycle over K. Also if a is of 
degree d, the subvariety of C(d) which corresponds to |a | is defined over K. 


Proof. By assumption there exists.at least one positive 0-cycle b in P” 
satisfying a—> b. Let f be the element of o such that b—a is the divisor of 
f in the sense of valuation theory. If (f) is the usual divisor of f, we have 
(f)+a>0. Since a is rational over K, by a theorem of Weil [16, p. 239] 7 
can be expressed as f == >! Cafo, where the Ca are. linearly independent elements 


of & over K-and the fa are functions on C defined over K satisfying 
(fa) +a>0. Moreover, since the singular locus of C is a closed set over 
K, by the same theorem the fa are elements of 0, In other words, we can 
find an element F == fa cf o which is defined over K and which satisfies 
(f’)-+a>0. If V is the sum of a and the divisor of f in the sense of 
valuation theory, b’ is a member of |a]. Moreover b’ is rational over K, 
and this proves the first part. ‘The above reasoning shows also that we can 
find a set of linearly independent functions fẹ all defined over K and 
forming a base over ® of the vector space over Ñ of elements f in o satisfying 
(f) +a >0. The number of fa is then necessarily finite. Let (x) be a set 
of independent variables over K, and let x be the sum of a and the divisor 
of 2 tafe in the sense of valuation theory. Then |a| coincides with the 


taali of specializations of y over K. However since y, henes also its Chow 
point (x) is rational over the regular extension K (s) of K, we see that (g) 
has a locus over K. It is clear that this locus is the subvariety of C(d) 
which corresponds to |a|. This proves the second part. 

Now, let g be the arithmetic genus of C. We-fix an integer d vy 
d > 2g—2, and we shall imitate the method of Chow. [8] to construct the 
generalized Jacobian variety cf C. For that purpose we shall first verify the 
following assertion: Let m be a positive divisor of C of degree d the com- 
ponents of which are independent generic points of C over Ky. Then the 
complete linear system |m | is sufficiently general in the sense stated next 
to Lemma 1. In fact, if Mt is the subvariety of C(d) which corresponds to 
|m |, then, by Lemma 2, the Chow points z of M is rational over Ky(m). 
In other words Ko({z) is contained in K,(m). However, since Ky(im) is of 
maximal dimension d over K., we conclude that (m) is a generic point of M 
over K,(z). In particular, the linear system | m | is sufficiently general. As a 
consequence of this, and of Lemma 1, the order of Mt is equal to ord(C)*. 
Moreover every specialization of Mt over Ky is a subvariety of C(d). 
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On the other hand, we must also verify. that any specialization of a 
complete linear system is again a complete linear system. We remark here 
that our complete linear systems are defined by stricter equivalence relation 
than the usual one. We take.an integer m not less than d and not less than 
the fixed integer in Zariski’s lemma such that dim &m —ord(C)-m—g. 
According to the Riemann-Roch theorem for C [14], if p is a divisor of Č 
of degree d, we have dim |p | =d— g. Assume that p is positive, and let 
V be the subvariety of C(d) which corresponds to |p|. Then $ is the 
unique specialization of Qt over the specialization m — p with reference to Ko. 
This is the precise formulation of what we have stated above. Let W- be a 
specialization of Yt over the specialization m—>p) with.reference to Ky. If 
we project each point of m and p from the same generic subspace.of dimension 
n—2 in P” over K—K,(M, W, m, p), thus obtaining two hypersurfaces of 
order d passing through 1 and p, and if we add to them another generic 
hypersurface of order m — d which is independent over K to the above sub- 
space of P”, we get two hypersurfaces H and H’ of order m in P”. It 
follows from the construction that H’ is a specialization of H over the 
specialization (W, m) —> (WY, p) with reference to Ko We put.t = C: H —m 
and t= C: H’—py. Itis then clear that r and r’ are positive divisors on C 
such that |m|—&,,—r and |p|—2,—v’. Since W is a specialization 
of Mt over the specialization r—v’ with reference to Ko, it is carried by $. 
However, since W is irreducible and of the same dimension as $, we get 
W = F. | | 

From now on, Chow’s argument’ [3] can be taken over verbatim to the 
present case. Hence we are satisfied with outlining his method by referring 
to the original paper of Chow for details of the proof: Let J be the locus 
of the Chow point z of Mt over Ke. Then the set of Chow points of the 
varieties P cf complete linear systems on C of degree d is a subset J, of J. 
Moreover, if (p) is a point of Co(d) and if &(p) denotes the Chow point of 
the variety § which corresponds to |p|, then & is a function on Cy(d) having 
K, as a field of definition. This follows from Lemma 2. Also ¥ is “ con- 
tinuous” in the sense that it is commutative with specializations. If we 
remember the nonsingular character of Co(d),.we can conclude that © is 
regular on C,(d). | 

Finally, we shall show that Jo is an open subvariety of J over Ko. Since 
the singular locus of C is a closed set over Ko, we conclude that C(d) —Cy(d) 
is a closed set over Ky. We note also that every component of C(d) —C,(d) 
is biregularly equivalent to (C(d—1). In particular such a component is of 
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dimension d — 1, hence we can attach a positive (d-——1)-cycle X in P* which 
is rational over K, and which has the same components as C(d) —C)(d). 
Now let $ be a subvariety of C(d) which corresponds to a point of J. Then, 
by a theorem in the theory of associated forms [1], the condition that $ is 
contained in C(d) —C(d) can be expressed by a set of doubly homogeneous 
equations in the Chow coordinates of $$ and the Chow coordinates of XY with 
coefficients in the prime field, and this gives a set of homogeneous equations 
in the Chow coordinates of P with coefficients in K,. This set of equations 
defines a closed subset of J over Ky, and Jo is its complement. 

In conclusion; the totality of PN C,(d) forms a fibre system on Cy(d) 
with J, as its associated variety. Since (y)(d) is nonsingular, Chow’s theorem 
on fibre systems guarantees the nonsingular character of Jo. 


6. Now, we can modify d under the condition d >2g—2 so that C 
carries a rational divisor a of degree d over Ky. If 6 is a divisor on C of 
degree zero, we define @(@) to be the Chow point of the variety which 
corresponds to |98 +- a ]|.- It then follows from Lemma 2 that (6) is rational 
over K,(6). Moreover, every point of J, can be written as ®(@) with some @. 
Since the set of divisors on C of degree zero forms a group, we can introduce 
an abstract group structure in J, so that $ becomes a homomorphism. Then 
the law of composition in J, is “continuous” in the sense that it is commu- 
tative with specializations. Also, by Lemma 2 law is normal over K, in the 
sense of Weil [17, p. 51]. Therefore, from the nonsingular character of J, 
we can conclude that the “naive group operation” in J, is an actual group 
operation. In other words J, turns out to be a commutative group variety 
over Ky. Here we have (0) =0 if and only if 6->0. The group of all 
such ð is a homomorphic image of the group of units in o, the kernel being 
the multiplicative group of &. Therefore @ gives a rational homomorphism 
over Ko [8] of the divisor group on O of degree zero onto Jy such that the 
kernel is the group of principal divisors on C in the above sense. Thus J, 
and ® are. uniquely determined by C up to isomorphic transformations o: 
(Ja) > (oJo,09@). Here, is is better to remark that J, is determined 
together with its projective embedding by the curve C in P» and the integer d, 
while the group structure in J) as well as the homomorphism @ depend also 
on the choice of the reference divisor a of C. If we do not want to define 
the group structure over Ko, we can take any divisor of degree d as a reference 
divisor. . a 

We shall show finally that J, is the generalized Jacobian variety of C in 
.the sense of Rosenlicht. Let K be an extension of K, over which C carries a 
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rational divisor A of degree one. We can then define over K the canonical 
function ¢ of C by ¢(M) =@(M— A) for any simple point M of C. Let 


M,,: > +, M; be PEA generic points of C over K and put z =>? p (M;). 
Also, let m* = Š M, * be a generic member of | ÈM, —g'A + a| over 


q4=1 


F=K( $ M,). Then, first of all, z is rational over F. Also, ŠM, deter- 


4=1 
mines a TN linear system of dimension zero [15]. Therefore F is a 


subfield of K(m*) by Lemma 2, and F is purely inseparable over K (z). 
Since K (m*) is regular over K (z), we conclude F = K (z). This shows that 
our group variety Jo is isomorphic to the generalized Jacobian variety of C 
with o as its reference semi-local ring [15]. We state some of our results in 
the following way: 


THEOREM 2. Let C be an arbitrary irreducible curve in P” having Ko 
as the smallest field of definition. Then we can construct its generalized 
Jacobian variety J, over Ky in a projective space PN. The construction 
depends on a positive integer d, but once d is fixed, tt is unique. 


In the Appendix we shall determine the “linear equivalence class” of 
the hyperplane sections of Jo, thus revealing the nature of the construction. 


m 


r. We shall treat more in detail the case when C has one and only one 
ordinary double point. Let K be the smallest algebraically closed field of 
definition for C and for the ambient surface. If C* is the normalization of 
C over K, then C* is nonsingular. We shall show that the genus y of C* 
is equal to g— 1. Let o be the local ring of C at the double point, say Q. 
Since Q is an ordinary double point, the completion o* of o consists of pairs 
of formal power series with the same constant terms. Therefore, if © is the 
integral closure of o, its completion O* with respect to the semi-local topology 
is a direct sum of two formal power series rings. In particular, the factor 
module */o* is a vector space of dimension one over &. Since the vector 
space ©/o is canonically isomorphic to O*/o*, the space ©/o is also of 
dimension one. However this dimension is equal to g—y [14], hence 
g=y-+1. The above argument implies also that Q corresponds to two dis- 
tinct points Q,” and 9.* of C*. Moreover, a function f on C* which is 
regular at Qı” and Q-* belongs to o if and only if f(Q:*) =f(Q2*) holds. 
This fact will be used presently. 

Now, we shall denote by C(d—1, Q) the difference C(d) —C,(d). Also, 
for «= 1,2, we shall denote by C*(d—1,Q,*) the set of Chow points of 
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positive divisors on-C* of degree d containing Qa” as a component. It is 
clear that C(d—1,Q) is biregularly equivalent to C(d—1). Similarly 
C*(d—1, Qa*¥) is biregularly equivalent to C* (4—1). Moreover, C* (4) 
is nonsingular and it is the normalization of C(d) over K: 

Let M,- -, Ma be independent generic points of C over K, and put 
m= M,. Let md M,*- be the unique transform of m on C*. Then, 

i=1 =l 
the complete linear system |m | is transformed to a linear subsystem of | m* |. 
Let M*!* be the subvariety of C*(d)-of dimension d—g which corresponds 
to this linear subsystem. Also; let M* be the subvariety of C*(d) which 
corresponds to | m*|.- Then, the Chow point z* of M* has a locus J* over K, 
and J* is the Jacobian variety of C* [8]. We shall show that the locus /** 
of the Chow point z** of Mt** is birationally equivalent to J over K. Let 
M be the subvariety of C(d) which corresponds to |m|, and let z be the 
Chow point of M. Then z is purely inseparable over K(z**) and also 2** 
is purely inseparable over K(z). Since K(m*) ==K(m) is regular over 
K (z**) and over K (z), we get K (z**) =K (z). This proves our assertion. 
In particular, we can apply Lemma 1 to M**, and M** is of order equal to 
ord(C*)*9, Moreover, every specialization of M** over K is a subvariety 
of C*¥(d). oo | . 

Now, let (H, 8**) be an arbitrary specialization of (M, M**) over K. 
Then, this is the unique extension of M** > R%** over K, and also of MP 
over K if $ is not contained in C(d—1,Q). This follows from the fact 
that C*(d) is the normalization of C(d) over E. We shall examine the 
case when $ is contained in. C(d—1,@): Since linear equivalence is 
preserved under specializations, $** is contained in a variety B* of a 
complete linear system of degree d on C*, say ©. Since d> 2y, we have 
dim @ = d — y = d — g+1. Moreover P* N C*(d—1, Q.*) are the varieties 
corresponding to (G6 — Qa”) + Qa” for «= 1,2. Since d—1 > 2y—1, these 
linear systems are both of dimension d—g. Since the variety %$** is con- 
tained in the union of C*(d—1,Q,*), it must coincide with one of the 
P! N C*(d—1,Qa*). We note that these two varieties are distinct, because 
G—Q,* have no fixed points. We shall now show that the totality of B** 
induces a fibre system on C*(d) — {| C*(d—1, Qa) with J** as its asso- 


ciated variety. We shall first show that the fibres have no common point. 
Let (q*) be a point of C*(d) not in [) C*(d—1,Q,*). If q* is free from 
a 


Qı” and Q.*, there is no ambiguity. Suppose that q* contains, say Q,*. Let 
%** be a fibre. passing through (q*). Then $** must be contained in 
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O*(d—1,Q,*). Otherwise, ‘since 8** can not be contained in C*(d —1, Q.*), 
the corresponding subvariety $$ of C(d) will be a variety of a complete linear. 
system on C. Thus by a remark we made in’ the beginning of this section, 
q* must contain Q,", which is not the case. We conclude that %$** is the 
variety of (|q*|—Q,*) + Q,*, and this shows that in any case (q*) deter- 
mines the fibre $8** uniquely.: The correspondence -(q*)-->%3**- defines a 
single-valued map from C*(d) —{] C*(d—1,Q,*) .onto J**. Since we 


know that this map is a function on C*(d) with K as a field of definition, 
and since C*(d) is nonsingular, it is regular on-C*(d) — f = a" ). 
This completes our proof. ; 

Since C*(d) .is nonsingular, by Chow’s theorem J** is TA 
From this and from what we remarked before, it follows that the birational 
correspondence between J and J** is regular on J** and biregular on Jo. 
On the other hand, there is a function p on J** defined over K with values 
in J*, Tn fact, using our previous notation K (m*) is regular over K (2**), 
while z* is rational over K (m*) and purely inseparable over K(z**). Hence 
p can be defined over K by p(z**) = z“ Bree p is single-valued on J** and 
since J** is nonsingular, p is regular on J**. - For æ = 1,2, the Chow points 
of varieties corresponding to linear systems “of the form (© — Qa”) + Q.* 
form a subvariety J,*. Since Ja* is the associated variety of the fibre system 
of the varieties of complete linear systems on C*(d— 1, Qu™), it is biregularl; y 
equivalent to J*. Actually p induces such a biregular map on Ja”. We note 
that J,* and J.* are disjoint. Now, by a similar reasoning we conclude 
that J—J, is biregularly equivalent to J*. Actually, the birational corre- 
spondence between J and J** induces such a biregular map on Ja”. Thereby, 
if z,* are points of Ja” for «—1,2, the maser of z,* and z.* on J—J, 
coincide if and only if p(z,*) —p(2.*) =$*(Q.*) —¢*(Q.*) -holds. Here 
@* is the canonical function on C*. We summarize some of our results in 
the following way: 





SUPPLEMENT. If C ZA one and only one ordinary double point, the 
normalization J** of J is nonsingular. Moreover, if J* is the Jacobian 
variety of the nonsingular model C* of C, then J — =Po is biregularliy equi- 
valent to J* and is a “ double variety ” of d. 


Also, we can see easily that p> (z*) is biregularly equivalent over K (2*) 
to a projective straight line for every z* on J*. We can derive from this 
that J/** is the projective line bundle over J* which is obtained by “com- 
pleting” the affine line bundle J) = J**-_J,* —J,* over J”. Moreover the 
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invariant of this bundle in the sense of Weil [18] is given by the class of 
linear equivalence of @*g«(gq,+) —@*¢e(g,*). Here @* is the divisor of J* 
which is defined as the transform on J* of the (y—1)-fold product of C* 
by ¢*. 





3. Néron varieties of a nonsingular surface. 


8. Let C and C’ be two irreducible curves in P» such that C’ is a 
specialization of C over a field K. Let J and J’ be the completed generalized 
Jacobian varieties of C and © respectively. If C and ©” have the same 
arithmetic genus, say g, and if we use the same reference integer d greater 
than 2g —2 in the constructions of J and J’, then J and J’ have the same 
ambient space PN and have the same dimension. In a separate paper we 
proved the following lemma [5]: 


LEMMA. If Rn and &,, refer to C and C’ for a sufficiently large m, then 
a specialization of a member of Sn over the specialization C—>C’ wrth 
reference to K is a member of R'm. 


We can now prove the following “compatibility theorem.” 


THEOREM 3. If C ts nonsingular, end if C’ 1s etther nonsingular or 
has one and only one ordinary double pomi, then J’ 1s the unique speciaiiza- 
tion of J over the specialization C—C with reference to. K. 


Proof. Let J” be a specialization of J over the specialization O — © 
with reference to K. Qur purpose is to show that J” =J’. Thereby we can 
replace (J,C) by its generic specializations over A and in this way we can 
extend K arbitrarily. Therefore we can assume from the beginning that J” 
and © are both defined over K. Let F be the smallest field of definition of 
C containing K. Let T be the graph of the function & on C(d) with values 
in J which we introduced in 5; similarly I” is defined for ©”. We shall show 
that T” is the unique specialization of T over the specialization (J, C)-—> (J”, C^) 
with reference to K. . 

Let T” be a specialization of I over this specialization. Let L be a 
linear subspace of co-dimension d in the ambient space of r which is generic 
over an algebraically closed field of definition # of T” containing F. Then, 
any point & in L:T” is a generic point of some component of I” over F. 
Moreover, in this way we get a generic point of every component of I” over E. 
Let é be a point in L-T which is specialized to &. Since £ is a generic pcint 
of T over F, it is of the form (m) Xz. Here (m) is a generic point of Cid) 
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over F, and z is the Chow point of the variety Mt associated with | m]. On 
the other hand, since the specialization of C(d) over the specialization C —> C” 
with reference to K is carried by C’(d), and since C(d) and C’(d) have the 
same order, C’(d) is the unique specialization of C (d) over that specialization. 
Therefore I” is carried by the product C’(d)x PY. In particular, we can 
write & in the form (m’)X 2’, where (m’) is a point of C’(d) and 2’ is the 
Chow point of the specialization W of M over the specialization §— & with 
reference to K. Since WY is carried by C’(d), we conclude from Lemma 1, 
Section 2 that WY is an irreducible variety. Since z and (m’) are points 
of J” and WY respectively, we have dima z & g and dima) (m) Sd—g. 
However, since (m) X 2 is of dimension d over E, the inequality signs can 
not hold in the above relations. We shall show that 2 is a point of I”. 
Assume first that m’ is not a divisor of C’. Then, it contains the double 
point Q of C” at least once. Since (m’) is a generic point of W over H(z’), 
we conclude that W is contained in C’(d—1,Q) —=C’(d) —C’,(d). If C* 
is the nonsingular model of C’, there are only a finite number of positive 
divisors Ma” on C* having m’ as a projection. Let Ua be the projections on 
C’(d) of the varieties corresponding to the complete linear systems | m* | 
on C*. Then W is contained in (J U.N C’(d—1,Q) according to the 
a 


previous lemma. However, this is a closed set over K(m’) of dimension d— g. 
Hence J? must coincide with one of its components. In particular, the Chow 
point 2’ of YY must be algebraic over K(m’), hence a fortiori over H(i’). 
Thus (m’) is a generic point of C’(d) over E, and this is a contradiction. 
Therefore m” must be a divisor of C’. In this case, as in 5, we can find two 
positive divisors r and r’ of C and ©’ respectively such that r’ is a specializa- 
tion of r over the specialization (m, W) —> (m’, Mt’) with reference to K and 
such that |m|—Rn—r and |n| =n r for a sufficiently large m. 
Since we know that WM’ is irreducible, we can conclude from the previous 
lemma that M is the variety associated with |m’|. Therefore & is a point 
of I’. Since & is a generic point over # of an arbitrary component of I”, 
we conclude that T” is an integer multiple of IY. However, since pr,(I’’) 
coincides with pr,(I’) ==C’(d) as a specialization of pr: (T) —C(d), we get 
=T. 

Finally, let R = (M,,-- +, Mag) be a set of d—g independent generic 
points of C over F, and let R’ be an isolated specialization of R over the 
specialization (J,C)~—» (J”,C”’) with reference to K. Then R’ is a set of 
d—g independent generic points of C’ over K. If we define W to be the 
subvariety of C(d) whose points correspond to divisors of C containing the 
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d——g points of R as components, W is biregularly equivalent to C(g): We 
define W’ similarly for:C’ and R’; It.is clear.that W is the: unique specializa- 
tion of W over the specialization (RB, J, C) — (f’,J”, CY with reference to 
K. On the other hand, the intersection product r -(W.X PY) is. defined 
and is a birational correspondence between: W and J. We shall show-that the 
intersection product IT”. (WX PY) 'is also defined and is-a-birational corre- 
spondence ‘between W and J’. Let (m’)X.2’ be'a- generic point of some 
component of the intersection TN WX PY over the algebraic closure F of 
K(R’). Then; by the results in 7 we get dimipym)2’ 1 in all cases. Here 
the equality. holds if and.only if m’ contains the double point at least twice. 
Since: (m) X zis of dimension g over F, we conclude that the components 
of m’ are A’ and g independent generic-points of C” over /.. Our assertion 
follows from this: Therefore, J’ = pra[ I" - (W? X PYY] is a specialization of 
J = pr,[T- (W X P’)] over the. sauce J—>J” w ‘reference to K, 
whence J? == J”. ki e: = o poe i 


9. Ton. now on, We. see a Deui dieden E V in, Pr, Let 
{Cu} be a general linear pencil ọn. V. whose, parametrization is defined over 
an algebraically closed field k. We may asspme, if necessary, that k-is the 
algebraic closure of the smallest field of definition of V. Since V is. nen- 
singular, it is normal ahd hence ‘all Cu have the same arithmetic genus, say 

g [22]. Also, if A is one of ‘the base points, k being algebraically closed, 
i is simple on Vand is rational over i. ‘Now, let J,, be the completed 
. generalized Jacobian variety of ‘Cy cons structed with reference to a fixed 
integer d greater than 2g—?2. Then Jy is “defined over k(u) ; herice there 
exists a 2 4 of the product D X PX with k as a field of definition 
such that J (ux PR): =u X Ju for all generic points u of D over k. Then, 
by the compatibility theorem the same formula remains valid for all u on D. 
If we apply thé criterion of paultipilicity one to this situation [16 p- 141], 
we can conclude that a point u ae: of fi is simple on a as long as z is simple 
on Ja. If we define a function ` p on g over k by plu, x z) =t, then p is 
regulai on J. Therefore ux Ja} is a fibre system on g over D. Since D 
is nonsingular, it ‘is ‘biregularly equivalent to the associated variety of the 
fibre system. We call J the Néron variety of V associated with {Cu}; and 
we state our main theorem me sa part of which is trivial : 


anon 4.. To every gener rat: linear pencil on a nonsingular surface we 
can associate iis: Néron variety. -It is the variety of the parametrization of 
Jacobian varieties of the nvembers of the pencil. The singular locus of the 
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Néron variety is. contained in the union of singular loci of degenerate fibres. 
In particular, it has only negligible singularities. 


Now, we can use d:A as. the reference divisor to introduce a group 
structure in (Ju)o over k(w). At the same time we can normalize the canonical 
function ¢, of Cu by ¢,(A) = 0. Under these agreements, we can state the 
following assertions : (i) If (x,y) is a pair of points of J, which is specialized 
to (v’,y’) over the specialization u—>y with reference to k, and if both z’ 
and y are goints of (Jw)o, then a +: y’ is the unique specialization of st-+y 
over the above specialization. (ii) If Ty and Tw are the graphs of ‘the nor- 
malized canonical functions on Cy.and Cy, then Tyas the unique Speco 
of Ty over the specialization uu with reference to k. 


Let M be a generic point of V over k, and let T: be the member of the 
pencil passing through M. Then u is rational over “ ). Moreover, if we 
put c—d,(M), we have Ie (u) (M) =k(u) (2 z), i , (M) ==k(u,c). In 
other words, we can define a birational map ¢ over k from £ into J by 
(M) =u X dy(Ml). We note that the image of œ is not contained in the 
singular locus of J. 3 


10. We shall now treat the connection of Albanese varieties and linear 
differential forms of the first kind attached to F and £. Here, the Albanese 
variety of an arbitrary. variety U is a pair of an Abelian variety A and a 
function f on U with values in A satisfying the two conditions: (i) The image 
of f generates A. (ii) If h is a function on U with values in an Abelian 
variety B, there exists a homomorphism @ from A into B such that h—«aof 
-+ constant. ‘These two properties determine (A,f) up to isomorphic trans- 
formations, and the existence of (A,f) is proved by Chow and Matsusaka 
[4,10]. On the other hand, we summarized some .of the basic properties of 
differential forms of the first kind already elsewhere [6]. They are mainly 
due to Koizumi [8]. We need also a result of Kawahara [7], which, in an 
apparently stronger form, can be stated as follows: Let f be a rational map 
of a variety V into another varvety U such that the wmage variely ws. not 
- contained in the singular locus of, U. Then the associated linear, map ôf 
maps every differential form of the first kind on U to a differential form of 
the first kind on V. We shall use the terminology such as injective, surjective 
and bijective instead of “one-to-one into,” “onto” and .“ one-to-one onto.” 
The mappings we consider later are linear mappings of differential forms. 


We shall first consider. the symmetri¢ produét V(d) of an arbitrary 
variety V in P”. We must get an information about.the singular locus of 
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V(d). The following lemma is a -consequence of Chow’s theorem [2], but 
we shall give a direct proof: 


Lemma 1. If P,,---+,Pa are distinct simple points of V, the Chow 
a 
point of > P; is simple on V (d). 
i=l 


Proof. Let (a:i) be the homogeneous coordinates of P;, and let z; be d 

independent generic points of V over an algebraically closed field of definition 
i d 

K of V over which P; are rational. Let b and y be the Chow points of $, Fi 


g=1 


d 
and È z; respectively. Since any linear coordinates transformation in P” 
q=1 


corresponds to a special type of linear coordinates transformation in the 
ambient space of V(d), we can assume the following: We can normalize (a) 
as i=l. If (a) is the representative of 2; satisfying Zi = 1, then 


(Tis: °°, %ir) form a set of local coordinates of V at any P,. If we put 
D;(X) = I| (Xr— Xi), we have Dj(a) 40 for 7—1,-- -,7. 
d2k>i 


Now, let (y) be the representative of y which corresponds to the above 
representation. Let (%1;,° < Yy) be the elementary symmetric functions 
of (zıp: Za). Then, all the y; appear as components of (y). Let 
Gi;(X, Y) = 0 be the set of equations for (x4) and (yj) with coefficients in 


the prime field. Then, det(@G,;/0X,1) coincides with TI D(X ) up to a possible 
j=1 


change of sign. Therefore, this determinant is different from zero at 
(Xy) = (ay). Since (Zu, - -,%ir) form a set of local coordinates of V 
at any Pr, we can find n— r polynomials Faẹa(X) in the defining ideal of V 
over K such that det(ôFa/0Xp) for 8 =r + 1,: - -n are different from zero 
at (X) = (ap) for k=1,-:-,d. Therefore, we can apply a criterion of 
multiplicity one [16, p. 66] to conclude the following: Let (i, -,12) be 
any permutation of (1,---,d). Then, the specialization (2,,- - -,22) 
—> (4i,;' * ',@,) is of multiplicity one over the specialization (yi;) > (bu) 
with reference to K. Therefore, by a stronger reason the specialization 
(y) > (b) is also of multiplicity one over the specialization (yi;) — (by) 
with reference to K. Hence, by another criterion of multiplicity one [16, 
pp. 127, 139], b is simple on V(d). 

het Partsi Pa be d— 1 distinct simple points of V, and let P, be an 


d 
arbitrary point of V. Then, the Chow point of $, P, can be considered as the 
: a 


value of a function ¥ on V at P,. The previous lemma implies that the 
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image of & is not contained in the singular locus of V(d). Therefore, any 
rational map of V(d) into an Abelian variety is regular along the image 
of v [17, p. 27]. In particular, if (A,#) is the Albanese variety of V(d), 
then the composite function Fow is defined. 


LEMMA 2. The Albanese varieties of V and V(d) are isomorphic. 
More precisely, (A, F oY) is the Albanese variety of V. Also, 5W 1s injective 
as a mapping of linear differential forms of the first kind. 


Proof. The first part can be proved easily, hence we can omit its proof. 
Let Vg be the d-fold product V X- - -X V of V. Let 6 be a linear differential 
form of the first kind on V(d). If p is the natural projection of Va onto 
V(d), then 8p-6 is a linear differential form of the first kind on Vg. There- 
fore, if we denote by p, the projection of Vg to its t-th factor, we have 


a 
ôv: 9 = X òp: o; with linear differential forms of the first kind o; on V [8]. 
izt 


Since 8p-@ is invariant with respect to the interchange of factors of Va, we 
have ŝp;' w= ôp;' w; for any i and 7. Therefore, we have w= o; for any t 
and 7, whence we can drop the suffices. It is clear that o—dY-@ holds. Since 
p is separable, 6540 implies 8p-6540, whence w3£0. In other words, 8¥ Is 
injective. 


On the other hand, the following lemma can be proved in the same 
way as Lemma 2. It is in fact a corollary of Lemma 2. 


LEMMA 3. Let (J, f) be the Albanese variety of a nonsingular curve O. 
Then ôf ts bijeciiwve as a mapping of linear differential forms of the first kind. 


11. We can now treat the connetcion between our nonsingular surface V 
and the Néron variety J, i.e., we can prove the following theorem: 


THEOREM 5. Let (A,f) be the Albanese variety of J. Then (A, fod) 
is the Albanese variety of V. Moreover, 8 is injective as a mapping of linear 
differential forms of the first kind. 


Proof. Let u be a generic point of D over k, and let M,,---+,M, be 
independent generic points of C, over k(u). Put m = $ M, and t= 5 ul Ma). 
4=1 ixt 


Then we have k(m)—<k(u,r). Therefore, a function y on J with values 
in V(g) is defined over & such that the Chow point (m) of m is the value 
of y atu Xa. We note that the image of y is not contained in the singular 
locus of V(g). Now, in the statement of the theorem fog¢ is defined since f 


13 
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is regular along the image of ¢. Let (B,h) be the Albanese variety of F. 
Then, there exists a homomorphism 8 from B into A.such that fod= Boh 
-+- constant. On the other hand, let M., © +, Mg be distinct simple points 
of V. Then, we can define a function H-on V(g) with values in B such 


g g 
that 5,4 (M) is the value of H at the Chow point-of X M;..- The function 
4=1 q=1 


H is regular along the image of y, hence Hoy is defined. We can then find 
a homomorphism « from A into B such that H oy = aof- constant. Arter 
these preparations, take an extension K oi k over which A, B, f and h are 
all defined. As before, let u be a generic point of D over K, and let 
M,,: - +, Mg be independent generic points of C, over K (u). . Then we have 


Hoy(u X Sdu(M,)) —Sh(M;), and also 
é=1 i=} 


Hoy(u X $ a(Mi)) = a0 f(u X $ pa (Ma) ) + constant. 
=L . : i=l 


However, since «°f induces a homomorphism of u X J, into B up to a possible 
translation in B [17, p. 34], we have 


g 


aof (u X X pu (M:)) =S aof (u X pu (Mi) ) + constant. 


4=1 


Therefore, we get $ h( M) = $ aofod(M;) + constant. Since h and aofod 
{z1 į=1 


are both regular at the base points of {C,}, by specializing M,,: > +, Mg to one 
of these base points we get h—aofogd-t constant. Therefore, 


aoBoh=aofod-+ constant = h -+ constant, 
hence 408-1. In the same way, if we put t= È hu (M), we have 
BoHoy(uX x) = B( Sh (Is) ) - $e of (M) -Šf p $M) -+ constant 
== f (U X > pa (M) ) + constant-=— ia X z) -+ constant, 
i.€„ we have GBoHo Y= f+ constant. Therefore, 
Boqof=-RBoHoyt constant == f + constant, 


hence B°a¢=——1. This completes the proof of. the first. part. 
Next we shall show that 8¢ is injective. Let w be a linear differential 


FIBRE SYSTEMS OF JACOBIAN VARIETIES. 195 


form of the first kind on J such that 8$: w ==0. Let K be an extension. of i 
over which w is defined, and let u be a generic point of D over K. Assume, 
for a moment, that Tr,,.,,@340. Then, by Lemma 3 we have 


(Try. (88°) 8 (Teed) «or 40, 


and this is a contradiction. Therefore, we have Tr,,j;,@—=0. We may 
assume that u is the value of a numerical function on J with k as a field of 
definition. Let x be a generic point of J, over K(u), and let (Vi - +, Ug) 
be a set of independent variables in K(u,x) over K(u) such that K(u,z) 
is separably algebraic over K(u,v). Since ow is defined. over K, we can 


g 
write w(uX s) in the form fdu- Sh dv, with f and h; in K(u,2). 
él 


l i , 
Since Trux7.0 = 0, we have fDu -+ € h;Dv;=0 for any derivation D in 


į=1 
K(u,x) over K(u). Therefore, h; are all zero and we get w (u X s) = fdu. 
However, u cr 1/u can be included in a set of local coordinates on § every- 
where outside the singular loci of degenerate fibres. Therefore, if w 0, 
we get (w) = (f) —2-J,. Since w is of the first kind, we have (w)>0. 
Thus, a strictly negative divisor is. linearly equivalent to a positive divisor on 
the variety J with negligible singularities! But this is a contradiction. 
Therefore w == 0, hence 84 is injective. 


Appendix. 


In this Appendix we shall analyze Chow’s construction of Jacobian 
varieties. The restriction to Jacobian varieties is merely a matter of sim- 
plicity. Let C be a nonsingular curve of genus g in P” with K, as the smallest 
field of definition. Let J be the Jacobian variety of O which is constructed 
in PN by Chow’s method with respect to an integer d greater than 2g —2. 
Our purpose is to determine the linear equivalence class of hyperplane 
sections of J. As before, we introduce a group structure in J with reference 
to a divisor a on C of degree d. Let K be an extension of K, over which a is 
rational and the canonical function ¢ of C is defined. If P,,- - +, P} are 
g—-1 points of O, the set of points of J of the form S 4 (P:) is a subvariety 

i=l 
© of J of dimension g —-1 with K as a field of definition. If z is a point of J, 
then ©, is the image of © ‘under the translation s—>z-+2z of J. On the 
other hand if ~ z; is a hyperplane section of C, then, by Abel’s theorem [17, 


p. 39] c= T T) = 5 $ (z) is independent of the choice of the hyperplane. 
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In particular, c is rational over K. We shall now prove the following 
assertion : 


THEOREM. A hyperplane section of J is linearly equivalent to @,—® 
+-ord(C)*9-@ with 


z = (d—g+1)ord(C)**9 c— ord(C)*9"4(a). 


Proof. Let (X), (Y) and (Z) be the sets of letters to describe equations 
in P”, Pt and PY respectively. Let (u) be a set of n+ 1 quantities. In 
general, if w is a point of a projective space, its homogeneous coordinates 
will be denoted by (w). Let zt, --,2% be d points in P”, and let y be the 

d 
Chow point of X, xt. Then, we have a relation of the form 


4=1 
n 


il ( > urt) -È woz (u)Yi 


i=1  j=D 
Here w(u) are monomials of degree d in to‘ °° y Un Now, let L, be a sub- 
space of P? of dimension t— r which is defined by SoY = 0 for t= l, +,r. 
Let W” be a positive cycle in Pt of order s such that the intersection product 
W- L, is defined. Let Èy be this 0-cycle in Pt. Also, let (v°) be a set of 


¢t-+-1 quantities. Then, if z is the Chow point of W, we have the following 
relation 


8 t N 
H (È 0° sy";) ied PO es 
j= 


B=1. 4=0 
Here 0;(v°,- --,v7) are monomials of degree ¢ in each v%,- + -+,v% ior 
@==Q,---,7, After these preliminary remarks, we put r=-d—g and 


s= ord (C). Let $ w%;X;—0 be r+ 1 independent generic linear equations 
j=0 
over K for a=0,---,r. They define r-}- 1 hyperplanes in P* intersecting 
d 
C at Set. Let H be the hyperplane in PN with the equation 


t=1 


N 
È y (o (u°), > -o (u")) Z= 0. 
j= 


We shall determine the intersection product J- H of J and H. We denote 
by Lem) the subspace of P! of dimension ¢—-r which is defined by 


t 
ee aa for @==-1,---,r. If J-H is not defined, J is contained 
35 
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in H. We shall derive a contradiction from this assumption. Let z be a 
generic point of J over K(u°,- - -,u"), and let $$ be the corresponding sub- 
variety of C(d). Then, the intersection product 98+ Lau) is defined. Let it 
8 8 t 
be X yf. Since z is a point of H, we have IJ ( S;(u°)y8;) =0, hence 
p=1 j=0 ` 


¢ B=1 
2 oj (w )4 n for some y = yf. However, since y is a point of Lutu), we 


d 
e have Soy(us)yj—0 for e=—1,-:-,r. If Sc‘ is the 0-cycle in P» 


g=1 
corresponding to y, we may assume that S usas, = 0 for «= 1,: : :,r and 
j=0 
also Suar =Q. In particular, zt,: - -,27** are independent generic points 


j=0 
of i over K{z), while K(21,- - -,2%) is of dimension r over K (z). This is 
a contradiction. Therefore J-H is defined. Now, let z be a generic point 
of some component W of JH over the algebraic closure F of K (w, e ur), 
Then z is a generic point of J over Kı = K (ut, --,u™). Otherwise, (u°) 
would be a set of independent variables over K,(z), which is not the case. 
Therefore, if $$ is the subvariety of C(d) which corresponds to z, then 


P- Lou) 18 agen defined. Let it be Sys. Then, some y = y8 corresponds 
to a 0-cycle Sx! such that dures Lo for a=1,:--,r and S uo", = 0. 


i=0 j=0 
We note that z',- - -,2"* are rational over F, and z is rational over F(y). 
Therefore x"t’,- - -,z¢ are independent generic points of C over F. Since 


W is the locus of the point z over F, it is of the form @,, (a) with 


r+1 
Zy = > (zt). Conversely, if z, is as above, ©z„-¢ġ(a) is obviously a component 
q=1 


of J-H. We shall now show that H is transversal to J along ,,-9(q), i.€., 


N 
at z We know that X OQj(o(u°),: *-,o(u"))z;=0 is the only relation 
j=0 


between (u°),---, (ut) with coefficients in K (z). Also, if we put r+ 1 
pa of indeterminates (U°),---,(U") instead of (u°),: +, (ur), then 


So, (o (U°),* + +,@(U"))z; is irreducible over E (z). In fact, we hava 


j=0:! 
d 


S O (o(0°), (u), -,a(ur))e—=TL ÍI (S04). 


B=1 ¢=1 j= 


m 


Here (a1,- - -, 8t) for a complete set of conjugates over K,(yf) = K, (2) (y8) 
for each 8, and (y’,- - -,y*) form a complete set of conjugates over K,(z), 
whence our assertion. Suppose now that H is not transversal to J at z. 
Let (z) be normalized by 21. Then, we can find N—g polynomials 
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FP)(Z) in the ae ideal of J over K, such that the matrices (0F/@2;) 
and 


Crete) 


have the same sak N—g. We thus get a relation of the form 
2 A(z) (w(u), + >, (ur) ) = 
j>0 


with A,;(z) in Ko(z). However sincé 3 20,(0(0"),- -,o(U')) is irre 
ducible over K (z), this must divide 24 (2)Q; (w(U?),- > +,0(U")). On the 


other hand, by taking a suitable ene transformation in P” if necessary, 
we may assume that Q,(w(U°),---,o(U")) is equal to (U%- - -U*,)®. 
We are thus led to a contradiction. We have thus shown that J- H is of the 
form > ®,,-¢(a), Where the summation is extended over distinct ©,,-9:a). 


EA since the correspondence z->@, is one-to-one [17, p. 76], the 
summation is extended over the distinct z, Here, two distinct sets 
(x,---,a™*) and (2,---,a’) correspond to different z. Otherwise 
we get g=0, and in this case everything is trivial. Thus, the number of + 
is equal to ord(C)"*, whence 


2 Oey (a) ~ Oxey-E 9a) “pare => 1) 8 
holds [17, p. 106]. It is now a simple matter to verify that 
> zy— (a) = (€d—g +1) ord(C)*9 e— ord (C) #914 (a). 
Yy y 
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FULLY REDUCIBLE SUBGROUPS OF ALGEBRAIC GROUPS.* 


By G. D. Mostow.t 


Section 1. Introduction. 


In the theory of Lie groups one often encounters statements which can 
be asserted for connected groups on the strength of the appropriate analogue 
for Lie algebras, but which may be inva:id for non-connected groups. A 
good example of this phenomenon is the theorem of Sophus Lie thaz a 
solvable linear Lie algebra (over a field of characteristic 0) and hence a 
connected solvable linear Lie group can be simultaneously triangularized 
(upon extending tae ground of its algebraic closure). This powerful prin- 
ciple is not valid for general solvable linear groups. In fact, an examination 
of proofs of results that are valid for only connected Lie groups often revea's 
that Lie’s theorem has been used in an essential way. 

On the other hand, there are some results which are deduced for con- 
nected groups from their Lie algebras which continue to ring true when tke 
hypothesis of connectedness is dropped. In this paper we obtain several 
results of such a type. The results are related for most part to properties 
of fully reducible groups of linear transformations. Our central result con- 
cerns a decomposition of algebraic groups which is closely related to the 
Wedderburn decomposition of an associative algebra into the semi-direct sum 
of a semi-simple subalgebra and the radical. 

Our decomposition for algebraic groups can be viewed as a result on 
group extensions. Any algebraic group is a finite extension of the connected 
component of its identity Go. To what extent is the extension splittable ? 
Put in another way, how large a normal connected subgroup N can we find 
so that N admits a complementary subgroup? ‘The answer in any particular 
case depends on the arithmetic properties of the ground field. Nevertheless 
for a general ground field of characteristic zero, something can still be 
asserted. 


THEOREM. Let N be the set of unipotent elements (i.e. eigenvalues ar 


* Received June 25, 1954; revised August 4, 1955. 
t Performed in part under Contract DA-36-034-ORD 1374 with Officer of Ordnance 
Research. 


200 


FULLY REDUCIBLE. SUBGROUPS. 201 


all 1) -of the radical of the algebraic group G. Let M be any maximal fully 
reducible subgroup of G. Then N is a connected normal subgroup and 


G — M : N (semi-direct). 
For a general ground field this choice of N is the best possible. 


THEOREM. Any two mazimal fully reducible subgroups of an algebraic 
group are conjugate under an inner automorphism. 


There is of course a similar result for algebraic Lie algebras. As an 
application we prove the following 


THEOREM. Let G be an algebraic group and let € denote its enveloping ` 
associative algebra. Then there is a Wedderburn decomposition © +X for € 
(S semi-simple, © the radical) such that 


a) SNG is a maximal fully reducible subgroup ‘of G; 


b) (I+2)NG is the subgroup of unipotent elements in the radical 
of G, I being the identity; 


c) XG is the ideal of nilpotent elements in the radical of ©, the 
Ine algetra of G. 


There is an analogous result for algebraic Lie algebras. We prove also 


THEOREM. A fully reducible group of automorphisms of a Ine algebra 
keeps a maximal semi-simple subalgebra invariant. 


THEOREM. A fully reducible group of automorphisms of a solvable Lie 
algebra keeps a Cartan subalgebra invariant. | | 


In addition, there are analogous theorems for automorphisms of Lie 
groups. Scme of the intermediate results have independent interest. For 
example (cf. Proposition 3.2), any rational representation of an algebraic 
group carries fully reducible subgroups into fully reducible subgroups. As 
a consequence, it can be asserted that the First Main Theorem of the Theory 
of Invariants is valid for fully reducible groups. 

Another consequence of this same principle is the following 


THEOREM. A fully reducible group of automorphisms of a Lie or asso- 


ciative or Jordan algebra keeps a maximal semi-simple subalgebra invariant 
(Section 5). 


In conclusion, it may be noted that fully reducible subgroups behave 


202 G. D. MOSTOW. 


very much like compact subgroups of Lie groups. Indeed there is a very 
close relation between these two’ notions and we describe the relation 
elsewhere. 


- Section 2. Preliminaries. 


2.1. Terminology.. We deal throughout with a ground field K of 
characteristic 0. We employ the Zariski topology for subsets of finite dimen- 
sional linear spaces, a closed set being by definition an algebraic manifold. 
The terms closure, relatively open, and connected are defined in terms of 
closed sets in the usual way. By an endomorphism of a linear space V is 
meant a linear map of V into itself. By a linear group we mean a group 
of automorphisms of a finite dimensional linear space. The linear space of 
endomorphisms of a linear space F is denoted by #(V). 

An algebraic group is a group of automorphisms of a linear space V 
which is relatively open in its closure in H(V); or, what is the same, it is 
a group constituting the totality of automorphisms in some algebraic manifold 
in F(V) (ef. [2]). By the algebraic group hull of a set 8 of automorphisms 
is meant the intersection of all algebraic groups containing S. It is the same 
as the closure of S in the set of automorphisms of V, if S is a group. Tne 
connected component of the identity Go of an algebraic group has as its 
associated ideal (of polynomial functions on W(V)} which vanish on Ge) 
a prime ideal and is a normal relatively open subgroup of finite index. It 
should be noted that if K is the field of real numbers, an algebraic group 
connected in the Zariski topology need noi be connected in the euclidean 
topology; however for K the field of complex numbers, the two notions agree. 

An endomorphism 7 of a linear space V defines by right translation a 
left invariant infinitesimal transformation 7’* on H(V); via the derivation 
P(X) dP(X+sXT)/ds at s=0 of the ring of polynomial functions 
P(X) defined on H(V). The Ine algebra of an algebraic group G is the 
totality of elements T in H(V) such that T* keeps invariant the ideal of 
polynomial functions vanishing on G (cf. [2]). An algebraic Lie algebra is 
by definition the Lie algebra of an algebraic group. An algebraic group 
and its connected component of the identity have the same Lie algebra. 
Algebraic Lie algebras are related to connected algebraic groups in much 
the same way as in the classical case real Lie algebras are related to con- 
nected Lie groups. In particular, a connected algebraic group keeps a linear 
subspace invariant if and only if its Lie algebra does; it is therefore fuliy 
reducible if and only if its Lie. algebra is. 

lf T is an endomorphism of a linear space Vs we denote by V,(7T) the 
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totality of elements of V annihilated by some power of T—-bI where b is 
in K and I denotes the identity. We'call Vo (T) the nilspace of T- and call 
T nilpotent if V,(T)=-V. If F is a family of endomorphisms of V, we 
mean by V,(#), the nilspace of F, the intersection of the nilspaces of the 
_ elements of F. For any endomorphism T there exist a unique fully reducible 
endomorphism s and a unique nilpotent: endomorphism n such that sn = ns 
and s+-n== T. This decomposition is called “the Jordan sum decomposi- 
tion of T,” s and n being called the fully reducible and nilpotent parts of T 
respectively. oO 

If T is an automorphism of the linear space V, then T has a unique 
product decomposition T =s: u where s-u=u's, s is the fully reducible 
part of T and u is unipotent, i.e. Vi(u) = V. Any algebraic group contains 
the Jordan product components of each of its elements, and correspondingly 
every algebraic Lie algebraic contains the Jordan sum components of its 
elements. Algebraic Lie algebras are thus splittable in the sense of Malcev 
(of. [7]). | i 

_ Let F be a family of endomorphisms of a linear space V, and let G(V) 

denote the group of automorphisms of V. By a similarity of F is meant the 
restriction to F of a mapping f—> zfs where z is in G@(V) and sFr’ =F. 
A group @ of similarities of F is called pre-fully reducible if there exists a 
fully reducible subgroup G, in G(V) with G the restrictions to F of the 
similarities from G4. . | 

Let F he a family of endomorphisms of a linear space V which keeps a 
linear subspace W invariant. We denote by Fw (resp. Fry) the induced 
family of transformations of W (resp. V/W) and call these the W-part and 
V/W part of F respectively. If p is a representation of a Lie algebra ©, we 
call G p-reductive if p(@) is a fully reducible set. We denote by ad the 
adjoint representation of a Lie algebra, adz(y) being by definition [a, y]. 


2.2. Cartan subalgebras. Let © be a Lie algebra, let © = Ø, let 
"== [G**,@], and let © —{) Œ.. © is called nilpotent if. G* = (0). 


n 

By Engel’s Theorem, © is nilpotent if ads is nilpotent for all s in ©. 
A Cartan subalgebra of a Lie algebra & is any nilpotent subalgebra § such 
that § is the nilspace of (the © part of) ad&§. Any representation of © 
which vanishes on a Cartan subalgebra vanishes on &. Any maximal abelian 
ad reductive subalgebra of a semi-simple Lie algebra @ is a Cartan sub- 
algebra and vice versa. If © is a Cartan subalgebra of a semi-simple Lie 
algebra © and p is a representation of ©, then p() is fully reducible. 
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If © is a Lie algebra with radical R, then the radical of the commutator 
subalgebra is easily seen from Levis decomposition to be in the ideal [G, R]. 
It follows readily from Lie’s theorem on tke simultaneous triangularizing oi 
matrices with coefficients in an algebraically closed field that the commutator 
subalgebra of ad(Kg-+) consists of nilpotent elements for geG. It 
follows at once that [G,9#] is a nilpotent ideal of G and thus the radical of 
the derived algebra of a Lie algebra is nilpotent. If Jt is a subalgebra of a 
Lie algebra ©, we mean by an inner automorphism from Mt any product of 
automorphisms of the form exp(ad 2) with z in Jt and ads nilpotent (there 
is no difficulty concerning convergence and it can be verified readily that 
expada is an automorphism of @). The inner automorphism exp(adz) is 
a similarity in view of the identity (exp(adz)) (y) = (exp2)-y- (exp x)". 

The Cartan subalgebras of a solvable Lie algebra © are conjugate under 
inner automorphisms from ©° (cf. [1], [8]). 


2.3. Groups of unipotent elements. By the replica of an endomcr- 
phism æ of a linear space is meant an element in the smallest algebraic Lie 
algebra containing s. A linear Lie algebra is algebraic if and only if it 
contains all the replicas of its elements (cf. [2]). The replicas of a nilpotent 
endomorphism n are precisely the multiples of n ([2], p. 159). Thus any 
linear Lie algebra of nilpotent endomorphisms is algebraic. If n is a nil- 
potent endomorphism, the connected algebraic Lie group determined by Kn 
is expkn ([2], p. 159). If u is a unipotent automorphism, its algebraic 
group hull is expK logwu (cf. [2], p. 183) which is connected. Thus every 
unipotent element of an algebraic group lies in the connected component of 
the identity. 

We shall mean by a rational representation of an algebraic Lie algebra 
© a homomorphism which is the differential at the identity of a rational 
representation of an algebraic group G whose Lie algebra is ©. Clearly if p 
is a rational representation of © into §, and §,; is an algebraic subalgebra 
of , then p-*(§1) is algebraic. Conversely, if © is algebraic and p is rational, 
then p(@) is algebraic (though this is not always true when the charac- 
teristic of the base field is not 0) (cf. [2], pp. 140, 146). 

The analogue of these results for algebraic groups is not true; that is, 
if G is an algebraic group and øo a rational representation, then in general 
pe(G) is not algebraic. However in case G@ is an algebraic group of unipotent 
elements, the analogue is true in view of the following special features of 
such groups.” 


7 Ul, U2, and U3 were proved by the author in the original version of this paper. 
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U1) An algebraic group of unipotent elements is connectec anrd- its 
Lie algebra consists of nilpotent elements. 

U2) Let ÑN be a linear Lie algebra of nilpotent elements and let 
‘X,,: - e, X, be a base for N such that the linear span Yt, of Xp’ > -, X, is an 
ideal in Nia (t= 2,:--+,7). Such a base always exists. Let V be a connected 
algebraic group with Lie algebra N. Then the elements of N can be expressed 
uniquely as exp (tX) -exp (t2X2) © + -exp(¢,X,) with ¢,,- © -,¢, in the ground 
field. ([3], Ch. V, Sec. 3, Prop. 17). 

U3) Let p be a rational representation of an algebraic group NV whose 
Lie algebra consists of nilpotent elements. Then p(lV) is algebraic ([8], 
Ch. V, See. 3, Prop. 15). 


It appears from these results that an algebraic group consists of uni- 
potent elements if and only if it is connected and its Lie algebra consists of 
nilpotent elements; in addition the image of such a group under a rational 
representation is algebraic. 


Section 3. Rational Representations. 


This section is devoted to a discussion of the image of fully reducible 
groups and groups of unipotent elements under a rational representation. 

It is easily seen that a normal subgroup of a fully reducible linear group 
is fully reducible. We now prove a simple but highly useful partial converse. 


Lemma 38.1.3 Let N be a normal subgroup of finite index in the linear 
group G. G is fully reducible if and only if N is fully reducible. 


Proof. In view of the preceding remark, it remains only to prove that 
if NV is fully reducible, then G is fully reducible. 


Suppose therefore that N is fully reducible and that the finite set of 
elements gı, ° *,gp is a complete set of representatives for the cosets of 
GmodN. Let G operate on the linear space V and suppose it keeps invariant 
the subspace W. Let U be a complement to W invariant under N. For 


After the paper was submitted for publication, the author learned that these results 
as well as many other interemediate results of the paper had been obtained indepen- 
dently by C. Chevalley and included in his “ Theorie des Groupes de Lie,” vol. 3, which 
was to appear soon. In the present revised version, the author has omitted most proofs 
of such results, taking advantage of Chevalley’s Volume 3 as a reference. 

? This observation seems to have gone unnoticed in the literature. It was noted 
independently by C. Chevalley who gives a different proof for it in Prop. 1, Ch. IV, 
Sec. 5 of [3]. 
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each-« in U, let u; be the unique element of gU such that u;—u is in W 
(t—1,:-+,p). Since N is normal in -G, each g,U is invariant under W 
and the finite set of. subspaces giU,:--,9,)U is permuted by the operations 
of G. Asa result. the finite (unordered). sets of elements S, = (t,° * `, Up) 
are permuted among themselves by the operations of Œ (according to the rule 
gSu==S,, where ug is the elemert of U congruent to gumod W). For each 
u in U, let = (u,+:-: +--+ u,)/p and let U denote the set of all elements 
ü. Then clearly U is a linear subspace complementary to W and invariant 
under G. | ae | 

Combining Lemma 3.1 with the fact that a connected algebraic group is 
fully reducible if and only if its Lie algebra is, we conclude 


. Proposition 3.1.4 An algebraic group is fully. reducible if and only if 
its Lie algebra is fully reducible. 


PROPOSITION 3.2. A rational representation of an algebraic group sends 
unipotent elements into unipotent elements and fully reducible subgroups 
into fully reducible subgroups. 


Proof. It becomes clear after extending the ground field to its algebraic 
closure that no generality is lost if we assume the ground field to be alge- 
braically closed. Accordingly we assume the ground field K to be algebraically 
closed. Let u be a unipotent element of the group and let n= logu, which 
is in the Lie algebra of the group (cf. Sec. 2.2). Let p be the given rational 
representation and let dp be the differential of p at the identity. We show 
that dp(n) is nilpotent. We let P denote the field of formal power series 
in an indeterminate ¢ with coefficients in K, and we extend the ground field 
to P. Let V, be the underlying linear space over K on which n acts, let 
E, denote the space of endomorphisms of V,, and let V.P, Hy? denote the 
extensions obtained on extending K to P. Let Vs, Ea, V.?, EP be the spazes 
related similarly to the endomorphism dp(n). For any element x of EP we 
denote by L(x) the set of values taken at x by the linear extensions to Æ? of 
„linear functions on Æ; (t-=-1,2). L(s) can also be described as the K-linear 
span of the matrix coefficients of æ relative to a base B, where the elements 
of B are in V; (t= 1,2). We consider (cf. [2], Sec. 2, Theorem 9, p. 157) 
the relation | 


(A) -~ p(exp in) — exp t(dp(n)), 








* Also contained in [3]. 
° The assertion about unipotent elements follows easily from Prop. 16, p. 126 of [3]. 
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Since n is nilpotent, L(exp tn) consists of polynomials in ¢ with coefficients 
in K. Since p is-rational map, L(p(exp.én)) consists of rational functions 
of é. On the other hand, let b be an eigenvalue of de(n). Selecting a base in 
V, so as to make the matrix of dp(n) triangular, we see that L(expt(dp(n))) 
contains the power series exp bt. In view of the cited identity, exp bt is a 
rational function in t, which is absurd if 640. (For if expbt—f/g with 
f and g polynomials in £ and 6=40, we arrive at the contradictions degree 

g°f == degree g  dg/dt: f upon ‘differentiating both sides). Hence b=0 and 
dp (n) is nilpotent. 

. The proof that p sends fully reducible subgroups into fully reducible 
suberoups runs as follows. In view of Proposition 3.1, it suffices to prove 
that dp carries fully reducible Lie algebras into fully reducible Lie algebras. 
In view of the fact that a fully reducible Lie algebra is the direct sum of.a 
semi-simpie Lie algebra and an abelian algebra of fully reducible elements 
(cf. [6]) and that moreover every semi-simple linear algebra is fully. reducible, 
([11]), it suffices to prove that dp carries fully reducible elements into fully 
reducible elements. Suppose then.that X is a fully reducible endomorphism 
of Vy. Let stn be a Jordan sum.decomposition of F = dp(X). Lei 
ay," * *,@ be the eigenvalues of X and b,,---,b, the eigenvalues of s. 
Upon diagonalizing X it is seen that L(expt#X) is the linear span of 
eXp Qt, + *,2xpa,t. Suppose now ns5*0. Upon putting Y into Jordan 
normal form, it is seen that L(exptY) contains a term t(exp bt). Equation 
(A) above implies that (exp d,t) is a rational combination of exp æt, =>, 
exp a,t—which is absurd (cf. [2], p. 151). The proof is now complete. Our 
proof has also established 


PROPOSITION 3.3. A rational representation of an algebraic Lie algebra 
carries fully reducible subalgebras into fully reducible subalgebras and nal- 
potent elements into nilpotent elements. 


There is a very elegant proof due to M. Schiffer of the First Main 
Theorem of the Theory of Invariants for linear groups all of whose “ powers” 
or tensor representations are fully reducible (cf. [9], p. 300). Inasmuch as 
tensor representations are rational, we pete as a consequence of Proposi- 
tion 8. 2. 


THEOREM. The First Main Theorem of the Eneo of Invariants is 
valid for fully reducible ONPE: 
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Section 4. Conjugacy of Fully Reducible Subalgebras. 


Throughout this section, @ denotes a linear Lie algebra, R its radical, 
and N the set of nilpotent endomorphisms in f. 


4.1. If G is an algebraic Lie algebra, it is known that it contains a 
semi-simple Lie subalgebra Q and an abelian subalgebra YW of fully reducible 
endomorphisms such that G=2+%4+%, [L N] =0, and R—=W+M 
(semi-direct) (cf. [4]). Inasmuch as Q is fully reducible ([11]), it is easily 
seen that &-+ W is fully reducible. Now Yt can clearly be characterized as 
the maximal ideal of nilpotent endomorphisms (by applying in succession 
Engels theorem and Lie’s theorem on triangularizing solvable linear Lie 
algebras). Consequently a criterion that an algebraic Lie algebra be fully 
reducible is that it contain non non-zero ideal of nilpotent elements. It may 
be noted that 9è is the totality of nilpotent endomorphisms in the radical. 


4.2. If A, B are subspaces of a linear space E with A C B, then the 
totality of endomorphisms of Æ which send B into A is an algebraic Lie 
algebra ([2]). Coupling this fact with the fact that the adjoint repre- 
sentation of an algebraic Lie algebra is rational, we see: If © D BD YW are 
linear Lie algebras with [6,8] C N, then [6*, B] C N, where G* denotes 
the smallest algebraic Lie algebra containing ©. 

If © D Y are linear Lie algebras, the idealizer of Y in G is defined as 
the totality of elements v in G with [r, A] c W. If & is algebraic, then by 
the foregoing the idealizer of Y in © is algebraic. By simply “the idealizer 
of A” is meant the idealizer of Y in the totality of endomorphisms. 

The radical of an algebraic Lie algebra is algebraic and so also is any 
subalgebra of nilpotent endomerphisms (cf. [3]). 


4.3. An ideal B of a fully reducible linear Lie algebra @ is fully 
reducible. For letting B! and ®©* denote the smallest algebraic Lie algebras 
containing B and @, it is seen in turn that 


[B, GF] C[B,G]CB, [B= G*] C[B, G*] CBC B*, 


and therefore %8* is an ideal of G*. It is also seen that G* is fully reducible 
and % is fully reducible if and only if 8* is. Now the maximum ideal of 
nilpotent elements of %§* is an ideal in @* and hence zero. Therefore 8* 
is fully reducible and thus % is too. 
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Any abelian ad-reductive subalgebra of a Lie algebra can be extended 
to a Cartan subalgebra (cf. [1] or [3]). 


4.4. Suppose M and NÑ are subalgebras which span the linear Lie 
algebra ©. Suppose in addition that Ñ is an ideal and algebraic. Then © 
is algebraic if and only if M is. | 


Proof. Let p be a rational representation of %, the idealizer of Jt, whose 
kernel is X. (That such a representation exists is stated in [2] and proved 
in [3]). Then Gp 3(p(M)) is algebraic according as Mt is. 


LEMMA 4.1. Let p be a representation of a solvable Lie algebra ©. 
Then any two maximal p-reductive subalgebras of © are conjugate under 
an inner automorphism from ©”. If p is an isomorphism, a p-reductive sub- 
algebra is abelian. 


Proof. Since p(®©*) —p(®)”, it suffices to prove the theorem for a 
solvable linear Lie algebra Œ (with p the identity map). Let M; (i=1,2) 
be a maximal fully réducible subalgebra of G. [M 2:] consists of elements 
which are fully reducible and nilpotent (by Lie’s triangularizing Theorem) 
and is thus (0); that is XG is abelian. Since MW; is an abelian set of ad-reduc- 
tive elements, it is an ad-reductive subalgebra. By 4.3 it can be extended 
to a Cartan subalgebra ©; (i—1,2). @G being solvable, there is an inner 
automorphism from ©” which sends §, into $2 (cf. [1]). Now §; being 
a nilpotent linear Lie algebra, the fully reducible elements in it are simul- 
taneously ad-reductive and ad-nilpotent and hence central. Hence they form 
a subalgebra—in fact %;. The automorphism v which carries §, into §, carries 
M, into M; since it sends fully. reducible elements into fully reducible elements 
(for it is a similarity). Proof of the lemma is now complete. 


Lemma 4.2. Let G be a linear Lie algebra, Ñ an ideal of nilpotent 
elements in ©, and Mt, Mt, fully reducible subalgebras of © with M, C M + e. 
Then M N (M, + 9) is fully reducible. 


Proof Let % be the idealizer of N. It is algebraic and contains 6, 
Let p be a rational representation of % with kernel N, and let pọ be the 
restriction of p to Yt*, the smallest algebraic Lie algebra containing W.: -Since 
we* is fully reducible and M* N N is an ideal of nilpotent elements in Mt*, 
it is zero (by Remark 4.1). Hence p is one-to-one on W*. Furthermore, 
since rational representations carry algebraic Lie algebras into algebraic Lie 
algebras and since inverse images under rational representations of algebraic 
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Lie algebras are algebraic, we have po(Mt*») = po(Mte)* where Pt, is the sub- 
algebra Mt(M, +9) and the asterisk denotes closure in the sense of 
smallest containing algebraic Lie algebra. Now it is clear that p(z) 
== p(M,) —p (W) and hence ¢)(Mt,) is fully reducible (Proposition 3.3). 
Consequently, po(Mt*s) = po (M:)* is fully reducible and hence pj(Mt.)* con- 
tains no non-zero ideal of nilpotent elements by Remark 4.1. Since pọ takes 
nilpotent elements into nilpotent elements and it is one-to-one on W”. we 
conclude that I, contains no ideal of nilpotent elements. It follows that 
MM, is fully reducible and hence Wt, is fully reducible. 


THEOREM 4.1. Any two maximal fully reducible subalgebras of a linear 
Tie algebra Œ are conjugate under an inner automorphism from the radical 


of [6,6]. 


Proof. Let ©* be the smailest algebraic Lie algebra containing © and 
let M be a fully reducible subalgebra of G*. Then MNG is an ideal in WM 
and hence fully reducible (Remark 4.1). Again since [G*, G*] = [G, ©], 
and moreover some maximal fully reducible subalgebra of ©* contains a 
maximal fully reducible subalgebra of Œ, Theorem 4.1 would be valid for 
@ if it were valid for algebraic Lie algebras. | . 


Thus we may adopt the additional hypothesis that © is algebraic with- 
out loss of generality. We proceed by induction on the dimension of ©. 

Let N denote the ideal of- nilpotent elements in the radical of the 
algebraic Lie algebra ©, and: let W be a fully reducible subalgebra such that 
G =M, HN (cf. 4.1). M, is a-maximal fully reducible subalgebra, since 
any fully reducible algebra W, containing it must intersect Jt in an ideal of 
Mo, and hence (Remark 4.1) in zero. Furthermore, the radical of [G,G] is 
[M N] (Remark 4.1). Let now WM, be a maximal fully reducible subalgebra 
of Œ. Then M, N(M- + M) is fully reducible by Lemma 4. 2, indeed maximal 
fully reducible in M, -+N since it is complementary to N in Wt.+ M. 
Furthermore Qt. is algebraic and hence M, +N is algebraic. Hence we must 
have M, + N = ©; otherwise on applying the induction assumption we would 
be led to the false conclusion that Mt, N (M, +N) is conjugate to a maximal 
fully reducible subalgebra of @ and hence is W. Now let Q, + XG be a Levi- 
decomposition for the fully. reducible subalgebra It; (i= 1,2), Q; being semi- 
. almple. Then it is easily seen that Q; is a maximal semi-simple subalgebra 
of ©.. As is well-known, the maximal semi-simple subalgebras of a Lie algebra 
(over a field of characteristic zero) are conjugate under an inner automor- 
phism from the radical of the commutator subalgebra (cf. [5]). Carrying &. 
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into &, by such an automorphism, we see that no generality is lost in assuming 
Q, =&.. Again, since M, and M, are each contained in the idealizer of X, 
in Œ, no generality is lost in assuming that %, is an ideal'in ©. In this case, 
© is the direct sum of Q, and its radical R. . Now Mt, being maximal fully 
reducible in Œ, and fully reducible subalgebras of R being abelian and com- 
mutative with &,, it is easily seen that M; N R is,a maximal fully reducible 
subalgebra of R. Applying Lemma 4.1 to R, we can. get an inner auto- 
morphism from #M[G,®] which sends M, into Mt. The proof of the 
theorem is now complete. 


CORCLLARY 4.1. Let Œ be a linear Lie algebra with radical R. Assume 
`X is a maximal fully reducible abelian subalgebra of ©. Then there is a 
maaimal semi-simple subalgebra Q of © such that W=UNLVR+ANR with 
(1) MAX a Cartan subalgebra of R, (2) ANN a maximal fully reducible 
mitalgebna of R and (3) [$ ANAR] =0. 


_ Proof. Let B-be- a maximal fully reducible EA of R. Since R 
is an ideal in ©, we have © = Z (8) + R where Z{(8) is the centralizer of B. 
Letting S- be the semi-simple component in a Levi-decomposition for Z (%8), 
we see that G==-2-+ RM and Q is a -maximal semi-simple subalgebra of ©. 
Moreover, 2-+% is readily seen to be maximal fully reducible in ©. Any 
maximal fully reducible abelian subalgebra of &-+ %8 clearly has the -properties 
(1), (2), (8)-of the Corollary. Inasmuch as the maximal fully reducibie 
subalgebras are conjugete under inner automorphisms, any maximal fully 
reducible abelian subalgebra has the desired properties. 
Another consequence; which follows directly from the theorem is 


COROLLARY 4.2. Any two maximal ad-reductive. subalgebras of a Ine 
algebra are conjugate under an inner automorphism from the radical of the 
commutator subalgebra. 


Section 5. Invariant Subalgebras of a Fully Reducible Group of 
Automorphisms. 


Luma 5.1. Let M be a subalgebra and N an abelian ideal of a Lie 
algebra ©, and let T be a group of automorphisms of G. Assume 


1) G — M-N semr-directly ; 


= 2) for each automorphism T of T there is an danen nin N such that 
T (Mt) == expadn(M) ; 
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3) T keep N invariant. 
Then T keeps invariant some image of M by an inner automorphism. 


Proof. Let A denote the totality of linear subspaces of Œ that are 
complementary to Jt. We regard A as an affine space in the natural way; 
viz, if we regard Mt as the “origin” or “reference point” of A, then the 
linear maps of M into Jt can be identified with the associated vector space 
V of A under the correspondence Q-—M — (2) where Qe A and (2) (m} 
is the element p in Jt such that m+ peg. 

The totality S of images of M by inner EOE A forms an affine 
subspace of A. For 9t being an abelian ideal, (adn)? ==0 for n in N and 
thus expadn(m) =m + [n,m]; consequently the family S is identified with 
the linear family of maps m —> [n,m] (n varying over Jt) of Mt into N. 

Now the fully reducible group of automorphisms T of Œ induces on A a 
group of affine transformations and has in A a fixed point Me. Selecting 
Pro as origin in A, we obtain a representation of the group of automorphisms 
of Œ which keep M, invariant on the vector space V associated with A and 
this representation is easily seen to be rational. Since a rational repre- 
sentation takes fully reducible groups into fully reducible groups, it follows 
that T* the image of T under this representation is fully reducible. Further- 
more the operations of T on A keep invariant the affine subspace S. Hence r* 
keeps invariant the linear subspace U == S—MM of V. Being fully reducible, 
I keeps invariant a subspace W complementary to U. Hence the operations 
of T on A keep invariant the affine subspace Yeo -+- W, which intersects 
S==M-+U in but a single pomt—call it Wn. Obviously M, is a fixed 
point of T* and correspondingly the subalgebra Qt, is invariant under T 
and is the image of M under an inner automorphism from %. Proof of the 
lemma is now complete. 


Note. The analogue of Lemma 5.1 for associative algebras is true and 
proof is exactly the same. 


DEFINITION. Let © be a linear Lie algebra, let N be an ideal of Œ, 
and let T be a similarity of © which keeps N invariant. Let p be a rational 
representation of ® with kernel N, and let T, denote the automorphism of 
p(G) induced by T. Then T, is called an s-automorphism of p(@). 


Clearly an s-automorphism of a linear Lie algebra carries maximal fully 
reducible subalgebras into maximal fully reducible subalgebras and nilpotent 
elements into nilpotent elements. 


FULLY REDUCIBLE SUBGROUPS. 213 


THEOREM 5.1. A pre-fully reducible group of similarities of a linear 
Lie algebra keeps invariant a maximal fully reducible subalgebra. 


Proof. Let Œ be the linear Lie algebra and G* the smallest algebraic 
Lie algebra containing ©. i 


We remark first that any maximal fully reducible subalgebra of ©* 
intersects Œ in a maximal fully reducible subalgebra of ©. For obviously 
some maximal fully reducible subalgebra M* of G* includes a maximal fully 
reducible subalgebra M of ©. Since [G*, G* ] = [G, GJ], M* N G is an ideal 
in M* and fully reducible by Remark 4.3. Hence M* N G =M. Inasmuch 
as any maximal fully reducible subalgebra of ©* is conjugate to M* by an 
inner automorphism from [@*, @*] C G, it follows at once that every maximal 
fully reducible subalgebra of @* intersects Œ in a maximal fully reducible 
subalgebra of ©. 


Next we note that any similarity T keeping © invariant also keeps G* 
invariant. For 7(G*)N G* is algebraic and includes ©. Hence it includes 
@*; consequently 7'(G*) = G*. 

In view of the preceding observation, we can assume without loss of 
generality that © is an algebraic Lie algebra. Thus the theorem will be 
established when we will have proved: a fully reducible group of s-automor- 
phisms of an algebraic Lie algebra © keeps invariant a maximal fully reducible 
subalgebra cf ©. 


We decompose & into M +-9t where M is a maximal fully reducible sub- 
algebra and 9t is the maximum ideal of nilpotent elements. We prove the 
above assertion by induction on 7 = dim[Jt, Jt]. 

If dim[Jt, N] = 0, the assertion follows immediately from Lemma 5.1. 
Assume now that dim[%, N] > 0 and that the induction hypothesis holds for 
r< dim[%, N]. [N,N] is an algebraic Lie algebra. Hence there is a rational 
representation p of © whose kernel is [N, 9t]. Applying the induction hypo- 
thesis to the induced fully reducible group of s-automorphisms of p(@), 
we are reduced to verifying the hypothesis for Mt, + [N,N] where Mt, is the 
image of Yt by an inner automorphism from Jt. Since an inner automorphism 
is a similarity, W, is a maximal fully reducible subalgebra of G and hence 
algebraic. Consequently M, + [N,N] is algebraic by 4.4. Furthermore M 
is solvable by Engel’s theorem so that the dimension of the commutator sub- 
algebra of [N,N] is smaller than dim[N, N]. We can thus apply the 
induction hypothesis to M, + [N,N] and thereby complete the proof of 
Theorem 5.1. 
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COROLLARY 5.1. A fully reducible group of automorphisms of a Lie 
algebra keeps invariant a maximal ad-reductwe subalgebra. 


Proof. Once we note that the center of a Lie algebra belongs to every 
maximal ad-reductive subalgebra, this corollary follows directly from 
Theorem 5.1. 


COROLLARY 5.2. A fully reducible group of automorphisms of a Ine 
algebra keeps invariant a maximal semi-simple subalgebra. 


Proof. Follows directly from Corollary 5 a and the observation that an 
ad-reductive subalgebra has a unique maximum semi- i-simple subalgebra-——viz., 
its commutator subalgebra. 


THEOREM 5.2. A fully reducible group of automor phisms of a solvable 
Ine algebra keeps invariant a Cartan subalgebra. 


Proof. Let © be the solvable Lie algebra and T the fully reducible group 
of automorphisms. The operation ad X ~>adc(X), ceT, of c on ad @ is a 
similarity since adé(X) —c(ad X)c*. Inasmuch as any Cartan subalgebra 
of © is the inverse image of a Cartan subalgebra of ad Œ (and conversely), 
it suffices to prove 


(A) any pre-fully reducible group of similarities of a solvable linear 
Lie algebra keeps invariant a Cartan subalgebra. 


Now it is not difficult to see that any Cartan subalgebra of a linear Lie 
algebra & is the intersection witn & of a Cartan subalgebra of the algebraic 
hull @* and conversely (cf. [3]). Consequently it suffices to prove (A) under 
the additional hypothesis that the solvable linear Lie algebra is algebraic. 


We can suppose accordingly that r is a pre-fully reducible group of 
similarities of a solvable algebraic Lie algebra ©. By Corollary 5.1 T keeps 
invariant a maximal fully reducible subalgebra Yi of Œ. Now any algebraic 
Lie algebra obviously contains some regular fully reducible element z and 
the nilspace of (ada)g is a Cartan subalgebra. Furthermore any fully 
reducible subalgebra $ of a solvable linear Lie algebra is abelian—for its 
ideal [%, &] being fully reducible and consisting of nilpotent elements is zero. 
Thus any maximal ad-reductive subalgebra M, of @ which contains x extends 
to a unique Cartan subalgebra—the nilspace of (ad M,)@ or the centralizer 
of Me. Since all maximal fully reducible subalgebras of G are conjugate, 
the centralizer of any maximal fully reducible subalgebra of Œ is a Cartan 
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subalgebra. In particular, the centralizer of Yt is a Cartan subalgebra 
invariant under T. Proof of the theorem is now complete. 
By paralleling the proof of Theorem 5.1 we can prove 


THEOREM. A fully reducible group.of automorphisms of an associatwe 
or Jordan aigebra keeps invariant a maximal fully reducible subalgebra. 


The pertinent facts about Jordan algebras required for the above proof 
can be found in the paper by N. Jacobson in Transactions of the American 
Mathematical Society, vol. 70, (1951), P. 528. 


Section 6. A Decomposition of Algebraic Groups. 


Let G be an algebraic group. We denote by.9t a maximal fully reducible 
subalgebra of its Lie algebra ©, and by 9 the ideal of nilpotent elements in 
its radical. We denote by M4 the totality of elements x in G such that Ad z 
keeps M invariant, that is eMle?— MM. Because of its maximal character, 
M is algebraic, and because N consists of nilpotent elements only, it, too, is 
algebraic ([2], pp. 181 and 183). We denote by N the connected group 
with Lie algebra N. NW is normal in G since 9 is invariant under all simi- 
larities from G. | 


Lemma 6.1. Let Œ be an algebraic group, M4 and N the subgroups of 
G defined above. Then G=M4-N. 


Proof. Since an algebraic group contains the Jordan product com- 
ponents of each of its elements, it suffices to prove that M4-N contains each 
fully reducible and each unipotent element of G. 


Suppose that u is unipotent. Then u = exp X with log u = X a nilpotent 
element in the Lie algebra ©. Inasmuch as KX + 9 is a solvable Lie algebra, 
by Lie’s theorem on simultaneous triangularizing it consists of nilpotent 
elements. Let X, be a non-zero element of (KX HRN Wt if such exists, 
otherwise zero. Choosing a suitable base for N, we can apply U2 of 2.3 to 
conclude that u = exp (tX) w with w’ in N. Now exp tX, belongs to the 
connected algebraic group with Lie algebra KX, and hence belongs to po 
connected algebraic group corresponding to W; hence Ad (exp tX, l (M) = 
and exp?,X, is in M4. -it follows that u is in M4- N. | 

Suppose on the other hand that è is a fully reducible element of G. 
By Theorems 5.1 and 4.1 there exists an element u in N such that 
s(uMu s == uMu. Hence (usw) (usu) =M and utsu==m is in 
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M4: But N being a normal subgroup of G, sus* is in N and hence 
v =u (sus?) isin N. Since vs = u"su = m, we have s == mv" is in M4-N. 
Proof of Lemma 6.1 is now complete. 


THEOREM 6.1. Let G be an algebraic group, M a marimal fully 
reducible subalgebra of its Lie algebra ©, and N the ideal of nilpolent 
elements in the radical of Œ. There is a fully reducible algebraic group M 
with Lie algebra M such that G==M-N (semi-direct), N being the con- 
nected algebraic group with Lie algebra X. 


Proof. By Lemma 6.1, G=M4-N (not necessarily semi-direct). It 
is easily seen from the definition of M4 that it is an algebraic group whose 
Lie algebra ©, contains W. 


We first note that it is sufficient to prove Theorem 6.1 for the group A/4. 
For clearly ©, = Yt -+ (GN MN) and ©, N N is the ideal of nilpotent element 
in the radical of @,. If now M4==M-N, (semi-direct) where M and N, 
are algebraic groups with Lie algebras M~ and © NN respectively, then 
G.=MN,N=MN. Moreover M NN, being an algebraic group with Lie 
algebra WM N N= (0), is a finite subgroup of N; being fully reducible it 
reduces to the identity element. Thus G== M:N (semi-direct). 

Hence we lose no generality in assuming G=J/4. In this case Yè is 
an ideal of ©, and Mt being ad-reductive (cf. Prop. 3.2) © =M -N (direct). 
We proceed by induction on the dimension of &. 

.We let N, denote the center of Jt, and we denote by N, and Me, the 
connected algebraic groups corresponding to Jt, and Wt respectively. Clearly 
N, and W are invariant under similarities from G, and hence N, and M, 
are normal subgroups of G. Furthermore, if 3340 and © s N, there is 
a normal algebraic subgroup F of positive dimension such that the dimension 
of the subalgebra + Mt is smaller than dim@ (% being the Lie algebra 
5 E a F == M, or, if Mo is zero dimensicnal F =N. 


Case 1. N0. Here G—M is fully reducible and hence G is fully 
reducible (Prop. 3.1). 


Case 2. N0, © is not the center of N. Select the subgroup F 
described above. Selecting a rational representation p with kernel F we know 
by Prop. 3.2 that WY — dp(Mt) is fully reducible, and Jt’ == dp(N) is com- 
posed of: nilpotent elements. By the induction hypothesis G’ == W- N’ (semi- 
direct.) :where G” is the algebraic group hull of o(@), M’. is an algebraic 
subgroup with Lie algebra WY and W’ is the connected algebraic group with 
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Lie algebra W: By U2 of 2.3 p(N) =N’. Hence G =p>(W):N. Applying 
the induction assumption to p (W), we obtain the desired fully reducible 
subgroup with Lie algebra W. 


Case 3. © is the center of N. Here G =N is abelian, and G is 
a finite extension of N. Furthermore by U2 of 2.3 and the formula 
exp X exp Y =exp(¥ + Y) if [X,Y] ==0, we see that X — exp is an 
isomorphism of the additive group of the linear space Jt with the multiplicative 
group VN. Our theorem will therefore follow from the following: Let N be a 
vector group over a field K of characteristic zero (i.e. the additive group of a 
linear space over K—possibly infinite dimensional); then any finite exten- 
sion of N splits. This in turn is the group extension interpretation of the 
now well known result: the two dimensional cohomology group of a finite 
group in an indefinitely divisible abelian group vanishes. (Indeed the 
cohomolegy groups vanish in all positive dimensions.) 


Section 7. Conjugacy of Fully Reducible Subgroups. 


THEOREM 7.1. Let G be an algebraic group, N the set of nilvotent 
elements in the radical of its Lie algebra, and N the connected algebraic 
group with Lie algebra N. Then G==M-N (semi-direct) with M a masi- 
mal fully reducible subgroup. Furthermore any two maximal fully reducible 
subgroups of G are conjugate under an inner automorphism from N. 


Proof. If M is a fully reducible subgroup of the algebraic group G with 
G=M-N, then M is algebraic and maaimal fully reducible and G =M- N 
(semi-direct). For let W be a maximal fully reducible subgroup containing 
M. M is clearly algebraic and its Lie algebra Wè is fully reducible. Since 
MNN is an ideal of nilpotent element in the radical of Mt, by Remark 4.1 
it follows that M N N==0. Since HN is therefore a finite algebraic group, 
it consists of fully reducible unipotent elements and hence reduces to the 
identity. Thus G= -N (semi-direct) and M = M. 

We now prove the second part of the theorem by induction on the 
dimension of Œ, the Lie algebra of G. Let M, be a maximal fully reducible 
subgroup of G and W, its Lie algebra. Then == M, + 9t is algebraic (Sec. 
4, Remark 4.4). Let F, denote the corresponding connected algebraic group 
and let F be the finite (algebraic) extension M,F. Now G= M-N implies 
that F=(FNM) N. Since FN Mt—MN Wi +N), the Lie algebra of 
FAM is fully reducible by Lemma 4.4. Hence FNM is fully reducible. 
By the opening remark of our proof, F N M is a maximal- fully reducible sub- 
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algebra of the algebraic group F. If dim % were less than G, we could apply 
the induction hypothesis to F and carry M, into FO M by an inner auto- 
morphism from NV and we would be led to the contradiction that FM M is 
a maximal fully reducible subgroup of G. Consequently 3—G, that is 
M+ R—- M+R. From this it follows readily that the fully reducible 
subalgebra M, is maximal fully reducible in ©. 

By Theorem 4.1, M, and Yt are conjugate under an inner aatomionohin 
from N. Hence no generality is lost in asuming M == M,. Under this 
additional hypothesis, M; and M are each contained in M4, the normalizer 
of M in G. Furthermore the set of nilpotent elements in the radical of M4 
is in Jt. Hence no generality is lost in assuming G == M4. Repeating the 
3-case argument in the proof of Theorem 6.1, we reduce to the case that 
@=—M is an abelian Lie algebra of nilpotent endomorphisms. If M, is a 
maximal fully reducible subgroup of G, M, consists of, in this case, fully 
reducible nilpotent elements and hence is 0. Thus M, is a finite group. Te 
prove that u-*M,u C M for some u in N is equivalent to showing Mu C ul: 
that is the group M, operating on the space of cosets G/M by left translation . 
admits some fixed point uM. Since G==M-N (semi-direct), G/M can be 
identified with the space N. Under this identification, the operation of G. on 
G/M by left translation is equivalent to the operation of.G@ on the linear 
space X by affine transformations in view of the identities E 


(1) mnM = (mnm): M for m in M 
(2) ni (nM) = (mà) M © for na in N 
(3)... = mexpXm* = exp mm^“ for X in N 
(4) ° exp(X¥ + Y)—expX-expY > for X,Y in 


together with the fact that X5 exp X i is a , one-to-< -one mapping of Jt onto N. 
Now as is well-known, any finite group of affine transformations of a linear 
space (over a field of characteristic not dividing the order of the group) has 
a fixed point—namely, the centroid of any orbit. Hence M, has a fixed point 
on G/M and M, is conjugate to M under an inner automorphism from JV. 
Proof of the theorem is now complete. 


COROLLARY. A pre-fully reducible group of similarities of an i 
group keeps invariant a maximal ij reducible sie ake 


8 At this aint: the theorem follows from the fact that the one dimensional coho- 
mology group of a finite group with coefficients in an indefinitely divisible abelian group 
is zero. Indeed this is in essence the concluding argument of our proof. 
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Proof. Let G be the algebraic group. The pre-fully reducible group cf 
similarities of G are the automorphisms g->fgf* where f varies over a fully 
reducible group F. Let G, be the normalizer of G, let M be a maximal fully 
reducible subgroup of G and let M, be a maximal fully reducible sub- 
group of Gs which includes M. Since FC G,, there is an element x in G, 
with F CgaM,s> by Theorem 7.1. Hence for any feF and peter", 
fpf e(sHs>)N G. But sM,s* being a fully reducible subgroup of G, 
its intersection with G@ is a fully reducible subgroup of G (cf. 4.3) and 
therefore coincides with sMa>. Thus F keeps invariant the maximal fully 
reducible subgroup tMr”. | . l 


Section 8. Relation to Wedderburn Decomposition. 


THEOREM 8.1. Let G be an algebraic group and let € denote its 
enveloping associative algebra. Then there 1s a Wedderburn decomposition 
G+ for € with S semi-simple and È the radical such that: 

a) SNG i a maximal fully reducible subgroup of G, 


b) ZN Gis the ideal oj a i elements in the radical of ©, the Lre 
algebra of G, 


c) (14+8)NG is the subgroup of aoe elements in the radical 
of G (I denotes the identity element). 


Proof. Let G—M-N be a decomposition of G into the semi-direct 
product of a maximal fully reducible subgroup 7 and the subgroup N of 
the unipotent elements in the radical. 


For any set of endomorphisms § we denote by €(S) the enveloping 
associative algebra—ti.e. polynomial combinations without constant term in 
the elements of S. We denote by (8) the linear span of 8S. If S is a 
group then, ©(S) consists only of linear combinations of elements of 8S. 
Hence M-N =N; M implies that 


&(€(M) -€(N)) =2(€(N)-E(M)) —E(M-N) =E). 


We denote by logu for u a unipotent endomorphism the finite sum 
> (—1)**(u—1)*/i. 
į¿=1 


Since u = exp log u, we have 


E(N) = E(log N +1) =E (log N) + KI = E(N) + KI, 
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where Jt==log N is the Lie algebra of N and K is the ground field. As a 
result 


E(G) =L(E(M) - (E(N) + KI)) = E(M) -U(E (M) E(N) ). 


Now 9 being an ideal in G, we have mnm-'e RN whenever me M and neùN 
and as a result 


M-N—=N- M, 2(E(M) -E(N)) =E (N) - E(A)), 


and from this it follows that &(€(A/)-€(8)) is a two-sided ideal in the 
associative algebra E(G@). By Lies theorem on the simultaneous triangu- 
larizing .of solvable linear Lie algebras (or by Engel’s theorem) Ji*¥—0 
where k is the dimension of the linear space on which G operates. Hence 
E(M)*—= (0) and UEN -E(M) )*¥ —= V( ECM) E0) —=0. Set S== ECA) 
and T—=L(C(M)-E(M)). T is in the radical of E€(G). Moreover M 
being fully reducible, © (AL) is fully reducible and is therefore a semi-simple 
associative algebra. Thus © T= (0), and €(G) =+- (semi-direct). 
That is, -+ g is a Wedderburn decomposition of €(G@). Thus assertion a) 
has been proved. 

To prove b), we observe that ZN © is invariant under inner auto- 
morphisms y—gyg™* with g in G and it is therefore invariant under the 
infinitesimal transformations y—[g,y] with g in the Lie algebra ©. Thus 
*A® is an ideal of the Lie algebra G. Since it consists of nilpotent 
elements, it is a nilpotent ideal and therefore contained in the radical of & 
and hence TANGCM. But by definition of T, NCENG. Therefore 
TN G =N. 

To prove c), we recall that u == explogu for u in N. Hence NCI 
-+-E(N) and (T+T) NA GDN. Conversely, ue (I + £)N G implies logue $ 
and also logue @, the latter since {exp ¢log u | te K} is the smallest algebraic 
group containing u. Hence logueS N G=M and weN. Proof of the 
theorem’ is now complete. Analogously, one can prove 


THrorem. Let & be an algebraic Lre algebra and € its associative 
enveloping algebra. Then there exists a Wedderburn decomposition © —- & 
for © such that SNG is a maximal fully reducible subalgebra of © and 
TNG is the ideal of nilpotent elements in the radical of ©. 
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CORRECTIONS TO “PERIODIC MAPPINGS ON A BANACH 
ALGEBRA.” * 


_ By Bertram Yoon. 


Dr. H. Kamel has kindly pointed out that. the proof of Lemma 4.1 part 
(2) of this paper (this JOURNAL; vol. 77, pp. 17-28) is incorrect. We have 
been unable to supply a correct proof. Although this lemma is used in the 
subsequent arguments we show that all the conclusions of the paper mentioned 
in the introduction hold. Only some subsidiary results require modification. 

Consider Theorem 4.6. The proof for n==1 on p. 25 is valid since T 
has period two. For typographical convenience set Hyu(Ka) = H/(K!). 
We show by induction that S C K*,1=0.1,- - -,n (whence S= (0)). This 
holds for i =Q by hypothesis and assume it for OSi<cin. Set V = Te“, 
Let 3 be any two-sided ideal of B where X 3% C K+. Since V is an automorphism, 
H** is an algebra with X N H** as a two- sided ideal. By arguments of p. 25 
given for J we have Sn H itl == (0). If 1-4- 1=n then we already have 
SO H" == (0) and S= (0). Suppose that 1-4- L< n.. Then 


V (K) = (2")* (K) =K" 
by Lemma 2.1. Let r be the period of V. The algebraic sum 
Oe VIR ae ea POS) 


is a two-sided ideal of B (since S is a two-sided ideal) and 3 C K* whence 
SO Ht} == (0). Let ye S, y=u-+v in the decomposition 


Kt == Hit N Ki B Kiwi 


of Lemma 2.2. Set W=I+V4V?+---+V™ Then Wy) eS, 
W(v) 0 and W (u) ==ru. Thus u==0 and Peer This completes 
the induction. 

This gives the correctness cf all the results subsequent to Theorem 4. 6 
with the exception of Theorem 4.10. For that result we argue as follows. 
| z || and feli = || T(x)]| are two complete norms on S. Let a; be in sep- 
arating ideal S, for these norms on S, and let || v — z: | — 0, | v: ilı — 0 where 
veg C Kı, t= 1,2. Arguing as in Lemma 4.9 we see that 2,2,—0. Thus 


* Received August 30, 1955. 
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S, is a zero algebra. Now 8 is semi-simple being a two-sided ideal in B. 
Thus S, = (0). By Theorem 2.4, S is a zero algebra whence S = (0). 


Lemma. Let T be q periodic automorphism or anti-automor phism on a 
Banach algebra B with separating ideal S. If T? as continuous then T(8) = 
If T? ts continuous on Kı, utveS where we Hy, veK,, then ueg and me 


Suppose T? continuous. Let y =u + veS, Ur + vry, ur + Tvp) 0 
where each uy and u (vy and v) lies in H, (K). Then ug + Twp —>u -+ T?(v). 
Also zy = u — ur + T(v—vr)—T(y) while T(z,)—>0. Thus T(S)C S 
and by periodicity T (8) =S. 

Suppose T? continuous on K,. Suppose first that the period n of T is 
even. Let ye 8 with the above notation. Then Oped 9ST (Oe) —> u 
with we K, by Lemma 2.1. Then we Kk,’NH, C8 by Lemma 4.2(b). 
Hence also veg. If n is odd then 7’—T7T*"-is continuous on R, Now 
v;,—T (vz) ~u+v. Operating by T on this n—1 times and summing we 
obtain nu =0. Thus ves. 

The additional hypothesis T (8) == (or T? continuous) yields 4.1(3), 
(4), 4.2(a), 4.3 and 4.4(a). The additional hypothesis that T? is con- 
tinuous on K, yields 4. 1(8), (4 ): For 4.4(b) assume 7(S) =S in case 
n= 4, 


UNIVERSITY OF OREGON, 


CORRECTIONS TO THE PAPER “ENGEL RINGS AND A RESULT 
OF HERSTEIN AND KAPLANSKY.” * 


By M. P. Drazin. 


In the above-named paper (this JOURNAL, vol. 77 (1955), pp. 895-913), 
Theorem: 6.4 should have been stated only for rings of zero characteristic: 
the argument for the case of prime characteristic breaks down in the last 
formula line on p. 911. This involves jettisoning Theorem 6.5 (the implied 
“proof” of which depended on applying Theorem 6.4 to homomorphs whica 
cannot be guaranteed to have zero characteristic, even when the given ring 
has). 

However, the writer has no evidence that Theorem 6.4 as stated or 
Theorem 6.5 is actually false. And in any case, since the valid part of the 
proof of Theorem 6.4 establishes the weaker conclusion [#”, y" ] = 0 without 
characteristic hypothesis, the remarks following Theorem 6.4 still hold good, 
provided that we modify the final parenthetical clause so as to read “which 
would at any rate imply that every weak K amg R with k, m, n satisfying 
(a) or (b) has R/J commutative.” 
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- SUBALGEBRAS OF THE ALGEBRA OF ALL COMPLEX-VALUED 
CONTINUOUS FUNCTIONS ON THE CIRCLE.* 


By JOEN WERMER.* 


1. Introduction. Let R be the algebra of all real valued continuous 
functions on the circle and let C be the algebra of all complex-valued con- 
tinuous functions on the circle. 


The subalgebras we are concerned with are assumed to contain the 
constant 1. 


A fundamental theorem of Stone yields that any uniformly closed sub- 
algebra R’ of R which separates points (i.e which is such that if A, 5£A, 
then there exists an f in R’ with f(A1) #f(Az)) coincides with R. 


For the algebra C the situation is quite different. There exists a large 
class of proper subalgebras of € which separate points. The problem ož 
classifying these subalgeoras leads to the following question: What are the 
maximal subalgebras of C? 


A closed proper subalgebra M of C separating points is called maximal 
if there exists no closed subalgebra M’ with MC M’ and MM, M £C. 


In [1] and [2] the author has given examples of certain maximal sub- 
algebras. Here we shall exhibit a large class of maximal subalgebras, 
associated with Riemann surfaces. 


Let %& be a Riemann surface? Mt a region on Ẹ bounded by a simple 
closed analytic curve y, such that M -+y is compact. WM then has finite 
genus p. Since y is topologically a circle, we may regard C as the space 
of continuous complex-valued functions on y. We shall use || 7 || to denote 
max | f (A) |. 


Definition 1. YW is the subalgebra of C consisting of all f which may be 
continued into W to be analytic on Wè and continuous on W > y. 


By the maximum principle for Mt, W is a closed subalgebra of C. Also 


* Received September 10, 1954. - 

1I am indebted to Professor M. Heins for a number of valuable suggestions which 
I have used in some of the vroofs. 

2 For definitions and basic facts of the theory of Riemann surfaces we refer the 
reader to R. Nevanlinna, “ Uniformisierung,”’ Springer Verlag, 1953. 
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J separates points on y, since, given p,q cn y, p= q, we can find some f in 
A with f(p) =0, f(g) #0. 
The main object of this paper is to prove: 


THEOREM 2. YW is a maximal subalgebra of C. 


When §% is the plane and y is the unit circle |A|—1, W becomes the 
algebra generated by the functions 1 and A. This is the case discussed in [1]. 

In Section 2 we prove Theorem 1 in which we give the form of the 
general linear functional on C which annihilates W. In Section 3 we use 
Theorem 1 to prove Theorem %. Jn Section 4 we find when two of our 
maximal subalgebras are isomorphic. 


2. Fix ¢ in Mt; let G; denote the Green’s function for Mt singular at €. 
Then G; is harmonic in M except at £; Ge vanishes on y; for some fixed local 
parameter z at ¢, @,(z) + log|z—{]| is regular neighborhood of &. 

Let H, be the (multiple-valued) conjugate function of Gy. Since y is 
an analytic curve, Gr + iH; is analytic everywhere on y. 

Set W,(z) =— d{G,(z) + 1H,(z)}/dze. Then W, is a “covariant” cn 
WM, as defined in [3], p. 102. W, is analytic on Mt except for a simple pole 
at ¢, with residue 1. On y we denote by o; the measure —.W,(A)dd.. Then 
wy is the harmonic measure for W evaluated at ¢. In particular, for any set 
E on y, œ( E) is veal and non-negative. 

Fix some & in M. From now on we shall omit the subscript £ when 
writing Ge His We or w We note that W has no zero on y. 


LemMA 1. W has 2p zeros in Wt, where each zero is counted with tts 
multiplicity. 


Proof. We choose an analytic parametrization of y:A=A(¢), OS ¢1. 
In any coordinate neighborhood U of a point of y with local parameter z, 
we define z(t) =2(A(t)). We can then consider W(z(#))-2’(#).in UN y, 
where the prime indicates differentiation with respect to ¢. Direct computation ` 
shows that this expression is independent of the choice of local parameter. 
Then 


A -f d/dt{log W (z(t))z (t)}dt 


is well-defined. By a formula given in [83], p. 183, we have 


E E ee 
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wheré B is the number of zeros of W in M, A the number of poles, and N 
the Euler characteristic of M. On the other hand 


a= f d/atlog d/dt —-(@(a(4)),-+ iH (a(t) yak | 


and this equals the variation of log d — {G(2(t)) + iH (e(t))}/dt over OS S51. 

The vroperties of G and H on y then yield directly that A==0. Thus 

B=A+WN. But A=1 and N =2p— 1. Hence B=2p, as asserted. 
Let %,° °°, %2) be a homology basis of closed curves on M. 


_ Definition 2.- Let u(à) be a'real continuous function on y and let 
U(¿)-be.the harmonic function on Yt with U =u on y. Then ®,(u), 
y==1,2,-.: -,2p, denotes the period of the conjugate function of U corre- 
sponding $ ‘to Cy. 


. Definition 3. For a=1, ` - 2p, Ya(é) is a harmonic function on M, 
continuous on M? +- y and twice differentiable on y, with ®,(ya) = 


LEMMA 2. There exist functions Ko i= ],: - -, 2p, meromorphic on M 
and continuous and real valued on y such that for t= 1,- - -, 2p, Di == Kido as 


functionals, t.e. Pi(u) = f u(A)Ki{A)do(A), all u, and such that WOK 
y 


is analytic on W for each 1. 


Proof.. Let W have the zeros 2,,- - -,2, in M of orders n’ <., vx. By 
i = 4=k ; 
Lemma 1; $ v =2p. At z; we use local polar coordinates (r6: for 
į=1 
i= 1,- "k. | | 
For each i, t==1,: > -,#% a well-known construction yields us functions 
ujt, j= 1, - >, and v$, 7 = 1,: - +,» such that: 


(i) ujt , vŻ are harmonic on M except at zi. 


(ii) u; has at z: a pole with principal part (r) $ cos 7@, and ae has 
at z; a pole with principal part (7,)~/ sin 0,). 


(iii) ujt and v;* vanish identically, on y. 


The 4p functions u;*, v;* together form a linearly independent set. For 
suppose ea diw; — 0, cj, d;t being constants. Because of the poles 


of the u,*, v;? this.implies cju; -+ dj'vf = 0, whence c; cos 76;-+ dj sin J0: = 0. 
Since 6; is arbitrary, we conclude cjf = d;t == 0, all i,j. Thus linear indepen- 
dence is established. We now seek constants a;t, b;*, j ==1,---, vp t==1,---, 20, 
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such that the function >) a;'u;* +- b;*v;* have a single-valued conjugate function. 
ij 


This gives 2p conditions on 4p unknowns, and so we obtain at least 2p 
linearly independent 4p-tuples satisfying the conditions. We thus get the 
linearly independent functions 
P(E) = Bapu (+d, vey + + Rp. 
45) 

where each q” has a single-valued conjugate function. Then g’(¢) is harmonic 
on Yt except for possible poles at the points z; of orders = and g’(A) =D 
on y for all v. 

Let r’(£) be the conjugate function of q” with r”(¢o)=0. Then 
hy(€) =t (g (E) + ir” (E) ) is, for v= 1,: - +,2p, a meromorphic function on 


2p 

Mt such that h, (à) is real and continuous on y for each v. Suppose X, Cyh, = 0, 
pol 

where Cy = äp + iby, (ay, by real). Since h,(A) is real for A and y, this gives 


2 7 27) 2 
Sah (A) = b,hy{A) =0 for Ain y. But Š ah, (£) is meromorphic end 
p=1 pol ` 


y= 


2 2 
SO Sah (t) =—0,feM. Similarly 5 bhy ( E) =0 on Mt. Hence S ayq” (E) 
y=1 pul 


p=1 
2 
= $ bsg” (E) = 0 on Mt. But the g” are linearly independent by construction, 
y=i 
whence &, = b, = 0, all vy. Hence c,—0, all v. Hence the h, are linearly 
independent. 

Consider now the covariant hy (¢) W (¿). This has no poles except possibly 
at o since the zeros of W cancel the poles of hp. Also hy(o) = i0” (fo) 
and so 5h. f ho) W(A)d\ = ig” (o) by the residue theorem. Now h,(d) 

Y 


is real on y, and W (A)dA is a real-valued measure on y. Hence the left 
hand side is real. Hence @”(éo)=0 and so h (čo) =0. It follows that 
hy(€)W() is regular at čo and so everywhere on Mt. 

Let now N be the space of all real continuous functions u on y with 
d, (u) =0 for v=l, -,2p. Given win N choose v twice differentiable 
on y with ||w—v||<e. Then there is a constant K so that 


| 6,(v)| = | ®,(v—u)| S Es, v=l,:' `, Rp. 
2 
Set w(A) =v (À) — Fa (v) dy (A). Then w is differentiable on y, @;(w) = 0, 
pal 
=l]; tg op and 
2y 
|u—w |S huo | -+È la (v)] | yy | < e+ R'e = K” K” 
pol 


independent of e. 
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Let w(¿) be the harmonic function with boundary value w(A): Since 
(w) =0, j=1,: -,2p, w'has a single-valued conjugate w, and since w 


is twice differentiable on y, w, is continuous in Mt + y. By the preceding 
hs(€)W(é) is analytic on Mt for. each 1. The residue theorem yields: 


o= f (wld) ONAWA) 
Y 
all i Since A,(A) is real, we get 
= È WOMAN — ( waryhi(add 
0 Í, w(A)h(A) W(a)dr f. w(A)hi(A)dw(r) 
for alli. Now | 
| S wayrsaraw0)| =| (uO) whaw 
<K". f | ni(r)| dw). 


Since e is arbitrary, we get 
f Ull A dwl) = 0, 
Y 


all i. Thus the functional h,dw annihilates N. Hence, by elementary vector- 


space reasoning, there exist constants by’, t= 1,: - -,2p, v= 1,: - -, 2p, with 
; j : ' | 
hfaA)dw(a) = > b,®,, qe: + +, 2p. 
so pal . : ; 


Since the A; are linearly a we can solve this system of equations 
to get 


Ë opthiaydw(d) — K,(a)du00, yl: +, 2p. 
i=1 l M ' 


The properties of the h; established above. a that the K; satisfy the asser- 
tions of the Lemma. 


Lemma 8. Let p be any complex-valued Borel measure on y such 
that f f(A)dp(r) = 6 whenever fe. Then for closed sets E on y, 
Y - ; 
o (I) = Q implies pE) = (), 


The analogous assertion was proved for the unit circle by F. and M. Riesz 
in [4]. A slight modification of their argument yields the following proof. 
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Proof of Lemma 3. Since E is closed, the complement of E on y is the 
union of countably many disjoint ares yn. Since 


f dod) <2, 5 aa 
Y Yn 


n=1 
Hence we can find a sequence of positive numbers d, with d, increasing 
to infinity with n, such that Sit § do(A))-d,a<o. For n=1,2,:-- we 


n=l Yn 
define a positive real twice differentiable function gan on y» such that 


In = S Gn{A)dwo(A) <œ and g,{X) increases on y, to œ as A approaches the 


endpoints of y,. Choose positive constants c, with Sa L. 
n=l 


Set P(A) = engn(A) + dn for At yn N—1,2,---. Since o(H) —0, P is 
defined almost everywhere on y with respect to œ and so with respect to o; 


for every £ in M. Let now P(¢) -Í P(A)do,(A), fe Mt. Note that 


f Pno = È (onl + dp h Si, du(A)) <œ. 


From the way P(A) was constructed, we see that P(A) is continuous and 
finite at each point APE and P(A) becomes continuously -++- oo at each point 
of. E. . . 

By elementary propertie of the harmonic measures wg we get then 
that P(€) is harmonic in Wè and has P(A) as continuous boundary function 
on y, if we make the obvious definition of continuous approach to œ for 
P(€) as E—> à, A in E. Let k> -,kəp be the periods of the conven 


function of P(g). Choose a constant d so that P, =d -+ P— > ke > 0 


on y, and hence on Yt and let Q, be the (single-valued) Renn mo = 
of Py. Set now &(f) = (1+ Pi +10) (Pi +101) (0). Then &(£) is 
analytic in Mt. For Aey and AZE, kA) = (14+ 2+ iy): (a@+ ty) with 
0<a@<oo and hence | &(A)| <1. LetrAeH. As fd | P (© -+i > o, 
whence &(€)—> 1. Thus &(A)=1 on E. In particular &(A) is continuous in 
M+ y, and so kew. Hence k™eW for n=1,2,---. Then 


o= S A= fda) +f OA). 
Y Z E y-E 
Letting n—>œ and recalling that | (A)| <1 if Aey—F, we conclude that 
0 == f da(à) = (E), as asserted. 
E 
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Definition 4. We denote by L(y) the class of functions F(A) on y 
measurable with respect to œ and with f | F(A) Pdol(à) < %. 
Yy 


-CORCLLARY. If u is a Borel-measure on y such that f f(A) dp(a) = 0 
Y 


for all fe, then there exists F(A) e L*(y) such that dp(A) = F(A)dw(a) as 
measures ON Y. 


Proof. By Lemma 3, o(#) =0 implies (E) =0 for any closed set Æ. 
It follows that this implication holds for each Borel set Æ. 

We can write u = p*-— pW + iw*—tw where pt, w, v*, vv are real non- 
negative measures. Let now # be any Borel set with o(#)=0. For every 
Borel subset W’ of E, o(#’) =0 and so p(H’) =0. Hence pt(#) =p (E) 
== (E) ==yv (E) = 0. Thus p’*, ete. are all absolutely continuous with respect 
tow. It follows by the Radon-Nikodym theorem, that du*(A) == Fi (A)da (à), 
where Pye L*(y). Similiarly dw (A) = F2(A)dwo(A), Fae LD*(y) and so on. 
Adding these equations we get the assertion. 

Let now y be a simple closed analytic curve in Wè such that y and y 
together bound an annular subregion DY of Mi. We choose y so that all 
zeros of W lie outside WY +y. We can then map WY conformally onto the 
annulus 7 <|2z|<1 in the plane, by a mapping z= (£), Ze DY. Since y, 
y’ are analytic curves, y is analytic on the boundary curves y and y. It ` 
follows that for a fixed K, and each Borel set E on y, 


= o(E) Sm(x(B)) S Ko(E), 


where m denotes Lebesgue measure on |z| =1. 

Let F(¢) be analytic on W. Then F°(z) =F (x> (z) ) is analytic in the 
annulus 7 < |z| <1. We shall omit the symbol “°,” since this omission 
introduces. no ambiguity. Also for g(A) defined on y, we write g(et®) for 


9 (x (e#)). 


Definition 5. Let F be analytic in W. We say Fe’, provided thai. 
(with the notations just given) l 


fo F(re#)| d0 = 0 (1) as rl. 
0 


Lemua 4. Let F(€) eS’. Then there eatsts a function F*(Xr) defined 
on y 4.e.—dw such that 


(a) F*e L(y). 
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(b) F(£) =z f F*(A)W,(A) da, all CeM. 
"Y 
(c) lim F(t) =F*(A) a.e—do on y, if ¿—> Aà within some sector. 
À [>A 


(d) Fis r>. Then for some constant K independent of F and r 
we have forr <r< i: 


f "| B(re!®)| do K f 7 P (e10) | d6. 


Proof. By hypothesis f 1PC) d@=-O(1) as r—1, and F(z) is 
0 
analytic for 77 < |z| <1. We may write F ==F, + F, where F, is analytic 
in |z| <1 and F, is analytic in |z|>7’. We hence get 
aR 
J | F, (re) | d@-=O(1) as r—> 1. 
0 


Classical results now give that F,*(e#) == lim F, (z) exists for a.a. 8 if 
geit 


the approach to the boundary lies within some sector, and that F,*(e#) is - 


summable on 0&0 < 2r. Hence lim F(z) exists a.e. We denote it ky 
2-> e486 


F*(e#) ; for à on y we write #*(A) instead of F*(x(A)). Since sets of o- 
measure 0 on y correspond to sets of Lebesgue measure 0 on | 2|==1, we so 
get assertion (c). | | 

Let now 7 <r<1 and let y, be the curve in WY which y maps into 
the circle |z|==r. The residue theorem gives for Ce Mt, € outside the region 
bounded by y- and y: 


27 l 
F(t) = wei’ FOW AJda = 2 f P(re*)W (re'®)rettd8. 
Yr a 4 


ły 
By a classical theorem, lim f | F.(re##) — F,*(e#)| d8 = 0 ; also W-(re*) 
rl eo 


is continuous for < r= 1. It follows that 


2m l 2r 
PO —lim 4 f Pre!) We(re!)rei? d9 = 2 f F*(e0)W -(et®)et d. 
rol *" 70 TW 9 


Ini 


Hence F(t) =3 f F*(,)W(a)da, eM. Thus (b) is proved. 
hi - 

Now l i 
2 

f | F*(A)] do(à) = if | F*(et®)]| W (etei! dÀ <0, 
"Y TZO 
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since ile Fe dð <o by construction of F*, and Wi is continuous. Thus 
(a) Folds. Finally, write F (2) = F,(2) + F,(2), okere F(z) is analytic 
in .|z| <1 and F(z) =i f F(r)(r—2)“dr; so that F, is analytic 
in fal>r. Let feeyt(r). Then Pe) — fo FONW) W(A)dolA) by 
(b), whence | F(r)| S M, Í, | FO) dw(A), where M; = se | WA) F(a) |. 
Hence for ET; <m, <r, 


)| dw (A), 





| Pa (ret) | S1/(r—1) max | F(x) | S (M/2n) 1/( = | p* 


where M a M, At last, <r S 


f | Fe(re)| dos f | F* (A)| do (A) -M S Ma fi | F* (ei) | dé, 
~ where M, and M, are constants. On the other hand, since F, is analytic 
in |z| <1, 


2a 2r ; 2ar 2 
J Pees f EROL ESI [z= (eao f {P (ot) | a 
0 : 0 0 0 


< (1-4 Ms) [Treo dð. 


Hence | | 
f "| P (reit) | do — Í. TP, (rett) + F, (re) | do 
S (1+2M) f T F* (0!) | do. 
This‘proves (d). b l 
Definition 6. B is ihe conjugate space of C. 


By the representation theorem of F. Riesz, B may be identified with the 
space of all complex-valued Borel-measures on y. 


Definition Y. % is the subspace of B consisting of all measures u of 
the form ‘du (A) = G*(A)dw(A) where G* is the boundary function of some 
G in Q- with G (éo) =0. 


Lemma 5.8 W is regularly closed as subspace of $. 


3 The idea of using a lemma of this kind resulted from a conversation with Pro- 
fessor S. Kakutani, : 
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Proof. By a theorem of Banach, [5], p. 124, it suffices to show that 
with each weakly convergent sequence of elements of W the limit again is 
in XW. 


Let now une W, un converge weakly to u. By Definition 7, there exists 
Gne, Gallo) =0 with dyz(A) = G,*(A)deo(A). Then for each. fe, 
f- Gre’, and so by Lemma 4, 


O= (£0) Ga (fo) = f F(a) Gu (a) do(a) = f F(A) Ann (A). 


For fe, then, o= f f(A)dp(A). By the Corollary to Lemma 3, tais 
Y 
implies that there exists Goe L! (y) with Go(A)dwo(A) = du (à). 

We shall show that G, converges to a function G analytic on Yt with 
Ge’ and that G¥(A) = @ (à) a.e—dw on y. From this it follows that 
du (A) = G*(A)do(X) and so pe. Now 

Ga(C) = ae J Ga? (A)We(Adr— f (W(A)) AWA) dn), 
Y Y 


Hence G(¢) = Lim G, (¢) exists for eM. Also 


n> w 


(BOLS f | G,* (A)| do (A), 


where M,—max|(W(A))7*W,(A)|. Now since the sequence pn converges 
Aey 


weakly, the total variation of un has a bound K valid for all n. Hence 
(1) f TE 
Y 


Also M, is bounded on each compact subset oi W. Hence by Vitali’s 
theorem, G is analytic on W and Lim Ga = G uniformly on each compact. 


NM? w 


subset of M. Now 
| 2T 
COLO 2 ECCO 
Yy T0 
= 
But We) ¢ has a positive lower bound on (0, 27). Hence f | G.* (et) | de 
0 
2 . i 
< K', all n, by (1). Hence f | G, (ret) | do < K”, all n, by (a) of Lemma 
0 


: = 

4 <r <r <i. It follows that 1 i G (reit) | d0< K”, whence Geg. 
l 0 

We claim that G*{A) = G (à) a.e.—do. 
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Let now 7” <r<il. Set 
Un? (2) =z f (r—z)"Ga(r)dr, jal >r 
[rj=r’ l 


U? (2) =a (r—2)=Ga(r)dr, |z] <r. 
Then Ọ,„t is analytie for |z| >’, Ua? for |z| <1, and 
Ga(z) = Ua? (2) — U (2), <le] <1 
Clearly Unt (ett) =n Us (2) exists for all 6. Also G,*(e!) exists a.e. 


Hence U,2* (ett) exists a.e. and G,* = U,?* — U,7*, a.e. 

Now G.(7)—> G(r) uniformly on |r|==7. Hence U,3(2) ~ U* (2) 
uniformly for 7 <a|2| 6b <o, and U** (ett) exists everywhere. Hence 
U,7(2) > Oz) uniformly in” <a s |z| <b < 1,and Gz) = U{2)— U2). 
It follows that 


2r 
(2) | f | U? (rei) | d= O(1) as r> 1. 
2 
Also . 
(3) G* (e8) = U?* (ei?) — U>* (e12) a.e. 


Fix r, ġ;r <1, 0&¢ġ <r. Set g(0) = (1— r?) (1+ 7? — 27 cos(6 — ) )7. 
Now 


2a 2r 
= if Un?* (2) 9 (0) d0 = 5 J (G,*(e) + U,?* (ett) )g (6) dé 


and U,'*(e!”) > U (e) uniformly in 09 < 2r and G,*(A)dw(A) coh- 
verges weakly to Go(A)dw({A). Hence 


ar 


lim 2 S U (e4)g(0)d0— 2 f CECE) +U (eH) (0) a. 
On the other hand, 
Unt (ret?) = a GOLE: U? (reit). 
By (2) we get, since U? is analytic in |z| <1, 


U? (rett) = 1 f "U* (et) g (6) dé. 
air 0 


Hence 


J, TO= JTE + Ue) 9a 
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or 
2r l 
o= f {U?* — Go — U'*} (9) (1—17) (1 + 1° — 27 cos (0 — p) )-1d8. 
$ | | | 


This now holds for arbitrary r, ġ. Since 7?*—G,—U'* is summable on 
(0, 27), we conclude 


Gale" = UF (eyen) = GF 2) ae. 


The conclusion now follows, as shown above. 


THEOREM 1. Let meand | f(Ajdpo(A) =0 for all f in X. Then 


there exists Je §’, J (ta) = 0, and constants c, such that, setting 


2p ` 
L(A) =J* (A) + Deki (A), 
qk 
where K; are the functions of Lemma 2, we have dug (A) = L(A) dw(A). 


Proof. Let W be the vector-space obtained by adjoining to 8 the 
measures I€;(A)dw(A), t==1,---,2p. Since W is regularly closed, the 
same is true of W. Our assertion amounts to the statement that poe W. 

Suppose po # I’. Since W is regularly closed, it follows by Banach’s 
definition, that for some fẹ in C 


(4) Í fo(X) duo (A) £0 


(5) . J foray —) if pew’. 


Let now 2 be the closure in L?{y) of N. Then we can decompose f, as 
follows: fo= H +- G, Hef, G orthcgonal to N. Let few. Then 


(6) 3 S 70) 40) de) =o. 
Henee 
(6’) J, G(A)du(A) =0. 


Let now Hae, H,— H in the norm of L(y). Then by the residue theorem 


rif Ho(d) (FQ) +7 (60) )do(a) =0, 
¥ 


whence 


(7) f, H(A) (f(A) —f (fo) )do(A} 0. 
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Also (f(A) —f (£0) )dw(A).€ 28’, whence by (5) 


f Fol) (F(A) —F (Eo) dola) = 0. 
Hence from f, = H+ G and (7), 
f G0 FA) —F(G))do(a) = 0. 
By (6’), then, | . 
8 G dw =). 
(8) fF COOLIO 
It follows from (6) and (8) that Í w(A)@(A)da(A) =0 for all real 
continuous functions u on y with uer for some fe. As in the proof 


2p 
of Lemma 2, we get from this that for some b, G(A)dw(A) = 2 b,®, as 
functionals, and hence that pal 


2p ; 
(9) G(A)dw(dr) = 3 Ky (A) do(A) 
4=1 
where K; are the functions constructed in Lemma 2. Now 
J HO)K,(A)do(A) =0, PE eee ye 
Y 
also K, (à)do (à) €W. Hence by (5), 
J POE A)dola) =0, y= + 2p. 
Y 
Hence 
(10) f G(X) K,(r)du(a) =0, iran eee 
Y 


By (9) and (10), 
f | @(A) |? do(A) = Í, G(A) Z&K; (A)do(a) 
= 2a f G(A) Ki (A) do (A) =0. 


Hence G(A) =0a.e. and so fo = H a.e. 
Now consider H eA, H,— H in the norm of L?(y). Then for Ce M, 


H, (£) <a [Bal We(ayan, 
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It then follows that 


wei f fold) Wi(A) da —lim H, (6) 
y . n—> æ 
is analytic in Yt. Also or af fo(A)W-(A) da has fo as continuous boundary 
Y 


value on y. Hence foe W. Then f fo(A)duo(A) =0. This contradicts (4). 
5 i 


Hence the assertion must be true. 


3. Proof of Theorem 2. Let W be a closed subalgebra of € with 
WC and AGW. Since W is a proper -closed subspace of C, a well- 
known theorem on Banach spaces guarantees the existence of a non-zero 
functional on C which annihilates W. Thus there exists pe; p0 


with f  g(à)da(à) =0 if ge. This holds in particular if ge %. Hence 
y 


by Theorem 1, da (à) = Lo(à)dw(à) where L, is meromorphic on M and | 

analytic on W except at the poles of the KH; Hence L, is analytic except at 

the points 2,,- - -,2, where W vanishes. Also, lim Z,.(&) exists for a.a. À 
io 


on y, if £—A within some sector, and this limit +£0 a.e. on y. 
Fix now ¢eW’. We shall show peN. For if fe, f(A)” (A) eW 


for m= 1,2,- - - whence f f(A) o™(A)du(A) =0. Applying Theorem 1 
> | ; 


to the measures ¢”(A)dp(A), we get o™(A)du(A) =Lm(A)do(A) where Lm 
has the same analyticity and boundary behavior as Lọ: Hence $”(A) L(A) 
= Lm(à) a.e. on y. It follows that (Z,(A))"—Lm(A) (Zo(A))™? a.e. on y. 
On both sides we have non-tangential boundary values of functions analytic 
in the region Yt, obtained by deleting from W the points 21,---,2. By a 
result of Lusin and Privaloff, [6], an analytic function possessing non-tan- 
gential boundary values on a set of positive measure is determined by these 
values. Hence (Lı(¢))” =—Lmit)(Lo(¢)) for £ in Mp. Since this is 
true for all m= 1, L, cannot have a zero at any point £’ in Mt, of order « 
unless L, has at €’ a zero of order =a. Hence Lo tL, is analytic in Mo. 
Also, since (A) L(A) = Li (à) .a.e. on y, & is the non-tangential limit of 
Lo +L, a.e. on y. | - 
Set T6(¢€) = L,7(€)L,(£). The map ¢->7¢ then assigns to each ¢ 
in W an analytic function Tọ on Yt, having boundary values (A). By the 
theorem in [6] mentioned above, p determines T. Let now ¢1, $z belong 
to XW. Then | 


Lim Tos (€) “T2() = $2 (A) 8a (A) 
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and so T'(¢i°¢2) =T¢.:T¢.. Similarly T(¢ı + $2) =T, +4 T> Fix 
now Zo in Me. Then the map ġ— Tẹ(zo) is a multiplicative functional 
defined on W’. But a multiplicative functional on a Banach algebra is always 
bounded and has bound 1. Hence | T$¢(2)|<<||¢ ||. Since zo is an arbitrary 
point in Ma, Tẹ is then bounded on Pto; hence T4 is analytic and bounded 
on M. Lemma 4 gives now that for ¢ in W, 


TAU) = f (THA dal) = f $(A)dae (2). 


On the other hand the last integral represents a continuous functicn on 
M -+ y agreeing with (A) on y. Hence ¢ is in YW, as asserted. 
Hence W-== M, and so Theorem 2 is established. 


4.. (Added November 27, 1954.) Let now u Ba be Riemann surfaces, 
P, Mt. regions on them bounded by simple closed analytic curves yı, Yz 
with It; U y; compact, t==1,2. Let JM; be the algebra of functions continuous 
on yi and extendable to be analytic on Wèh, i= 1,2. We assert: 


THEOREM 3. M, is isomorphic to M, as algebra tf and only if Ma 1s 
conformally equivalent to Mb. 7 


We need the following: 


Lemma. If x ts a multiplicatiwe functional on A, then there exists a 
pomt peM,U yı with x(f) =f (p), all fe Ws. 


Proof.* (We omit the subscript i trom M; etc.) By the general repre- 
sentation theorem for bounded linear functions on spaces of continuous 
functions, there is a measure py on y with 


x(f) = f, F(A)dpo(A), fet. 


Suppose now that the assertion of the Lemma is false. Then for each 
peMU y there exists fpe A with x(fp) =0 and fp (p) 0. 

Let do{(à) and W (¢) have the same meaning as in the preceding sections. 
Let Yt. be the region obtained by deleting from Æ the zeros of W. 

Now for all fe and p in MU y 


Om x(F fe) = f FOA) dul). 
Hence the measure fp(A)dpo(à) annihilates X. By Theorem 1, then we can 


‘Cf. L. Carleson [7], Theorem 4, for a similar methed of proof. 
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find a function Lp analytic on Wi, and with L,(€)W(f) regular on Mt, such 
that Lp has nontangential boundary-values L(A) for all à in y except for a 
set of w-measure 0, and with fp(A)duo(A) = L,(A)dw(A) as measures. Choose 
now Pı, pz distinct in MU y. Then z 


foa (A) fos (A) duo (A) = foa (A) Lip, (A) do (A) 
and ' 


fo (À) fpa (à) dpo (A) = fp, (A) Dp, (A) dw (A) 
whence fy,’ Lp, = fpm' Lp, 4.¢-—dw on y, whence by the result in [6] which 
we have quoted earlier, fp,(£)L,(£) = fr (E) Lp (E) for all ¢ in M. 
Fix now po in M and set F(£) —fp,*(£)Ly,(£). Since, for ge Mb, 
L and fg? are regular at q, we obtain that F is regular at g. Thus F is 


analytic on all Mt, and similarly we see that the covariant F(¢) wee ) is 
analytic on all of WM. 


Next, for each qey, we choose an arc yq on y with | f{A)| Æ ôq for A 
in yg, 5g being a positive number.. By the Heine-Borel theorem, some finite 
set of these ares covers y. We can hence get 5>0 and a decomposition 


y= Ü yı Where the y; are disjoint half-open arcs and for each 7 there is 
i=1 

some qi with | fa, (A)| Zè on yi. 
Now, F(E) = fau (E) La (t) for eM, whence 


F(x) = lim F(E) = fa" (A) La (A) a.e- on ya 
We now use annular coordinates 7,9: ro Sr <1, 0S0 2r in an 
annular subregion of M bounded on one side by y, with r—1 being the 


equation of y. 
Let geM. Then for each i 


JG aw) = f° Ifo ODL) dod) = f FOIA. 
Hence 


f g (A) duo (à) = J, g(A) F(A) Ori) W (A) da. 


Now if yp is the curve with equation: rp, p <1, 


f FOJOWEd=0 
Yp , 
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by the residue theorem. Also 


lim f F(Og OW (E) de = f g(A) F(a) W(a)da 
Bl Sp Y 


due to the boundary behavior of the functions Lp and fp. Hence 


x(g) = Js (A) duo (A) Jaa f g(r g (A) F(A) W (A) dA = 0. 


This must hold for all ge YW, which. is impossible. Hence the assertion of 
the Lemma must be true. 


COROLLARY. The space © of multiplicative functionals on WU is homeo- 
morphic to the set WMU y. 


Proof.. By the Lemma, if xeS, then there exists peWtUy with 
x(f) =f(p) for all fe. There cannot exist two distinct points pı, pe 
with this property, for if p, Æ pa then for some f in M, f(pi1) ~f(pe). Hence 
the map x—> p takes © into WU y. It is obviously one-one and it is onto 
PMU y since each p in MU y defines some multiplicative functional on M. 
Finally, the map is easily seen to be bicontinuous. 


Proof of Theorem 8. Let r be an algebraic isomorphism of Y, onto Wp. 
Fix p in Qt. U yə Map each f in N, intor(f)(p). This map is a multiplica- 
tive functional on %,, whence by the lemma there exists ¢(p) in WMU yı. 
with r(f) (p) =f(¢(p)) if fe. The function ¢ then maps Wès U ya onto 
Mt, U yı in a one-one and bicontinuous fashion. It follows that ¢ maps Nt, 
homeomorphically onto W. 

Fix po in Mt, and fo in W, with fo locally simple at ẹ (po). Then fot p 
in some neighborhood of po, fo(¢(p)) —r(fo)(p). Since fo and r(fo} are 
analytic functions and moreover fp is one-one in a neighborhood of (90), 
$ is analytic at pọ as mapping from Wf. to tj. This holds for each » in 
Mt, and further ¢ is globally one-one. Hence 4 provides a conformal map 
of M. onto Wl. 

Conversely, suppose we are given a conformal map ¢ of M, on M-. 
Classical results then give that œ is extendable to a homeomorphism of 
Yt, U ya onto Mt, U yı For each f in M, we can then define rf on Mt, U yz 
as follows: 7f(p) =f(¢{p)), peM,U ye. Then rfe, and + is an isomor- 
phism from W, to M.. This proves Theorem 3. 


Brown UNIVERSITY. 
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SOME RESULTS ON COHOMOTOPY GROUPS.* 


By FRANKLIN P. PETERSON.’ 


1. Introduction. One of the central problems of topology is the com- 
putation of the set of homotopy classes of maps of a complex K into the 
n-sphere 8". In 1936, Borsuk [2] showed that if the dimension of 
K == N <2n—2, then this set admits a natural abelian group structure. 
In this case, this set is called the n-th cohomotopy group of K and denoted 
by 7*(K). In 1949, Spanier [13] derived the basic properties of these 
groups and expressed the existing theorems on the structure of 2*(H) by 
means of an exact sequence [13; p. 240]. These theorems are the Hopf 
theorem [7], which states that the natural homomorphism y*:7"(K) > H*(E) 
(== the n-th cohomology group of K) is an isomorphism for n=: N and is 
onto in case n == N — 1, and the Steenrod theorem [14], which computes the 
kernel of „N and the image of „y7. Little more is known about the struc- 
ture of w(K). 

In this paper, we shall derive further results concerning the structure 
of w(K). First, 2®(K) is finitely generated when K is finite. Second, *(K) 
and H"(K) have the same rank. Third, the Hopf result is generalized by 
determining, for each prime p, a range of values oi n for which y” gives an 
isomorphism on the p-primary components of w"(K) and H"(K). Finally, 
the Steenrod result is generalized by giving a computation of the kernel and 
cokernel of y” restricted to the p-primary components for a range of values 
of n where 7” is not an isomorphism. This computation is given in terms 
of the reduced p-th power operations of Steenrod [15]. In proving these 
results, we make use of a cohomotopy exact couple similar to that of Massey 
[8; part IIT] and of Serre’s technique of “isomorphisms modulo a class of 
groups” [11]. 

In conclusion, I wish to express my warm appreciation to Professor N. E. 
Steenrod for his kind advice and encouragement. This paper is essentially 
Part I of a paper written under his direction and submitted as a dissertation 
to Princeton University. 


* Received September 16, 1955. ; 
1 The author was a predoctoral National Science Foundation Fellow during the 
preparation of this paper. 
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2. Preliminaries. In this section, we recall the notions and notations 
which we need in order to state our main results. 3 

We first recall.the definition and elementary properties of cohomotopy 
groups [13]. Let K be a finite dimensional CW-complex [6], and let L be 
a subcomplex. Let a:(K,L)— (8*,pt.) be a continuous map, where 8” 
denotes the n-dimensional sphere and “pt.” denotes any fixed point of 8”. 
Let [a] denote the homotopy class of a. The set of all such homotopy 
classes has a natural abelian group structure defined on it if dimension 
K=NZ=2n—2. We call this the n-th cohomotopy group ‘of’ the CW-pair 
(K,L) and denote it by =”(K, L). A map f: (K,L)— (K’,L’) induces a 
homomorphism f*:7"(K’, I’) >2"(K, LY defined by f*([a]) = [af]. 

Let z,(X) denote the r-th homotopy group of the space X. The process 
of suspension Induces a homomorphism S¢:a,(8") — ar (8%) which is an 
isomorphism for r < 27—1 by the Freudenthan theorem [16]. We identify 
these groups under this isomorphism and denote the result by Z(-.). 

The homology theory best suited for our investigations is the cellular 
homology theory as described in [6]. - We denote the n-th homology group 
of (K,L) with coefficients in G by H,(K,L;G@) and the n-th cohomology 
group of (K, L) with coefficients in G by H”(K, D; G). 

We denote the additive group of integers by Z, the group of integers 
modn by Z,, and the p-primary component of a group A by Ap, where the 
p-primary component of A is the subgroup of all elements of A whose orders 
are a power of the prime p. (The only exception to this notation is Z, 
which denotes the integers mod p.) Let ¢:4-—>B be a homomorphism. We 
denote $|A,:4,—B, by $p. Furthermore, we denote the kernel of ¢ by 
Ker ¢, the image of ¢ by Im, and the cokernel of p (= B/Im 4) by Coker ¢. 
AOB and Tor(A,B) denote the tensor product and the torsion pene 
respectively [4]. 

We now recall the notion of a class which was introduced by Serre ri. 
A class -@ is a non-empty family of abelian groups such that 


(I) if 0>A—+B—+C->0 is an exact sequence [5], 
then de @ and Ce @ if and only if Be @. 


In the applications, one af the following axioms is also assumed : 
(IIa) ifAe @ and Beg, then A QBe 6 and Tor(A,B)e @, or 
(IIs) if Ae @ and B is arbitrary, then A®Be @ and Tor(A,B)c £. 


The important examples of classes are o= the class consisting of the 
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0 group alone, r = the family of torsion groups; p= the-family of torsion 
groups whose p-primary components are 0, f == the family of) finitely 
generated groups, @y= the family of finite groups, and pr= the family 
of finite groups whose p-primary components are -0. It is easily checked 
that Bo, Ér, and Ép satisfy axiom (IIs), while. F, bn and lr satisfy 
axiom (IIa) but not IIg). 

The notion of class was introduced by Serre to allow us “to ignore ` 
systematically certain groups. With this in mind, we make the following 
definitions : a homomorphism ¢: A — B is a -monomorphism if Ker pe € ; 
it is a G-epimorphism if Coker ee 8; itis a O komo eee if both Ker p 
and Coker ġe @.: : 

. For any class @, let «(@) denote the see integer such that Zis) € & 
for 0<s<a(@). 


THEOREM 2.1. (a) Zen ts finite if r > 0, 


(b) Zin) p= Zp if r=2p—3 
` == Q otherwise for r < 4p—5, 


(c) allr) m00 
(a) a(l) —=2?p—3, and | 
(e) allo) =1. 


Proof. (a) is a result of Serre [10]. .(b) is a result of Serre [11]. 
(c) follows from (a). (d) follows from (a) and (b).. It is well-known 
that Zaj ==anii(8") = Za, hence a(b) =1. , ja 


3. The main results. The purpose of this section is to state our main 
results on the structure of cohomotopy groups. The remainder of this paper 
is devoted to the proofs of these results. . a 

There is a natural homomorphism 7:2" (K,L)—>H'(K, L). r is 
defined 2s follows: let ae [a] er" (K, L), and let u be a chosen ee of 
H" (8", pt.). Then 7 ri[a]) = a* (u)eH'(K,L) (see Section 4 and [13; 
p. 234]). We study the relations between the cohomotopy groups and the 
cohomolégy groups using this homomorphism. The classical Hopf theorem 
[7] states that if K is an N-dimensional complex, then „Y is an isomorphism. 
Our first result extends this theorem modulo classes. 

. Let (BL) be a ore Tuh dimension’ K = N throughout the rest 
of this paper. es 
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THEOREM 3.1. Let @ be a class satisfying condition (IIs) of Section 
2. Let n> (N+1)/2 be such that H'(K, L) eg for every r>n. Then 
7 ts a G-isomorphism tf r > Max((N + 1)/2,n—a4(@)), and is a G-ep- 
morphism for r==n—a(@) m case n—a(@) > (N+1)/2. 


THEOREM 3.2. Let B be a class satisfying condition (Ila) of Section 2. 
Let n> Max( (N +1)/2,N—a4(@)) be such that H'(K,L)e @ for every 
r>n. Then y ts a B-rwomorphism if r= n, and is a B-epimorphasm for 
r= i — i. 


Theorems 3.1 and 8.2 solve a problem proposed by Steenrod in [9]. 
We have as an immediate corollary of Theorem 3.1: 


COROLLARY 3.3. Let K and L be two CW-complezes of dimensions M 
and N respectively, and let f:L—K. Let @ be a class satisfying condilion 
(IIg) of Section 2, and let n> Max((4f+1)/2,(N42)/2). Then the 
following two statements are equivalent: (a) f*:H"( kK) OH'(L) isa g- 
isomorphism for r>n and a 6-epimorphism for r—n, and (b) f*: 
an’ (K) xr" (L) isa -isomorphism forr > nand a -epimorphism for r =n. 


Proof. Replace f by a cellular approximation f [6; p. 98]. By the 
mapping cylinder construction [6; p. 108], we may assume f is an inclusion. 
Then (a) is true if and only if H"(K,L)e @ for r>n by the exact coho- 
mology sequence of a pair. This is true if and only if w"(K,D)e @ for 
+> n by Theorem 3.1. However, this is true if and only if (b) is true by 
the exact cohomotopy sequence of a pair. 

By specializing @ to particular classes, we have the following four 
corollaries of Theorems 3.1 and 3.2. 


COROLLARY 3.4. Let n> (N-+1)/2 be such that H"(K,L) is finitely 
generated for every r>n. Then a*(K,L) is finitely generated for r > n. 


Proof. This follows immediately from 3.2 by setting = 4 and 
noting 2.1 (a). 


COROLLARY 3.5. Let n> (N+1)/2 be such that H'(K,L) is finitely 
generated for every r>n. Then a (K,L) and W°(K,L) have the same 
rank for r>n. Furthermore, if r> (N+1)/2 and we H'(K, L), then 
there is an integer MAO such that Mu e Imr. 


Proof. By 3.4, m"(K,L) and H'(K, L) are finitely generated for every 
r>n. Now apply 3.1 with n—=WN, @ = 6r, and note that «(@r) =o by 
2.1 (c). The conclusion that yf is a @7-isomorphism for r> n means that 
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a’(K,L) and H'(K,L) have the same rank. Furthermore, if for some 
we Ht(K,L) there did not exist a non-zero integer M such that Mue Im 7", 
then Coker» £ lr. 

The above is a result of Serre [11; p. 288]. 


COROLLARY 3.6. Let n> (N+1)/2+1 be such that H'(K, L) =9 
for. every r >. Then x (K, L) =0 for r>n, q" ts an tsomorphism, and 
nt? ts an epimorphism. 


Proof. Set B = o and use Theorem 3.1. Note that @,-isomorphism 
means regular isomorphism. 


COROLLARY 3.7. Let n> (N+1)/2 be such that H" (K, L) e p for 
every r > n. Then nip is an isomorphism for r> Max((N +1)/2,1—2p + 3) 
and y*P3 p is an epimorphism if »—2p-+3 > (N+1)/2. i 


Proof. Set 6 = 6p, and use Theorem 3.1. Note that p being a 
@,-isomorphism implies that p) is an isomorphism. 


For completeness, we state without proof a slight extension of a result 
of Steenrod [14] and Spanier [18 ; p.240]. The theorem follows from an un- 
published result of Adem (see [8; p. 263]) in a manner analogous to the way 
Theorem 3.9 follows from Theorem 6.2. Let Sq?: H"?(K, L) > A*(K, L; Ze) 
denote the Steenrod square [14]. Let A: H"(K,L;Z.)—> n"°(K,L) be the 
homomorphism defined by Spanier [13; p. 238]. 


THEOREM 3.8. Letn > (N-+1)/2+2 be such that H'(K, L) =0 for 
every r>n. Then w™(K,L) =0 for r>n, n” is an tsomorphism, and the 
following sequence is exact: 


n—2 2 


g“ A 
a"?(K, L) —> H-?(K, L) — H" (K, L; Za) — w(K, L) 


n-i 


——> H*-1(K, L) —0. 


Our final main result extends Corollary 3.7 in a manner analogous to 
the way Theorem 3.8 extends Corollary 3.6. Let 


P1: H(K, L) > Hse? (K, L; Zp) 
denote the first Steenrod reduced p-th power operation [15]. 
p: it? Ps (Kk L; Zp) >a" (KL) > 
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is a homomorphism to be defined in: Section 6. In Section 6 we ‘prove the 
following: 


THEOREM 3.9. Let n> (N-+1)/2 be such that H'(K,L) € bp for every 
r>n. Then yf) is an isomorphism for r > Max((N -+1)/2,n—2p + 8) 
and the following sequences are exact: 


aa ee © p ap) 
H- (K, L) —> Hrr*(K, L; Zp) — a" (K, L) —— H (K, L), 
Piip 


— Hnr (K, L; Zp) for +> Max((N +1)/2, n—4p+ 5) 
and 
n—tpts pı 


l (p) 
g” -4p+5 (K, L) r > Hye 4p (K, L)p $ > H»”-2p+3 (K, L ; Zp) 
if n—4p +5 > (N+41)/2+1. 


For: r > n— 4p +- 5, note that Theorem 3.9 computes the kernel and the 
cokernel of 77(p) in terms of the cohomology groups of (6 L) and the first 
reduced p-th powers in H*(K, L). 

4, The cohomotopy exact couple.’ The proofs.of ‘our main theorems 
are based on a cohomotopy exact couple of the pair (K, LY similar to the 
one studied by Massey [8; part IIT]. Since it differs from Massey’s coho- 
motopy exact couple, we describe it in detail. 

Let (K,L) be a CW-pair with dimension K =N. Let z be the least 
integer > (N -+1)/2; i.e. z is the least integer n for which 7"(K,L) has 
a natural group structure. Let K* denote the union of L with the s-dimen- 
sional skeleton of K. Our exact couple is based on the exact cohomotepy 
sequence of the triple (K, K, K**): 


l j | 
n? (K, K8) —> r” (K, K*1) 5. í > n (K, K’) — r (K, K) 
i | A 
—> 7" (K8, K) — r (K, K*)—>. TE 


2 


where i and j are the homomorphisms induced by the inclusions 
(K*, K) —> (K, Ks") and (K, K**) > (K, K*) 


respectively and A is the coboundary operator of the triple (K, K*, K*-+) 
(see [13; p. 229] for the definition of A and the Doga of exactness). 
For notational convenience, we set- ` 
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A"? =n" (K, K") for r22, 


Ore =a" (K*, K3) forr z. 
Also let 
$ gre; AT > Anen 


ei . Ane -1 > C'e; aid 


a 7 -= + 


Amt: Ora Ar 


t. 


be the sapiens j, 4, or A for r= > Ze In order to. extend the dove sequence 
to an exact sequence extending indefinitely in both directions, we set 


GoM = Ker fe for r < ae 
ree 0 for r<z—]i, 
r8 == 0 for r< 2, 
Ars; C7-18 —> As to be the inclusion, and the remaining 
‘homomorphisms 1, j, and A to be zero. 
The indices on the hcmomorphisms’i, j, and’ A are determined by’ their 
domains, and thus we omit them whenever possible. 
The groups and homomorphisms defined .above fit together in a lattice 
as in Figure 1. Any path in Figure 1 which moves downward and to the 


right in a zig-zag pattern traces out an exact sequence. -This follows imme- 
diately from the exact sequence of the a“ E Ks, K =) and our definitions, 


i fA 
Sie i > (8+1 > ATH B+L omy ote 
, i EE 7 
A J i A J =e 3 
or —> Or tet Ant, Ons wy Arts ony ... 

4 T at oh. 

cae mty A 8-2 ty (reel oy AEG g aan 
1 $ D A 

Figure 1. 


We now compute some of the groups of the cohomotopy exact couple. The 
following groups aré obviously 0 for m= 1: Ont, ONems, AN+ms AriNem-2, 
and CrN+m Also j: ATT > Arr! is an isomorphisia for m = 2 ‘and is 
onto: for m=-1. This follows because -~ -00 > ~- — 3 

‘Cr-tit-m | Ly Arrn me A rir-m+1 _y Qram 


is exact and for m Z1, Orr" ==0. Hence A=? x Atl == q" (K, L). 
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Define a homomorphism 
y: at (K8, K) —> C8 (K, L; 25(8", pt.) ) 
as follows. ‘The cellular homology and cohomology theory is based on 
ms(K*, K**) as the group of chains in dimension s [7]. Hence 
C's (K, L; 2s(87, pt.) ) == Hom (a, (K°, K), 7,(8", pt.) ), 
where Hom(A,B8) denotes the group of all homomorphisms from A to B. 
Let [b] ex, (K*, K), [a] ew" (Ks, Ke), then define 
y (Lal) (Lb) = [ab] è rs (87, pt.). 
It is shown in [18; p. 222] that y has the following properties for r =z 
and ssi N: 
1) œ is an isomorphism, 
2) wis natural with respect to cellular maps f: (K,L) > (K, L’), and 
3) the following diagram is commutative: 
iA 
at (K4, K>) ———> mK K”) 
|y |y 
; 846 
C8 (KL; mi (S7, pt.) ) —— C (K, Ls ren (S™, pt.) ), 
where § is the coboundary homomorphism 
CS (K, L5m(8", pt.) ) > CO (K, L; x,(8", pt.) ) 
and Sz is the homomorphism 
Cet (K, Disa, (8, pt.) ) > 0 (1 Bi re (8 pt.) ) 


induced by suspending the coefficient group. Under our assumptions on r 
and s, Sz is an isomorphism on the coefficients, and we may write the com- 
mutative diagram as 
iA 
nm (K, K) ——»> a ( Ks, K8) 
á 


CA —> 0 (KK, D3 Zin) 


(see Section 2 for the definition.of Z(s-,)). 

We now describe the first derived cohomotopy exact couple (see [8; 
part I] for the prescise definitions and the proof that this is an exact couple). 
Define 
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Ors severe H (Crs) =— Ker (ithe Arns) /Tm (isar he-t), 

[rs == [m a, 

Jhe > [Tsay prs- by Anan 

prs 2 T8- mp Uris by 48 (ques, and 
A8.: QUe y [wr ttert by Ans, 


These groups and homomorphisms fit together in a lattice as in Figure 2. 
From the remarks above, the following groups are obviously 0 for 
m = 1: Qer, Nema PVtes PrNem-1, and Yrm, Also 


Det Sr a or CL) for rs, 
Furthermore, Yre =~ H*(K,£;Z s+) for rZ z+ 1 by the above identifica- 


tions and definitions of "e. 


E A’ 


of tee ERIE RE at Yrs ees PRI SES ok 
“7 7 
E | 
A’ á uF 4° A’ 
oe Birds? dts JTI ay Ofna J rrbsil iy. . 
s = 
EE nE 
J a A 
oe ome [8-2 ay Unt ey frths o>»... 
Figure 2. 


Under these identifications, Y": 2"(K,L)—H"(K,L) is defined geo- 
metrically as follows. Let [a]ea™(K,L). We may assume that a: (K, L) 
— (67, pt.) is such that a(K™*) —pt. Restrict a to a map a’: (K*, K**) 
— (S",pt.), then fa’] is am +-cochain of (K,Z) which is a cocycle. Its 
cohomology class is ’""([a@]). We denote the homomorphism 7’ by q". It is 
easily checked that this gives the same definition as given in Section 3. 

We recall for reference later the definition of a cohomology operation 9 
of type (n,q;4, B). 8 isa function 9: H"(K,L;4) > H?(K,L;B), defined 
for every CW-pair (K, L), such that if f: (K, LD) — (K, L’), then f*89 = of*: 
H” (RK, L’; A)—H(K,L;B). A theorem of Serre [12; p. 220] states that 
the cohomology operations of a given type (n,q; A,B) are in 1-1 correspon- 
dence with the elements of H9(A,n;B) = H?(K(A,n);B), where K(A,n) is 
an Hilenberg-MacLane complex (see[{12] for details). This theorem holds 
if @ is only defined for every CW-pair (K,L) with dimension K SN and 
N= gt, 
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Let f: (K,L) — (K’, Ll’) -be a cellular map; i.e 7(K") CK’. Then f 
induces homomorphisms 


f*: at (K's, K") a (KY, Ke) and ff: a"(K’, K”) >a" (K, E°) 


which commute with i, 7, and A when r = z, 2’, where z’ == the least integer 
> (dimension K’-+-1)/2. Hence f induces a homomorphism of the co- 
homotopy exact couple of (K’,L’) into the cohomotopy exact couple of 
(K,£), and hence a homomorphism of the first derived cohomotopy exact 
couples. Thus this induced homomorphism f* commutes with aA‘: Bre 
—> Hrs? Hence, vA’ is a cohomology operation because any two cellular 
approximations f, and f, to an arzitrary map g: (K,L)— (K’, L’) induce 
the same homomorphism g* on re and Mrs? (see [6; p. 98] for the 
definition and properties of cellular approximations ).. 


5. Proof of the Hopf theorem mod &. In this section we give the 
proofs of Theorems 3.1 and 3.2. 


Proof of 3.1. The proof is besed on the first derived ecohomotopy exact 
couple.” In order to prove that y” is a @-isomorphism, it suffices to show 
that Tre @ forr > Max((N + 1)/2,n—«(@)) because 

7 nf a: 
Ter —s r" (K, L) —> H (K, L) —— prim 
is an exact sequence. Again by exactness (and the fact that TY == 0e £), 
it suffices to prove that H™*(K,0;Za))e @,: > -,HN(K,L;Z 4) @ for 
r> Max( (N +1)/2,n—«4(8)). Now n—r<n— (n—a(@)) =a«( 8), 
hence ZuE B, © *;Za-ne& by definition of «(@). Since Zia is finitely 
generaled by 2.1 (a), we may use Theorem 2.3A:° | : 





0HE, L) OES: E, L; Ze) ——> Tor(H*"(K, L), Ze) 39 


is an exact-sequenee.: Zea € G for s=n—r, hence H (K, Ls Zij) eg for 
s & n—r.by properties (I) and IIg) of classes: For s> n—r, 


H(K,L)e @ aùd Hre(K, L) e @ 


by TEA and again by the above exact sequence 2 ae we L; z ( s) eb for 
s >œ>.n—r. This completes the pee 


: It is - suggested that the reader draw, a diagram oe the relevant portion of the 
first derived ‘cohomotopy exact couple to facilitate following the proof. 
22, 3A, stands for Theorem 2. 3 ofthe appendix. 
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Proof of 3.2. This proof-is very similar to that of 3.1. Again we need 
to show that Hr? (K, D;Za;)e l, : °, HY(KE, D; Zin) e @ for ran. We 
use the above exact sequence. Since H7**(K,L)e @ for s21 and Zis £ 
for s S N —n < N — (N —a(@)) =a (é), by conditions (IIa) and (I) 
on classes the result is proven. 


6. Proof of Theorem 3. 9. Gosling goy gives us the range of values 
of r for which p) is an isomorphism. The first open problems arising are 
determining the kernel of Af PP yy and the image of gf PP Og) from the 
cohomology structure of the pair (K,Z). This and more is achieved by the 
exact sequence of 3.9. In order to prove 3.9, we first prove a result which 
introduces the Steenrod reduced p-th power operations into the first derived 
cohomotopy exact couple. | 


These results lead us to the next open problem ; nines determining 
the kernel of »”-#?*5.,) from the cohomology structure of the pair (K, L). 
This requires a further study of secondary (and higher order) cohomology 
operations. Some results on the nature of these operations, with applicetions 
to the above, have been obtained by the author and will appear at a later date. 


Lemaa 6:1. In the first. derwed cohomotopy exact couple, T": dis a 
torsion group for sz 1. Furthermore, 7p): TSTS > Tre, is an t80- 
morphism- for 2s << 2p—R2. 


Proof. The following exact sequence is part of the first derived co- 
homotopy exact couple: 


A’ i v 
Hee(K, L; Zu) a area roH R, L; Zi). 


By 2.1 (a), Zis-1) € r for s22, hence Ha (K, r Lea. 1)) E Êr for s22. 

Also, TN == 0 €r, therefore by induction, P's te Qp for s22. Simi- - 

larily, Z(s1) € Ép for. 2s < 2p — 2 by 2.1 (b), hence HHK, L; Ziea) E Bp 

and Hrs(K,L3Zis1))e Bp for 2s < 2p—2. Therefore, Tie Te 

=> prrts-1 is an isomorphism for 2s < 2p—-2. This completes the proof. 
Let r> (N -+1)/2. We define 


d: Ht (K,L) > He (K, L; Z 29-2) p= HK, L; Zp) 
y 
dlu) == rtl r+2p-2 oy (frores T wee noe Ge 2o yn Patre w(u), 


where P: phiri y preares, is the natural io aion onto the p-primary 
‘ component (P is naturally defined because I+?" is a torsion group). ~ 
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THEOREM 6.2. In the first derived cohomotopy exact couple, the homo- 
morphism d: H'(K, L) -> H™2?2(K,L;Zp) ts equal to BP*, where B30 
(mod p). 


Proof. Since all the homomorphisms in the definition of d are natural 
with respect to cellular maps f: (K,Z) — (K’,L’), d is also natural with 
respect to such maps and hence with respect to all maps (as in Section 4). 
Thus d is a cohomology operation and d corresponds to an element of 
H*p-?(Z,7r;Z,) Œ% Zp (see the calculations of Cartan [3]). Therefore 
d= BP, and it suffices to exhibit a complex K for which d><0 for then 
BÆ 0 (mod p). 

Let (K, L) = (M, zo), where M == S" U e"*?r-3, the cell ett??? being 
attached to S" by a non-zero element of mrop-s( S" )p = Zp M has the 
property that P*(u) ~0, where u is a generator of H*(M,2,) (this is a 
result of Borel and Serre [1; p. 425]). Assume d==0 for this complex. 
Since H! (M, £o; G) = 0 unless s =r or s =r -+ 2p —2, 


[rthrtl —~ E{tt?p-? (M, To; Ž (29-3) ) > 


and d(u)==PA’'(u) for weH"(M,2). Let u generate H"(M, x) = Z. 
A'r (u) is an element of finite order, hence there is an integer D==1 (mod p) 
such that PAa’rr (u) = DA” (u) = A" ( Du). Since d=0, A7” (Du) = 0, 
and by exactness, Du =" ( [a]), where a: (M, £o) — (87, pt.). a| 8: (8", £o) 
—> (S7, pt.) is a map of degree D, and hence a*(u’) == Du, where u’ is a 
generator of H" (8", pt.). Thus 


0 DP Hu) = P1 (Du) = Pt (a*(u’)) = a* (P1(w’)) = 0 


because D==1 (mod p) and P1(u’) =0 in 6". This is a contradiction, and 
hence d3£0. This completes the proof. 

Using a more computational proof, it can be shown that @==1 (mod p). 
However, to prove Theorem 3.9, it is not necessary to know that 8==1 
(mod p) because Im (BP*) —Im P+ and Ker (@P') = Ker P? as long as 
B=0 (mod p). Using this remark, we now prove 3.9. 


Proof of 3.9. The proof is based on the first derived cohomotopy exact 
couple. By hypothesis, r + 4p — 5 > n, and hence Hr*#?°CK, D3 Zi4p-5)) E Bp. 
It follows that r+? e @, and rtirt*p-2¢ @,. Hence 


Tet Brees (K, L; Zips) )p = H (K, L; Zp) 


under the isomorphism veria- ipy (JOP) e - (7o). Furthermore, 
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Tm (PA 1-9-1) = (Im A’ 1) N Dp. Similar remarks for A” and pre 
hold. From the exact couple, we obtain the exact sequence 


PAlrt-hr-1 qt yy 
HT ee E a EE 


tr? 
A (p) 
> | Bia asi 


Using Theorem 6.2 and the above isomorphisms, we obtain the exact sequence 
of 3.9 with » defined by 


p == gO oy ss Oe eed meas Cees oor ya . 
Hr**e-3 (K, L; Zp) x" (K, L)p- 


For r= n 





4p + 5, we have only the statement on the cokernel of yip). 


Appendix. 


1, Results from Eilenberg and Steenrod [5]. The purpose of this 
appendix is to discuss the universal coefficient thecrem for cohomology. 


THEOREM 1.1. Let K be a chain complex composed of free groups. 
For an arbitrary abelian group G, the following sequences are exact and 
split: 

x B 
0 -> H,(K)6 G— H, (K; G) —— Tor (H.a (K), G) 0 and 


0—> Ext(H (K), G) Ë aK: G) -s Hom(H, (E), G) 0. 


These exact sequences are natural with respect to chain maps f: K—>K’ and 
homomorphisms ¢: G— H. 


Proof. See exercise G-3 in [5; Chapt. V]. 


THEOREM 1.2. Let K be a chain complex composed of finitely generated 
free groups. For an arbitrary abelian group G, the following sequences are 
exact and split: 


a B 
(*) 0— H"(K) 8 G—— H"(K ; G) —> Tor(H* (K), G) — 0 and 


t B a 
0 — Ext(H™ (Kk), G) —> H,(K ; G) —> Hom(A'(K), G) > 0. 


These exact sequences are natural with respect to chain maps f: KK’ 
and homomorphisms ¢: G-H. 
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Proof. See exercises F-3,.F-4, and G-3 in [5; Chapt. V]. 


$ 
Let 0 — @ —— G——> Q” — 0 be an. exact coefficient sequence. 
8: Ht(K;G”) >H (K; æ) 


is defined in [5; p. 158]. Define the sequence corresponding to this exact 
coefficient sequence to be the following sequence of groups and homomorphisms: 


Px l Pai 8y i l 
- »~ A(K;G)— H (K; O —— A(K;@)— HHK; ¥) >.. 


THEOREM 1.3. Let K be a chain complex composed of free groups. 
Then the sequence corresponding to the above exact coeficient sequence 13 
exact. This exact sequence is natural with respect to chain maps f: K —> K’ 
and homomorphisms of one exact coefficient sequence into another. 


Proof. See exercise C-3 in [5;: Chapt. V]. 


2 A new universal coefficient theorem. The sequence '(*) of 1.34 
does not necessarily hold if K is not finitely generated. We now prove a 
similar theorem by assuming @ is finitely generated with K arbitrary. 


Lemma 2.1. If G is finitely generated and free, then a: H™(K)@G 
—+ H'(K;G) is an tsomorphism. 


Proof. « is obviously an isomorphism in case G==Z. Furthermore, the 
functors H'(K)& G and H'(K;&) are additive with respect to G and thus 
commute with finite direct sums [4]. Hence a is an isomorphism if @ is 
finitely generated and free. 


THEOREM 2.2. Let K be a chain complex composed of free groupes. 
Let G be finitely generated. Then the sequence (*} of 1.2A ts exact. This 
exact sequence is natural with respect to chain maps f: K—> K’ and homo- 
morpisms 6: GH.. | 

i 

Proof. Let pe es G—0 be exact, where F is a finitely 
generated free abelian group. Æ is finitely generated and free also. By 
1.3A, the sequence corresponding to this exact coefficient sequence is exact: 


tg Te i P 
+> Ar(K sR) —— HK ; F) — H" (K ; @)— H*(K ; R) 


tye 
—» HHK; Fy—.. .. 
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Hence the following sequence is exact: 
0 — Ker 8, H"(K;G) — Im ô} —> 0. 
However, Ker 8,, = Im j,, = Cokeri, and Im$,==Kerz, by exactness. By 
2. 1A, we see that 
Coker i,, © Coker (H (K)S R>A'(K)@F) SH (K)OEG 
Ker ty, Ker (H (K) R-> H“ (K)@ F) = Tor(H"" (K), G) 
(see [5; p. 160] for the definition of Tor). Under these isomorphisms, the 
inclusion Ker 8, H™(K;G@) goes over to a: H'(K)@G—H'(K;G), and 
6, defines 8: H'(K;G@)—->Tor(H'*(K),G@). Hence the sequence ("ris 
exact. The naturality statements follow from the naturality statements 
of 1. 3A. 


and 


COROLLARY 2.3. The universal coeficient theorem for cohomology 


= a B 2 
0— Ht(X, A)® G—— > H"(X, A; G) ——> To (H(X, A), G) 0 
holds in the following cases: i 
1) simplicial (or cellular) theory for finite complexes and G arbitrary, 
or not necessarily finite complezes and G finitely generated: 
2) singular theory for G finitely generated; and 


3) Cech theory for (X,A) compact and G atirar or (X,A) para- 
compact and G finitely generated. 


Proof. This follows immediately from 1.2A and 2.2A and the fact 
that direct limits preserve exactness, ©, and Tor [4]. 


3. A counter-example. This example shows that the exact sequence of 
2.3A does not hold in general for singular theory or cellular theory. Let X 
be an (n—1)-connected CW-complex such that H,(X) = Q =the additive 
group of rationals. Let G= Q. By 1.14, H*(X:;2Z) = Hom(Q, Z) ~0, and 
A"(X;Q9) =Hom(Q, Q0) =Q. However, 2.3A would give that 


0—08 — Q — Tor (H(X), Q) -0 
is exact; but Tor(H*"! (X), Q) = 0, and hence Q ==0. This is a contradiction. 
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GENERALIZED COHOMOTOPY GROUPS.* 


By FRANKLIN P. PETERSON. 


1. Introduction. One of the fundamental problems of topology is the 
computation of +(K;X), the set of homotopy classes of maps of a complex 
K into a space XY. When K is an n-sphere S", then r(K;X) ==1,(X), 
the familiar n-th homotopy group of X. When X = S8* and the dimension 
of K is <2n—2, then +(K;X) —-7"(K), the n-th cohomotopy group of K. 
The structure of v” (K) has been studied in [11]. 

In this paper, we shall introduce cohomotopy groups with E A 
in an abelian group G; namely, r*(K;@) =2(K;X), where the dimension 
of K is =2n—2 and X is a simply connected space whose homology is zero 
except that its n-th homology group is G. "(i ;G) is shown to be indepen- 
dent of the choice of such a space XY. Notice that if @==Z =the additive 
group of integers, then w*(K;Z)=2"(K). For a fixed group G, the 
properties of a"(K;G) are analogous to those of #"(K), and the results of 
[11] are generalized so as to apply to w*(K;G@). Furthermore, if Œ has 
no elements of order 2, then a homomorphism ¢: G— H induces a unique 
homomorphism g: x"(K;G@)—-a"(K;H). Except for this restriction on 
G, ¢g enjoys many of the same properties as the induced cohomology homo- 
morphism ¢,: H"(K;G)—>H*"(K;H). In particular, the sequence corre- 
sponding to an exact coefficient sequence is exact, and there is a universal 
coefficient theorem which asserts that 


a B 
0 > 2" (K)@ G—> 9" (K ; G) —> Tor (r (K), G) 30 


is a split exact sequence. This theorem reduces the problem of computing 
a"(K;G@) to that of computing 7"(K). We conclude with a section on 
cohomotopy operations and with some remarks on homotopy groups with 
coefficients in @ dual te our generalized cohomotopy groups. 

In conclusion, I wish to express my warm appreciation to Professor N. E. 
Steenrod for his kind advice and encouragement. This paper is essentially 
Part II of a paper written under his direction and submitted as a disserta- 


* Received September 21, 1955. 
1 The author was a predoctoral National Science Foundation Fellow during the 
preparation of this paper. 
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tion to Princeton University. I also wish to thank Professor J. C. Moore 
for suggesting the idea of general coefficients. 


2. Homotopy classes of maps. In this section, we review some known 
results on the existence of a group structure on the set of homotopy classes 
of maps a: (K, L) — (X, 2o). 

Let (K, L) be a CW-pair with dimension K == N (K is an N-dimensional 
CW-complex [7] and L is a sukcomplex). Let X be an arcwise connected 
space, and let aeX. We denote by (K, L; X, £o) the set of homotopy 
classes of maps a: (K, L) — (X, z). A map f: (K,L)— (K’,L’) induces a 
function f#: n(K', L’; X, £0) >a(K,L;X,2) defined by -f*([a]) = [af], 
where [a] denotes the homotopy class of a. Also, a map ¢: (X,2)) > X’, x’) 
induces a function ¢g: r(K, £;X, 2.) >r(K, L; X’, £o) defined by de ([al) 
= [¢a]. 

li X D, let gx denote ihe reduced suspension of X [15; p. 656]; 
namely, SX is the space obtained from X XI by identifying X X {0} U 
X X {1} U-{a} X I toa point zp. (zo is used to denote-the base poini of both 
X and SX.) Let dX denote the suspension of X [16]; namely, dX is the 
space obtained from XY X I by identifying X X {0} and X X {1} to points. 
Ii X= Ø, define SØ and dM to be a pair of points. Also’ define 
SX = (8X), SX =X, SX=—SA(A 1X), and X=Y. Let 
u: (8K, L) — (SK, SL) be the canonical map contracting {2} X I to 2. 
Since (K, L) is-a CW-pair, u is a homotopy equivalence and thus 


pt: n( SK, 8L; X, 20) > 7( dK, 8L; X, 2) 


is a 1-1 correspondence. 
As in [16], suspension induces a function 


Sg: a(K,L;X, £o) >r (5K, SL;8X, žo) 


Sz is natural with respect to maps f: (K, L) -> (K, L’) and maps ¢: (X, 2). 
=> (X, To). 


THEOREM 2.1. If X is an (n—1)-connected space and (K, L) is a 
CW-pair with dimension K S 2n—2, then Sz ts a 1-1. correspondence. 


Proof. This is an immediate consequence of Carolan 7.2 of [15]. 
Let (X, to)®* denote the function space of maps a: (K, L) > (X, 2) 


with the compact-open topology. The constant map at x, serves as the base 
point for this function space. In [1], a function 


A: ap ((X, to) *") > ae (8°K, SL; X, Lo) 
is defined and the following theorem is proven [1; p. 81]: 


GENERALIZED GOHOMOTOPY GROUPS. 261 


THEOREM 2.2. Aisa l-i correspondence. This correspondence is natural 
with respect to maps f: (K,L)—> (K’,L’) and maps. $: (X, z) > (X to). 


As in [16], we now prove the mein result on the existence of a group 
structure on r(K,L;X, to). 


. THEOREM 2-3. If X is an (n—1)-connected space and (K,L) is å 
CW-pair with dimension K S 2n—2, then 1(K, L; X, 2) i$ an abelian group. 
This group structure is natural with respect to maps f:(K,L) (K’,L’) 
and maps $: (X, to) —> (X, 20")? = 


Proof. By 2.1, S42: r(K, L; X, 2) > 7 (S°K, VL; S°X, Lo) is a natural 
1-1 correspondence. Also, by 2.2, l | 


Az ma((82X, 29) L) >r (82E, SL; 8X, a0) 


is a natural 1-1 correspondence, and w2{(S?X,2))*”) is an abelian group. 
We define the group structure on (K, L; X, To) using the 1-1 correspondence 
AtS”. (This addition of homotopy classes is analogous to that defined in . 
14].) Note that Sy is now an isomorphism. : This group ‘structure is natural 
with respect to maps f: (K,£) — (K’,Z’) and maps ¢: (X, a) — (X’, £o) 

because the 1-1 correspondences and Sy are; i.e. these nate induce homo- 
morphisms f* and ġg. 

We now define the sequence of a CW-pair (K, L).- Define ` 


A: rL; X, 2o) —>r(K,L; SX, To) 


as follows: let ae [a] eEr(L; X, To). Extenda toa map a’: (K, L) > (CX, x, 
where CX denotes the cone on XY [15; p. 656]. Let h: (CX, X) — (SX, x) 
be the canonical map collapsing X to z [15; p. 657]. The composition 
ha’: (K,£)— (SX, zo) represents A([a]). When (K, L) and (X, zo) satisfy 
the conditions of Theorem 2.3, A is a natural homomorphism (A is strictly 
analogous to the homomorphism A for ordinary cohomotopy [14; p. 216]). 
Let i: LK and j: K—(K,L) be inclusions. Then the cohomotopy 
sequence of the pair (K, L) is defined to be the following sequence of groups 
and homomorphisms: 
| gt gt A 
a(K, L; X, to) —> a(K 3 X, r) —> r(L; X, %) —> a(K, L; 8X, zo) 
4 
—> w(K; EX, 2). - 
2 When we say a structure is natural with respect to maps f: (K,L)- (K’, L') and 


maps ¢:, (X, %)—> (X’, a"), we assume (K’,Z’) and (X’,a') satisfy the same dimen- 
sional or connectedness assumptions that (K,Z) and (X, æ.) satisfy. 
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In Section 4 we prove that this sequence is exact when (K, L) and (X, 2») 
satisfy the conditions of Theorem 2.3 


3. Cohomotopy groups with coefficients in G. ‘In this section we 
define our generalized cohomotopy groups and state their elementary prep- 
erties., In making the definition. certain arbitrary choices are necessary, and 
we prove independence of, these choices under certain restrictions on G. We 
also state our main results on generalized cohomotopy groups; the proofs 
are given later in the paper. 

Let G be an abelian group and let n > 1. T G + 1)-dimensional CW- 
complex XY is said to be an X (G, n)-space if m (X) = 0, H(X) =0 for iAn, 
and H,(X4)—G. (This concept was introduced by Moore [10; p. 550].) 
Note that if X is an Y(G,n)-space, then SX is an ¥ (G, n + 1)-space. 

In Section we prove 


LemMaA 3.1. For gwen G and n, there exists an X (G,n)-space. 


Let X be an X (G, n)-space, and let (K, L) be a CW-pair with dimen- 
sion K =N. We define the n-th cohomotopu group. of (K, L) with coeficients 
in G to be r(K, L; X, £), and denote it by z”(K,L;G). When we use the 
notation +"(K,£;G@), we assume n > (N+1)/2 and thus wr" (K,L;G@). has 
a natural group structure. As defined, a*(K,L;G). depends.on the choice 
of X(G,n)-space. We show below that 7"(X, L; @) is naturally independent 
of this choice when G has no elements of order 2. However, if we do not 
change coefficients, during a discussion, it suffices to choose a fixed Æ (G, ¢)- 
space Y and use §*-+Y as the X (G, n)-space for. each nZ t22.. 

In Section 5 we prove T 


THEOREM 3.2. n”(K,L; G) satisfies all the axioms for cohomology of 
Hilenberg and Steenrod [63 p. 13] in those dimensions ‘where a natural group 
structure is defined. 


We now return to the question of toada of the. choice of the 
X (G, n)- -space. Let X be an X(G,n)-space, Y an X(H,n)-space. There 
is a natural homomorphism y: (X, £0; Y, yo) —Hom(G@, H) defined by 
n({a]) =a: Ha(X, z0) = G—H,(Y, y) =H. In Section 5 we prove 
THEOREM 3.3. If n= 3, then q: (X, zo; Y, yo) ~Hom(G, H} ts an 
epimorphism and has a kernel isomorphic to Ext(G, H @Z,). 


Let D be the family of abelian groupa having no elements of order 2. 
In the appendix’ we prove 


3 See [5] or [6] for the definition and properties of Hom and Ext. 
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Lemma 3.4. If Ge®D, then Ext(G, H & Z) =0. 


Let ¢: G—H be a homomorphism, and let X be an X(G,n)-space, 
Y an X(H,n)-space. There exists a map *$:(X,%) > (Y,y.) such that 
(p) = 6: Hy(X,%) > An(Y, yo) by 3.3. In fact, if GeD,'then *¢ is 
unique up to homotopy by 3.3 and 3.4. Furthermore, if y: H —>J, Z is an 
X(J,n)-space, and He®D also, then *Y*o = * (yẹ): (X, to) — (Z, zo). 

Now let X and X’ be two different X (G,n)-spaces, let Ge D, and let 
$: G- G be the identity homomorphism. Then there exist maps *$: (X, £o) 
—> (X’', zo) and. *6’: (X’, x’) > (X, zo) inducing ¢@ such that (*$’) (*¢) 
and (*#) (*#’) are homotopic to the identity maps. Furthermore, *¢ and *¢’ 
are unique up to homotopy. Hence *¢ and *¢’ induce unique isomorphisms 


(*d) 4 : a(K, LyX; To) ->7r(K, LFA", To) 


and E 
(Fo) ge: w(K, L; X,t) >a (K, L; X, £o) 


which are inverses of each other. Hence the set of groups {n (K, L; X, £o)} 
for all X íG, n)-spaces X form a transitive system of groups [6; p. 17], and 
we have shown that 7"(K,L;G) is independent of the choice of X (G, n)- 
space. In case GZD, (*ġ)s is an isomorphism, but it is not a unique 
isomorphism. In this case, we assume a fixed X¥(G@,2)-space during any 
given discussion. 

As a further corollary of the above discussion, if Ge D, then a homo- 
morphism ¢: G—>H induces a unique homomorphism œg: w*(K,L;G) 
—>x"(K,L;H). This is natural in the sense that if ¢: GH, y: Hod 
and G and HeD, then (yo)y —=wyds. ' 

We now state our main results on cohomotopy groups with coefficients 


$ 4 
in G. Let @ and Ge®D, and let 0—> G’—> G——> G” > 0 be an exact 
coefficient sequence. In Section 6 we define a homomorphism 
| dp: w(K, L; G”) >n" (KL; G) 


for r>(N+1)/2. Define the sequence corresponding to this exact coeffi- 
cient sequence to be the following sequence of groups and homomorphisms: 


l $y © a 
a (K, L; @) —> ar" (K, L; G) — w(K, L; 0”) 


by l 
— > (K, L; ŒE) >. Do 


In Section 6 we prove 
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THEOREM 3.5. For r> (N-+1)/2, the sequence corresponding to an 
exact coefficient sequence is exact. This-sequence is natural with respect to 
maps f:(K,L)— (K’,L’), and if @’, G, G”, H’, and HeD, then it is 
natural with respect to a homomerphism of one exact sequence into another: 


0 G— G— @”’ 50 
4 gr 

0— H’ —— H — H” > 0. 
The above is a generalization of an exact sequence of Moore [10; p. 552]. 
= Define a function a (K, L)X G-—>a"(K,L; G) by (Lal, [g])—> [ga]. 
where [g] er, (X, 2o) =G, [a] e7" (K, L), and X is an X(G,r)-space. By 
2.3, this is a bilinear function for r `> (N + 1)/2, and hence it induces a 
homomorphism @: a”(K, L) 8 G—a'(K,L;G). In Section 7 we define a 
homomorphism 8: a” (K, L; G) — Tor(a" (K, L), G) and prove the following 

universal coefficient theorems: 


THEOREM 3.6. Let G be a finitely generated abelian group. Then the 
sequence 
a 


B 
(*) 0— a (K, L) 8 G— a (K, L; MH — Tor(r (KX, L), G) > 0 


is exact for r> (N+1)/2. This sequence is natural with respect to maps 
f: (K,L)—- (K, L), and if GeD, then it is natural with respect to homc- 
morphisms ¢:G—>H. Furthermore, if a (K,L) is finitely generated ana 
GeQD, then the exact sequence (*) splits. 


THEOREM 3.7%. Let GeD, and let (K,L) be a finite CW-pair. Then 
the sequence (*) ts exact for r> (N-+-1)/2. This sequence is natural with 
respect to maps f: (K,L)— (K’. L’) and homomorphisms ¢: G—>H. 


In Section 7 we give an example to show that if G is not finitely generated . 
and (K,L) is not finite, then the sequence (*) is not necessarily exact. 

Theorem 3.6 generalizes an exact sequence of Serre [13; p. 284]; Serre’s 
sequence is 3.6 for the case (K, L) = (S",pt.) and G=a cyclic group. 
He notes that his sequence does not split when GŒ =Z.. It is a result of 
Barratt [2; p. 288] that Serre’s sequence splits for G a cyclic group other 
than Zo. l 

Theorems 3.6 and 3.7, beside giving a further analogy between coho- 
motopy groups with arbitrary coefficients and cohomclogy groups with arbitrary 
coefficients, reduce the problem of calculating ="(K, L; G) to the standard 
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problem of calculating =” (K, L). . Hence, Theorems 3.6 and 3.7 are two of 
our main results. | E | 

Let X be an X(G,n)-space. Sy: nns(X) tran (SX) is an isomor- 
phism when s<n—1 by Theorem 2.1. We identify these groups under 
this isomorphism and denote the result by Gis. For any class -@ [13], let 
a(@;G) denote the largest integer such that Gi. e @ for 0<s<a(@;@) 
(see definition in [11]). In Section 4 we define a natural homomorphism 
n: ot (K,L;G) > H'(K,£;G) analogous to 7 for ordinary cohomotopy. 
In Secticn 8 we prove the following generalization of Theorem 3.1 of [11]: 


THEOREM 3.8. Let @ be a class satisfying condition (IIs) (see [13] 
or [11]), and let G be finitely generated. Let n> (N-+-1)/2 be such that 
H'(K,£;G)e@ for every r>n. Then yf: (K, L; G)—H'(K,L; G) is 
a B-isomorphism if r> Max((N+1)/2,n—a(@;G@)), and is a @-em- 
morphism for r==n—2(6;G) in case n—a(@;G) > (N+1)/2. 


Theorems 2.1 of [11] and 3.6 give information on a(@ ; G) for various 
l and G, and we may draw consequences of 3.8 similar to 3.2, 3.3, 3.4, and 
8.5 of [11]. Also, the result of Adem carries over to general coefficients and 
there is a theorem analogous to Theorem 8.8 of [11].. Furthermore, for the 
case G = Zp, there is a theorem analogous to Theorem 3.9 of [11]. Rather 
than considering these in detail, let us note that any result on the structure 
of «"(K,LZ) gives a result on the structure of #"(K,L;G@) by 3.6 or 3.7. 


4, The exact sequences of a pair. In this section we prove the exact- 
ness of the cohomotopy sequence of a pair defined in Section 2. We then 
show that the cohomotopy exact couple of [11] can be generalized; some of 
our main results are based on this generalized cohomotopy exact couple. 

In the cohomotopy sequence of the pair (K, L), the following relations 
are obvious: Im j* = Keri*#, Imi# C KerA, and ImAC Kerj*. To prove 
Im if — Ker A and Im A = Ker 77, we need the assumptions that X is (n— 1)- 
connected and dimension K == N < 2n —}2. The exactness now follows from 
Theorem (3.1), of [15; p. 657] with the carrier ¢ from K to SN-*1X being 
such that ¢L == z, and with the unrestricted carrier y from K to SN-**1X, 
The complete details are left to the reader. Note that the exact sequence of 
a pair (K, L) gives immediately the exact cohomotopy sequence of a triple 
(K,L,M) [6; p. 25]. | 

The results of Section 4 of [11] on the cohomotopy exact couple now 
carry over to our more general situation. Let X be an (m—1)-connected 
space. We replace 8"** in [11] by S*X for £0. With this substitution, 
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all of the results of Section 4 of [11] are true; the main identifications now 
being that Aes x H8(K,Ljasrin(X)) for r> Max(n,(N-+1)/2) and 
[ert x a@(K, L; 8X, x) for r > Max(n—1, (N + 1)/2). Again we denote 
Vr: (K, L; 8" "X, 20) ~ A (K, Lj an(X)) by y. 

For later use, we make the following definition. Let X be an =e 
connected space. Let dimension E =N =2(s—r-+n)—2 and let s=r. 
We define 


6: r, ((8°X, ay) kL) >r (K, L; 884X, 2) 


to be the following composition : 
en th | a E. 
ar((S8X, 2)" 2) — r( 3K, 3D; SSX, 2) ——> w (8K, SL; SX, £o) 
(S 
——— r(K, L; 88X, to). 
à is the isomorphism of 2.2, Sy is the isomorphism of 2,1 (Sy is an iso- 
morphism under the above restrictions on s, 7, n, and N), and yw” is the 
isomorphism of Section 2. 6 is natural with respect to maps f: (K, LZ) 
—> (K’,L’) and maps ¢: (X, 2%.) — (X’, 20’) because A, už, and Sy are. 


5. Independence of the choice of X(G,n)-space. In this section we 
give proofs of 3.1, 3.2, and 3.3 as well as giving some further properties of 
w(K, L; G). These further properties will be used in Section 7. 


Proof of 3.1. Let G= F/R, where F is a free abelian group on 
generators {t }a-4 and R'is the’ group of relations. Æ is free abelian 
[6; p. 184] with basis {yg}gen. Let T be the CW-complex V S*,, a union 


of n-spheres S”, with a sirgle point in common. By the. Hurewicz theorem, 


ma (T) ~ H,(T) =F. For each 8eB, attach an (n-+1)-cell eg to T by a 
map representing y! (yg) €a,(Z'). Call the resulting space X. By construc- 
tion, 7,(X)=0, H({X)=—0 for i< n, m(X) = =~ Hy(X) =G, and H(X) = 0 
for + >n-+1. Moreover, since any non-zero (n-4-.1)-cycle in X would 
imply a non-trivial relation among the {yg}g:2, Hau(X) =0. 

In order to prove 3.3, we first prove. 


LEMMA 5.1. Let X be an T (4, n)- pg Then Tası az GQ Za. 


Proof. The proof is based: on. Ange 1, a portion of the first derived 
homotopy exact couple of Massey [8; part IT]. Ha (X)=0 and hence by 
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exactness ran (X, to) SP H,(X;Z 2). By this universal oe theorem, 
H i oa Z a) = G & Z 36 i ; l 


4 
. — >» O—> «a 
n — 9 0— r — oa, (X53 2.) ened | eee ae ae 


+++ — tna (Z, Lo) — Hau (X) — 0 «.. 


Figure 1. 


Proof -of 3.3. The proof is based on figure 2, a sone of the first derived 
generalized cohomotopy exact couple. -Let (K, L) = (X, to), N =n + 1, cane 
let (Y, yo} be the coefficient space. Now 


H*(X, Zo5mn(Y, Yo) ) SH (X,2%0;H) ~ Hom(G, Hy 
by the universal coefficient theorem. PY 5.1 and me universal ein 
theorem, 
H" (X, To; Tasal Yin) H(A, To; H8 Ln) oe Ext (G, H 3 Zo) : 
By exactness y is an epimorphism with kernel isomorphic to 


nn =~ Ext(G, H Q Zo). 


4 
PE SE j ee 


i. : 2 | 
4 g Si l 
B i H(X, £a; nnal Y, Yo)) > 0—>. 


7 | v 
- >a (X, £o; Y, Yo) —> H” (X, 23m (V,40)) 907+: - 
ļ 4% > 


Figure 2. 


| _ Before we prove 3. 2, let’ ‘Us draw some further corollaries, of 3. 3. 


Coots 5.2. If GeD, then (K, L; G) isa eu left module 
over any subring of the ring of: éendomorphisms of G. 
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Proof. By the naturality etatements of Theorem 2.3, #"(K,L;G) is 
a unitary left module over a(X, 2o; X, tc) where X is an X(G,n)-space 
(the multiplication is composition). By 8.3 and 3.4, ni w(X,%o3X, Xo) 
-> Hom(G, G) is an isomorphism if Ge QD, and the corollary follows. 


COROLLARY 5. 3. | If G is a field and GeD, then o*(K,L;G) is a 
vector space over G. : 


Proof. Any field is a subring of its ring of ‘additive endomorphisms ; 
namely, ge Œ acts on G by left multiplication. The corollary now follows 
from Corollary 5. 2. 

We now complete the proof of 3.2. The results of Sections 2 and 4 
show that z” (K, L; G) satisfy axioms 1 through 4 of Hilenberg and Steenrod. 

Let (K,L) be a CW-pair with L340. Let .(Kr, pr) be the CW-pair 
obtained by identifying L to a point pr. Let f: (K,L)— (Kz, pz) be the 
canonical map. o 


LEMMA 5.4. f*: (Kr, pL: X, 2o) —>xr(K, L; X, 2o) is a 1-1 correspon- 
dence. 

Proof. Same as in [14; p. 215]. E 

Let (K,L) be a CW-pair. Let M C L be such that K— M is a sub- 
complex of K. Let +: (K—M,;L—M)— (K,L) be the inclusion. 

THEOREM 5.5. (Excision Axiom): 

it: at (K, L3G) 9» 0 (E—M, L—M3G) 

is an isomorphism for r> (N+1)/2. 

Proof. This follows immediately from 5.4 as in [145 p. 215]. 

Let f,g: (K,L) 3 (K’, 1’) be homotopic. 


THEOREM 5.6. (Homotopy Axiom). 


f* and g*: w(K, L; G) > (K, L; G) 
are equal. 


Proof. Obvious. 

Theorem 3.2 has now been proven. A corollary to this theorem is the 
fact that any theorem derivable trom the axioms for cohomology of Bilenberg 
and Steenrod which does not make use of the lower dimensional groups holds 
for cohomotopy groups with coefficients in G. An example .of this is the 
Mayer-Vietoris sequence of a triad [6; p. 39]. 
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6. Proof of Theorem 3.5. This section is devoted to the proof that 
the sequence corresponcing to an exact coefficient sequence is exact. The 
preliminary results are only steps in this proof. 


Lemma 6.1. Let GeD, and let n> (N+1)/2. Let X be an X(G,n)- 
space. Let Y be an (n—1)-connected space such that Ha (Y, yo) = G and 
HY, yo) == 0 for n<r<2n.- Then there ts a map k: (X, £o) > (Y, Yo), 
unique up to homotopy, such that ky: Hy(X,%) = G—- Ap(Y, yo) == F is 
the identity and kg: w(K, L; G)—r(K,L;Y, 4o) is a natural isomorphism. 


Proof. Similarly to the argument used in the proof of 3.3, there is a 
map k:(X,%)—>(¥,4.) such that k}: H,(X,2%) = G— Ha( Y, Yo) =G 
is the identity. Hence ką: H, (X, £o) -> H,(¥Y, yo) is an isomorphism for 
r< łn; it follows by a theorem of J. H. C. Whitehead [18; p. 215] that 
kg: mp ( X, 2) >r, (Y, y3) is an isomorphism for r<2n—1 and an epi- 
morphism for r == 2n — 1. Assuming that k is an inclusion by the mapping 
cylinder construction, this means that the pair (Y, X) is (2n — 1}-connected 
[3; p. 183]. The lemma is now as easy consequence of the deformation 
obstruction theory as described in [3; p. 186]. The details of the procf are 
left to the reader. 

Let p: E— B be a fibre space in the sense of Serre, with fibre F over 
boe B.. Let K be a CW-complex. Define a map pı: BX — BE by p, (a) = pa. 


Lemma 6.2. pi: EX—>B* is a fibre space with fibre FE. A map 
f: K— K’ induces a fibre preserving map *f: (B®, p,’, BE’) — (EE, p, BE), 
and a fibre preserving map p: (EH, p, B) — (E, p’, B) induces a fibre pre- 
serving map *b: (EE, p., BE) — (B'S, p, B'E). 


Proof. The proof is a straight forward application of the covering 
homotopy theorem for (E, p, B}, and the details are omitted. 


. Let @ and Ge, and let 05 wy", G—>G’—+0 be an exact 
coefficient sequence. Let X be an X(G,N+1)-space, and let X” kbe an 
X(G",N+-1)-space. Let *w: (X,2.) > (X", 20”) be a map inducing y. 
We replace “y by a fibre mapping as follows: assume *y is an inclusion by 
the mapping cylinder construction. Let Y be the space of paths in X” 
which end in X. X is contained in Y as a deformation retract [6; p. 30] 
by z— constant path at z. Define p: Y — X” by p(f) =f (0); p is a fibre 
map [12; p. 479] with fibre F” — the space of paths starting at z,e X” and 
ending in X. We may assume eX CX”. pis our replacement of *y. 

Using the technique of specttal sequences as applied to fibre spaces by 
Serre, we now prove the following lemma. 
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Lemma 6.3. Hya( P) = G’, H,(F’) =0 otherwise for r < X(N + 1)—1. 


Proof. Let E be the space of paths in X” starting at zo; E is a contrac- 
tible space. Let p,: (#,¥’) > (X”,X) be defined by p,(f) =f(1). This 
is a relative fibre space with fibre F == the space of loops in X” at tọ F is 
(NV —1)-connected because X” is N-connected. As in [9; p. 330], there is 
a spectral sequence of this relative fibre space with Ea =~ H,(X”",X;H,(F)) 
and Ee is the graded group associated with H(#,F’). From the exact 
homology sequence of the pair (.Y",X): 


eos —> Hyl”) —> Hy .o(X”, X) ard Hy.(X) -Hya ( X”) t 
> Hyn(X”, X) > Hx)... 


we see that Hyi ( X”, X) = G@ and H(X”, XY) = 0 otherwise. Hence E,” = 0 
for q <N except that E, @’, and Ept for p<N+2. Thus 
H, (E, F’) =0 for r < 2N -+2 except that Hy, (B, F) =O. However E is 
contractible, and hence by the exact homology sequence of the pair (E, F), 
Hyn (F) = G and H,(F’) =0 otherwise for r < IN +i. 

In order to prove the naturality of Theorem 3.5, we first prove the 
following lemma. | 


LEMMA 6.4. Given a homomorphism of one exact coefficient sequence 
into another > E 


0— H’—» H — H” > 0. 


Let Œ, G, G”, H’, and HeD. Refer to the above construction. Then there 
is a fibre preserving map é: (Y, p, X”) > (Vu, p, Xn) which is homotopic 
to *é on Y and to *&" on X”. ' 


Proof. 
dd i ' ; $ ah e 
i y je is commutative and hence | E ; | “£ 
H—>H” — : | Xp X" u 


is commutative up to homotopy by the results of Section 3. Assume #4 and 
#4 are inclusions.. *§: X — Xy is such that (*y’) (*€) = (*é") (y); i.e. *é 
is homotopic in X¥”y to a map which can be extended to all of X”, namely 
+| X. Use the homotopy extension thecrem-to define a map &: (X”,X) 
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—> (X” m, Xn) such that é&| X” =e” and &|X—*é é induces a fibre 
preserving map é: (Y, p, X”) — (Ya, p, X” un) having the correct properties. 
This completes the proof. 


We now prove Theorem 3.5. 


Proof of 3.5. By 5.4 and the exact cohomotopy sequence of, the pair 
(Kz, pL), it suffices to prove this theorem for the case L= Ø. Use the ebove 
construction and 6.2 to obtain the fibre space (Y*,p,,X’*) with fibre F’*. 
Consider the homotopy sequence of this fibre space and use the isomorphism 
6 of Section 4: 

J4 1# 0 
EERS? nyah EE) ==> ryn- YE) ee arala E) ara 4 ay_r(E’*) a i 


| kað | 6 [6 . | ky 
4 oe 4 y 4 je y4 
seta G) ea UG) aE ar rs 


ð is the boundary operator in the homotopy sequence of the fibre space, 
Ja is induced by the inclusion 7: F'K—> YE, and pig is induced by pı 
é is defined and is an isomorphism for r > (N + 1)/2 because 


2(N +1 —N—1 +1) —2 == %r—2 > 2(N +1) /2—2 = N—1. 


ky: at (K 3G’) >2(K;F’) is the isomorphism of 6.1 and 6.3, and 
da: a (K; E) Sa (K; @) is defined by ôy == kg 1000. Furthermore, 
67 g = paky") and y0 == 0p, by the naturality of 6. Also, d¢0==k4 68 by 
definition. Hence the sequence corresponding to the exact coefficient sequence 
is exact. 

A map f: K— K’ induces a fibre preserving map 


ie: eae pr’, ae) ie (TE, Pis ACHE] 


and hence f* commutes with 8s because ô and 6 are natural. f* commutes 
with @z and yẹ also. Thus f induces a homomorphism of the sequence of 
K into that of K. ‘Also, a homomorphism of one exact coefficient sequence 
into another | 


0 @’— G—>» G”’ > 0 
| & | é E 
4t p lw ył 


0 —> EK — H —— H” >90, 


induces a fibre preserving map é: (YX, p, X”*) > (Yu, pi, X” g”) by Lemma 
6.4 when @, G, @, H’, and He D. Hence é commutes with 84 as well as 
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with ¢4 and yg.’ Thus a homomorphism cf the exact coefficient sequence 
induces a homomorphism of the sequence corresponding to that exact coeffi- 
cient sequence. This completes the proof.* 


t. Proof of the aena coeficient theorem. This section is devoted 
to proving that the sequence 





a B - 
(*) 0 > a°(K, L) S G—>a (K, L; G) —> Torir" (K, L), G) > 0 


is exact under various hypotheses. 


LEMMA 7.1. @: a7 (K, L) Q G—an (K.L; G) is natural with respect 
to maps f: (K, L) -> (K’,L’), and if GeD, then it is natural with respect 
to homomorphisms p: G—>H. Moreover, if G is finitely generated and free, 
then æ ıs an isomorphism. 


Proof. The naturality statements are obvious. If G = Z, « is obviously 
an isomorphism because a"(K,L;Z)==a"(K, L). Moreover, the functors 
a’ (K,L)@G@ and »(K,L;G) are additive [5] on D by the results of 
Section 3. Hence they commute with finite direct sums, and is an iso- 
morphism if G is finitely generated and rea. 

4 

Proof of the first part of 3.6. Let EE, TREN, G—>0 be exact, 
where F is a finitely generated free abelian group. K is finitely generated 
and free also. By 3.5, the sequence corresponding to this coefficient sequence 
is exact (R and Fe D): 


tg | jg - Og 
> a(R, L; R) ——a"(K, L; P) —— r (K, L; GQ) —> (K, L; R) 


tg 
—-> n" (K, L; at) —>. 
Hence the following sequence is exact:- 
l 0—> Kerb 0" (K, L; G) — Im ô — 0. 


However, Kerdy — Im jy ~ Cokertg and Im ôs = Kerig by exactness. By 
7.1, we see that 


Coker ty © Coker(77(K, L) @ Ra'(K, L) OF) =a (K, L) G 
Keri ies x Ker(r (K, L) Q R —> rK, L) a F) = Tor(at (K, L), G) - 


and 


1 The aia who is familiar with the techniques of Spanier and Whitehead can 
construct an alternate proof of Thecrem 3.5 using those techniques. 
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(see [5] for the elementary properties of Tor needed in this proof). 
Under these isomorphisms, the inclusion Ker 8—7" (K, L; G@) goes over to 
a: at (K, L) @® Ga" (K,L;G@), and ôs defines 


B: w(K, L; G) —Tor(r (K, L), Œ). 


Hence the sequence (*) is exact under the hypothesis of 3.6. (*) is natural 
with respect to maps f: (K, L) — (K’, £’) because of 7.1 and the fact that 
the exact sequence of 3.5 is natural. A homomorphism ¢: G—4 gives rise 
to a commutative diagram 


t j 
0 — RF —— F —» G0 
| |. Is 
b a ae og a 


0 => K —> I’ —» H-> 0, 


where R, R', F, and K” are finitely generated free abelian groups. Since f, 
R’, F, F’, and Ge QD, by 3.5 we obtain a commutative diagram: 


oz 

Sak, o G) —s a (K, L:R) ee TR Sees 
| be |. 

z 


t 4 1 L 
; ssri aen A (KL FP). pa 


Hence the induced map Tor(r"* (K, L), G) > Tor(s" (K, L), H) commutes 
with 8. By 7.1, dg commutes with æ. This completes the proof of the first 
part of 3.6. Note the close similarity between this proof and the proof of 
Theorem 2.2A of [11]. 

1 

An exact sequence EE DEN eae, —>0 splits if there exists a 
homomorphism k: C—B such that jk =the identity on C. For abelian 
groups, this is equivalent to the statement that B == 4A -+ C, the direct sum 
of A and O. . 


LEMMA 7.2. The exact sequence (*) splits for G = Zp, p an odd prime. 


Proof. By 5.3, a(K,L;Z,) is a vector space over Zp and hence, 
a (K,L;Z,), as a group, is a direct sum of copes of Zp. This implies that 
(*) splits when G == Zp. 


Lemma 7.3. If (&,L) is such that a (K,L) is finitely generated, then 
the exact sequence (*) splits for G= Zp, p an odd prime. 


4. 
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Proof. Corresponding to the coefficient homomorphism ¢: Zp —> Zp 
sending a generator into a generator, we have the commutative diagram 
(by 7.1): | 





1®¢ 
a (K,L) 8 Zp >at(K,L) QZ, 
|a 


Ay 
4 oe 4 
a" (K, L; Zp) ———> 7 (K, L; Zp). 
œ and a, are monomorphisms. We can write 


AE EE EE 


by hypothesis. We obtain generators {z;} of a" (K, L)8 Z, from generators 
of Z and Zpm for p= p. It is obvious that (1@¢) (2;) 0 for all j, and 
hence a (18 ¢) (z;) +0 for all j. However, if (*) does not split for GŒ = Zps, 
then some z is such that a, (z;) is divisible by p in 7™(K,L;Z,:). Hence 
ġa (z;) is divisible by p in w(K, L;Zp), but each element of a"(K, L; Zp) 
has order p. ` Thus 0 == dya,(z;) = a(1 © $) (x;) 40. This is a contradiction. 


LEMMA 7.4, (H-lemma). Gwen a commutative diagram where each 
. row and each column is exact. If the first and third columns and the middle 
row split, then every row and every column splits. 


0 0 0 
Jk Lb ud l 
0 — A, — B, —> 0, 0 
| c Id je 
$ fe b ge b 
0 — A — Ba —— 0, > 0- 
| Ce ‘| d | €z 
fe b ga} 


0 —> 4; — Bs; —> Cz, > 0 
$o Z 
0 0 0 
Proof. By hypothesis, there are homomorphisms cs*: Ag—>Ao, egt: 

C,—> 0z, and gt: C,—>B, such that co¢et==1, eses* = 1, and gg% 1 
on As, Cs, and C, respectively. Define gat: Ca — B; by g” == daga tert, 
then gags” = adog ter! = e299 165") == lze = 1, and hence the bottom 
row splits. Let f,+ be the other component of the direct sum decomposition, 
Le. fg 7: Ba — Az is such that 1 —f,f.+ + gs-*g, on Ba. Define dy’ == g% g 
-+ fete "fa: Ba—> Ba Then 


dady = dag sterig 3 a dof 202 a m (J 3 ga Í aC202 1f g 
= 93793 + fafs* = 1, 
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and hence the middle column splits. Let fat and c,? be the other components 
of the direct sum decompositions of the secorid row and the first column, 
i.e. fo tf. = 1 and cic, = 1 on A, and A, respectively. Define f,*: Bı — A, 
by fj = c frd, Then fifi = cr f: -id fi = cy fe "fat, — = 0 = 1, and 
and hence every row and every column splits. 


Lemma 7.5. If the exact sequence (*) splits for G’ and G”, then ù 
splits for Œ + G” =G, where @ and G’eD. 


Proof. 0>G’—>G— G” —0 is a split exact sequence. The following 
is a commutative diagram ' . | 


0 0 | 0 


J 4 4 
0> (K, DD® -> wW(K,L)@G > (E, L)980”>0 


1%; ļa $a: 
O>r(K,L;@) — (KE, lig -> ~(K,L; ; 8”) — 0 
VB: | 
0 — Tor(n™ (K, L), G’) —> Tor(a"(K, L), G) — Tor(r"!(K, 1) , œN — 0 
4 $ l + 
0 0 0 


The rows are exact and split because @, Tor, and w"(K,L;G@) are additive 
functors when GeD. The columns are exact by above, and the first and 
thirds columns split by hypothesis. Hence by 7.4, the middle column splits. 

The last part of 3.6 now follows immediately from 7.3 and 7.5. 

In order to prove 3.7, we first establish a direct limit theorem. Let 
GeQD, and let {@*;2,6} be the direct system of finitely generated subgroups 
of G [6; Chapt.: VIII]. Then G=dirglimG*. Note that each Gee D. 
{x™(K, L; G*); (maf) } is obviously a direct system of groups for r > (N +-1)/2. 
We define é: dira lima” (K, L; G*) —>a" (K, L; G) by 


é({[a]}) = (ra)e ([a]), 


where [a] ez" (K, L; G*), {[a]} is the element in dir, lima" (K; L; G*) 
represented by [a], and ra: G*—»G is the canonical homomorphism. : Since 

a, == ngra? and all Gre D, (xa) ¢== (ap) 4 (70%) 4 and é is well defined (note 
that GeD is necessary here). 


THEOREM 7.6. If (K, L) is a finite CW-pair, then € is an tsomorphism 
for r> (N+1)/72. This ‘isomorphism is natural with respect to maps 
f: (K, L) -> (K, L) and homomorphisms ¢: G>H. 
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Proof. Let X be an X(G,7r)-space, and let fa] en"(K, L; G). Since 
K is compact, a(K) C X is also compact. Thus a(X) is contained in a finite 
subcomplex X’ of X [73 p. 96]. Assume X is the standard X(G,1)-space 
constructed in the proof of 3.1. Then a finite subcomplex of X must be an 
X (G8, r)-space for some 8. Hence a defines a map a’: (K, L)— (X', zo) 
such that (wg)4([a’]) = [a]. Hence £ is an epimorphism. A similar argu- 
ment shows é is a monomorphism because K X I is also a compact C W-com- 
plex. The naturality statements are obvious. 


Theorem 3.7 now follows immediately from the exact sequence (*), 
7.6, and the fact that direct limits preserve exactness, ®, and Tor [5]. 


The following example shows that the universal coefficient theorem of 
3.6 and 3.7 does not hold in general, even if GeD. Let G=—@Q-=—the 
additive group of the rationals and let K be an X(Q,n)-space. Then by 
3.8, a*(K 390) ~ Hom(Q,9)—@ and 2*(K;Z) = Hom(Q,Z)=0. The 
sequence (*), if exact, would give here that 


0—08 Q — Q > Tor(r™ (K),Q) 30 | 


is exact. However Tor(„”!(K}),Q)=0, and hence Q==0. This is a 
contradiction. 


8. Proof of Theorem 3.8. The proof of Theorem 3.8, as the theorem 
itself, is a generalization of the proof of Theorem 3.1 of [11]. The proof 
is based on the generalized cohomotopy exact couple; i.e. Z is replaced every- 
where by G. 


Proof of 3.8. As is the proof of 3.1 of- [11], it suffices to prove that 
Hr? (K,L; Ga) Eb, > +, AN (K, L; Gan) el 


for r > Max((N + 1)/2,n—0(@;G@)). Again n—r<n—(n—2(8@;G)) 
= a(b; G), hence Gaye b, >, Gim- £ É by definition of «(@;G@). Since 
G(s) is finitely generated by 3.6, we may use the universal coefficient theoram 
for cohomology (2.3A of [11]); ie. l 


a p 
0 > H*(K, L) & Gia) S Hr+s(K, L: Gia) ODE i Tor(Hrts(K, L), Gis) —> 0 


is exact. Gis E @ for s & n—-r, therefore H™**(K,L;Gis))e @ for s S n—r. 
The proof now differs from that of 3.1 of [11]. We have yet to show that 
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H™(K, L; Gis) € @ for s > n—r from the assumption that H™*(K,L;@)}e & 
for s > n—r. Since 


(G+ GE) = Gy t a HE, L; G+ @) = HEK, L; G) + AK, L; 0), 


and G is finitely generated, it suffices to show this for G=Z or G = Zp. 
The case Œ= Z is obvious as in the proof of 3.1 of [11]. We now consider 
the case G = Zp. By 3.6, (Zp) (s) can have only a p-primary component. 
Hence it suffices to show that if H'(K,L;Zp)eg for r>n, then 
I’ (K, L354 :)e 4 for r>n and all s 21 (we have changed the notation 
to simplify the rest of the proof). 

If t= 1, then it is obvious by induction on s using the exact sequence 


H" (K, DL; Zy:1) > H(K,L3Z):) — H'(K, L; Zp) 
corresponding to the exact coefficient sequence 


l 0 —> Zp- —> Zp > Zp > 0. 


lf ¿>œ>1, then let 7 be the largest integer r such that H" (K, L ;Zp) #4 
for some q with l=q<?#, and assume r> n. Then corresponding to the 
exact coefficient sequence 


0 =~ Zpt-a—> Ly! ep Z pa — 0, 
we have an exact sequence 


Hro(K, L;Z 1) > H'°(K, L; Zp) > HO (KK, L; Zpt-o). 
However, 
Heo(K,L;2,:)¢ @ and Are*(K, DL; Zp) © 6, 


hence H"(K,L;Zp)eg which is a contradiction. Thus rin and 
ACK Ls Zp) € for r>n and as remarked above, this implies that 
H'(K,L;Zp)e 4 for r>n and alls21. This completes the proof of 3.8. 


9. Cohomiotopy operations. We conclude our discussion of generalized 
cohomotopy groups by defining the concept of a universally defined cohomotopy 
aneration analogous to universally defined homotopy operations [4]. We 
classify these operation and compute’ the classifying groups. 

Let A and Be®D throughout this section. A cohomotopy operation of 
type (n,g;4,B) is a function 9: 7*(K,0;A)—>2I(K,L;B), defined for 
every CW-pair (K,L) with N < Min(2n—2,2qg—2), such that if f: 
(K,L) > (K, L), then 6f# == f#0: n” (K, L;A) —>r (K, L;B). 

Let n +13 2q— 2, and let [b] ert(X,2);B), where X is an X(A,n)- 
space. If [alea"(K,L;A) and N S Min(2n—2,2q—2), then define 
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0s ([a]) = [ba] ewt(K,L;B). Clearly 6, is a cohomotopy operation of type 
(n,q; A,B). Thus we have a function X: 77(X,2%;B)— the set of co- 
homotopy operations of type (n,q;A,B), defined by x([b]) = ®. 


THEOREM 9.1. If n+ 1 2q-—-2, then x is a 1-1 correspondence. 


Proof. Let ceéx"(X,2);A) denote the class of the identity map of | 
(X, To) into (X, zo). Let ae [a] er"(K, L;A), a: (K, L) > (X,2). Then 
a*(.) = [a]. Hence if 9 is a given cohomotopy operation ‘of type (n,q; A,B), 
then 

a([a]) -o(a (9) =at ) = (+) [a] = 0 ([a]) 


where [b] =0 (1) €71(X, £; B). Thus x is onto. -If 6) 86,, then 


[o] = Lb] = > (+) = Or (1) = [b] = [0°]. 
Thus x is 1-1. i 


"Coronary 9.2. If n+152¢—2, then each 6 is a i le 
Proof. By 9. 1, 6—6, for some [8] ent(X, t; B). Let [a] and 
[a’Jen"(K,L;A), then 
9» ([a] + La’]) = Lb] ([a] + [@’]) = [ba] + [ba] = 6,([2]) + 6([a’]) 
by 2.8.. 
We now compute Bes £to; B), where X is an X(A,7)-space. 
THEOREM 9. 8. (a) =» (E, Ta; ai Hom (A,B), 
(b) a" (X,a3B) = Ext(4,B), 
. (e) w(X,2%;B) =0 for ¢g>n+1, and 
(d) if Bis finitely generated and q < n, then 7 
0 — Ext(A, A aig) © B. + Tor (Zap, B reer a 9: B)- 
— Hom (A, Z in- Q B + Tor (Z¢n-q-1) B)) 30 
is an exact sequence. | | | 


Proof. (a) follows from 3.3 and 3.4. “(b) follows from 3.8 and the 
universal coefficient theorem for cohomology because X ‘has dimension n -+ 1. 
(c) is trivial because X has dimension n+1. If Bis ‘finitely generated, then 
Bis) Z Zin QB + Tor(Zei B) by Theorem 3.6. A o 
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1 
—>0— : 
o 7 
A’ I i! A’ | 
> 0 — To" —> H (X, to; Bina) > 0 >. 
Do. , 
A I v A al 
> 0 —— Ter) 5 A" (X, to; Bag) —— 0>. 
4 % 
al 
-=> 0—>Tn—>0-. 
| 7 


-.979(X,%;B)-0->-- - 


Figure ‘3. 


Consider figure 3, a portion of the generalized cohomotopy exact couple with 
G—=B, (K,L) = (X, £), and N=n+1. It is clear from figure 3 that 
the sequence wee ke 

0 > Tor port > H” (X, £o; Bing )'>0 
is exact. However, | 


ror = HHY, To; Bomi- ) © Ext(A, Bins), TETS TH X aX, to; B), 


and H"(X,%3Bin-q)) ~ Hom(A, Bin-g)). Combined with the above, this 
completes the proof. | 


10. Generalized homotopy groups. We conclude this paper with some- 
brief remarks on generalized homotopy groups. 


As one might expect; there is a theory of homotopy groups with 
coefficients in G which is dual in an intuitive sense to the theory developed 
above. The results of Spanier and Whitehead [17] make this duality 
precise. By these results, we are led to consider spaces having only one 
non-vanishing cohomology group; in particular, we consider homotopy classes 
of maps of such a space into arbitrary spaces. The duality of [17] gives 
theorems dual to our thecrems on cohomotopy groups with coefficients in G. 
These theorems are only valid in the stable range. However, as in: ordinary 
homotopy theory, there is a natural group structure defined outside of the 
stable range, and many of the theorems extend beyond the stable range. 
We leave the details of these results to the reader. 
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Appendix. 


11. Proof of Lemma 3.4, Proof of 3.4.5 For the properties of Ext 
needed in this proof, see [5]. There is a natural homomorphism 


x: Hom(A, B) O Z: > Hom(A, B® Z,) 
defined by [x(f Q 1)] (a) =f (a) Q 1, where fe Hom (4, B) and 1 is the non- 


zero element of Za We first show that X is an isomorphism if A is free. 
Let A = $ Z 1e. Then 
$ 
Hom (4, B) = Hom ($ Z, B) = II Hom (Z, B) = [[ B; 

ind b k t 

Hom(A, B® Zz) = Hom(È Z, B 8 Z2) = [I Hom(Z, B 8 22) = [I (B @Z,),. 
Moreover, the natural homomorphism (J[B) 8 Z:— [[ (B@Z,); is an 

i i 


isomorphism (see exercise E-6 in [6; Chapt. V]). Hence x is an isomor- 
phism if A is free. 


Let 0 —> R —> F —> G — 0 be exact, where F and F# are free abelian groups. 
By definition of Ext, Hom(F, H) —> Hom(R, H) > Ext(G, H) > 0 is exact. 
Thus the following is a commutative diagram with the rows exact: 


Hom(F, ieee: H) 8 Z; — Ext(G, H) 8 Z= 0—0 


4} J Yd 
Hom(f, HOZ.) > Hom(h, H © Za) — Ext(G, H 8 Z.) > 0-0. 


The first two and the last two vertical homomorphisms are isomorphisms, and 
hence by the five-lemma [6; p. 16], Ext(G,H) 8 Za = Ext(G,H®Z.). Now 


£ 
by hypothesis, 0 —> G——> G is exact, where (g) = 2g. Thus 


é* 
Ext (G, H) —> Ext(G, H) 30 


is exact, where £* is multiplication by 2. Hence every element of Ext(G, H) 
is divisible by 2 aie Ext(G, H 8 Za) Z Ext(G, H) OZ, ==0. This completes 
the proof. 


PRINCETON UNIVERSITY. 


t This proof was worked out with the help of D. A. Buchsbaum. 
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A NOTE ON THE INTERPOLATION OF SUOBLINEAR 
OPERATIONS.” 


By A. P. CALDERÓN and A. Zyamunp.* 


The purpose of this note is to give an extension of M. Riesz’ interpolation 
theorem for linear operations to certain non-linear ones. 

Let R be a measure space. This means that we have a set function 
(E), non-negative and countably additive, defined for some (‘measurable’) 
subsets Æ of R. For any measurable (with respect to ») function f defined 
on & we write 


Cf ltl ay) Uf nn | (0<r<%), 


and denote by ||f llen the essential (with respect to »). upper bound of |f]. 
The set of functions f such that |F irp is finite (0 <r œ) is denote by 
Ls. If no confusion arises, we write || f |, Lr for | f ilre 274. 

Let R, and R be two measure spaces with measures u and v respectively. 
Let h= Tf be a transformation of functions f ==f (u) defined (almost every- 
where) on R, into functions A= h(v) defined on Ra The most important 
special case is when T is a linear operation. This means that if Tf, and Tf, 
are defined, and if a, @, are complex numbers, then 7’(¢,f, +- f2) is defined 
and | 


| Taf, -H Gof2) == a, Tf, + AT fa. 


Let r>0, s>0. A linear operation A == Tf will be said to be of type 
(r,s) if it is defined for each feZ™# and if 


pes : Tl SIF ewe 
where JY is independent of f. The least vale of M is s called the (r,s) norm 
of the operation. ge ae 

Denote by (a, 8) points of the ‘square 


(Q) : migas Aspar 


3 Received T 9, 1955. 

1 The research resulting in this paper was supported in part by the office of 
Scientific Research of the Air Force under contract AF 18(600)-1111. 
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The Riesz interpolation theorem (in the form generalized by Thorin (see 
[1]-[6] of the References at the end of the note) asserts that if a linear 
- operation kh Tf is simultaneously of types (1/a1,1/81) and (1/22, 1/82), 
with norms M, and M, respectively, and if 


@) a= (1—t)a + tw, B= (—th)fpi+th, ©. (0<t<1) 
then T is also of type (1/2, 1/8), with norm > ' 
(3) M S M tM,. 


The significance of this theorem is by now widely recognized, and its 
applications are many. Riesz himself deduced the result, through appropriate 
passages to limits, from a theorem about bilinear forms, and in this argu- 
ment the linearity of T plays an important role. The same can be said of 
other proofs. There are however a number of interesting operations which 
are not linear and to which therefore the theorem cannot be applied. For 
the sake of illustration we mention one of them, first considered by Littlewood 
and Paley (see [7]), which has important application in Fourier series. 

Given any feL(0,27), we consider the function F(z) regular for 
|z| <1, whose real part is the Poisson integral of f, and imaginary part. is 
zero at the origin. The Littlewood-Paley function is 


o gO =A S (Lo) IE (pe?) |? do}. 


The operation g= Tf is clearly not linear. It satisfies, howeyer, the 
following relations 


(4) (T+ D S| Ti, + | Tf |, 
(5) | Tf) =] k| | TF, 
for any constant k. 

There are other interesting non-linear operations which have the same 
properties and it may be of interest to study the problem of interpolation of 
such operations. ‘This is the object of this note. 

We begin with general definitions. . l 

We call an operation == Tf sublinear, if the following. conditions ‘are 
satisfied : a E : 

(i) Tf is defined (uniquely) if f= fi + fa, and Tf, and Tf, are 
s defined; tee . ; va - : 74 oe s 
(ii) For any constant k, T (kf) is defined if Tf is defined ; 
(iii) Conditions (4) and (5} hold. . 
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In view of (5) we may, as.in the linear case, consider inequalities (1) 
and introduce the notions of the type and norm of a sublinear operation. In 
what follows, the functions f will be defined (almost everywhere) on a space 
R, with measure p, and the h = Tf on a space Ra with measure vy. 


THEOREM. Let (a, Bı) and (az, B2) be any:two points of the square Q. 
Suppose that a sublinear operation h=Tf ts simultaneously of types 
(1/2, 1/81) and (1/a2,1/B.) with norms M, and M, respectively. Let (a, 8) 
be gwen by (2). Then T is also of type (1/a,1/8), with norm M satis- 
fying (3). 


Proof. We easily. deduce from conditions (i), (ii),. (iii) that, if Ty, 
Tho, - +, Tfh are. defined so is T{nt(fi +: --+f,)} and 


(6) [TA ft + fe) /n} | Sr TAL +: A l Tf). 
We may suppose that a,a,. Thus - 


(7) | ty, Sasa 


ete 
Sheri 


Consider any f in Le» and write f=fitfe, where f, equals f at the 
points at which |f|<1, and equals 0 elsewhere. By (7), 


Bee faa all" eile 


so that f e L% and Tf, is defined, by hypothesis. Similarly foe LV and 
Tf, is defined. It follows from (i) that Tf—T(f,+f-) is defined. Our 
task is to show that the (1/«, 1/8) norm M of T is finite and satisfies (3). 

We assume for the time being that ¢>0, @<1. Take any fep". 
Without loss of generality we may suppose that 


If Vaya. 
Clearly 


(8) | Tf las = sup J |f|- g 


where g is non-negative and satisfies || g ll:/u-s) = 1. We may confine our 
‘attention to functions g which are simple (a function is called simple it it 
takes only a finite number of values and is distinct from 0 on a set of finite 
measure; simple functions are dense in every L°, O0<s<o; and in LD”, 
if the space has finite measure). We make one more assumption, of which 
we shall free ourselves later, namely that f is also simple. We fix f and g 
and consider the integral ee 


(9) I~ JITE gdn. 
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“Let ci, C2 * *, Cm be the distinct from 0 (and different from each other) 
values of f. Let F, be the set in which f= cm and let X,—xz(u) be the 
characteristic function of Er. Similarly let c’,,¢’.,---,¢, be the different 
from 0 values of g, ’; the set where g = c'n and X:==X,(v) the characteristic 
function of BE’. Hence f= | cr | Xx, g= Dex, where |ee|=1 and 
c'i > 0. l 

Let «(z) and £ (z) be the right sides of (2), with z for t. Consider the 
non-negative function ~ 


(10) (z) = Jp ITOP leer sign f) | gerea- dy Baw): 


which reduces to J for z—¢. We show that ®(z) is EN T and log $ (2) 
is subharmonic, in the whole plane. 

Since, for each z, | f |*@/*sign f is simple, and so is in n LY %, the function 
T (| f |*/signf) is in LV&, and in particular is integrable over the set 
where g >0. Hence @(z) exists for each z. 

We have 


OD 862) =f | TES] ex Mara} | (E ei My 
= Í, BNG- | TÒ I | op (texa) | dv 


Ly f Tf BG-A D | cy (eX) | dr, 
E’; ) 


and it is enough to show that each integral of the last sum is continuous 
and its logarithm is subharmonic. In proving this we shall make repeated 
use of the ineguality | | Tf, | — | Tf! | =| T(f:—/2)|, which is a consequence 
of (4). 

We therefore fix ? and write 


Ye = F C-RA | cp [2/46,%5, Y (2) = f | Te | dv. 
k E’; 
Clearly 
|E As) tS G IT amaya) dy 
JE; 


S || T (Yeraz — Ya) lazer (E1) JP 
S Mi || peras — Ye llisa {v (Ei) FP, 
and since Wraz — Ws is zero outside U E, and tends to 0, uniformly in u, as 


Az—>0, the norm || ¥2.a2z—wWzll1/o, tends to 0, and © is continuous at z. 
Hence @ is continuous. 
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It is very well known that log &(z) is subharmonic if and only if W(z)e*@ 
is subharmonic for every harmonic A(z). We fix a harmonic function A(z), 
and denote by H(z) the analytic function whose real part is h(z). Since 
the problem is local, we may consider A and H in-a given circle.’ Write 


y= yet), oO (2) = bz) et = Í | Tys | dv. 
f By 


We fix z, take a p > 0, and denote by 2:,2:,° ° -,%» a system of points 
equally spaced over the circumference of the circle with center z and radius p.. 
We have 


om e P 3 
y*,(w) go Vp È Yz, (u), 


uniformly in u. Since 
TEN Po caai , Po. eee 
J ITO 1/? Èt) dS P19 È pa het (E) A 
p 
=e S a 


the left side tends to 0 as p—> œ. In particular, as p — œ we have 
: p 
a= f || Tuts! TO B¥*.,)| | a0, 
i 
; . 
J |. Ty*, | dv S 8, + 1/p =f | Ty*z, | dv, 
E’; 1 E’: 


w* (2) Slim 1/p B+ (zy) = 1/ (2r) | (e+ pot?) de. 
po a 1 (a 


Hence &*(z) is subharmonic. 


We have therefore proved that ®(z) is continuous in the whole plane 
and its logarithm is subharmonic. Moreover ®(z) is bounded in every vertical 
strip of the plane, since from (11), (4) and (5) we deduce that 


a(z) Z 2 | cy (20/00 0-8) 0-2) f T (Xx) | dv. 
, i 


Next we show that 6 < M, on the line z= 0, and 6M, on x=—1. It 
is enough to prove the first Inequality. If «0, then 


a(z) S| T(] F |e sign F) laze, | go |p 
<M, | |F |2 sign f liza SS M || | f | yo, = Mh. 


Since log ð (z) “is bounded above and subharmonic in the strip 0S¢1, 
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and does not exceed log M, and log Af, on the lines e—0 and s= 1 respec- 
tively, an application of the Three-Line Theorem for subharmonic functions 
shows that | 

log (z) = (1— t) log M, + tlog M, 


on the line z==t¢ and, in particular, I == (t) S M, tM. 
Summarizing results, we have proved that 


(12) | TF ye SMM! |F llasa 


for each simple f. We show that this holds for every fe L!⁄e. 

We fix such an f, and for each m == 1,2,- - - consider the decomposition 
f=fmtf’n; in which fm=f wherever |f|<m, and f'n=0 elsewhere; 
hence | f'm | is either 0 or else greater than m. Let fm be a simple function 
equal to 0 ger f’m==0 and such that |.fm—f’m|<1/m everywhere. 
Then 


(18) | [TF] —| Tho} | SITES] M en + | Tf» |. 

If we show that each term on the right tends to 0 almost everywhere as m 
tends to -+o through a sequence of values, then the inequality (12) with 
fm for f, will lead, by Fatou’s lemma, to the inequality for f. 


Now fm— fm is in L", and so also in L“, since | f’m—fm| <1/m. 
It follows that 


(14) | L(Pm— fr) lae SM | f/m — fom lira E Ma | fm — fn |e > 


as m—o. Similarly 


(15) | TP'm lare SS Me bP oe laza Me I ml e/a, 


The inequalities (14) and (15) imply that there is a sequence of m 
tending to +» and such that | 7(f’m—fm)| and | Tf’m| tend to 0 almost 
everywhere. This completes the proof of the theorem. 

It remains however to consider the two extreme cases «—0 and B=1, 
which we previously put aside. These two cases cannot occur simultaneously. 


If @=1, we replace the right side of (8) by | Tf | dv and the function 
(z) of (10) by a 


fC fle@/sign f) | dv. 
Ro 


After that the proof proceeds as before. If «==0, then also g, = &: = 0; 
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but it is immediately seen that whenever &, == @&@, the theorem is a corollary 
of Hoider’s inequality. 
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ON SINGULAR INTEGRALS.* 


By A. P. CALDERÓN and A. ZYGMUND.! 


1. Introduction. In earlier work [1] we considered certain singular 
integrals arising in various problems of Analysis and studied some of their 
properties. Here we present a new approach to such integrals. Unlike the 
method used in [1] it is based on the theory of Hilbert transforms of func- 
tions of one variable, but otherwise it is simpler and yields most results 
obtained previously, under far less restrictive assumptions.. Unfortunately 
some important cases (fe L for instance) seem to be beyond its scope. We 
have been unable to decide whether the corresponding theorems as presented 
in [1] can be likewise strengthened. 

Our present results can be summarized in the theorems presented below. 

Let @,y,2,---° denote vectors in n-dimensional Euclidean space Bn 
|z| the length of x and z’ =s] s|. Consider the integral 


1.1 Fle) = |- K (x,y) F(y)ay, 
i |e-yl>¢ 
where dy denotes the element of volume in Fy. 


THEOREM 1. If Pan) = N (x—y), where N(x) is a homogeneous 
function of degree —n, i.e. such that N(x) ==A*N (x) for every. x and 
A> 0, and if N(x) has in addition the following properties 


i) N(s) is integrable over the sphere |x| ==1 and its integral is zero, 
ii) N(c) +N(—z) belongs to L logt L on |x| ~—1, 


then, if f(z) eL*, 1 <n<o, fe(z) as defined in 1.1 converges to a limit 

f(z) in the mean of order p, and pointwise almost everywhere as e—> 0. 

Furthermore F(x) == sup | Fe(x)| belongs to Le and | fp Alf lp, where 
€ 


A is a constant depending on p and K, and || f|p is the I? norm of f. 


The condition that N(x) + N(—rz) be in LlogtL on |s| =1 cannot 
be relaxed. For given a function ¢(¢) such that ¢(t)/tlogt—>0 as t—>œ 


* Received September 9, 1955. . 
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there exists a function satisfying i) such that ¢[| V(c) -+ N(— s)|] is 
integrable on |s|==1 but whose Fourier transform is unbounded, so that 
even if the pointwise limit of Fe(x) exists (as is the case of f(x) contincously 
differentiable and vanishing ontside a bounded set), no ee cf the 
form | fz Alf ll. holds. 

The Fourier transform M(z) of N(s) is a homogeneous function of 
degree zero and can easily be shown to be given by the formula 


M(x) — È Ny) [idesg cos 0 + log | cos 8 |]do, 


where @ is the angle between the unit vectors 2 and y’, and de is the 
element of “area” of the sphere | |= 1 over which the integral is extended. 
It is the presence of the term log|cos@| which makes the class Llog*L the 
best possible. Since we merely want to indicate this fact we omit further 
details. m i 


THEOREM 2. If 
| K(g, y) = N(2,2—y) 
where N (2,4) is homogeneous of degree —n in y and 


i) for every x, N(a,y) is Megane over the sphere |y i = 1 and its 
integral is zero, 


ii) fora g>1 oe every x, | N(a,y)|% is integrable over the sphere 
| y |= 1 and its integral is bounded, 


then the same conclusions as in Theorem 1 hold about j,(x), providec that 
fe L® with g/(¢q—-1) Sp<om. 


The condition that p= ¢/(q-—1) is essential. We shall show by means 
of an example that if p<q/(q—1), then f(x) need no longer be in’ Le. 

A third type of integrals suggested by the theory of spherical summa- 
bility of Fourier integrals is the object of the next two theorems. 


THEOREM 3. If 
K(2,y) =N(2,2—y)p(|r—y |) 


where w(t) ts a Fourier-Stieltjes transform, N(a,y) is C of 
degree —n'in y and 


i) |N(z,y)| SF (y) where F(y) is a homogeneous function of degree 
—n integrable over | y| =1, 
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ii) w(t) is an even function and N (x,y) is odd in y, t.e. N(2,y) 
—— N(z,—y), or w(t) ts odd and N(a,y) is even in y, 


then the same conclusions as in Theorem 1 hold about j-(z). 


THEOREM 4. If K(a,y) is the same as in the previous theorem with 
condition i) replaced by e 


i’) for some g>1 and every z, | N(a,y)|% is integrable over the sphere 
| y |=1 and its integral is bounded, 


then the same conclusions about f.(x) hold provided that fe Lr, q/(q— 1) 
Spo. 


~ In- the cases of Theorems 2, 3 and 4 we may also consider the trans- 


posed integral 1.1, that is J | K(y, )f(y)dy. The convergence in the 
HIi>e 


z 
mean of this integral in an immediate consequence of those theorems. The 


pointwise convergence does not follow readily though, and at individual points 
the integral may actually diverge even if f is continuously differentiable and 
vanishes outside a bounded set. 

A straigbtforward application of Theorem 3 will yield the following 
statement about spherical summability of Fourier integrals. 


THEOREM 5. If the number n of variables of f is odd and fe’, 
1< ps2, then the spherical means of order 4(n—1) of the Fourier integral 
representation of f converge to f in the mean of order p. 


Whether this theorem remains valid for n even is an open question. 
Finally, we might also mention two generalizations of the maximal 
theorem of Hardy and Littlewood which are obtained using the same ideas. 
These extensions are needed in the proofs of Thęorems 1 and 2. | 


THEOREM 6. Let Ke(£, y) ="N (z —y)y (> |z—y |) where N(x) is 
a non-negative homogeneous function of degree zero, integrable over | «| =1, 
and y(t) is a non increasing function of the real variable t such that y(| zl) 
ts integrable in En. Then if feLr, 1 <p, and 


f(a) = sup] J Keeway | 


ia belongs to L? and 
If lp SA IF lle, 


where A is a constant depending on N, p and y. 


292 A. P. CALDERÓN AND A. ZYGMUND. 


The case when N(x) s=1 and z(t) is the characteristic function of the 
interval (0,1) is well known. 


THEOREM 7. If Kele, y). SENG, t—y)y(e|ce—y|) where N (z,y) 
is homogeneous of degree zero in y, | N(2,y)|%, q > 1, is integrable over the 
sphere |y | = 1 and its integral is bounded, and y(t) is the same as in the 
previous theorem, then f* as defined wt Theorem 6 1s in the same L? class as f 
and | f* |pSAllf lp, provided. that q/ (1—1) Sp<o, 


2. We start by showing that the integral 1.1 is meaningful. In the 
cases of Theorems 1 and 3 this is not quite evident. 

In either case we have | K(z,y)| F(|«—y]|), where P(y) is a homo- 
geneous function of degree — n, integrable over the sphere | y |= 1, and thus 
it will be sufficient to show kier 


| „EEIN (y) | dy 


is absolutely convergent for almost every 2 v and any e > 0. 
Let y’ be a unit vector, t a real number and S a full sphere in E, of 
diameter d. Then the integral 


2.1 Í, roya fa f tf (s— ty’) | dt, 


where dy’ is the element of area of the unit sphere 3, is finite. In fact, the 
_ Toner integral is less than or equal to 


AL flew) aes 


where A depends on e and p but not on f. Substituting this expression for 
the inner integral in 2.1 and applying Hélder’s inequality to the integral 
over S we find that the latter is dominated by 


A |S] È de f TEE t) e atg. 


Now the integral with respect to z can be computed first along lines a 
to y’ and then over the space of such lines, rendering evident that its value 
does not exceed d || fll. Thus the integral over S in 2.1 is a bounded 
function of y’ and 2.1 is therefore finite. Hence 


Í. F w f if (2 —ty’) | di 


2 Throughout the rest of the paper the letter A will stand for a constant, not 
necessarily the same in each occurrence. 


“~~ 
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is finite for almost all æ. But the last is nothing ch the expression of 
Bo F E= f(y)| dy. in polar coordinates with origin at ax. De other 


ae fa any «> 0, 1.1 is absolutely convergent for almost every z. 


3. In this section we'shall prove Theorems 3 and 4. 


Let g(t) be a function of the real variable ¢ belonging to L? in 
—am<ct<o, l<p<o, and let e(s) be an arbitrary ala measurable 
function in —o<s<oo. Then the integral | 


S g(t)/(s—t)dt 
|a- aao 


represents a function whose L? norm does not exceed the DZ? norm of g 
multiplied by a constant A which depends on p but not on g or the function 
e(s) (see [1], Chapter II, Theorem 1). More generally, the same holds for 


m e-irtg(t)/(s—t)dt, 
[a-t I>e) 


with the same constant as before. Thus if u(r) is a function of bounded 
variation in —œo <r <æ from Minkowski’s integral ‘inequality ‘it follows 
that the L? norm of the function of s given by 


t|>e(s) 


Set fi. erg (8)/(s— 1) at dun 


is not larger than the L’ norm of g multiplied by the constant A above and 
by the total variation of u. Now interchanging the order of integration in 
the expression above (which we may) and observing that the function e(s) 
is positive and measurable but otherwise arbitrary we conclude that if 


D g(s) E | Jp AHO O/(e—O Ot is, 


where y (3) = S eer du(r), then Ig la £ AV (aig lp, V (p) being the total 


variation of » and A being a constant which only depends on p. 
Let now f(x) be a given function of LP, 1 < p<, in Ens y a unit 
vector, and define 


3.2 sinatra if (z —ty')y(t)di, 
|t| >e 


3.3 7 (@, 9") = sup | felz, y) |. 


i 
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Clearly fe exists for almost all (a, y’) and is a measurable function of (a, y’). 
Furthermore, for almost all (x,y) it is a continuous function of e, so that 
if we restrict e to rational values in 3.3 we obtain the same value for f almost 
everywhere in (2,y’), which shows that f is also measurable. Ea 

Now it is readily seen that f(x, y’) restricted to any straight line parallel 
to y’ is precisely the integral in 3.1 of the function f(s) restricted’ to the 
same line. Consequently 


m 


fFe—w.yyasav uy [teyat 


and integrating this inequality over the space of lines parallel to y’ we obtain 


34 f Fæ, yP de SAV (u) f | f(e) |P de. 
Define now 

3.5 Pæ) =g f PENE, 

3.6 jee) =3 f FEN (ay) ay, 


where F' and N are the functions introduced in Theorem 3. On account cf 
3.3 it follows that |7?.(x)|</ft(x), and Minkowski’s integral inequality 
applied to 3.5, and 3.4 gives | 


3.7 IP EZAT) f PA if lv. 


But the function f-(z) defined in'3.6 coincides with the integral 1.1 as 

specified in Theorem 3. To see this one merely has to substitute Fe(s, y’) 

for its value in 3.6 and observé that one obtains 1.1 in polar coordinates 

with origin at z. Interchanging the order of integration is permissible 

wherever 1.1 is absolutely convergent, that is, almost everywhere. Thus we 

have proved that under the assumptions of Theorem 3, f(z) = sup | },(2)| 
é 


belongs to Lr, and that [Flp p54] fip. A more explicit estimate of the 
constant involved appears in the right-hand side of 3.7, where A depends 
only on p. i 
We now prove that the same holds under tħe assumptions of Theorem 4. 
We redefine f'(x) and fe(x) by means of the formulas 


H= S FENE KA= S ENNE dy. 


First we observe that the rlz) just introduced coincides with the Fe(s) 


—_ 
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in 1.1. . For the last integral above is nothing but 1.1 expressed in polar 
coordinates with origin at æ. On account of 3.3 it follows again that 
| Fe(£)| S fi (s), and Hélder’s inequality and Fubini’s theorem yield 


freres ff Henly ey) Pa 
se ff avyavilf iNav) lr ay} ae 


Serf ayt f Hav tf (Ney) ayy da), 


where p’ = p/(p—1). Now p'& q, so that condition i) in Theorem 4 implies 
that the innermost integral in the last expression above is bounded. Hence 
if B? is an upper bound for this integral and w is the “area” of the unit 
sphere in #,, 3.4 yields | f! |p 4AV(»)o?B | fll, Thus we find again 
at | F(a) pS Wf lo. 

Now we can prove that f,(z) converges in the mean and pointwise almost 
everywhere. The argument clearly covers both Theorem 3 and Theorem 4. 

Let p(t) be an even and continuously differentiable function equal to 1 
for #0 and vanishing outside the interval (—-1,1). It is readily seen 
that the Fourier transform of y(¢)p(t) is bounded and integrable. Consider 
now the function equal to t> for |t| > and zero otherwise. An easy com- 
putation shows that its Fourier transform is bounded uniformly in e and 
converges pointwise as e—> 0. Consequently it follows from Parseval’s formula 
that 


3.8 Siow y(t) p(t) /8ai 


converges as «0. Thus under the en of either Theorem 3 or 
Theorem 4, the integral 
f K'(a,y)e(|e—y |)dy 
|o-y|>e 
converges as e—>0. To see this one merely has to compute this integral in 
polar coordinates and use the fact pointed out above that 3.8 converges. 


Let now f(x) be continuously differentiable and vanish outside a bounded 
set. Then 


jlo) — J K(evioav— f Een) Fle) o(l2—y |) dy 


+r) f K(ey)p (le—y lay 
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The integrand in the first integral on the right is absolutely integrable over 
En, and the second integral converges as e—> 0. Consequently fe(x) converges. 

In the general case, given f(z) in L? and §>0 there exists a con- 
tinuously differentiable g vanishing outside a bounded set such that f = g + h 
and || ||p><6. Since 


je() =Ge(@) +he(z), | he(w)| Sh(2) 
and | 2 |, 4 ||, < Ad, and since 9,(%) converges everywhere, 
Tim f(z) —lim 7.(2) = 2h(c), 
and this implies that fe(x) converges almost everywhere because h(x) has 
arbitrarily small L? norm. Finally, since f,.(z) — f(x) almost everywhere 
and | f-(z)| <= f(x), the theorem on dominated convergence yields || fe—f |p — 0 


as e— 0. 
Theorems 3 and 4 are thus established. 


4. The proof of Theorems 6 and 7 is based on the same technique we 
used in the preceding section. 
Let f (t) = 0 be a function defined in —œ < t< œ, and g(t) = y (tit, 
where ¥(¢) is the function introduced in Theorem 6. Then ¢(¢) is integrable 
in (0,0). Set 


f*(s) = supe f f(s fig (ter) at, Si, 


R(t) =i [F(t thas t > 0, 


and G(s) — sup F(t). Then integration by paris gives 
t z 
E [es] > _ i= 2] E E C” 2 
e*)dt = — e! f ec?) =— e! «+ 
Af Het oeiee S OAE eal) J talte) 
= G(s) f oat, 


and consequently f* (s) S G(s) f “$(t) dl. | 7 
0 
Now, a theorem of Hardy and Littlewood (see [3], p. 244), asserts that 
if fe Lr, 1< p<%, then Gel? and || Gl 54 |f ll, where A depends on 
p only. Therefore | f* lp 4 | flp, 4 now depending on p and @. . 
Let now f(z) = 0 be a function from L?, 1 <p <œ% in En and y’ a unit 
vector. Define l | 


a J ' f(a + ty’) (te) dt, 
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Then, as we have shown above, 
+o . +00 a l 
f f* (+ tyy) dtS A f f(a ty’)? dt, 


where A depends only on p and ¢. Integrating over -the space of lines 
parallel to y° we obtain : 


4.1 f Payrdes f taras 


Under the assumptions of Theorem 6 we have . 
f* (=) = sup | f Ke(x, y)f(y)dy | SS sup e” f N(az—y)y(| s —y | €*)F(y)dy 


—sup | NNA f fet eidal s f NOE, 
and an application of Minkowski’s integral inequality and 4.1 yield 


ISA f My) ay If le 


where A depends on p and y only. 
On the other hand, under the assumptions of Theorem 7 we have 


P@ = sup | f Kx, y)f (y)dy | 
Ssuper f |N, a —)| Kl e—y | Fo) 
=sup f Ae y) [e Í, Ket ty elte dilay" | 
| sÍ, | Nz, y')| f”, y)dy. 


Hence p | : 
f papas f f | N (2, y')|f* (2, y)dy da 


<f Cf f* (x, y’)? dy’\[ f | N (z, 4)" dy’]9"' de, 


where p’==p/(p-—-1). But p'& q so that the integral of | N(2,y’)|? is 

bounded. If B” is a bound for this integral and w is the area of the unit 

sphere in Fna, interchanging the order of integration and applying 4.1 we 

obtain finally | f* |p SAAB || f |p, where A only depends on p and y. 
The proof of Theorems 6 and 7 is thus completed. 
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Remark. The methods used so far still yield results under slightly less 
restrictive assumptions about the type of integrability of f(z). For instance 
if f vanishes outside a bounded set and |f|logt|/| is integrable, one can 
still prove that under the assumptions of either Theorem 3 or Theorem 4, 
fe(X) converges in the mean order 1 on any bounded set. 

This result is needed in the next section but only in the special case 
when K(2z,y). is the kernel of M. Riesz (see below), and in this form it is 
also contained in Theorem 7, Chapter 1 of [1]. We may thus safely omit 
further details. 


5. The proof of Theorems 1 and 2 in their full generality is more 
complicated. In special cases they are contained in Theorems 3 and 4 
respectively. In fact; if in Theorem 1 the function N(x) is such that 
N(x) =— N(—z), then Theorem 1 reduces to Theorem 3 with N(a, y) = N(y) 
and w(t)=1. Similarly, if N(z,y) in Theorem 2 is such that N(2,y¥) 
—— N (z,—y), then Theorem 2 reduces to Theorem 4 with the same N 
and w(t) =1. | 

Since it is always possible to decompose the functions N(z) and N (a,y)_ 
in the sum of two, 4 


 N(2) =N, (2) + N.(z),  N(s,y) =Ni(2,y) +N. (2,9), 
where p 
N, (<) =N, (— 2), N,(@) = — N: (— 27), 


and 
Ni(a,y) =N: (7, — 4), N(x, 4) =— N: (2, — y4), 


we need only treat the cases N (s) = N (— z), N(s,y)==N (z,—y) and for 
this purpose we shall use the device of representing f as a singular integral 
with the kernel of M. Riesz. Our original integral 1.1 will then appear as 
an iterated integral to which we shall be able to apply the preceding results. 

In what follows we shall use vector valued functions but we shall 
introduce no special notation for them. When talking about the Z? norm 
of a vector valued function we shall be meaning the Z? norm of its absolute 
value. The inner product of two vectors will be denoted by their symbols 
with a dot in-between. 

The kernel £ of M. Riesz is vector valued and odd 


m Re) =r (Fn + 4)a | e [r 

If | | 

ge(z)=—f  R(w—y) f(y) ay, 
|a-y|>e 
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and fe L®,1<p<o, then g,(z) is a vector valued function which, as e—> 0, 
converges in the mean of order p to a function g(x). This follows from 
Theorem 1 by applying it to each component. On the other hand, if 


f(a) = Sion _ Bey) (nays 


where the integrand is the inner product of the vectors displayed, then a (£) 
converges likewise to f(z). That it converges to a function A is again a 
consequence of Theorem 1. That A==f can be verified for f bounded and 
vanishing outside a bounded set by taking Fourier transforms (see [2]), 
whence the general case follows from the continuity in L? of the linear 
operation taking f into h. 

Let (t) be a continuously differentiable function of the real variable ¢, 
t= 0, equal to zero in (0,4) and to 1 in ($,0), and F(z) a homogeneous 
function of degree — n, such that F(x) = F(—z) and that | F | log*| F | is 
integrable on the sphere |z|==-1. Suppose in addition that the integral of 
F(x) over |x|==1 is zero and consider 


5.1 Í _ bey Fwy 
5.2 BCO —M Fw) (ly av. 


Since | #(z)| SA |z] the second integral is absolutely convergent. The 
first has a singularity at y—0, but, owing to the fact that R(z) is con- 
tinuously differentiable if «40, it can be given a natural meaning if |x| > e 
by integrating outside a small sphere with center at y=-0 and taking the 
limit of the value obtained as the radius of the small sphere tends to zero. 

The properties of the integrals above puni we need are summarized in 
the following 


Lemma. Under the preceding assumptions, as e—> 0, 5.2 converges in 
the mean of order 1 on any compact set; and 5.1 converges on any compact 
set not containing the point s==0. The corresponding limits, FP.(x) and 
F(z), are odd functions, i.e. F, (z) =—F,(—2),-F.(x) =—F,(—x2). 
The function F(x) is homogeneous of degree —n, and, for |x| =1, 


5.3 F(x) =P EA f POA e 
There exists a homogeneous function G(x)- of aegree zero such that for 


|e | S14, 
BA | |F,(2)|< Gla), 
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5.5 | f Ei <o. 

If for some q, 1<q<%, f | F (y)dy <œ, then: the inequalities 
X 

5.6 JEB sA f PUY, 


5.7 f ayytay SA f Ea 


hold, with the constants A depending on q but not on F, and the integral 
in 5.2 converges to its limit in the mean of order q. 


That the a F, (x). and F(x), if existent, are odd is clear. That 
F(x) is homogeneous of degree — n is also clear. To see that 5.1- converges 
in the mean between two spheres of radii p, < p we observe that the con- 
tributions to the integral from the sphere |y | S $p, and from the exterior 
of the sphere | y|==2p. is bounded, and to the integral extended over - 
do, |y|S2p2 we may apply the. remark of Section 4 and obtain imme- 
diately the desired result. On the other hand, an application of Theorem 4 
to each component of the vector valued integral 5.1 gives that the integral 
of | Fi (x)|€ extended. to the region between two spheres with center at s == 0 
is dominated by the g-th power of the right hand of 5.6. Since F(s) 
` is homogeneous, 5.6 follows. A similar argument applies tothe integral 5. 2, 
except that in this case it will not’ be ahd to Se a neighborhood of 
g= Ù. 

For the difference neiwe F(z) ang F(x) we get the following 
estimates 


| Fale) —F(0)| S| S R@—W FO) 9 |) —1ay | 
=| f [Re@—)—R@)] FO) y |) = tay | 
Sf | FQ)! | R@—y) —B@)| dy. 
[y] 8/4 
Now, it is readily seen that for | e| = 1 and |y |Æ 2we have the inequality 
/R(o—y) —R(a)|S4|a | 1, 


Substituting this in the preceding integral we obtain 5. 3. 


In order to prove 5.4, 5.5 and 5.7 we proceed as follows. First we 
observe that, owing to the fact that F(y)ẹ(| y|) vanishes in | y|=4, F.(2) 


ON SINGULAR INTEGRALS. 301 


is continuous and: bounded in |z | S$ and that 4s. |F(y’)| dy’ with an 


appropriate constant A — of F is an upper bound for | Fa(x)| in 
this particular domain | «|< 
In $|¢|S1 we ae 


FLEE DIRE + Pl ER 
SIR@|+] S Re—vlady brw)— 


—|F.@)|+1f [Re—y) —x(Iy RC) yhele DIF@ay | 


where x is the characteristic function of the interval (0,1). 
Now, one verifies easily that if 4 S |< | S1, then 


| R(e«—y) —x(|y|)R(#)|S4 |y f | o—y|™. 
On the other hand, since (¢) has a bounded derivative, 
Ie(jz|)—e(/y|)|S4] [el—ly||S4]e—y|. 
Thus in the last integral; substituting this we get 








PDS PHA f ly PIFO) ay body, 


and since |x| = 4, it follows that 
[Fa(2)|SAlle LF) Ele bf |y PLE) e—a as] 


The integral on the right represents a homogeneous function of degree 
—n -+ 3, and F,(z) is homogeneous of degree —n. Hence the: right-hand 
side of the inequality is a homogeneous function of degree zero.. It remains 
only to show 5.5 and 5.7. The contribution of the term | ¢|*|F1(c)| can 
be estimated either by the fact that F(s) is integrable between two concentric 
spheres with center at the origin, or by 5.6. The contribution of the other 
term is estimated by splitting the integral in two, one extended over the set 
gs S| y |S 2, the other over the complement of this set. Thé second integral 


is readily seen to be bounded by A f | F(y’)| dy’ or AJ f | F(y’) |t dy] 
2 z 


and an application of the theorem of Young (see [8], page 71, where the 
theorem is stated and proved in a special case; but the proof extends obviously 
to the most general situation) to the first shows that it represents a function 
of the. same class as F(s) in ṣẹ S |z| 5&2. -But the function under ccn- 
sideration is homogeneous of degree zero and, consequently, an estimate for 


802 A. P. CALDERÓN AND A. ZYGMUND. 


its norm in $|2«|=3 gives an estimate for its norm on the sphere 
|æ|=1. Collecting results, 5.5 and 5.7 follow and the proof of our lemma 
is complete. | l 

Let now N(x) have the property that N (x) =N (— z) and satisfy the 
conditions of Theorem 1. Then, by the lemma above, 


N,(z)—=lim f  R(e—y)N (y)dy 
e0 Y |y-r|>e 


also satisfies the conditions of Theorem 1 and N, (z) = — N, (—«). Further- 
more, if i i 


N.(z) = lin eye tN 9 y |) dy, 
then, for |x| = 1, 
5.8 | Na (2) —Ni(2)|S 4 | z |77, 
and for |s| S1, 
5.9 | Na (x)| E (2), 


where G(r) is a homogensous function of degree zero integrable over the 
sphere | ¢|—1. 
Consider now the vector valued function g(s) and 


f(z) = lim K(s—y):g(y)dy. 
[>e 


E> ja-y 


As we already know, if |g(z)[ceL*, 1<p<o, then f(z)e Le and 
lf lp Allg |p. Furthermore the integral above converges in the mean of 
order p and every function f(z) in L? can be thus represented. 

We shall prove the foilowing identity: 


5. 10 J Ne—yelle—y aye f Naay) gu). 


If g is continuously differentiable and vanishes outside a bounded set, 
then, on account of absolute integrability, 


f ¥e—nelle—slenay f Ply —2) 9 (2) de 
y- 
5.11 


-fif N(s—y)p(]2—y | e*) B(y—a) dy] - g (2) de. 


u-z >è 
Now, as 8—0, by the lemma above and by changing variables, the inner 
integral on the right is seen to converge to «e*N.((a—vy)e*) in the mean 
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of order 1 on any compact set. Therefore the right-hand side above con- 
verges to 


et È No((e—y)e*) -g(y)dy. 
On the other hand, 


JS, BU) gedi J B(y—#) Ig) —9(y) I, 


ly-#|>8 
and on account of the continuous differentiability of g, the right-hand side 
is readily seen to converge uniformly as 8—>0 and to be independent of 8 
for 8< i and | y| sufficiently large. Therefore, the left-hand side of 5.11 
is seen to converge to 


S ¥(@—y)o(la—y tod: 


Thus 5.10 is proved for g continuously differentiable and vanishing outside 
a bounded set. In the general case, given geL?, we take a sequence of con- 
tinuously diterentiable functions gx, each vanishing outside a compact set 


and such thet || g,—g llo —> 0 and 5 | Grit gr lp <æ. If 
i . 
fx (@) —lim f fe(a—y) ` guly) dy, 
£0 ja-y|>>e 


then || f.-—f p70 and 5 l frr — frp <œ. From the finiteness of the 
1 


series X || gı — gz lp and Si fru—f.l, it follows that the functions 


ğ=| p| +E | gea—g.| and F=| AIHE] frn—fr| are finite almost 
everywhere and belong to £?. Thus the sequences 


Gu(&) =g: (2) +3 [ga (2) ——g;{v)| and f(z) 


converge almost everywhere and are dominated in absolute value by g and f 
respectively. Now the considerations of Section 2 show that the integral 


J IX@—N lees Mas S [Nel ody 


is. finite for almost all x On the other hand, on account of 5.8 we have 


J im@—ne yaa f LNCe—ne)| aay 


+f IIe nelo e—a): 
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The first and last integrals on the right are absolutely convergent for almost 
all x owing to the absolute integrability of Nz(z) in |s|: 1, and the 
remaining integral, by the considerations of Section 2, is also finite for almost 
all z. Hence both 


S i y@—y 16 ey ley Fly) dy 


and 
| f LM) Gy) dy 
are finite for almost all s. Consequently we can pass to the limit in 
f Veo w—y le) felyydymer f N2((a—y)e*) - ge(y) dy, 


and we find that in the general case 5.10 holds for almost all T. 
Now the proof of Theorem 1 is nearly completed. We have 


RoS Neni f Nereler) 
-f Ne—nele—yl efod 
=e f N((a— ye") a(y)ay— f hepa e—g De dy, 
and on account of 5.8 and.5.9 we find that 
FOLS | f a ae e Í hem e—y D| g0) dy 
| + de J O a 


Häer f (N (a—y)/le—y I | f(y) | ay, 


whence Theorem 1 applied to the first term on the right, and Theorem 6 
applied to the remaining ones yield 


IF l= [sup | fel le SA lg lot 4 lf les If le. 


From this convergence in the mean and almost everywhere of f(x) follows 
as in the proof of Theorems 3 and 4. Theorem 1 is thus proved. 

The proof of Theorem 2 proceeds along similar lines but the differences 
justify its presentation. Let K(a,y) be as specified in Theorem 2 with the 
additional property that K (s, 4y) =K (<,—y} and define 
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K, (x,y) = lim K (2,2) R(y —z) dz, 


630 |y~z|>¢ 


Ka(a,y) lim f_K(a,2)4(12|)R(y—2)de 
Both K, and K, are odd functions in y, and K, satisfies the conditions of 
Theorem 2. Furthermore, for |y | Z 1, 
5.12 | K2(2,y) ~Ki(2,y)|S4 | y |17, 
with A independent of æ, and for |y|<1 
5.13 | K2(2,y)| S G (2,4), 


where G is homogeneous of degree zero in y and such that 


5.14 Í. G (a, y)! dy’ 


is bounded. All this follows from our lemma. Let now g(x) be a vector 
valued function in Lr, p= q/(qg—1) and set 


f(z) = lim eee) -g (y) dy. 


e>0 v |2-y|> 


We shall prove the identity 


515 f K(z,2—y)6(|2—y lef (u)ay 
mer È K(x, (2—y)e*) -g(y)dy. 


If g(y) is continuously differentiable and vanishes outside a bounded set this 

identity is proved the same way we proved 5.10. In the general case, given 
gel? we take a sequence of continuously differentiable functions gn, each 
vanishing outside a bounded set, and tending to g in the mean of order p. 
Since both K(z,x—y)¢{|e—y]| 7) and K(x, (g—y)e*) as functions of 
y are of integrable power p/(p— 1), and since the functions fa corresponding 
to the ga converge to f in the mean of order p, a passage to the limit under 
the integral sign yields 5.15 in its full generality. 

Now we have 


a= Jf Keredi | Eesel ay | eod 


> K(z,a—y)¢(| z — y | e*)f(y)dy 
la-yl<e 


=e | Ea (e=) gay S Ke e—y4(|a—y | av, 


6 
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and on account of 5.12 and 5.13 we find that 
POIS|{  Kilea—y)-9(y)dy | 
|e-y|>e 
ter fo Gla, (e—y/\a—y])| gl dy 
lz-wl<e 
Åg” — yet |-7-1 ; d 
F fe y) |= | g(y)| dy 
+ den f | K(x, (e—y)/|e—y |)| | Fy] dy, 
[a-y] <e 


whence Theorem 2 applied to the first term on the right and Theorem 7 
applied to the remaining ones yield 


IF lp = | sup | 7e(2)| la 54 (l g lo + IF io) 54 UF le. 


The argument can now be completed as before. 


We close this section by showing that Theorem 2 ceases to hold for 
functions in L?, p < q/(q— 1). 
Let p < q/(q—-—1) and take an integer n and æ >0 so that 


L/a = p/(p—1) —4, n/« = p/(p—1). 


Define f(x) in Ep, as follows: f(z) =1 for |s| S1 and f(r) ==0 otherwise. 
Set | | 
K(z,y)=]|z]e| y] for |e] Z1 and |7 +y |&1/]z], 


K (x,y) =—|2|*}y|™ for |z| 21 and |2’—y’|S1/|2| 


and K(«,y) 0 otherwise. Then one sees readily that 


J [Key |tdy SA | olor BE 
z 
But 7 
ag—n-+-1=ag-—ap/(p—1) +1—=al[g—p/(p—1)] +180, 
and consequently the integral above is bounded. On the other hand, 
f(z) [= A | z (e as |x| oo, 
and 
(1 —a)p—=ap/(p—1) =n, 
so that Fg Dr. 


Remark. In order to simplify our presentation as far as possible we 
have omitted to give explicit estimates for the constant A in the inequalities 


m 
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I7l&4 |f| In the paper that follows this, though, ` we shall need to 
know more about A. If, in Theorem 1, N(x) is such that 


Í, IN (y)dy <æ, 1 <q <, 
then i a 


A= Apel f INOT, 


where A,, depends on p and q but not on N(x). The reader will have little 
difficulty in verifying this statement himself, by same: step by step the 
constants in the preceding proofs. 


6. In this last section we shall prove Theorem 5. We restrict ourselves 
to the case of three or more variables. 

Let f(z) be a function L, 1< p&2. Then f (2) has a Fourier trans- 
form f given by 


6.1 f(s) =lim f PE 
roo Y |y<r 


the limit being understood as a limit in the mean of order p/(p—1). The 
spherical means of order 4(n—-1) of the Fourier integral of f are given by 


62 orlfyy) = (a)r f Paten (1 — | g [reya de. 
la|<r os 


If we assume that f vanishes outside a compact set we may replace f by its 
value 6.1 and interchange the order of integration obtaining 


6.8 or(f.y) = (2x) fi Siac gto: ED (1— |æ |? 2) der] F(x) da. 





If we set , 
LORS G “ay, 
PEESI 
6. 3 becomes 
6.4 or(f,y) = (21) f Flr(y—a) f(a) de 


Now the function F(z) is in L? and bounded and consequently it belongs to 
La for every g=2. Therefore 6.4 can be ES to an aruia f in D 
by a passage to the limit. ` ve A i 

Our next step will be to prove that - 


tor(fey pSV fille 
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For this purpose we shall show that 


F(z) =y(|2|)|2[* 


where w(t) is an odd Fourier-Stieltjes integral. We take an orthogonal 
coordinate system in E, whose first coordinate axis coincides with z and 
denote by ¢ the corresponding coordinate. ‘Then 


ja PP (a) = ja S ewa |y [eD dy 


hisi 
+1 -mł l 
= | z |" one f et lel tf f [1 — (P + 2) Pe s? ds | dé, 
-1 0 : 


where w,. denotes the “area” of the n— 1 dimensional unit sphere. 
Now by setting s?==v(1—?#*) the inner integral on the right is readily 
seen to be equal to 


1 
yae) f (1 —v) Eyan- dy, 
§ 
and thus 
+1 . 
ja [P PG) =A laje f ege diye], 
-1 
where 


+4 
u(t) =at f gist (1 — 5?) m4 ds. 
-1 


Since n is odd, w(t) is odd and an n-fold integration by parts shows that 
w(t) is a Fourier-Stieltjes transform. 


Thus 6.4 becomes | 
6.5 (fy) = (22) J ¥(r|y—el)|y—2 "t (2) de. 


Since, for each r, (rt) is the Fourier-Stielties transform of a function 
whose total variation is independent of r, Theorem 3 applied to the preceding 
integral yields | 

6.6 lor y) lo 54 |F fo 


with A independent of r. 

Suppose now that f(z) has continuous derivatives of all orders and 
vanishes outside a bounded set. Then f is absolutely integrable and the 
inversion theorem for Fourier transforms shows that o,(f,y) converges to 
f(y) as r->œ. Furthermore o,(f,y) is bounded uniformly in r and an 
inspection of 6.5 shows that 


lor(fiy)|SAlyl> 
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for |y| sufficiently large, regardless of the value cf r. This makes it clear 
that 


6.7 | erf y) —F (y) lp —> 0 
as T—> 00, 


In the general case, given fe L? and «> 0 there exists a function g with 
continuous derivatives of all orders and vanishing outside a bounded set such 
that | f—g\|,p<e Then 


ll oF, Y) —FYY) lle S ll org, y) —9® lo +] oG—g,y) lo + f—g le 


and according to 6.6 and 6.7 as r—>co the right-hand side has an uoper 
limit not exceeding (A -+1)e. Since e is arbitrary, the proof is complete. 
In closing this section we point out that if or(f,y) is defined directly 
by means of 6.4, then the theorem holds for fe Lr for any p, l1<p<o. 
We also remark that the same method of proof can be used-to establish the 
corresponding result for other appropriate methods of spherical summation. 
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ALGEBRAS OF CERTAIN SINGULAR OPERATORS.* 


By A. P. CALDERÓN and A. ZYGMUND.! 


1. In this note we study composition of singular integral operators of 
a type we have considered in earlier work. 

Let s= (&,&,::*,&) denote either a point of Euclidean n-space of 
coordinates é,, &,:-*,&, or the vector from 0 = (0,0, --,0) to (&, &,---,&), 
and || its length, that is (€?+- +--+ &,?)4 

If K(x) is a homogeneous function of degree — n, i.e. such that 

K (AL) = A"K (z) 


for every 2 and every A> 0, and if 
(1.1) f K(x)do-—=0 and j) | Kir) | do <o 
z z 


for some p œ> 1, the integral being taken over the unit sphere 3, lee les 
and do denoting the elements of “area” of 3, then for fe L* 


(1.2) fda) = f K(o—v) Flu )ay 


converges pointwise almost everywhere and in the mean order as e tends 
to zero, and the operation of taking f into the limit f of the integral above 
‘is continuous in L’, and 


(1.3) IFiS Al f 1E) Pdo] Uf Ir 


where Áp is a constant depending on p and r only (see [3], remark to 
Section 5). | | 
This result suggests studying composition of operators of the form 


(1.4) K (f) = of +f, 
where g is a complex constant. 

We shall consider 

i) the class @ of all operators with K(x) in C” in |2|> 0, that is 
with K (s) possessing derivatives of all orders if r5<0; 


* Received September 9, 1955. 
1 The research resulting in this paper was supported in part by the ofice of 
Scientific Research of the Air Force under contract AF 18(600)-1111. 
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ii) the class Zp, p > 1, of all operators & for which 


(1.5) Kd lal +L f, |E (2) |r do]? <o. 


Such classes aré obviously closed under addition and multiplication by 
scalars. To show that they are also closed under composition (operator 
multiplication) is one of the purposes of this note. Moreover, we intend to 
prove that @,, when endowed with the norm (1.5), is a commutative semi- 
simple Banach algebra. This will follow from the ineguality 


(1.6) | HH lo EAr lK lol X lz 
where A, is a constant depending on p only. 


Since all operators under consideration are continuous in L? and com- 
mute with translations, if #(g) denotes the Fourier transform of g, and 
fe L*, we must have 


(1.7) FLA (f) |= FFK)? 


where F (K) is a bounded function which we shall call the Fourier transform 
of K. Further, and according to (1.3) and (1.5), and assuming that the 
constant Arp in (1.3) is Z1, 


(1.8) (FCK) E Azo l K llv 


As we shall see, F (K) is actually a homogeneous function of degree 
zero, continuous in 70. If Ke, then ¥(K) is in addition of class O” 
in «540. Conversely, every homogeneous function of degree zero possessing 
derivatives of all orders in 2340 is the Fourier transform of an operator 
in CZ. | 

Finally we shall prove that an operator in @ or CG, has an inverse in 
the same class if and only if its Fourier transform does not vanish. Since 
we may identify homogeneous functions of degree zero with their restrictions 
to the sphere | «| =1, we can translate the last statement into the language 
of Banach Algebras and assert that the space of maximal ideals of C, is 
homeomorphic with the sphere |z] 1. 

For the convenience of the reader we summarize our results in the 
following formal statements. 


? In our special case this known general statement also follows from the fact that 
the Fourier transform of K, (æ), defined to be K(a#) for |s | > and zero otherwise, 
converges boundedly to a bounded function as A~> 0 (see [2], pp. 89-91). For if fe L’, 
the Fourier transform of (1.1) converges in Z? to the product of a bounded function 
depending on K only and the Fourier transform of f. 
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THEOREM 1. If C is the class of all operators defined in i), then C is 
closed under addition and operator multiplication. The Fourier transform 
of an operator in this class is a homogeneous function of degree zero and of 
O” in t0, and conversely every such homogeneous function is the Fourier 
transform of an operator in Q. The Fourier transform of the product of 
two operators is the product of their Fourier transforms, and consequently 
an operator in CL has an inverse in Q if and only if its Fourier transform 
does not vanish. If k(x) is the Fourier transform of the kernel K(x), and 
B(k) is the least common upper bound for the absolute value of k and of 
its derivatwes up to order n+1 evaluated in = 1, then for |x|—1 
we have 


(1.9) | K(@)| 848), 


oe 


wv 








where A is a constant independent of K S 


THEOREM 2. If C, is the class of all operators defined in ii) and 
endowed with the norm (1.5), then Qp becomes a semisimple commutative 
Banach Algebra under operator multplication, and (1.6) holds for the norm 
of the product of two operators. Then Fourier product of an operator in Cy 
is a homogeneous function of degree zero continuous in |x| 540, and the 
Fourier transform of a product is the product of the Fourier transforms of 
the factors. 


The existence of inverses and the functional calculus of operators in CZ, 
is based on the following two theorems. l 


THEOREM 3. Let g(x) be a function defined on the sphere 3 (|z| =1) 
which is locally a restriction to 3 of Fourier transforms of operators in Cy: 
that is, every zoe X is contained in a neighborhood where g(x) coincides with 
the restriction to 3 of the Fourier transform of an operator in Ap. Then 
there exists a single operator H wm G, whose Fourier transform coincides 
with g at all points of È. 


THEOREM 4. Let g(x) be a function defined on the sphere %, which is 
locally an analytic function of the restriction h(a) to & of the Fourier trans- 
form of an operator in Cp; that is, for every zoe 3 there exists a power series 
30,2" with positwe radius of convergence such that g(x) =a, (h(a) — h(a) |* 
for x in some neighborhood of x. Then g(x) ts a restriction to X of the 
Fourier transform of an operator in Qp- 


COROLLARY. An operator in Q, has an inverse in Q, if and only if ats 
Fourier transform does not vanish. The space of maximal ideals of Gp is 
homeomorphic to the sphere 3 (la | = 1). 


One thing here must be stressed. 
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If an operator in @p is thought of as acting in the space L? of square 
integrable functions, then the fact that its Fourier transform does not vanish 
implies immediately that there is a bounded operator in L? which is the inverse 
of the given one. The fact, however, that this operator is in CZ, is non-trivial, 
and this fact is, of course, the essence of the preceding corollary. A similar 
remark applies to Theorems 2, 3 and 4. 

The content of Theorem 4 can be described briefly by saying that an 
analytic function of the Fourier transform A(x) of an operator in Cf, is again 
the Fourier transform of an operator in @,. This analytic function need 
not be single valued, and the values of h(a) might even be allowed to go 
through branch points of the function, provided that the conditions of 
Theorem 4 are respected at such points « For example, if the function A(s) 
has a continuous square root and coincides locally with Fourier transforms of 
operators in Cf, at all points where A(x) vanishes then A(x) has a square 
root in Cy. 

The preceding theorems apply immediately to systems of singular integral 
operators in @ or Qp. Such systems may be thought of as a convolution of a 
square singular matrix kernel with a vector function plus a numerical matrix 
applied to the same function. The condition of invertibility then becomes 
that the matrix of the corresponding Fourier transforms have a nonvanishing 
determinant. 


2 With things organized as we have them here it will be convenient to 
study first operators in @. Once the basic facts about such operators are 
established and the validity of (1.6) is proved in this special case, every- 
thing else will be relatively simple. 

The following partly standard notation will be sufficient for our purposes. 
We shall write f: g for the (absolutely convergent) integral of f(r) g(x), f =g 
for the convolution of f and g, &(f) for the Fourier transform of f. We 
shall also write g(a) == à”g (Az), and denote by g,(x) the function equal to g 
if |x| ZA and to zero otherwise (the latter notation will apply to kernels 
only and will not conflict with the notation on the left side of (1.2)). 

By T we shall denote the class of all functions g of O” such that g and 
all its derivatives are O(|x|-*) as |e|—>0, for each k>0. The Fourier 
transform of a function in T is in T; this we easily see by differentiating 
under the integral sign and integrating by parts. 

We shall call a function f radial if it only depends on |s|. Fourier 
transforms of radial functions are radial (see [1] page 67). By a corradial 
function on the other hand we shall mean a function which is orthogonal tọ 
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all radial functions, i.e. such that f-g=0 for all radial g. The fact just 
quoted clearly implies ‘that Fourier transforms of corradial functions are 
corradial. | . | 
' Homogeneous functions satisfying the first condition 1.1 are corradial 

in an obvious sense, and conversely every corradial homogeneous function 
satisfies that condition. We shall therefore refer to homogeneous functions 
satisfying 1.1 as corradial homogeneous functions. 

The argument which follows is based on a certain representation of homo- 
geneous functions of a given degree. 

Suppose that g(x) is a corradial function in T. Then g(0) —0 and 


(2.1) f Paarid 


converges absolutely for r œ> — 1. Moreover it represents a corradial homo- 
geneous function of degree —r. Differentiation under the integral sign shows 
that this function is of C? in z =£0. l 

Conversely, every corradial homogeneous function K (s) of degree —r 
can thus be represented by setting g(s) —=K(x)p(|2|) where p(t) has con- 
tinuous derivatives of all orders, vanishes in a neighborhood of 0 and œ nad 
such that 


(2.2) , Í ATp(A jda =1. 


Let K(x) be corradial homogeneous of degree —n and of C?” in s50. 
Then, if «+40, K(x) converges to K(x) as A—>0, and it is not difficult to ' 
prove (see [2], pp. 89-91) that also ¥ (Ky) converges pointwise and boundedly 
to a limit which we shall denote by #(K). Consequently, if feL?, Ky*f 
converges in mean of order 2, and the Fourier transform of its limit is 
$(f)F(K). Thus the Fourier transform ¥(K) of the operator in (1.4) 
is precisely a+ ¥(K). 

We shall prove presently that this function is homogeneous of degree 
zero and of C”? in s40, and that conversely every function with such 
properties is of this form. This will imply immediately that @ is closed 
under operator multiplication, as we stated in Theorem 1. 

Let p(x) be a radial function of C” such that p(0)—1, p(x) =0 for 
| 2 | = 1, and let f(x) be any function of C” vanishing outside a bounded set. 
Then Ky’ p=0 and l 


F (f): F (K) —lim F (f) : F (Ky) —lim (f: Ky) 


(2.3) 
—lim [f —f(0)p] -Kx— [fF —F(0)p] Z, 
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the last integral being absolutely convergent since f(z) —f(0)p(%) vanishes 
at 0. We now represent K (s) by the formula (2.1). with r—n and obtain 


f—F(O)e]-K =f —F (0) pl fr parm f” M[f—f(0)p] gòda, 


the change of the order of integration being justified by absolute convergence. 
Now since gò is corradial and p radial we have gò: p== 0, and since 


F (9>) = arf (gP, 


as seen by changing variables in the Fourier integral of g^, setting A% = pu 
we may further write 


“Lf — ro) pai: “AF Pa "g (f) FATA 
co Seroren- fena f 


= (IO Fyi F(A) f Fy dy 


changes of the order of integration being again ueunes by the absolute 
convergence of the integrals involved: 

From the equality of the left side of (2. 3) and the deii side of (2.4) 
we conclude that if 


(2.5) (a) = | Maa .@ y 
0 

then l Ee 

(2.6) F (K) = f "Flg a mdà. 


Since these integrals represent the most general corradial homogeneous 
functions of degrees —n and 0 respectively, of C” in s0, we have proved - 
that #(H) is corradial homogeneous of degree zero and of O” in T0, 
and that conversely every function with these properties is an F(X). 

We now pass to the proof of (1.9). For this purpose we assume that 
K(x) is represented as in (2.5), and that |z|=-1. Then 


Ea =| f garama] 
ei © 
= sup | g(y)| f Add + sup | g(y)| Ca d*dd, 
“and we only have to estimate sup|g(y)| and sup|g(y)||y|* in terms 
of #(K). 


Let g denote the Fourier transform of g, and let &,&,- + -,&, be the 
coordinates of g, and m,: ` -,%, those of y. Then 
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g(x) = f eri: Di (y)dy, 


Eig (2) = (Bri) È erriten (0a) G (y)dy. 


By Hölder’s inequality | v |"? < 0-9 X | & |", and thus 
| 9 (a) | |e PH S (Re) nko & f | ("**/Ome*) f (y) | dy, 


gla) s f | ĝ(y)| dy, and it only remains to estimate the integral on 


the right in terms of # (K). 

For this purpose we set, as we may, ĝ (y) = (K)p(|y}), where p(A) 
is of O”, vanishes outside 1 A2 and satisfies (2.2). This function we 
choose once for all independently of the particular kernel K under considera- 
tion. This makes it clear that ĝ(y) and its derivatives can be estimated in 
terms of the derivatives of F (K) and F(K) itself. Furthermore ¢(z) 
vanishes outside 1< |y |= 2, and this fact makes it possible to estimate the 
integral above in terms of BLF (K)]. Collecting estimates we obtain (1.9). 

Finally, from (1.9) we readily obtain 


(2.8) | K pS ACF (KH) ] 
for any operator K in CG, A being a constant independent of p and K, but 
not necessarily the same as in (1.9). 

3. In this section we prove (1.6) for operators in @. 

Let K and H be two corradial homogeneous functions of degree’ —n 


of C” in x40, and consider 


(3.1) K + Hy = lim K, * A. 
g> 


As à— 0, this function converges pointwise for «40, and its limit J 
is a homogeneous function of degree —n. On the other hand, the Fourier 
transform of (8.1) converges to F(K)F (H). We will show that J is 
corradial and that 


(3. 2) F (K)F (H) =a+ F (J), 
where a is a constant, and that | 

(3.3) |G lo S Aal K lol X I. 
(8.4) - [a| S Arl A loll X |l 


X, J, K being the convolution operators with kernels H, J, K, respectively. 
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First we easily see that H,—(H,)*"; K*H,=—(K*H,)**. Thus 
Kos Hy—dJ) == (K*H,—Jd,)*". Since H, is in ZL? the same holds for 
K«H,. It follows that K + H,—J, is integrable over bounded sets. On the 
other hand it is not diffcult to see that K * H,—J, is of order |s|" as 
|2[—>0. Hence K*H.—J, is absolutely integrable. 

Let now f be a function in T. A change of variables gives 

(E = H,—J)) ‘f= (K * Hi — J) f = (K * Hı — J1) ' Anfa 
As A->0, Afà tends to f(0) while remaining bounded, and this implies that 
(K » Hy —d}): f converges as i130. Now 
K+H f= F(E) F(a) F (f) 


also converges as A->0, and consequently the same holds for J,-f. But if 
f(0) 40, J,-f cannot converge unless J is corradial. Hence J is corradial 
and #(J,) converges boundedly to a limit #(/). 
Suppose now that f(0)—0. Then 
[FF (E) — F (7)]: F (f) = lim [F (F (Hy) —F (A) F (f) 
= lim (K * H,—Jd)) f. 
A720 
Since (0) ==0, the last limit is zero, as we pointed out above. Consequently, 
if g = f (f) we have 
[F (K)F(H)—F(J)] g =0 
for any g £T with vanishing integral, and this is possible only if F (K) J (H) 
—& (J) is a constant. . 
Next we estimate | } |p. First we note that, on account of homogeneity, 


(3.5) Cf Apare — [n(p—1) aera] S I, 
and similarly for H and K. Next, for |s| = 2 we have 
J2() — [(K—E,) + Kil * (7-H) + Ei] 
== (K—K,)*(H—H,) + (K — K) * Hı + (H — H) * K, 4H, * K, 
and since the first term in the last sum vanishes for |s| = 2, we see that 
J(2) oK«H, + H«K,—H, +E, 


for |z|22. Now (3.5) and (1.3) applied to this inequality yield (8.3). 
And from (1.8), (3.3) and (8.2) we easily derive (3.4). 
It is clear that (3.3) and (3.4) imply (1.6). 
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4, The extension of (1.6) to operators in @p is straightforward. 


Given two operators ¥ and K in C,, we take two pequenees of operators 
An, Kn in Q such that 


| Ha— H p03; || Ka —K p> 0. 


Then from the validity of (1.6) for operators in @ it follows that Hak, 
is a Cauchy sequence in Cy, and therefore converges to a limit 9 in Cy for 
which the inequality | } lo 4p || % lp || £ |p holds. Consequently, if we 
show that 9 == XK we will have shown that C, is closed under multiplica- 
tion (composition) and that (1.6) holds for the product. 

Consider (1.3) and (1.5). Assuming, as we may, that A,,= 1, we 
see that K(f) =f +; satisfies | K(f)|-S Arp | K ipl fi Consequently 
the operator norm of K as an operator in L", which is ae as 


pup LK le 


is dominated by A,» || K lp- Since Xn— X and KaK in Gp, the same 
holds in the operator topology, and consequently 9-,K,—> UK in the operator 
topology. On the other hand, H,H,— J} in Qp, and consequently the same 
holds in the operator topology. Hence $ = WK and the proof is completed. 

This also completes the proof of Theorem 2 since the fact that the 
Fourier transforms of operators in Qp are continuous homogeneous functions 
of degree zero follows readily from (1.8) and the fact that @ is dense in Cy 
and its elements have continuous Fourier transforms. 


5. We now proceed to prove Theorems 3 and 4. 


We might observe here that if we knew already that every maximal ideal 
in Cy is the set of all operators whose Fourier transforms vanish at a point 
of the unit sphere 3 (|z|—1), then Theorems 3 and 4 would merely be 
standard facts from Banach Algebras. In our present setup though we can’ 
prove ‘Theorems 3 and 4 directly with comparatively little additional effort 
and obtain the structure of the maximal ideals ds a consequence. . 

For simplicity of notation we shall denote the Fourier transform of an 
operator X in Q, by h. The symbol || > |p will now stand for || ¥ |p, and 
B(h) will denote, as in Theorem 1 or Section 2, the least upper bound for 
the absolute value of h and its derivatives of order n + 1, evaluated in | «| Z 1. 
Occasionally, instead of working with homogeneous functions-of degree zero 
we shall work with their restrictions to the- unit sphere z. | 

Let g(x) hea a function on 3,,and suppose that for each a, there is a 
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neighborhood Ne, of to and an operator in &,, whose Fourier transform: Aa, 
(restricted to 3) coincides with g (z) in Nz Let No, i==1,2,: ° - be a finite 
collection of such neighborhoods covering 3. Let further k; = 0 be functions 
in C°, each vanishing outside Ns, and such that 3%,{r) >0. Then 


k'ile) == kh, (x) [> k(x) | 


is also in C” and vanishes outside Nz,. Furthermore 3X k’;(v) == 1, and conse- 
quently 


g (2) =Z g(a) kG (x) = 3 he, (x) kG (2), 


since ha, (£) == g(x) wherever k’;(z) 40. Since k’;(x) is a restriction to X 
of a homogeneous function of degree zero of C” in 240, which is in tum 
the Fourier transform of an operator K; in , the last expression on the 
right is precisely the restriction to $ of the Fourier transform of 3 Ya, Ka and 
Theorem 3 is thus established. 

To prove Theorem 4 we begin by observing that, as an easy sensation 
shows, if a> |h(«)| and k(x) is in 0”, then B(h*) =O(a*) as ko. 
Consequently it follows from (2.8) that || A¥ |p = O (aë). 

We now extend this result to the Fourier transform h(a) of an arbitrary 
operator Y in G,. Given such an A(x) and a> |h(z)|, we take a so that 
a> > |h(x)|, and ko(z) in O” so that Ap || h—Ay|ptar<a and 
| ho(x)| <a. Then, by (1.6), 


|¥ fo [LQ ha) + ho Ply S È (F) 1h —he) he I 
=01 %4; (+ ) 1i ho [ptak] — OT (Ap | h —ho lp + 20)"] = O (0); 


4=0 


Let now F(z) = 3 a,(z—2)* be analytic in |z—2| <2, h(x) the 
Fourier transform of an operator in Qp, and h(x.) =z. If we show that 
g(t) == F[h(x)]| coincides with the Fourier transform of an operator in C, 
in some neighborhood of x, a repeated application of this result and Theorem 
3 will yield Theorem 4. For this purpose we take 0 = k(x) 1 homogeneous 
of degree zero, equal to 1 in a neighborhood of x and vanishing wherever 
| h(x) —h(a)| Ze, and define 


h’ (x) =h (z) + k(x) [h (2) —h(a)]. 


Clearly we have | h’(x) —h(a.)| <« and h’(z) =fh(x) in a neighborhood 
of z. The series | 


P[k (2) ] = 2 [h (2) —h (a) F 
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` coincides with F[A(s)] in a neighborhood of sọ But since 
[IX (£) —h (a0) }* lp = O(e*), 


the corresponding series of operators converges in @p, and the Fourier trans- 
form of its sum is precisely F[h’(x)]. Theorem 4 is thus established. 

Regarding the Corollary to Theorem 4 we observe that if h(s) does not 
vanish then A(s) satisfies the conditions of Theorem 4 and consequently 
it is the Fourier transform of an operator in C,. 

To determine the structure of the maximal ideals in GZ, we observe that 
if hi = F(H;) and the H, belong to a proper ideal J in C,, the h(x) must be 
necessity have acommon zero. For otherwise there would exist a finite number 
of such hi(x) without common zero, and the function h(r) == hh, > 0 
would be the Fourier transform of an invertible operator in J, and J would 
not be a proper ideal. Consequently a maximal ideal in @, consists of all 
operators whose Fourier transform vanish at a point of 3, and conversely. 
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ON THE VALUATIONS CENTERED IN A LOCAL DOMAIN.*? 


t 


By SHREERAM ABHYANKAR. 


It is well known that if v is a real zero dimensional valuation of an 
algebraic function field K/k of n variables and if r is the rational rank of v 
then the following is true: r&n and if r==n then the value group of v a 
direct sum of n cyclic groups; see Theorem 1 of [8]. In Section 1, we prove 
a generalization of this theorem to arbitrary valuations (real or not) centered 
in an abstract local domain. Namely, let R be a local domain of dimension 
n with maximal ideal M and quotient field K. Let v be an arbitrary valuation 
of K having center M in R. Let p be the rank and r the rational rank of v, 
and let d be the transcendence degree of the residue field D of v over R/M. 
Then we have the following: (1) d+rn, (2) if'd-+7—7n then the value 
group of v is a direct sum of r cyclic groups and D/(R/M) is finitely 
generated, (3) if d+p==n then v is discrete and D/(R/M) is finitely 
generated. 

In Section 2, we generalize some theorems concerning quadratic sequences 
of quotient rings on a nonsingular algebraic surface to abstract regular local 
domains. In Theorem 2, we prove that if f is a nonzero element in a two 
dimensional regular local domain (k, M) with quotient field K and if v is 
a valuation of K having center M in È then there exists a quadratic transform 
(k*, M*) of R along v and a basis (2*,y*) of M* such that f==a*4y*d 
where a and b are nonnegative integers and d is a unit in R*, (if v is nonreal, 
then we assume that # is either algebraic or absolute; for definitions see the 
beginning of Section 1). The special case of Theorem 2 when # is the 
quotient ring of a point on an algebraic surface and when v is real plays 
an important role in the proof of the local uniformization theorem (see 
Proposition 3 of [2] and Lemma 11.2 of [11]). In Theorem 3 we generalize 
Zariski’s factorization theorem on birational transformations between algebraic 
surfaces to abstract regular two dimensional local domains. As an incidental 
remark, we show in Proposition 3 that if (R, WM) is a regular n dimensional 
local domain and if w is a valuation of the quotient field of R with center M 
in È and of #-dimension n— 1 then #,/MZ, is a purely transcendental exten- 
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sion of a finitely generated extension of R/M. It is a consequence of this 
proposition that if w is a prime divisor of the second kind having center at a 
simple subvariety of an algebraic variety then the residue field of w is the 
function field of a ruled variety. We hope to use the results of this paper in 
the problem of local uniformization on absolute surfaces which we are planning 
to study. 


1. Classification of valuations. We start with some remarks about 
ordered abelian groups. Let G be an ordered abelian group. Let us recall 
that the rational rank of G is defined to be the maximum cardinal number 
(finite or infinite) of a subset H of G such that any finite number hy, ho,-- +, An 
of distinct elements of H are rationally independent, 1. e., if mih, + Mho 
-He e e Mahn = Q where the m; are integers then m, = M, =: + : = Mp =Ù. 
We observe that if G has finite rational rank r then we can find r elements 
91,92," © *>gr in G such that for any element g in G there exist integers 
M1, Ma © ° M, and a nonzero integer m for which mg = mig, + Mage +`: 
+ mrgr (we call {91,92,: ` *,9r} a rational basis of G); and conversely if 
there exist r elements gı, 92,: *°,g, in & with this property then G is of 
finite rational rank n&r. We assert that the following two conditions are 
equivalent: (1) G@ is of finite rational rank r. (2) G@ is of finite rank p 
and if (0) = Go < Gi < G <- - - < Gp = G is the sequence of isolated sub- 
groups of G then G;/Gia is of finite rational rank r; for i—=1,2, < -,p. 
Furthermore, when one and hence both cf the above conditions are satisfied, 
we have the equation: r—7,+72,+---+7p. This is easily verified by 
writing the elements of G as lexicographically ordered p-tuples of real 
numbers? (roughly speaking,.if we put together rational bases of G,/%p, 
G./G,,- - +,@p/Gp_. then we get a rational basis of G). Given an additive 
group F of real numbers, we shall say that F is an integral direct sum, if FP 
is of finite rational rank a and if we can find elements f,,f.,:--,fg in F such 
that any element f in F can be expressed as: f = mf, + Mafa +` +--+ Mafa 
where the m; are integers. Again, given an ordered abelian group G, we skall 
say that G is an integral direct sum if G is of finite rational rank r and if 
Gi/Gi. is an integral direct sum for i—1,2,---,p) where (0) = Go < G, 
< Ga <`; -< Gp =G is the sequence of isolated subgroups of G. One can 
easily show that G is an integral direct sum if and only if @ is of Anite 
rational rank r and if Œ contains elements g1, g2,° © +, gr such that any element 
g of G can be expressed as: g = mg, + m.g.-+- -+ mg, where the m; 


* See the Appendix. 
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are integers (gı, gz’ °°,gr are then necessarily rationally independent; we 
call {g1,92,° © > Gr} an integral basis of G). We observe that @ is discrete 
if and only if G is an integral direct sum and the rational rank of @ equals 
the rank of G. Finally, note that if H is a subgroup of G of finite index 
then the rank (respectively, the rational rank) of H equals the rank (respec- 
tively, the rational rank) of G and H is an integral direct sum (respectively, 
discrete) if and only if G is an integral direct sum (respectively, discrete). > 

We shall consistently use, in this paper, the following notations. ‘Let v 
be a valuation of a field K. We shall denote-by E, the valuation ring of v 
and by M, the maximal ideal in R,. By the rank (respectively, rational rank) 
of v we shall mean the rank (respectively, rational rank) of the value group 
of v, also we shall say that v is an integral direct sum if the value group of v 
is an integral direct sum, and so on. Unless otherwise stated, we shall exclude 
trivial valuations. When we do want to talk of a trivial valuation, we shall 
assign to it the zero rank and the zero rational rank, since its value group 
consists of the zero element alone, and for a trivial valuation we shall con-- 
sider the designations “integral direct sum” and “ discrete” as trivially valid. 
If v* is a valuation of a field K* and v its restriction to a subfield K, then 
by the v-dimension of v* is meant the transcendence degree of Ry«/My- over 
R,/M,; if v is trivial (over K) then we have that the v-dimension of t* 
equals the K-dimension of v, i.e., the transcendence degree of Ry+/My« over K. 
If # is a local ring and M its maximal ideal, we shall indicate this by saying 
that (2, Af) is a local ring. If a local ring R is the quotient ring of an 
irreducible subvariety of an algebraic variety, then we shall say that R is 
algebraic. By Q and Z we shall denote the field of rational numbers and 
the domain of ordinary integers respectively. If a local ring R is the quotient 
ting of a domain A finitely generated over Z (i.e. A =Z [£1; To © +, 2n] 
with z; in A) with respect to a prime ideal in A, then we shall say that 
R is absolute. If (R, M) is a local domain and v a valuation of the quotient 
field of Æ having center in R (i.e., such that R, D R and RN M= M), 
then by the R-dimension of v is meant the transcendence degree of R,/M, 
over R/M. Recall that if È is a (commutative) ring and P a nonzero prime 
ideal in Æ, then by the dimension of P is meant the maximum value of n 
such that there exists a strictly ascending chain P = Po < Pi < Po L> 
< Pa < R of prime ideals P;, and by the rank of P is meant the maximum 
value of n such that there exists a strictly descending chain P = P, > P: >P, 
>- -> Pa D (0) of prime ideals P; (where P, is allowed to be the zero 
ideal if this be prime). Finally, a given integral domain F will be called 
normal if F is integrally closed in its quotient field. 
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Lemma 1. Let K be a field and K* an extension of K of finite trans- 
cendence degree s. Let v* be a valuation cf K* and let v be the K-restrichon 
of v” where we allow v to be trivial. Let d be the v-dimension of v*. ` Let r 
and r* be the rational ranks ‘of v and vë and let p and-p* be the ranks of v 
and v* respectively. Then we have the following: (1) If r* is finite, then 
rit dsrts. (2) If v is an integral direct sum, tf K*/K ts finitely 
‘generated, and if r*-+d==r-+s, then v* is.an integral direct sum and 
Ry+/Mys is finitely generated over R,/M, (note that R,/My =K if vis trial). 
(1*) If p is finite, then p*+dSp+s. (8) Tf v is discrete, if K*/E is 
finitely generated, and if p* + d==p + s, then v is discrete and R,-/M,.« is 
finitely Ee? over Ry/M,. 


Proof. Hirst assume that r is finite. We begin by proving the weaker 
inequality: . 
(A)... . , t*r s. 


Suppose s=0. Given 04ueK*, let F(X) = AX” -f a; Pe ae a, 
fly = 1, be the minimal monic polynomial of u over K. Since f(u) = 0, there 
exist distinct integers i and j such that v* (au +) =— y* (aui) 400 and 
hence v* (u) = v(aj/a;)/(t—j), 1.e., the value of u depends rationally cn 
the value of (a;/a;)eK. Therefore r*—r—r+s. Now suppose s>0 and 
assume that (A) is true for s—1. Let 2:,22,:--,%s. be part of a transcendence 
basis of K */K. Let Kı == K (4%, Za + +,2%21), let vı be the restriction of v* 
to K, (vı may be ~ , and let r, be the rational rank of v, By our. 
induction hypothesis, 7, & r 4+- s—1. If the value of every nonzero element 
of K* is rationally dependent on the values of elements of K 1, then 
* eet, Sr+s—i1Sr—s, and we are through.’ Now suppose that there 
is a nonzero element z in K* such that h = v* ‘(z) does not depend rationally 
on the values of elements of K,. Then, by the s =Q case, z is transcendental 
over Kı. Let f(X) ==fo Phd t - + fnX* and g(X) = Got 9:X +: 
-+ gns" be nonzero elements of K,[X]. Let a,—v*(f,) if fix40 and 
bj==v*(gi) if 9:40. Since 4 depends rationally neither on the a; nor’ on 
the b, there exist integers p and q such that o~v*(f,z?) < v* (fiz?) when- 
ever t54p and f;0, and ws4u*(gz7) << v*(gizt) whenever tq and 
7.705 i.e, v* (f(z) /g(2)) = 0* (fo/gq) + (p—aQ)h. Thus, the value of any 
nonzero lenen of Kı(2) ts of the form a+ mh where a is in the velue 
group of v, and m is an integer, i.e, if ra is the rational rank of the restric- 
tion of v* to K,(z) (this restriction may be trivial), then 


m= + lisrt (s—1)+1=r+s. 
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Since K*/K (2) is an .algebraic extension, by the case s==0, we ‘have 
r* =f Æ< r-+s. Thus the induction is complete and (A) has been .proved., 
Also observe that if V2 as the restriction of v* to K= K, (2), then the 
residue fields of v, and v` coincide. For, in the ‘above notation, since 
Va (fizi) > vo(fp2”). whenever 154 p and ee we must have- that ees zp 
OREA to aa and. that . 


if (2)/ (fee?) = 1+ 2 (fi/fp) 2°? = 1 (mod M,,). 


Similarly, g(z)/(gq2") belongs to Ro, and g(2)/ (942°) ==] (mod M,,). Now 
assume that f(z)/g(z) belongs. to Ry, We want to show that we can find g 
in Re with f(z)/g(z) =e (mod Mny. If f(z)/g(2) belongs to Af,., we can 
take e—0. Now: suppose that f(z)/g(z) does not belong to Me, i.e., that 
vs({(2)/g(z)) =0. Since v2(f(z)/9(2)) =v: (foa) + (P—4)h and since 
h does not depend rationally on va(fo/ 9a) we must have pods = 0, i. €., that 
p =q and ve (fo/ 9p) =0. Let e = fo/ Gp Then 


. F(23/9 (2) = (Fo/9) (F (2) /fe2”) (9528/9 (2) ) =e e (mod Ma) 


since f(z)/fp2? and Ip?/g (z) are both congruent to one modulo Moe ‘This 
proves our second italicized assertion. 

To prove (1) let us retain our assumption that r is finite, and let 
T Üa e, Üa bea transcendence basis of R, “/ Mos over R,/M, and fix y; in 
Ry. belonging to the residue class Ẹ;. ‘Let KÈK (Yi? Yo,’ * *,Ya) and let v’ be 
` the restriction of v® to K’. Given 0 s4 + KË Xo,-++,Xa) in K[Xy, Xa PA 
choose a coeficient q of f having minimum v-value and let P(X,, PO er 
= (1/q) {(X1,X2,:+-,Xa). Then all the coefficients of F (Xo Xa Xa) 
belong to R, and at least one of them js equal to 1. Let B(X,,X2,°- Xa 
be the polynomial gotten by reducing the coefficients of F(X, Xa 0, XA 
modulo My. Since F(X, Xa ae has a coefficient equal to 1 and since 
Tis Yrs’ : -Üa are algebraically ae over R,/M,, we must have 
FH, Pa: ‘5 Ya) #0, i.e, v” (Flyt Yas ", Ya) = 0, i.e., v* (f(y, Yas ° i ya)) 
=v(q) x40, and hence F (Ys; Yos* ` sYa) 0. Thus 91, Ye: °°, Ya are alge- 
braically independent over K and the value groups of v and v’ are identical. 
Since the transcendence ‘degree of K” */K’ is s—d, (1) follows by applying 
(A) to K*/K", Now let g(X1, Xat t Xa) and Xr Xa: :, Xa) be arbitrary 
nonzero elements of K Gs Kaas :, Xa] and let 


Y= f (Yay Yor?” “3 Ya)/9 (Yas Yas ik "> Ya): 


Fix coefficients a and'b of g and h pape oe having minimum v E 
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and let p=a/b. Let G(Xi,X2,-- +,Xa) = (1/a)g (Xi, Xz: ` +, Xa) and 
H(X Xat © +, Xa) = (1/b)h (X1, Xo,- + +,Xa). Then, as above, 


v (g (Yrs Yas" * Ya) AY Yas” Ya) ) =V (a/b). 


Hence y =g (Y1 Yo," > +5 Ya)/h (41, Ye, © >; Ya) belongs to #, if and only if 
p=a/b belongs to Ry N K= R, Now assume that y does belong to Ry. 
Let % and p be the residue classes modulo Af, containing y and p respectively. 
Let G(X p Xat + Xa) and Ë (X, Xat - -,Xa) be the polynomials obtained 
respectively from G(X,,X2,:-°,X@) and H(X Xat © +°, Xa) by reducing 
their coefficients modulo M,. Since H has a coefficient equal to one and 
since a Yz: °°, Ya are algebraically independent over h,/M,, we have that 


F = PG (Gr, Yrs’ i Ua) /H (1, Yo," i sYa). 


Therefore Ry/My = (Ro/My) (Ju Tot ` >a), and hence in particular 
Ry /My is finitely generated over R,/M,. | 

Now assume that v is an integral direct sum, that K*/K is finitely 
generated, and that r* + d=r-+s. Let K’ and v be as above. Then v and v 
have the same value groups, K*/K’ is a finitely generated extension of trans- 
cendence degree e= s— d = r* —r, and R,/M,y is finitely generated over 
R,/M,. Fix an integral basis 7,,¢.,:--,#, of the value group of v’. Let 
21,2,'**,@- be a transcendence basis of K*/K’. Let Kj == K (£i, Zat + -,2:), 
vë =the restriction of v* to K/, and rf = the rational rank of vf. Since 
ré—=r-+e, we must have, in view of (1), 7;=71+1 for 11, 2,- Saup, 
Let v*(2;) =t By applying the first of the above italicized remarks 
successively to the extensions K,'/K’,Ky’,- ©- ,Ké/Ker, we conclude that 
for any nonzero element x of K,’ we have | 


v* (x) =Q + Mrssbrar 4- Mrsobree -+ mS -+ Myst ye 
where a is the value of an element of K’ and where Mri Mring’ °°, Mpe are 
integers; since @ = mt, + mata H: -Hmi where Mi, Mma’: mMm, are 


integers, we finally have: v* (s) = mt, + Mats +- - -+ myst. Therefore vd 
is an integral direct sum. Since K*/K is a finite algebraic extension, the 
value group of v,’ is a subgroup of the value group of v* of finite index and 
hence v* is an integral direct sum. Now by the second italicized remark 
above, the residue field of v,/ coincides with the residue field of v’. Since 
the residue field of v’ is finitely generated over the residue field of v and 
since K*/K/ is a finite algebraic extension, we conclude that Ry:/My- is 
finitely generated over Rh,/M,. This proves (2). 

The proof of (1*) is entirely similar to that of (1). Finally, assume 
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that v is discrete, p* +- d = p +s, and that K*/K is finitely generated. The 
discreteness of v implies that p==r. Since by (1), t* -4-4 Sr -+s and since 
r* => př, it follows that r* = p* and that 7* + d=-r-+s. Hence by (2), v* is 
an integral direct sum and R,»/M,. is finitely generated over R,/M,. Since 
r* == př, v* is discrete. This proves (3). 


COROLLARY 1. In the notation of the above lemma, assume that v is 
trivial, i.e., that v* is a valuation of K*/K, Then: (1) p*+dsor*+dss. 
Furthermore, if K*/K is finitely generated (1.¢., of K*/K is an algebraic 
function field of dimension s), then we have the following: (2) If m*+d=s 
then v* is an integral direct sum and Ry+/Mys is finitely generated over K. 
(3) tf p*+d==s then v* is discrete and R,+/M,+ is finitely generated over K. 
(4) If d=s——1 then v* is real discrete and Ry+/M,» ts finitely generated 
over K. . ' 


_ PROPOSITION 1. Let K be a field which is of finite transcendence degree 
over its prime field P. Let n be the absolute dimension? of K and let v be 
a valuation of K. Let r be the rational rank of v, let p be the rank of v, 
and let d be the absolute dimension of R,/M, Then: (1) r+dsn. 
Furthermore, if K is finitely generated over P then we have the following: 
(2) If r+d=n then v is an integral direct sum and R,/M, is finitely 
generated over tis prime field. (3) If p+ d==n then v is discrete and 
R,/M, is finitely generated over its prime field. (4) If d=n—1 then v 
is real discrete and R,/M, is furitely generated over its prime field. 


Proof. Let w be the restriction of v to P where w may be trivial. If 
P is of nonzero characteristic then w is trivial, n =the transcendence degree 
of K over P, and Ry/M,—P; and hence the proposition follows from the 
previous corollary. Now assume that P is of characteristic zero, i.e., that 
P=@ (the field of rational numbers). Let D be the w-dimension of v, 
d* the absolute dimension of R,/M,, and r* the rational rank of w. If w 
is trivial, then r* 0 and Re/Me= Q, i.e., d* == 1 and hence r* + d* —1. 
If w is nontrivial, then w must be the real discrete valuation given by a 
prime number p of Z and hence r* 1 and hy/My,—2Z/(pZ), i.e. d” = 0 
and hence r*-++-d*==-1. Thus in both the cases, w is discrete, r* -+ d* = 1, 
and Rw/Mw is its own prime field. Hence r+ D r* -+ (n—1) if and only 
if r- (d—d*) Sr* + (n— 1), i.e. if and only if 


r-tds (dë +r*) + (n—T) =1 -+ (n—1) =n. 


3 Let D be an integral domain with quotient field X such that K is of finite trans- 
cendence degree s over its prime subfield. Then we define the absolute dimension of D 
to be s or s+ 1 according as K is of nonzero or zero characteristic respectively. 
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Thus r+ D &1* + (n—1) if and only if r -+d &n andr+D—1r*+(n—1) 
if and only if r-+-d—n. Hence (1), (2), (8) follow respectively from parts 
(1), (2), (3) of Lemma 1 applied to the extension K/Q. Finally, 
follows from (1) and (8). 


DEFINITION 1. In the notation of Proposition 1, if d—n—1 then u we 
shall say that v is a prime divisor of K. | 


Remark 1. Let K be a field of absolute dimension two which is finitely 
generated over its prime field P of characteristic p; we can express this by 
saying that K is the function field of an absolute surface of characteristic p. 
Let v be a valuation of K. It follows by Proposition 1 that v is of one of 
the following four types: (1) v is a prime divisor of K, i.e., v is real discrete 
and R,/M, is of absolute dimension one. If pÆ 0 then #,/M, is an algebraic 
function field of one variable over P. If p==0 then F,/M, is either a finite 
algebraic extension of Q or it is an algebraic function field of dimension cre 
over a prime field of nonzero characteristic. In either case, R,/M, is the 
function field of an absolute curve. (2) v is discrete of rank two. (8) v is 
real of rational rank one, but v is not a divisor of K. (4) v is real of 
rational rank two; in this case v is necessarily an integral direct sum. In 
cases (2), (3), and (4), &,/M, is an algebraic extension of a prime field 
of characteristic g340 and hence #,/M, is perfect; if p40 then q= p; in 
cases (2) and (4), Ro/Me, being finitely generated over its prime field, is 
necessarily finite. . 

If p0 then K/P is an algebraic function field of two variables, i.e., 
an absolute surface (respectively, an absolute n-dimensional variety) cf 
characteristic p40 is simply an algebraic surface (respectively, an algebraic 
n-dimensional variety) over the prime field of characteristic p; in this case 
the above classification of valuations is well known. The present remark 
signifies that a parallel situation prevails for absolute surfaces of characteristic 
zero, i.c., algebraic curves over Q considered as, surfaces. — 


PROPOSITION 2. Let (R,M)} be a local domain of dimension n with 
quotient field K. Let v be a real valuation of K with center M in R. Let d 
be the R-dimension of v and let r be the rational rank of v. Then d-rSn. 
Furthermore, if d+r==n.then v is an integral direct sum and R,/M, ts ` 
finitely generated over R/M. 


We shall divide the proof of this proposition into several lemmas. 


Lemma 2. Proposition 2 is true in case R is the power series ring 
k[[21,22,-- *,¢n]] in n variables 2,,22,: + +,%, over a field k, 
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Proof. Let 
K* == k (Ty, Pas? `, Tn), 1A == k[t, Ta; oy ta rl, P == (a4, Tet t3 tn)A, 


R* — Ap, M* —PR*, and v* =the restriction of v to K*. Then (R, Mf) 
is the completion of (R*, M*) and hence by Lemma 12 of [2], v* has center 
' M* in R* and v* has the same residue field and value group as v. Since 
R/M = R*/M*, d is also the r*-dimension of v*. Since R*/M*—k, the 
present lemma follows by applying Lemma 1 to the extension K*/k. 


Lemma 3. Proposition 2 is true in case R is the power series ring 
Rol (1, 22 © +> Ena] in n—1 variables Tı, 4%2,-- +, En over a complete 
valuation ring Ry of a real discrete valuation w such. that Ry is of charac- 
teristic zero and M,—pRk, where p is an ordinary prime number. 


Proof. Let k be the quotient field of Ry, K* = k(t, £a © >°, Ena) 
A = Rol Ti 22° + Enah P=ANM, R* = Ap, M* =PR*, and v* = the 
K*-restriction of v. Then it is easily verified that M* == (T4, Zat * *, Ena) BR". 
that (R*, M*) is a regular local domain of dimensicn n, and that (R, M) is the 
completion of (R*, M*); [Proof: M = (t1, 25° ` +, En- P)R, Min R* = M* 
and hence # and R* are concordant, and so on]. By the argument used 
in the proof of Lemma 12 of [2], it follows that v* has center M* in R* 
and v* has the same value group and residue field as v. Since R/M = R*/M*, 
d must also be the R*-dimension of v*. Since M,N Re = MF N Ry = My 
and R*/M* = Ry/M,. (Lemma 5 of [3]), since Ry C Ry and since Rw 
is a maximal subring of. k, it follows that w is the k-restriction of v* and 
that d is also the w-dimension of v*.. The present lemma: now follows by 
applying Lemma 1 to the extension K*/k. 


Lemma 4. Proposition 2 is true if R is an unramified complete regular 
local ring. a i 


_ Proof. By Theorem 15 of [3], R is isomorphic either to the ring 
described in Lemma 2 or to the ring described in Lemma 3. Therefore, 
Lemma 4 follows from Lemmas 2 and 3. : 

LEMMA 5. Proposition 2 is true if R as complete. 


1 


Proof. By Theorem 16 of [3];.R is a-finite module over -a subring S 
which is an unramified complete regular local ring having the same dimensicn 
and residue field as R. . Hence Lemma: 5 follows from Lemma 4 by observing 
that valuations do not change their character in passing to a finite algebraic 
extension. T - : l a 
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Lemma 6. Proposition 2 is true. 


Proof. Since v is real, we can employ the technique used in the proot 
of Theorem 1 of [13] to pass from the case of complete local domains to 
the general case; Lemma 6 then follows from Lemma 5. 


THEOREM 1. Let (R,M) be a local domain of dimension n with quotient 
field K and let v be a valuation of K with center M in R. Let d, r, and p be 
respectively the R-dimenston, the rational rank, and the rank of v. Then: 
(1) d+rsin. (2) If d+r—n then v is an integral direct-sum ana 
R,/M,y is. finitely generated over R/M. (3) If d+p—n then v is discrete 
and R,/M, is finitely generated over R/M. (4) If d=n—1 then v 1s real 
discrete and R,/M, ts finitely generated over R/M. 


Proof. We observe that (3) and (4) follow at once from (1) and (2), 
and we proceed to prove (1) and (2) by applying induction to n. Suppose 
first that n = 1. Let D be the integral closure of R in K. Then D is a 
Dedekind domain (§ 39 of [5]) and hence we must have R, D D and M, O D 
—a minimal prime idea H in D, and hence Dy C R,. Since Dy is a real 
discrete valuation ring, it is a maximal subring of K and hence Dy = Èy 
i.e., v is real discrete. Hence, for n—1, (1) and (2) follow from Proposition 
2. Now let »>1 and assume that (1) end’ (2) are true for all smaller 
values of n.. If v is real then (1) and (2) follow from Proposition 2. So 
asume that v is nonreal. Given a nonzero prime ideal # in Ee, (R,y)z is 
the valuation ring of a valuation of K (see [4]), and hence EN R must be a 
nonzero prime ideal in Æ (since K is the quotient field of R). Since the © 
set T of nonzero prime ideals in R is simply ordered by inclusion [4], the 
set T* of the R-contractions of the members of T is also simply ordered by 
inclusion. Since any chain of prime. ideal in R is of length at most n, T* 


must be a finite set. Therefore P—()]F is the smallest ideal in T*, and 
FeT* 


hence P is a nonzero prime ideal. Let B =ù] E. Then BN R=P Æ (0) 
; EeT 


and hence B34 (0). Therefore (#,)5 is the valuation ring of a nontrivial 
valuation w of K. Since B is the minimal nonzero prime ideal of R», w must 
be real. Let K*—R,/M,, R—R/P, i —M/P, K —the quotient field of 
R in K*, v* =the valuation of K* induced by v (v* is nontrivial), 7 = the 
restriction of vë to K where @ may be trivial. Let S= Rp and N = PS. 
Then w has center N in 8. Let d’ be the &-dimension of w. Then d’ = the 
transcendence degree of K*/K, since K = S/N. Let F, r*, and r be the 
rational ranks of 0, v*, and w respectively. We observe that r—r* + 1” 
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and we divide the remaining argument into two cases according as P = AM 
or P54 M. 


Case 1, P=M. Then R—=K, M = (0) and @ is trivial. Also, the 
K-dimension of v* =the R-dimension of v= d. Applying Proposition 2 to 
the real valuation w we get d -+r =n. Applying Corollary 1 of Lemma 1 to 
the extension K*/K we get r*-+d=d’. Therefore r-+d==7* +r+d<n. 
Now assume that r+d==n. Then Ë -+-r =n and r*+d=d’. Since 
d -- 7’ = n, it follows by Proposition 2 that w is an integral direct sum and 
K*/i< is finitely generated. Since r*-+-d==d’ and since K*/K is finitely 
generated, it follows by Corollary 1 of Lemma 1 that v* is an integral direct 
sum and R,/My = R,/M, is finitely generated over K == R/M. Since v is 
composed of v* and w and since v* and w are integral direct sums, it follows 
that v is also an integral direct sum. 


Case 2, PM. Let i and m be the dimensions of the local rings # 
and § respectively. Then #==dimP and m = rank P. Therefore 


(A) . Atmsn. 


Since m > 0, we must have 0< A<n. Now @ is a nontrivial valuation of 
if having center M in R. Let # be the rational rank of @ and let ĝ be the 
R-dimension of 7. Let d* be.the -dimension of v*. Then 


(B) i d+ d* =d. 


Since w is a real valuation with center N in S, it follows by Proposition 2 
that 
(C) HPS. 


Applying our induction hypothesis to the valuation @ having center M in 
R we get 


(D) FHASA. 
By Lemma 1, l 
(E) ee 4. g* SF+d’, 


Adding the inequalities (C), (D), and (E) we get 
| +i tretd tata TETERE 
Vet t a+ dt Sma. 
Since 7” +r*==r and since by (B), d-+d*=d, we obtain: 
(F) | ridSm+i 


Í. e., 
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Therefore, in view of -(A), we conclude that r-+dsin:. Now assume that 

r+d==n. Then by (A) and (F) we must have r+d=m-+f. Since: 

ror +r and since by (B), d= 4+ d”, we obtain: 
r+Ftet+d’+d+d*=—=m+n+F +ë 

Therefore by (C), (D), and (E), it follows that: 


(C) Eí -+ d = m: 
(D’) | FLa—a. 
(E’) | ret d* =F 4 d, 


By our induction hypothesis, (D’) implies that 7 is an integral direct sum . 

and that R;/M; is finitely generated over R/M = R/M. Therefore, in view 
of (E), it follows by Lemma 1, that v* is an integral direct sum and that 
Re/ My = R,+«/M,« is. finitely generated over R/M and hence over R/M. 
Again, in view of (C’), it follows by Proposition 2 that wis an integral 
direct sum. Since w and v* are both integral direct sums, we finally conelude 
that v is also an integral direct sum. | 

Thus the induction is complete and the theorem has been established.: 


DEFINITION 2. In the notation of Theorem 1, if v is of R-dimension 
n— 1 then we shall say that v is a prime dwisor for (R, M). | 


Remark 2. In the notation of Theorem 1, let n=?2. Then we get a 
classification of valuations v of K centered in R which is parallel to the one 
given in Remark 1 for the case of absolute surfaces. Namely, v is of one of thé’ 
following four types: (1) v is a prime divisor for (A, Af), i.e d= 1 and v is 
real discrete. (2) d=0 and p= 2; in this case, necessarily, r= p == 2, i.e. 
v is discrete. (3) d=0 and p=r=—1. (4) d=0, p=1 and r=2; in 
this case v is necessarily an integral direct sum. In cases (1), (2), and (4), 
R,/M, is necessarily finitely generated over R/M. Also note that if v is of 
positive R-dimension, then v is necessarily of type (1), ie, v is a prime . 
divisor. 


2. Quadratic transformations. 


Lemma % Let Ry CR, C--- bea sequence of normal integral domains 
with a common quotient field K such that R, contains a unique mazimal ideal ` 
M, and Min N Ri= M, for i=1,2,---. Assume that (J Ri ts not the 

{51 


valuation ring of a valuation of K. Then there exist infinitely many valua- 
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tions w of K which have center Mi in R; and for which e is of positive 
transcendence degree over R/M; for each 1. 5 


Proof. “The proof is essentially the same as the one ‘given by Zariski in 
the special case when the (Ri M;) are ‘quotient rings of corresponding sub- 
varieties under a sequence of birational transformations, see the theorem on. 
page 25 of. [14]. To outline the main idea of tke proof, first observe that 
for an arbitrary commutative. ring A with identity the following two state- 
ments are equivalent: (1) A contains a unique maximal ideal. (2) The set 
of nonunits in A is an ideal. 

Now let R= v R, and M = UJ M;. We may canonically assume that 


q21 42=1 


R/M, C R/M C---. Let D= UJ R,/M, Then Disa field and R/M = D, 


, į=1 
i.e., M is a maximal ideal in the domain #. Also observe that # is normal. 
Since R is not a valuation ring, there exists ce K with xé R and (1/2) £R. 
The canonical homomorphism h of R onto D can be uniquely extended to a 
homomorphism H of R[z] onto D[a] for which H (s) =X, where X is a 
transcendental over D; see pp. 26-27 of [14]. Let p be any one of the 
infinitely many prime ideals in D[X]. Let P=H-*(p). By the theorem 
of existence of valuations, there exists a valuation w of K having center P 
in R[e]. Since Ry,/My D D(x), it is clear that w has the required properties. 
The infinitely se) choices of p gives us infinite:y many w of the required 
type. 

Lemma 8. Let (R,M) be a two dimensional nor mal local domain with 
quotient field K. Let P be a minimal prime ideal in R. Then: (1) Rp is the 
valuation ring of a real discrete valuation w of K; (2) there exists at least 
one and at most a finite number of valuations v of K having center M in R 
which are composed with w, i.e., for which Ry C Ry; and (3) each such 
valuation v is discrete of rank two and R,/M, is a finite algebraic extension 
of R/M (hence in particular v is of R-dimension zero). 


Proof. (1) is proved on page 103 of [5]. The proof of (2) is the 
same as in Lemma 11 of [2] and is as follows: R/(ROM,) is a local 
domain of dimension one with quotient field R,,/My. Hence the integral 
closure of R/ (RN Me) in R,/M, is a Dedekind domain D with a finite 
number of prime ideals P,,P.,---,P, (839 of [5]). Let v,* be the real 
discrete valuation of R,/M, with R,,.«— Dp, Let v; be the valuation of 
Ru/Mua which is composed of w and’ v,*. Then vi, vz- ', Up, are exactly 
the valuations described in (2). Finally, (3) follows at once from Theorem 1. 
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LemMA 9. Let (RB, Al) be a two dimensional regular local domain with 
quotient field K. Then: (1) Rts a unique factorization domain, t.e., equiva- 
lently, every minimal prime ideal in R is principal; and (2) there exist 
infinitely many valuations of K having center M in R which have R-dumension 
zero and which are discrete of rank two. 


Proof. (1) follows by Satz 8 and Satz 9 of Krull [7].* To prove (2) 
it is enough to show, in view of Lemma 8, that there exist infinitely many 
relatively prime irreducible nonunits in Æ. To show this, let z, y be a 
minimal basis of M. Let P=2h, R—R/P, M =M/P, K= Rp/(PRp), 
ğ =the residue class modulo P containing y, and w =the real discrete 
valuation of K with Ry~—Rp. Then M—YR and hence Ë is a regular 
one dimensional local domain, i.e., R—R, where v is a real discrete valua- 
tion of K with o(yY) 1. Let v be the valuation of K which is composed 
of w and @, and let us write the elements of the value group of v as lexico- 
graphically ordered pairs of integers. Let €m == x + y” where m is a positive 
integer. Since (m,y) is a basis of M, £m is an irreducible nonunit. Since 
v(Xm) = (0,0(9") ) = (0, m), we have that v(m) £0 (£n) whenever m 54n. 
Therefore tı, £o, vat ‘+ are infinitely many pairwise relatively prime irre- 
ducible nonunits in R. 

Now let us recall the notion of a quadratic trznsform. 


Lemma 10. Let (R,M) be a regular local domain of dimension s > 1 
and let £i, £2, + `, Z be a minimal basis of M. Let v be a valuation of the 
quotient field K of R having center M in R. Suppose we have arranged the 
z; so that v(x,) = v(a,) fori—1,2,:--,s. Let A = Rl 22/21, 25/21,° °°, 2/21], 
P=ANM,, S=Ap and N=PS. Then (8,N) is a regular local domain 
of dimension t= s, v has center N in S and if by d and d* we denote respec- 
tively the R-dimension and the S-dimension of v then we have: s —t—d— d*. 


Proof. By Lemma 3 of [1], A/(2,A) can be canonically identified with 
a polynomial ring A* == (R/M) (X2,X3,---,X;) in s—I1 variables over 
R/M. Let P*=P/(2,A). Then A*p. is a regular local ring of dimension 
h&s— 1. Fix yo™,ys*,- © °,Yau* in A* such that 


P*A* pe = (Yo*, Ys", * © + Ys) A* pe. 


t We take this opportunity in pointing out that there is obviously a misprint in 
the statement of satz 9 of Krull [7], namely taat the term “ Stellenring ” should be 
replaced by “p-rethenring.” For in the proof it is used that the Anfang forms are 
binary which is true only for p-reihenrings; and further, the theorem is certainly not 
true for arbitrary two dimensional complete local rings. 
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Fix y; in A belonging to the residue class y;*. Then it is clear that 
(Ti; Yo, Ys," * Yna d S =N and that 


t = dim 8 = rank N = 1 +- rank P* = 1 + h. 


Therefore S is regular. Also i & 1 -+h S (s—1)+1 =s. Since NN E=H, 
we may canonically assume that R/M C S/N C R,/M,. Since the transcen- 
dence degree of S/N = A*/P* over R/M is s—1— h= s— t, we conclude 
that: s— t= (R-dimension of v) — (S-dimension of v) = d—d*. 


DEFINITION 3. In the notation of the above lemma, 8 is called “ the 
first (or immediate) quadratic transform of R along v”? Let now Ry =f 
and let R; be the first quadratic transform of Ri. along v assuming that 
dim Ria > 1. If dim Ri > 1, for i=1,2,- > -,n—1 then R, will be defined 
and we shall say that “R, is the n-th quadratic transform of R along v.” 
If S is the n-th quadratic transform of R along v for some n, we shall say 
that “8 is a quadratic transform of R along v.” Finally, if S is a quadratic 
transform of R along some valuation v having center M wm R, we shall say 
that “Sis a quadratic transform of RB.” 


DEFINITION 4. Let (R,M) and (S, N) be local domains with a common 
quotient field K. If SDR and NO R=M then we shall say that (S,N) 
has center M in R. If (8,N) has center M in R and if there exists a finite 
set of elements Tı, £a’ + +,%, in K such that S= Ap and N = PS where 
A == R[ 2, 22 + +, 2n] and P—=AON then we shall say that “(S,N) is a 
_ finite transform of (R, M)” 


Lemma 11. Let (2, AM) and (S, N} be local domains with a common 
quotient field K. Then we have the following: (1) If S is a finite transform 
of R and if R is absolute (respectively, algebraic) then S is absolute (respec- 
tively, alegbraic). (2) If R is regular and if S ts a quadratic transform of 
EB then K is a finite transform of R. 


Proof. Assume that S is a finite transform of R and fix zı, a` -,%, 
in S such that S=-Ap and N==PS where A==R[2,,%,:°+,%] and 
P=AMWN. Let k==the ground field or k=Z according as È is algebraic 
or absolute respectively. Then we can find a finite number of elements 
Ens, Uns2,' * *»Lm in R such that R == A*p. where A* = k[ 241, nse,’ °°, Em] 
and P*¥=A* QM. Let A’=k[21,,%2,---,%m| and P’ =A’ N. Then it 
is easily seen that S == A’p and N = P'S and hence § is absolute or algebraic 
according as R is absolute or algebraic respectively. The proof of (2) is 
entirely similar. 
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Proposition 3.` Let (R,M) be an n-dimensional regular local domain 
with quotient field K with n> 1, and let v be a valuation of K which is a 
, prime divisor for R. Then the quadratic sequence along v starting from R 
is necessarily finite, t.e., tf R= R, and if R; ts the first quadratic transform 
of Ri, along v provided dim Ria > 1 then for. some integer h we have that 
R, is one dimensional; we also have: Rn =R, Furthermore, there exists a 
field T with R/M CT CR,/M, such that T is finitely generated over R/M 
and R,/M, is a pure transcendental extension of T of finite positwe trans- 
cendence degree (we may express this by saying that “R,/M, is a ruled 
extension of R/M”). 


Proof. Assume the contrary, i.e. that the quadratic sequence B == R, 
<BR, <R.<--- along v is infinite. It then follows, by Lemma 10, that 
there exists an integer s such that dim R; = dim F, and £&,-dimension of 


=m — ] whenever ¿= s, where we have set m = dim R, Let S== U R 
420 


and N = U M; where M: is the maximal ideal in R; Then, as in the proof 


4-0 


of Tanne 7, N is the unique maximal ideal in S and U R;/M; = 8/N. Since, 


as in the proof of Lemma 10, Rnı/Me1.18 an ledet extension of R/M: 
whenever t= s, it follows that S/N is an algebraic extension of &,/M, for 
any t= s. Now v has center M; in K; for each i and by Theorem 1, v is real 
discrete. Hence, if S were not the valuaticn ring of a valuation of K then, 
following the considerations of pages 27-28 of [14], we would reach a contra- 
diction. Therefore, S must be the valuation ring of a valuation w of K. 
Since R, has a first quadratic transform Rs, it follows by the definition of 
quadratic transforms that m > 1, i.e., that v is of positive #,-dimension 
whenever t= s. Now Ky > Ry, and 


Re My= 30M, = (U R) 0 M,—(U (RN M,) —U M—N = My. 


£=6 4-8 
Therefore v==w, i.e, R,/M,—S/N is an algebraic extension of R/M, 
Thus our assumption that the quadratic sequence Ry < Ri < Ro L- Is 
infinite is absurd. Let R, be the last member of this sequence. Then Fy, 
is a regular one dimensional local domain, i.e., Æ» is the valuation ring of a 
real discrete valuation of K. Since R, C Re, we must have R= Re. Now 
let T—H,,/My, and let d be the dimension of Ry- Then d >1. Let 
Tı, T2,* ` ` Ta be a minimal basis of Mn- arranged so that v(z,) < v(%) 
fort—1,2,---,d. Let A = Ry (22/81; 23/21 ` `, Za/£ı1] and P = A N M. 
As in Lemma 3 of [1], we may identify A/(2,4) with the polynomial ring 
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* a= T[Y.,¥3,---,¥a]. Let P*=—P/(z,A). As in the proof of Lemma 10, 
rank P* == (dim R,)—1—0, i.e. P*=— (0). Since. Ro/M, = Ry/Mn is iso- — 
morphic to A*/P*, i.e, to T (Fa, Ys, > +, Ya), we conclude that ReM/» i8 a 
pure transcendental extension of T of transcendence degree d—1>0. By 
Theorem 1, R,/M, is finitely generated over R/M and hence T is also 
finitely generated over. R/M ; this also follows from the fact that Er- is a 
finite transform of R. 


Proposition 4. Let V be an r-dimensional algebraic variety with 
function field K/k, let v be a prime divisor of K/k, and let W be the center 
of v on V. Let s be the dimension of W. Assume that v ts of the second 
kind for V i.e., that s<r—1) and that W is simple for V. Let V* be 
any other projective model of K/k such that V is of the first kind for V* 
and such that V* is normal at the center of W* of v on V*. Let L/k be 
the function field of W*. Then we have the following: (1) W* is a ruled 
variety, i.c., we can find a field T with hk CT COL such that L is a pure 
transcendental extension of T of positwe transcendent degree. (2) If r—2, 
then we can find a field T with k CT C L such that T/k is a finite algebraic 
extension and L/T is a pure transcendental extension of transcendence degree 
one. (8) If r==2 and if k is algebraically closed, then L/k is a pure trans- 
cendental extension of transcendence degree one, i.e, W* is a rational curve. 


Proof. (1) follows zrom Proposition 3 by observing that R,/M, = L and 
that if (R, M) denotes the quotient ring of W on V then k C R/M C R,/M,,. 
Again, (2) follows from (1) and (3) follows from (2). 


Lemma 12. Let Ro <BR, < R<- - be a strictly ascending sequence 
of two dimensional regular local domains with a common quotient field K, 
let M, be the maximal ideal in Ri and let S=-|) Ry Assume that Rin is a 

¿=0 

quadratic transform of R; for 1—0,1,2,: °°. Then: (1) S is the valuation 
ring of a valuation v* of K such that v* has center M; in Ri and such that 
v* is of Ry-dimension zero for each i. Furthermore: (2) if v is any valuation 
of K with center M; in Ri for i—=0,1,2,- - +, then v= 0*. 


Proof. By introducing all the intermediate successive quadratic trans- 
forms between R; and Rin for each i, we may assume without loss of generality, 
since this would not change S, that Ri- is a first quadratic transform of Ri 
for «== 0,1,2,- +. Now suppose, if possible, that S is not the valuation 
ring of a valuation of K. Then by Lemma 7, there exists a valuation w of K 
having center M; in R: and of positive R,-dimension for each i; and hence 


8 
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by Theorem 1, w is a prime divisor for Ry. Therefore by Proposition 3, the 
sequence Ry < Rı < Ra <- - - must be finite, which is absurd. Hence S = Bye 


where v* is a valuation of K. Since, as in the proof of Lemma 7, Mes == | Mi, 
it follows that 4=0 


R, 1 Myr = Be (UM) = Bi U M) = U (Rin M) =a, 


f=t+l jritl 

: e. v* has center M; in R; for each i. Again by Proposition 3 and Theorem 

, it follows that the R,-dimension of v* is zero for each 1. ey if v is 
any other valuation of K with acces M; in R for each 4 then BR, D U Rı = 
and M,N Re = Ù (M, AR)=U U Mi= M, and hence v-v*, 

paz 
Lemma 183. Let (R,M) be a regular two dimensional local domain 

with quotient field K, let P be a minimal prime ideal in R, let B= R/P and 
M==M/P. Let K be the quotient field of R and let T be the integral 
closure of Rin K. Assume that R is the quotient ring of a point either on 
an algebraic surface or on an absolute surface (1.¢., K is a one dimensional 
algebraic function field over Q and R ts the quotient ring of a finitely 
generated domain over Z with respect to a maazimal ideal). Then T is a 
finite R-module. 


Proof. The case of algebraic surfaces is well known (see p. 511 of [10]) 
and so we may assume that E is the quotient ring of a point on an absolute 
surface. Then we can find 2, 22,- + -,%, in K such that K is the quotient 
field of R* == Z[2,,%,°-+,%s.| and such that R=R*y. where M* is a 
maximal ideal in R*. Let P* = R*N P, B* = R*/P*, M* == M*/P*, and 
ži =the P*-residue class of z. Then R—R*z-. If ZN P*~ (0) then 
ZN P* == pZ where p is a prime number and R* = (Z/pZ) [Z 22," * nee |S 
hence we are again in the algebro-geometric case. Now assume that 
ZN P*= (0). Let S==R*p, N= P*9 and S=S/N. Then =É. Also 
Q CS and hence § = S*y» where S* = Q [z 22" © +,25| and N*¥==S* ON. 
Since S* is of transcendence degree one over Q, it follows that K is a finite 
algebraic extension of Q. Thus it is enough to prove the following assertion: 
Let L be a finite algebraic extension of Q, let A be a proper subdomain of L 
having L as quotient field, and let B be the integral closure of A in L. 
Then B is a finite A-module. | 

First let us recall that if D is a commutative ring with 1, and W the 
set of all maximal ideal in D then D—[} D,. For if de N Dy then d == ewf 


weW we W 


with ew, fwe D and f,fw. Now since the ideal Ẹ generated by all the 4 
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is not contained in any member of W, we must have E= D. . Therefore 


we can write 1—fwgi-+fud2+: **-+fugn With gi in D and hence 
d= Cw, J1 + 22w92 F: + Cw.grneD. Therefore D—[]Dy. To prove the 
we ly 


italicized assertion, let Y be the integral closure of Z in L. Then Y is a 
finite Z-module; let 41,42, ` *,Yn be a module basis of Y over Z. Let 
C= A|, Yn Yn]. Then it is clear that 4:,42,:-°,Y% is a module 
basis of C over A. Let M be a maximum ideal in C, and let m=YONM. 
Then Ym C Cy. If m= (0) then Ym = L and if m (0) then Ym is the 
valuation ring of real discrete valuation of L, i.e., Ym is a maximal subring 
of L. Therefore Y,,—Cy. Hence by the above observation, Č is an inter- 
section of valuation rings. Therefore C is integrally closed in L. Since Č C B, 
we must have C = B, i.e., B is a finite A-module. 

In the following proposition we shall prove that the singularities of a 
curve lying on a nonsingular absolute surface can be resolved by quadratic 
transformations applied to the surface. We shall base our demonstration on 
Zariski’s proof of the algebro-geometric case; see Theorem 4 of [11]. 


Proposition 5. Let (R,M) be a two dimensional regular quotient 
ring of a point on an algebraic or absolute surface and let K be the quotient 
field of R. Let P be a minimal prime ideal in R and let w be the valuation 
of K with Ry—Rp. Let v be a valuation of K composite with w and 
having center M in R. Let (Rn, Mn) be the n-th quadratic transform of R 
along v and let P= R:N M.. Then P; is a minimal prime ideal in R; for 
i= 1,2,- - -; and there exists an integer n such that for any 11 we can 
choose a basis (s y:i) of M; for which qz;iRiı =P, v(yi) = (0,1), and 
v(x) = (1,2) where a is some integer. 


Proof. Since M;N R=M and PıNR=RN M„=P and since R; is 
two dimensional, P; must be a minimal prime ideal in R; Now let (2,y) be 
a basis of M, and suppose for instance that v(x) Sv(y). Then w(s) =w(y). 
Therefore xP ; for otherwise we would have w(x) > 0 and hence w(y) > 0, 
Le, ceROM,—P and yeRNMy,=P, and hence M =P, which is a 
contradiction. Let R*=— R[y/s], M*—R*NM,, P* = R* N Me. Let 
B= R/P, = M/P, R* = R*/P*, M* = M*/P*, Ri —Ri/Pi, Mi= M:;/P, 
K=R,/M., D= the valuation of K induced by v, and %, 7 the residue classes 
modulo M,» respectively of z,y. Then (#;, M;) is a one dimensional local 
domain with quotient field K, the real discrete valuation J of K has center 
M; in B, and =R, CR,CR,C:::-. Now kh, =R* yx, Mi = M.E and 
OAzgeR. Therefore (4,9)R—=M, R*=—R[Yy/Z], M*= Ř*N Ms and 
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R,—=R*y.. Hence MR* = fR* and MR, = 7,R,. Similarly Äi Bni = ZB 
with Zi € Ri. for ¢=0,1,2,---. 


We shall now shew that |) È == Ry. Given c in Ry we can write c= a/b 
i=0 


with 054b, ae È. Ifb¢ MH thence. Suppose that be Ñ. Since D(a) = 0(b) 
we must have ae Ñ. Hence b= 0,21, a= z, with a,b, in R,. Since 
c==4,/b,, again either ce R, or abis Mı. Suppose that cfR, Then 
ai = Oke, b1 = b222 With az bo £ Ba. Similarly if c£ By, then @ == y2122° - * Zn 
and b == bnz" © -Zn with a; be È Since Mr = Bana N My, we must have 
T(z,) > 0, and hence that (b) =n where we take Z as the value group of 
the real discrete valuation 7. Since @ is real discrete and since b40, for 


some n we must have ce B Therefore |} R= Ry. Let S; be the integral 
4-0 


closure of R; in K. Then S; is a Dedekind domain with a finite number of 
prime ideals (§39 of [5]), and since the quotient ring of 8; with respect to 


any prime ideal is a real discrete valuation ring, we must have S= [) Ra 
uei: 


where W, is a finite set of real discrete valuations of K. It is clear that the 
valuations in W; are exactly the valuations of Æ having center M, in Rj. 
Therefore W; D Win. Let uy, ue,-- +, Un be the valuations in W, different from 
6. Since Ey is a maximal subring of E, we ean find ae Ry such that a; £ Ry, 


w% : C4 
Since U Rj = By, a,e Ëm, for some integer m; Let m = max(m, Ma, ` ++, mn). 
j=0 


Then af Ëm for i= 1,2, --,h. Therefore Wm = {i}, i.e., Ry is the integral 
closure of Ëm. By Lemma 13, Ry is a finite module over &,. Hence by the 
Hilbert basis theorem, we can find n such that R,== Ry whenever 1 = n; from 
now on we shall assume that t= n. Fix Y; in B; with (p:i) —1. Let y; be 
an element of F; belonging to the residue class ¥; Then v(y;) = (0,1). By 
Lemma 9, P; is a principal ideal; let P;=-«%,R; Since (Ri) p,— Fy, 
v(2,) == (1,a). Finally given z.in J, let z be the residue class of z modulo 
P;. Then ze M, and hence 2%, with fe R, Fix t in R, belonging to the 
residue class ê. Then z-—y;te Pa i.e. ze (s, y) Ri Therefore (x; ¥) Ri = Mi. 


Remark 3. Observe that Lemma 13, which is crucial in the proof of 
Proposition 5, breaks down for certain abstract local rings (regular of 
dimension two) as can be shown by using an example due to F. K. Schmidt; 
see page 24 of Zariski’s paper [12]. To indicate this we shall use Zariski’s 
notation. We have then two independent variables x and ¢ over a certain 
field & of characteristic p540, 3’==k(2z,t), o is the valuation ring of a 
certain real discrete valuation v’ of 3//k, 3—= ¥ (7) with + —#/* and o is the 
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one dimensional local domain o’{r] with quotient field $. Let T be the 
integral closure of o’ in 3. Since o is integral over o’, T is also the integral 
closure of o in 3. Let R—o’[X] and P= (X?—t)R. Then it is easily 
verified that R is a two dimensional regular local domain, P is a minimal 
prime ideal in R, and ¥ — r is an-o’-homomorphism of E onto o with kernel 
P, i.e., o is isomorphic to R/P. -Since T is not a finite o’-module (see part e 
on page 447 of [9]) and since o is a finite o’-module, T cannot be a finite 
o-module. Thus Lemma 13 is not applicable to the minimal ae ideal: P 
of the two dimensional regular local domain R. 
Now let K be the quotient field of k, let M be the maximal ideal in R, 
let w be the valuation of K with Re== Rp, and let v be a valuation of K 
composed with w and having center M in R. Suppose, if possible, that Proposi- 
tion 5 were true for the regular local domain (R, M)... Then, in the notation 
of Proposition 5, we would have that R,/P, is a valuation ring. From the 
considerations ads in the proof of Proposition 5, it follows that ‘this would 
imply that o can be transformed into a regular local ring by applying to o0, 
n successive quadratic transformations in the sense described on page 24 of 
[12], but this is impossible as is proved on pages 24-25 of [12]. Therefore, 
Proposition 5 is not applicable to the valuation v having center M in the 
regular two dimensional local domain Æ. Since Proposition 5 is essentially 
based on Lemma 13,° this again shows, as we have directly proved above, that 
Lemma 13 is not valid for arbitrary two dimensional regular local domains. 


THEOREM 2.° Let (R, Af) be a two dimensional regular local domain 
with quotient field K. Let v be a valuation of K having center M in R and 
R-dimension zero. Let f be a gwen nonzero element of R. Then there exists 
a quadratic transform (R*,M*) of E along v and a basis (a*,y*) of M* 
such that f—a*ty*td where a and b are nonnegative integers, d is a unit 
in R*, and where the following conditions are satisfied: (A) If v is real of 
rational rank one, then b==0. (B) If v is real of rational rank two then 
either b = 0 or v(z*) and v(y*) form an integral basis for the value group 
of v. (C) If v is of rank two and if R is the quotient ring of a point either 
dn an algebraic surface or onan absolute surface, then v(z*) == (1,h) and 
v(y*) = (0,1) where we are writing the v-values of elements of K as lexico- 
graphically ordered pairs of integers and where h is some integer. 


“I.e, the only fact about valuations centered in local domains which is used in 
the proof of Proposition 5 and in which the local domains are qualified to be either 
a'gebraic or absolute is Lemma 13. 

° See poner. 3 of [2]. 
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Proof. First assume that v is real, Let Ro=RKR and Mo =M. Let 
(Zo, Yo) be a basis of M, and let (R; M:) be the i-th quadratic transform of 
R, along v. We shall define elements (7:,y,) of R; by induction on i. Let 
then t= m > 0 and assume that we have defined z; y; for t = 1,2,- + -,m—1. 
Suppose first that v(y:.) Z v(t). Let 9; = Biilyi./a_|] and Ni = Mik 
Let Ps = M,N Si Let z; be the residue class modulo N; containing 914/21. 
Then by Lemma 8 of [1], S:/Ni== (Ria/Mi1) [2] and z; is transcendental 
over #,,/M,,. Since P; is a maximal ideal in S; containing Na P;/N; must 
be a maximal ideal in 9i/N; and hence P/N; = gi(z) (Si/Ni) where g:(X) 
is a monic irreducible polynomial in (Rii/Mi1)[X]. Let G(X) be a monic 
polynomial in Ria [X] which when reduced modulo Mi, gives gi( X). We 
set t; = Tia and yı = Gi(yi1/t%ir). Secondly, if v(yi.1) < v(z:) then we 
set £i = Yi and Y= Tia/Yia Then by Corollary 1 of [1] (2; yi) Ri = Mi 

Let fof and define by imduction fie R; by the equation fi, == zf; 
where w is a nonnegative integer and where f; is an element in R; prime to zi 
(by Lemma 9, R; is a unique factorization domain). Let fia, ha gta 
be the irreducible factors of f; in R; and let w;,; be the valuation of K whose 
valuation ring is the quotient ring of R; with respect to f,;#; Let W; be the 
set of valuations u of K such that u has center M; in R; and u is composed 
with w;; for some 7. By Lemma 8, W; is a finite set. For a given u in W; 
let P; = Mu N Ri Since u is nontrivial, P4 (0). Since z; £ Mu N Ri and 
since TR; = MiaRa Pist Mia Therefore P; is a minimal prime ideal in 
Ria Since Ri is a unique factorization domain and since fi- € Pa we must 
have P;=f;.,,Ri. for some 7, i.e, u e Wi. Thus W: C Wi. Since by 


ir} 
Lemma 12, |) Rj = Ra since v is real, and since no element of W; is real, 


ii 


it follows that {]) W; = Ø. Since W; is finite, Wm == Ø for some m, i.e., fm 


t=1 
is a unit in Rm. Hence we have f = 2,4y,°D where A and B are nonnegative 
integer and D is a unit in Em. If either v is of rational rank one or if v 
is of rational rank two and v(z,) and v(y¥m) are rationally dependent, then 
the proof can be completed by the argument of the last part of the proof 
of Proposition 3 of [2]. Now suppose that v is of rational rank two and 
that v(a,) and v(ym) are rationally independent. We may then take R* 
to be Rm and 2* == tm, y* Ym. It then remains to be shown that v(2*) 
and v(y*) form an integral basis for the value group of v. Let v(z*) =p 
and v(y*) =q; and suppose for instance that p<g. Fix a representative 
system & in R* of R*/M* (k is not in general a field; note that we take zaro 
as the.representative of M*/M*). Let z be an arbitrary nonzero element of 
R* and let v(z) =r. Fix an integer n so that r<np. Then we can find 


VALUATIONS CENTERED IN A LOCAL DOMAIN. 343 


a polynomial H(X, Y) == $, HyX'Y/ of degree at most n with coefficients 
4+fn 

Hi; in k such that z* = 2— H (2*,y*) e M*" (see §5 of [6]). Since v(u)>7 
for any ue M**, we must have that v(z*)>7r and hence that r=v(z) 
== v(H(x*,y*)). Since p and q are rationally independent and since 
v(Hij) =0 whenever H40, we can find Ha 740 such that v(Hye**y*") 
<v(Hyæ*iy*i) whenever Hi;540 and whenever either 1548 or 774#. There- 
fore r= 0(z) = v(H(2*, y*)) =v(Aaw**y*') = sp + tg. Therefore for any 
nonzero element z, of K, we must have v(z,) =sıp + tıq where s, and t 
are integers. ‘Thus we have shown that {p,q} is an integral basis of the 
value group of v. This completes the proof of (A) and (B). 

To prove (C), assume that v is of rank two, that R is the quotient ring 
of a point either on an algebraic or on an absolute surface and that we are 
writing the values of elements of K as lexicographically ordered pairs of 
integers. By Proposition 5, we can find a quadratic transform (R, M) of 
R along v and a basis Z,% of M such that v(z) = (1,p) and v(y¥) = (0,1) 
where p is some integer. Let (R; W;) be the i-th quadratic transform of R 
along v. Let 4,—2/9, and ğı=9. Since v(t) > iw(¥) for any integer i, 
it follows that (2: 9:)R;— MM; Let f — g, where a is a nonnegative integer 
and where g, is an element of È prime to % Then v(g,) = (0,2) where ¢ is 
some nonnegative integer. Define g; by induction by the equation gir == 9i°'g; 
where e; is a nonnegative integer and g; is an element of B; prime to Ja. 
Since. MiB; == JiB we have that e;>0 whenever gia is a nonunit in R 
(i.e, whenever g€ Hia). Therefore, if gı is a nonunit in R,, for 
t==1,2,---,n, then t(g.) = (0,n). Hence for some integer mot, gu 
must be a unit in R,. Hence f—2**y*'d where b is a nonnegative integer, 
d is a unit in R*¥ = Bm, c* = Ty, and y* = Fy. 

We shall now prove a generalization to abstract two dimensional regular 
local domains of Zariski’s theorem on the factorization of birational trans- 
formation between nonsingular algebraic surfaces into local quadratic trans- 
formations; see the lemma on page 538 of [11]. 


THEOREM 38. Let (R, M) and (R, M’) be regular two dimensional local 
domains with a common quotient field K such that (R’,M’) has center M 
in R. Then W ts a quadratic transform of R. 


_ We shall precede the proof proper of this theorem by three preparatory 
lemmas. 


LEMMA 14. Let A be a normal domain with quotient field K such that 
A contains a unique maximal ideal P and let O4aeK such that x¢A and 
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(1/z) fA. Let B==A[ax] and let M==PB. Then: (1) there exists a 
valuation v of K such that Ry D B, M,N B=M; (2) MN A=P; (8) the 
residue class = modulo M containing x is transcendental over A/P, i.e., 
R,/M, contains the polynomial ring (R/M)[#] and hence R,/M, is of 


positive transcendence degree over R/M. 


Proof. Follows by the considerations made by Zariski on pages 26-27 
of [14]. 


Lemma 15. Let (R, i) be an n dimensional regular local domain with 
quotient field K and n>1. Let {21,22 - +,2n} be a minimal basis of M. 
Let A=R[22/a,, 23/21,° * *,%n/t,) and P== MA. Then: (1) P=z,A; 
(2) P is a minimal prime ideal of A; (3) Ap ts the valuation ring of a real 
discrete valuation w of K; (4) A/P = (R/M) [Je Gs," - <, Gn] where Jie = the 
residue class modulo P containing t/z, and Yo, Ys," © +,Yn are algebraically 
independent over R/M; (5) Ro/Mw = (R/M) (Go, 92` «+> Gn) 3 and (6) w is 
the “ M-adic divisor of RB,” i.e, w is completely defined by setting w(a/b) 
== (leading degree of a) — (leading degree of b) where a and b are any two 
nonzero elements of R, and w is of R-dimension (n— 1). 


Proof. (1) is obvious, (2) and (4) are proved in Lemma 3 of [1]. 
Now let N be a maximal ideal in A containing P, let R* — Ay and M* = NR*. 
Then by Corollary 1 of Lemma 3 of [1], R* is a regular local domain and 
P* == y,R* is a minimal prime ideal of &*. Hence R*p-— Rh, where w is a 
real discrete valuation of K. Now (8) follows since Ap= R*p., and (5) 
follows from (4) and the fact that Ap/(PAp) is the quotient field of A/P. 
Now let a be an arbitrary nonzero element of # and let d be the leading 
degree of a. Then a == f(T, o° - `, 8n) where f(Xi,X2,: + *, Xa) is a form 
of degree d with coefficients in Æ not all in M; and hence a==2,4g where 
g = f (1, 2/1, Us/21,° °°, En/21) EP since aUa ©, Un are algebraically 
independent over R/M ; i.e., w(a) =d. Finally, it follows by (5) that w is 
of R-dimension (n——1) and this proves (6). 


i 


Lemma 16. Let (R,M) and (R’,M’) be as in Theorem 3 and assume 
that RR’. Then there exists a nonunit z in R such that MR’ C 2k’. 


Proof. Suppose, if possible, that ME’ is primary for M’. Let (B, H) 
and (R, Mf’) be the completions of R and R’ respectively. Let w be the 
M’-adic divisor of R’. Then w has center M in R and R-dimension of w= R’- 
dimension of w= 1. Therefore by Theorem 1, w is a prime divisor also for 
R. Hence by Theorem 2 of [13], (R, If) and (R’,M’) are both subspaces 
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of (Ry, Mw) and hence R is a subspace of R. Therefore we may canonically 
assume that R is a subring and a subspace of R. By Theorem 1, Ry/My is 
finitely generated over R/M and hence R’/M’ must be a finite algebraic 
extension of R/M. Since R/H = R/W and R/M = R/M, we have that 
R/M is a finite algebraic extension of R/M. Also MR’ is primary for MM’ 
implies that 1’R’ is primary for 1’. Therefore by Theorem 8 of [3], Æ is 
integral over R. Let E and E’ be the quotient fields of R and Æ respectively. 
Let A be the set of valuations v of K having center M in & and let B be 
the set of valuations u of K for which Ra D R. Let v be a member of A. 
Then by Lemma 13 of [2], v has an extension @ to Æ having center M in B. 
Since Ë’ is integral over 2, we must have Ry D R for some extension 0 of 
3 to BE’. Since R, = Rs N K and since R’ =R N K (Lemma 2 of [2]), we 


must have R’ C R, Therefore R’ C () Re. Now let u be a member of B for 
ved 


which P =M, N RM. Let K=R,/M,, R= R/P and M =M/P. Let & be 
a valuation of Æ having center J in Ë and let u* be the valuation of K which 
is composed of uand. Then Ras D Ra and u* has center M in R. Therefore 
RY Ci) R, =f, ie, R’ =F. Thus our assumption that MR’ is primary 


ueB 
for M” is absurd. Since K’ is two dimensional, MR’ C p where p is a minimal 
prime ideal in Æ’ and by Lemma 9, p=zọR with ze R’; ie, MR’ C gW. 


Proof of Theorem 3. If R= R then there is nothing to prove. So 
assume that R < W. By Lemma 9, there exists a discrete rank two valuation 
v of K having center W in R’. By Theorem 1, R-dimension of v = 0 = R- 
dimension of v. Let {x,y} be a minimal basis of M, and suppose for instance 
that v(z) Svu(y). Let t=y/e. If 1/te f’ then teR, and 1/te R, and 
hence 1/t¢ M, i.e. 1/t¢M’ and hence te R’. Now suppose, if possible, that 
tR. Then i/t¢R’. Let A’—R’'[t] and P’ == M'A’. By Lemma 14, there 
exists a valuation w of K with center P in A, and - 


Ry/My D A’/P! = (B'/M’) [E] 


where ? is the residue class modulo P’ containing ¢ and £ is transcendental 
over R/W. Let A= R[t], P=MA and P* =P N A. Then P*N R=M 
and hence ¢ is a fortwert transcendental over R modulo M. Hence P* — MA 
=P=-cA. Therefore Ap D Ry and hence by Lemma 15, w must be the 
M-adic divisor of R. Since w(s)==1 and since w(IM’) > 0, we have that 
reM’ and zg (M’)*, i.e. that x is an irreducible nonunit in R’. By Lemma 
16, z==az and y= bz where a and b are in R’ and z is a nonunit in R. 
Since by Lemma 9, #’ is a unique factorization domain, we must have y = cz 
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with cin K’, i.e., t==ce Rh’. Thus our assumption that tg R’ is absurd. Let 
(Ra Mi) be the i-th quadratic transform of R along v. Then R, C K and R 
has center M, in Ry. Similarly, if R, < W then R C Æ and R’ has center 
M, in R, and so on. Suppose, if possible, that A, C W for all è Then by 
Lemma 12, R, C R and hence Re == R. Since v is rank two, R,, i.e, W is 
nonnoetherian which is absurd. Therefore, for some integer n, we must 
have En, = K. | 


Lemma 17. Lemma 12 remains true if we replace the assumption that 
Ris is a quadratic transform of Ri for 1+=0,1,2,:--, by the weaker 
assumption that My N Ri = M; for 4-0, 1. 2 eh 


Proof. Follows by Lemma 12 and Theorem 3. 


Appendix.* 


That an orderéd abelian group G of finite rank can be embeded (as an 
ordered subgroup) in the lexicographically ordered direct sum R® of p copies 
of the additive group R of real numbers can be proved as follows: First we 
prove that if G is rationally complete (i. e., with any element g of G and an arbi- 
trary nonzero integer n, G always contains an element g* such that ng* = g) 
then we have the stronger result that G itself can be expressed as a lexwco- 
graphically ordered direct sum of ordered subgroups of rank one, i.e., if 
0=4<G,<--:<G,—G is the sequence of isolated subgroups of G 
then G contains ordered subgroups Ha, He,- --,Hp, of rank one such that 
Gpo = Ai, Q Hr: Hp where the sum is lexicographically ordered. 
direct (i.e., every element g of Gp, has a unique expression g == hu: + his 
+: -hp with h; in Hy if gë = htm + h*n tt + + h”p with h*; in H; 
is any other element of Gp different from g and if hij== Ah", for j = 1,2, >, 
t—1 and hue h*ņs then g<g* or g>g* according as hut <h” or 
hue > h* 4). For p= 1 this is obvious and to apply induction, assume that 
p> 1 and that the assertion is true for p—1. Let H be the maximal iso- 
lated subgroup of G. Then H is of rank ¢—1, G/H is of rank one, and 
H and G/H are both rationally complete. By the induction hypothesis, 
H =H: H: ®-- -Hp where the sum is lexicographically ordered direct. 
Let B be a rationally independent rational basis of G/H and for each b in B 
fix 8 in G contained in the residue class b. Let H, be the set of all elements 
of G which depend rationally on the #’s. Then it can be easily verified that. 
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H, is order isomorphic to G/H and that G = H, Q H =H, Q H: ®- > .® Hp 
where the direct sums are lexicographically ordered. 

In the general case when Gis not necessari:y rationally complete, it is 
enough to observe that G@ can always be embeded in a rational completion 
j.e. in an abelian group @* which is rationally complete and for any element 
g* of Œ we have ng*eG@ for some nonzero integer n. The ordering of G 
can be uniquely extended to G* and then G* is again of rank p. As shown 
above, we can find in G* subgroups Hı, Ha> > °, Hp of rank one such that 
G* — H, GH, ®- -Hp where the direct sum is lexicographically ordered. 
Now each H, being archimedian is order isomorphic to a subgroup of R and 
hence G* is order isomorphic to a subgroup of RY). Therefore G is order 
isomorphic to a subgroup of R™. Now we shall show that if G is not rationally 
complete then it need not be order isomorphic to a lexicographically ordered 
direct sum of rank one groups. To show this, let G denote the torsionfree 
abelian group studied oy L. Pontrijagin in Example 2 of Appendix 1 of his 
paper: The theory of topological commutative groups; Annals of Mathematics, 
Vol. 35 (1984), pp. 361-388. Then G is of rational rank two and it is not 
expressible as a direct sum of rational rank one subgroups. Let (u,v) be a 
rational basis of G. Then each element g of G has a unique expression 

= au-+ by where a and b are rational numbers. Let g*=— a*u + b*v be 
any other element of G where a* and 6* are rational numbers. We set g >g” 
either if @>a* or if a=a* and b >b”. This turns G into an ordered 
abelian group and we have p(G)= 2. Suppose if possible that G is the 
lexicographically ordered direct sum of two ordered rank one subgroups H, 
and Ha. Then we have that r(H,) =1(H.) —1 and hence that G is the 
direct (group theoretic) sum of two rational rank one subgroups; this is 
absurd. 

We observe that if in the above proof we replace simple induction by 
transfinite induction then we obtain the following more general result: Let 
G be an ordered abelian group and let O(G) be the family of isolated sub- 
groups of G simply ordered by inclusion. Assume that S(G) is well ordered. 
Let G* be a rational completion of G and extend the ordering of G to G* 
(uniquely). Then G* is order isomorphic to a lexicographically ordered 
direct sum of a well crdered family T [which is order isomorphic to S(@)] 
of archimedian groups. 
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ON FRENET’S EQUATIONS.* 


By AUREL WINTNER. 


1. If T is an oriented, rectifiable Jordan are in the X-space, where 
X = (x, y,2), let TeC” mean that the vector function X (s) has a continuous 
second derivative’ with respect to the are length s. Thus U, == X’, where 
’=-d/ds, is a continuously differentiable unit vector. Let « denote the 
(non-negative, continuous) function | U,’ | of s, the curvature on T. 

Let I be called a Frenet curve (in symbols: TreF) if it is a TeC” 
corresponding to which there exists a vector function Us possessing the 
following properties: U, is a unit vector which, at every s, is orthogonal 
to U, and has a continuous derivative U,’ which is linearly dependent on 
the vector product [U3,U,]. . 


2. The following considerations will deal with the class Tel’. The 
| emphasis will be two-fold: on the one hand, T e F does not involve the existence 
of a third derivative for the vector function X (s), where F: X =% (s) and, 
on the other hand, T e F allows the vanishing of the curvature «x(s) =| X” (e)! 
(on arbitrarily complicated s-sets, which must, of course, be closed sets, since 
x(s) is continuous). It is therefore unexpected that Te proves to be the 
natural condition for the existence of a Frenet theory. In fact, it turns cut 
that 
(I) every TeF possesses a unique, continuous torsion t= 7(s) 

and that 


(II) Frenet’s equations are valid on every TeF. 


(I) and (II) imply the existence and the continuous differentiability of 
a principal normal and of a binormal on every Te F. But these unit vectors 
in Frenet’s equations need not be unique (although, by (I), the torsion is 
unique), not even if the differentiability assumption T eC”, contained in the 
assumption r'e J’, is refined to the existence of arbitrarily high derivatives 
of X(s); simply because T can contain segments of straight lines (in a finite 
or infinite number). 

The generality under which (I) and (II) are secured by it (Sections 3-4 
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below) is not, however, the only merit of the curve class Te F. In fact, its 
principal merit consists in its ability to deal with certain desiderata in the 
theory of surfaces. This will be explained and carried out in Sections 5 and 
6-7, respectively. 


8. Let a F satisfy the conditions required of a Te fF in Section 1. 
Define U,==U2(s) by placing U,—[Us3,U,]. Then (Ui, U2, Us) is a con- 
tinuously differentiable matrix function of s, and is an orthogonal matrix, 
of deterimnant -++ 1. 

By the last of the requirements which define the condition TeF, the . 
(continuous) vector U; is a scalar multiple of Uz. Let this scalar factor be 
denoted by —-+, and let r==-7(s) be declared to be the torsion of r. Then, 
since U,’=-—7U, is continuous, as is the unit vector Ua, it is clear that - 
is continuous. It also follows from | U,|=-140 that + is uniquely deter- 
mined by U; and U, and, therefore, by U,. But U= Ua(s) is not uniquely 
determined by T when x(s)=—0. The following consideration will, however, 
show that + is unique at every s, as claimed by (I), Section 2 (in fact, 
U; == — rl, implies that t =— U: Ux, whereas U, and/or U, becomes 
indeterminate only at points contained in the interior of such straight line 
segments as may be contained in T; but r==r(s) proves to be = 0 on any 
such segment). 

Let (F), where t= 1,2,83, denote the -th of the relations 


U’ = «U2, U? =—«U,+ 703, Uz = — U2. 


Then (P) holds by the definition of r. If (F) denotes the system of the 
three relations (F;), then the assertion of (II), Section 2, is that (F) holds 
at every point s of every ref. This assertion will be proved in Section 4. 


4. Suppose first only that re”. Then there exists a continuous 
x==x(s) Z0, defined as the length of the continuous vector function 4”. 
Denote by Bı, Ba, +: the (finite or infinite) sequence of open s-intervals 
on which U,’ (s) 540, where U, = X. The s-interval, say A, which is the 
topological map of the entire arc T is supposed to be closed. It can be assumed 
that A— B, where B—B,+ B,+:--, is not vacuous. For otherwise 
«==0 on A,-hence T is a line segment, and so all three equations (F4) become 
satisfied by placing r=0, U; = [ U, U2] and choosing U. to be any constant 
unit vector which is orthogonal to U, = const. Correspondingly, it will be 
clear that it is sufficient to prove (II), Section 2, under the assumption that 
T contains no line segments. 

Then the interval A is the closure of the open set B. But U,—U,'/« 
defines a U, = U.(s) on every component B, of B. Since « and U; are 
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defined and continuous on A, and since B is dense on A, it is clear that it is 
possible to define on A a unique continuous U: satisfying (F,), the first of 
the three equations (F). 

On the other hand, (Fs) is true by definition (Section 3). Finally, 
(F,) follows by inserting (F1) and (Fs) into the derivative of Uz = [U U1]. 


5. Let reF* mean that r belongs to the subclass F* of the class F 
which is restricted by the hypothesis that «(s)40 on T. The books of 
analytically-minded authors do not fail to emphasize that the (contiruous) 
torsion, which they define as 1/x«? times the determinant of the first three 
derivatives of X, is left undefined unless «(s) 340 on T and X (s) possesses 
a (continuous) third derivative. The resulting geometrical interpretation of 
the torsion (in terms of the binormal spherical image) is classical, of course. 
The analytical advantages of this geometrical approach were noticed, how- 
ever, only recently, in [2], pp. 770-774. 

It was shown in [4], pp. 243-244, that a TeC” satisfies the C%-assump- 
tion of the traditional treatment if and only if it is a reF* on which 
x(s) > 0, instead of being just continuous, is continuously differentiable, 
a hypothesis which prevents the formulation of important geometrical situa- 
tions, for which T'e F* turns out to be the natural assumption (cf. [4], p. 
246, pp. 247-249 and p. 257). This holds not only for a curve T as such 
but also for classical curves T drawn on the surface, such as asymptotic lines 
and geodesics (cf. [2], pp. 773-774, and [3], pp. 608-610). 

It is clear, however, that not only the traditional presentation (C°) but 
also its geometrical refinement (F*) excludes every straight line T, the 
(otherwise) isolated zeros s of x(s) if Te A, and closed s-sets (which can be 
Cantor sets of positive measure) if SeC*, where A and C” denote the classes 
of curves T' for which the function X(s) is analytic and possesses derivatives 
of arbitrarily higher order, respectively. This leads to the anomalous situation 
that, for instance, such fundamental facts as center around the concept of 
geodesic torsion or the Beltrami-Enneper theorem have never been formulated 
for those points of T at which «(s) = 0. 

This was the reason for replacing the #*-class by the F-class, as intro- 
duced in Section 1. It remains to be shown that the class re F is not too 
inclusive to be useful in disposing of the anomalies referred to before. 


6. Letn be a positive integer and S a (sufficiently small, open, simply 
connected piece of a) surface in the X-space, where X = (2z,y,z). Then an 
SeC is defined by. the property that ŞS has some parametrization 9: 
X = X (u,v) in which all partial derivatives of the function X (u,v) which 
have a (collective) order not exceeding n exist, are continuous, and those of 
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the first’ order are such that their vector product [Xm Xo] does uot vanish at 
any point of the (w,v)-domain under consideration. 

The most immediate use of the concept of a continuous torsion, as defined 
in Section 3, is that the following assertion becomes true without any 
restriction : 


(i) IFT is a geodesic on an SeC?, then TeFf. 


In order to prove (i), let N == N (s) denote the (oriented) unit normal 
vector of § along T. Since Se C* and since T is a geodesic, TeC”. Hence 
U: = X’ has a continuous derivative. The same is true of U, and U;, if the 
latter two vectors are defined to be N and [U,, U2] = [X', N], respectively. 
But the definition of a geodesic T requires the vanishing of [4’, NY- Z along 
T, whilst [X N] - [X', N] vanishes identically (since [X’,N]-[X’,N] =1). 
This means that U,’ is orthogonal to U, as well as to U, and is, therefore, a 
scalar multiple of U.. Hence, (i) follows from the definition of the class 
TeF (Section 1). 

In answering a question I raised some time ago, Professor Hartman 
([1], pp. 724-726) has shown that if D is a direction through P within F, 
where P denotes a point of any SeC? and T the plane tangent to S at P, 
then (P, D) determines a unique geodesic of S. Hence, (i) supplies the 
following result: 


(ii) If SeC?, then every point of 8 and a direction through it (on S) . 


define a unique geodesic torsion, the latter being defined as the torsion 
(at P), supplied by (i), of the geodesic determined by (P,D). 


If TeC’ means that T is an oriented, rectifiable Jordan are for which 
X(s) possesses a continuous first derivative, then a corollary of gi) can be 
formulated as follows: 


(iii) A TeC’ on an SeC? is a line of curvature of 8 tf and only tf 
the geodesic torsion of T vanishes identically (provided that S is free of 
umbilical points). 


In fact, since (ii) assures the existence of a geodesic torsion along T, it 
is only necessary to repeat the considerations of [3], pp. 608-609, in order 
to obtain (iii). 


7. Let SeC*%, Then the Gaussian curvature K and the coefficients of 
the second fundamental form Ldu? + 2Mdudv +- Ndu? (when referred to a 
C3_parametrization X =— X (u,v) of 8) are continuously differentiable func- 
tions of (u,v). Suppose that K is negative on §. Then LN— AM? <0. 
Hence the identical vanishing of the second fundamental form along a curve 
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T of 8 represents for T either of two systems of ordinary differential equations 
and, if either of them is written in'the form du/di = f (u,v), dv/dt = g (u, v), 
then both functions f, g are continuously differentiable and do not contain 
the independent variable, ¢. Hence the solutions u—wu(t), v==v(t) have 
continuous second. derivatives with respect to #. Since an asymptotic line T 
of S is defined by T: X= X (u(t), v(t)), it follows that Te o”. It will be 
shown that eC” can be improved to TeF: | 


(iv) If K <0 on an eC’, then there exists a santomi torsion on 
every asymptotic line T of S; in fact, Te F. In addition, the square of the 
torsion is identical with — K on Ñ. 


First, since SeC® implies that SeC?, it follows from the fact TeC” 
(which could not have been concluded from just SC?) that the unit normal 
N == N (s) to § has a continuous first derivative along T, as does V, = X’(s), 
where Tr: X = X(s). Hence, if U, and U, are defined to be [N, X’] and N, 
respectively, then (U1,U2,U3) is a continuously differentiable orthogonal 
matrix (of determinant +1). But the definition of an asymptotic line T, 
used above, requires the vanishing of X’-N’ along T, whilst V-N’ vanishes 
identically (since N:-N—1). This means that U; =— N” is orthogonal to U, 
as well as to U, and is, therefore, a scalar multiple of Uz, Hence the assertion 
TeF of (iv) follows from the definition of the Frenet class F (Section 1). 

The remaining assertion of (iv), that concerning the value of —K 
along T (Beltrami-Enneper), can be concluded from the Frenet system (P) s 
belonging to U, =Ñ, in the usual way. Cf. the corresponding remarks in 
[2], p. 773, which deal with (iv) under the (by now superfluous) hypothesis 
that the curvature «(s) does not vanish on the asymptotic line T. Actually, 
the last assertion of (iv) then follows from the first assertion of (iv) with- 
out the assumption x(s) > 0 also, simply for reasons of continuity (in fact, 
if the trivial case «(s)==0 is disregarded, then the zeros $= sy of x(s) are 
cluster points of an open s-set on which «(s) >0). Cf. also (III) in [3], 
p. 609. 

It may finally be mentioned that, in view of [5], pp. 858-859, the 
assumption, SeC*, in (iv) appears to be necessary and sufficient in order 
that an SeC? of negative K be such as to possess a C?-parametrization 8: 
X = X (u,v) in which the parameter lines. u == const., v = Const. are asymp- 
totic lines of 8. 


8. If TeC” means that T: X ==X(s) is a rectifiable Jordan are for 
which the vector function X(s) possesses a continuous third derivative, then 
the following criterion (*) holds: 

} 


9 
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(*) ATeFisaTeO” tf and only if its curvature «x(s) is continuously 
differentiable. 


This is a generalization of a criterion in [4], pp. 248-244, where (*) 
was proved under the hypothesis x(s) 540 (that is, under the assumption 
that Te F is strengthened to Te ¥* in the sense of Section 5). It is, however, 
clear from the proof (loc. cit.) and from the definition of the Frenet class F 
(Section 1) that the first of the assertions of (*), the assertion in which the 
continuous differentiability of x(s) is the assumption, holds also if Te F* is 
relaxed to Tef’. 

In order to prove the second assertion of (*), suppose that TeC’” and 
let A and B= B, + B:+- -- be defined as in Section 4. Then U, =X 
has a continuous second, hence «2==X".X” a continuous first, derivative 
on A. Actually, «==«(s) 0 itself must have a continuous first derivative 
on A. In order to prove this at an arbitrary point sọ of A, two cases must be 
distinguished, according as so is in B or in A— B. In the first case, the 
assertion is trivial, since x(s.) >0. Let therefore x(so) =0. Then, if (Ff) ` 
is applied at sọ and at a nearby s, it is seen that «(s)U2(s) is identical with 
the difference U,’(s) —U,/(s)). But the ratio of the latter to s— s, tends, 
as S—>S, to a limit, since U,(s) has a second derivative. .Consequently, 
x(s)U2(s)/(s —5,) must tend, as s— 8, to a limit. Since U2(s) > U2(8.) €0, 
this means that x(s)/(s— so) has a limit. In view of «x(s,) == 0, this proves 
the differentiability of «(s) at so and therefore at every point of A. Finally, 
the continuity of the derivative «’(s) follows from the circumstance that, 
since U,” (s) is continuous, the preceding limit process holds uniformly. 

It is clear from Section 2 that (*) can be interpreted as a criterion 
supplying, in terms of the behavior of the curvature, a necessary and sufficient 
condition in order that a T e O” be aTeC”’, provided that T has a continuous 
torsion. In fact, this proviso is contained in (and, when combined with Te C”, 
becomes equivalent to) the hypothesis Te # of (*). 


Appendix. 

With reference to a T: X(s) of class F, let Æ denote either sheet 
(0<ti<o or —o<t< 0) of the ruled surface generated by the binormal 
of F; so that R: X == X(t, s) =tU,(s), where {540 and X = (2,y¥,2). Thus 
X (#,s) is a function of class C* and 

[Ei X] — [Us tUs] —— tr[Us, Ue}, 
by (#;). Hence the unit normal vector, say M == M (t, s), of E exists if r 40. 


In fact, + M is seen to be [U2,U;|==U,. Accordingly, if fe F and r0, 
then R is a surface of class C*. It turns out, however, that R ts a surface 
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of class ©? {even though its “geometrical” parametrization, 8: X = tU, (s), 
cannot in general be of class C°, since U;(s) eC? is surely not true if only 
Ce F, or for that matter Pe C*, is assumed). This can be seen as follows: 

The surface Re C+ has a C?-parametrization in terms of which the unit 
normal M is a function of class C?. Hence, Re C? can be concluded by an 
elementary argument (based on the classical theorem on local implicit func- 
tions) which was repeatedly applied in the writings of Hartman and myself 
(cf., e.g, [8], pp. 368-369, where, incidentally, the issue involved, that of 
the preservation of the C?-character of a surface SeC? under a “ parallel” 
deformation, is very similar to the present construction of the surface # from 
the curve F, where Te F, hence TeC”). Of course, Re C* means that some 
parametrization X == X(u;v) of R is of class C? (with [Xu X] 0). The 
point is that, against expectation, the “geometrical” parametrization, that 
in which (u,v) = (t,s), fails to be such a parametrization in general. 

Needless to say, the ruled surface R is a torse, in the sense of having a 
normal M = M (t,s) which is independent (== +-U,) of the position ¢ on 
any generating line (s= const.) of R. Since ReC*, this implies * that the 
Gaussian curvature K of R vanishes identically; cf. the end of the footnote 
below. The result is therefore as follows: 


(a) If +40 onaTeF (where x40 is not assumed), then the ruled 
surface R=R(T): X=—tU,(s), where 0< |t| <%, is a torse (K=0) 
of class C?. 


* Certain difficulties inherent to Eulers definition of a torse are known sirce 
Lebesgue’s thesis ([2], pp. 319-342). But it may not be necessary to go to such 
extremes as Lebesgue went (continuous but not one-to-one parametrizations) in orcer 
to show that the theory of torses is not as simple as it appears from the texts of 
differential geometry, including the rigor-conscious books. For is it true that if K = 0 
on an SeC’, then a neighborhood of every point of S can be “ruled,” so as to be a 
torse in Euler’s sense also? I can neither prove nor believe this, not even under the 
assumption Sec C° which, in view of the possibility of clustering zeros of H (i.e., of 
“flat” points, where H? = 0 = XK), is hardly stronger than Se CG? (in view of Theorem 
(t), p. 184, of [1], there is no trouble when a torse Se C° is free of flat points, but 
there could be trouble even if there is just one such point). A counterexample, with 
Se C”, would be the first such instance in the differential geometry of surfaces as to 
require the full force of (function-theoretical) analyticity (or at least quasi-analyticity, 
rather than just C™-character). 

The converse infarence, that in which the identical vanishing of the Gaussian 
curvature is the assertion, can be concluded without any calculation (whenever the 
surface is of class C*). In fact, if S is a torse in Euler’s synthetic sense of the term, 
then the normal image of each of the generating lines is a single point. Since the 
C?-character of § suffices to justify the applicability of Fubini’s theorem on product 
measures, it thus becomes clear that the normal image of any subset of S is of measure 
zero on the unit sphere. | 
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This result, (a), has a counterpart, (8), for the case in which the bi- 
normal Ọ, is replaced by the tangent U; of T (but not for the case of the 
remaining U, the principal normal; the hindrance being that equation (F2), 
in contrast to’ (F,) and (Ff), does not contain just one-U on the right). 
The counterpart is as follows: 


(B) If «0 onaTeF (where tO is not assumed), t.e, tf Tei, 
then the ruled surface P—P(T): tU (s), where 0<|t| <2, is a torse 
(K=0) of class C?. | 

In fact, what corresponds to the last formula line when F is replaced 
by P is , 
| [Xe Xe] = [Up tUr] = tk [Ti Ue, 


by (F,). Hence it is clear that (8) follows by a repetition of the proof of (a). 

It will be noted that the proof of (a) or (BY succeeds because the ‘ruled 
surfaces traditionally attached to a Tr: Y=X(s), which are the ruled 
surfaces X(s) + ¢Ui(s), are reduced ‘to tU;(s), i:e., that the base ‘curve, 
instead of being T, is made to be 0. | 
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“THE STRUCTURE OF FACTORS OF AUTOMORPHY.*. 
By B.C. GUNNING. 


One of the principal tools in the study of automorphic functions of one 
and several complex variables is the representation of an automorphic func- 
tion as the quotient of two holomorphic functions whose zeros are, invariant 
under the group of transformations acting, although the functions themselves 
are not invariant; these auxiliary functions, that is, satisfy a relation of the 
form f(T'z) == vr(z)f(z}, where vr(z) are holomorphic and nowhere vanishing 
functions called factors of automorphy. Such auxiliary functions were first 
studied in connection .with elliptic functions in one variable and abelian 
functions in several variables, where they have been called the Jacobi or 
intermediary functions. Their importance in deriving the Riemann condi- 
tions on the period matrix of a multi-torus, in discussing the divisors on a 
multi-torus, and in proving the existence theorems of abelian functioris, has 
long been recognized. Appell was the first to prove, in several variables, that | 
the particular factors of automorphy involved in the Jacobi functions are, in 
a sense, the most general possible factors on the multi-torus [1]. Corre- 
sponding auxiliary functions have been used in other cases also, in connection 
with the Poincaré and Hisenstein series, but, as Bochner has pointed out [3], 
no systematic attempts have been made to give a general classification of 
these factors corresponding to the work of Appell. The present paper contains 
the proofs of some results announced earlier [11] in connection with this 
classification problem, and a discussion of the significance of this classification 
as a generalization of that of the Jacobi functions. 

The method utilized in the proofs is the application of potential theory 
in the form of the theory of harmonic differential forms on Kaehler manifolds ; 
recent investigations of this subject, in connection with analytic manifolds 
and transcendental algebraic geometry, have yielded a wealth of applicable 
results. Although some knowledge of the terminology and notation used in 
the study of complex manifolds is presupposed, the relevant topological and 
differential-zeometric results are collected in the first two sections. It has 
been possible to develop the subject on this foundation without requiring any 
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extensive algebraic or topological background; the presentation given here 
uses this approach for the benefit of those whose interest lies in the function- 
theoretic aspects of the subject. A supplementary section, Section 5, illustrates 
an algebraic development of the classification theorem. 

I would like to express my warmest thanks here to Professor Bochner 
for suggesting this problem to me, and for many valuable discussions on this 
and related topics. 


I. Introductory. 


1. Suppose that D is a simply-connected complex analytic manifold of 
complex dimension n, and that T° is a countable group of analytic nompo: 
morphisms of D onto itself subject to the following restrictions: 


(1.1) Each point zeD lies in a coordinate neighborhood UY such that 
either TU =U or TUN U= for any Ter. 


(1.2) For each pair of points z,,2,¢«D either Tz, = TZ, or there exist 
coordinate neighborhoods U,, U» of 21, 22 respectively such that TU, NTU, = Ø. 
(Here, Tz = | Tz.) 

TeT j 


(1.3) The quotient space D/T, with the quotient topology, is a compact 
space. 


(1.4) There is a Kaehler metric on D which is invariant under the 
action of the group P. 


For any subset W C D let Fiy be the subgroup of T consisting of all 
transformations T for which TW =— W; thus whenever W is a coordinate 
neighborhood, Iw is a properly discontinuous group of analytic homeomor- 
phisms on a bounded affine subdomain. Applying the standard methods of 
the theory of automorphic functions on bounded affine domains to the 
particular coordinate neighborhoods (1.1), one sees that the subgroups T, 
are finite for each z, and that there are arbitrarily small coordinate neighbor- 
hoods of each point which satisfy (1.1); in particular there is a coordinate 
neighborhood U of each point z e D such that for any T eT, either TU N U =Ø 
or TU =U and Tz =z. 

The collection of all points of D left fixed by a transformation T eT 
other than the identity forms a proper analytic subvariety Sr of D. The set 
S= U Sr, 

TeY-I 
which one notes is a T-invariant analytic subvariety of D, is called the 
singular set of D; its image S/T under the canonical projection p:D— D/T 
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is called the singular set of D/T. The mapping p:D—S—D/T—S/T ìs 
then a local homeomorphism, defining the structure of a complex analytic 
manifold on D/T — S/T and exhibiting D—S as a regular covering manifold. 
Select a fixed base point Zoe D— S, and for each T eT select a path ar frcm 
z to Tz, in D—S; the uniquely defined homotopy class of the loop p(ar) 
in D/T— 8/T will be denoted by ¥(T), so that Ņ is the standard isomorphism 
of T onto the fundamental group 7,(D/T—S/T) of D/T— ST based at zo. 
The injection of D/I—8/T into D/T induces a further homomorphism of 
mı(D/T— 8/1) onto 7(D/T), and the composite of this homomorphism 
with % defines a homomorphism y of Tr onto 7,(D/T). One can see that 
the kernel of this homomorphism is the normal subgroup To of T generated 
by all transformations which possess fixed points, so that T/T =7:(D/T) ; 
furthermore, T is contained in the normal subgroup of I generated by all 
transformations which are of finite order. Any homomorphism of T into a 
commutative field therefore vanishes on I, and on all commutators of elements 
of T, so determines a homomorphism on H,(D/T); for the field of real 
numbers in particular, the so-called universal coefficient theorem [7] asserts 
that each such homomorphism corresponds to a one-dimensional cohomology 
class on D/T with real coefficients. 

Suppose that the group I is presented in some fixed manner as the 
factor group of a finitely generated free group H modulo a group of relations 
P, which is also finitely generated. The free generators of H will be denoted 
by ©, tp and their images under the canencial projection homomor- 
phism H—T will be denoted by 7;,---,7, respectively. The subgroup 
[P, H] of H generated by all words of the form s*rtsr for arbitrary reP, 
se H, is called the commutator of P in H; replacing P by H itself, one defines 
correspondingly the commutator subgroup [H,H] of H. Note that [P,H] is 
a normal subgroup of H, hence also of the group PM [H, H] defined as the 
set-theoretic intersection of P and [H, H]. Letting H.(D), H.(D/T) denote 
the singular homology groups of D and D/T, the projection p:D— D/T 
induces a homomorphism p: H2(D) —- H2(D/T) whose image will be denoted 
by S2(D/T). We shall next construct explicitly a useful homomorphism 


(2) ®:PN [H, H]/[P, H] > H.(D/T)/8,(D/2), 
related to a theorem of H. Hopf [13]. 


An element vePM[H,H] is uniquely expressible as a reduced word in 
the free generators of H, say 


v = latot > + tay, 
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where e(r) == 1. Let j(1) be the smallest uteEet for vee 
tagan EO) = tayt; 
let j (2) be the smallest integer distinct from 1 and we suol that 


hag HOD baa EO) etc. 


Thus there is associated to the word v a unique one-to-one mapping j of a . 
subset of the integers 1,: - -,g onto the-compleméntary set. For each r in 
the domain of the mapping j construct an AREY nigua 1- simplex g 
in D—S such that 


ĝo = ats(r) E Pi Tatt 'zo— Tatr g = Pay Mo. 


Introduce also the singular 1-simplex 7 =— Turo, and the singular 
1-chain «*(v) => (o, +7), where the summation is extended over all r 


in the domain of the mapping j. It is clear from the construction that 
0x4 (v) == 0 and that px*(v) = 0, where p: : D> D/T is again, the canonical 
projection. Since D is simply-connected, there is a singular "2-chain xê (v) 
such that ôk? (v) = x (v), and hence dpx?(v) — pôr? (v) =0. Let (v) be the 
coset of the homology class of px? (v) in H: (D/T) /8:(D/T). Two types of 
arbitrary choices were involved in the definition of the elements ẹ (v), namely 
the selections of the o,? and of the «?(v) ; clearly the result is independent of 
these choices, so that ¢ is a well-defined mapping. One sees immediately 
that it is even a homomorphism of PN [H, H] into Hf,(D/T)/82(D/T). 

One can further see that the homomorphism ¢ is actually independent 
of the choice of the auxiliary mapping j, so long as j is one-to- one between 
a subset of the indexing set and its complement, and tatr)" elr) = tate) -eli (r), 
As a first corollary of this independence, one notes that [P, H] lies in the 
kernel ‘of the homomorphism ¢; the induced homomorphism ® on the ‘factor 
group PO[H,H]/[P, H] is the desired homomorphism. | 

In case T has no fixed points, D/T is itself a complex analytic manifcld 
and D is its universal covering manifold. The mapping @ is then an 
isomorphism onto; indeed, as a second corollary of the independence of & 
from the auxiliary mapping 7, one sees that © coincides with. the isomorphism 
established by Hopf. The group 5:(D/T) may also be interpreted in this 
case as the image of the second homotopy group of D/P in the second 
homology group under the canonical mapping. ` i 


2. Some differential-geometric properties of the spaces D and D/T are 
also needed as background for the subsequent discussion. These are all 
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known theorems for manifolds without singularities ; the fact that they remain 
true for manifolds with singularities of the types admitted here in the spaces 
D/Y when T contains transformations with fixed points has been verified in 
detail by W. Baily [2]. For the notation to be-used in the sequel, as well as 
for definitions of the fundariiental concepts involved; see for exariple [10,18]. 
‘By de Rham’s theorems, the cohomology groups of the space D/T with 
complex coefficients are isbmorphie to the d-cdhomology groups of T-invariant 
complex differential forms on the manifold D, wliere d is the exterior differen- 
tiation ‘operator on D. Hodges theorem asserts the existence of a unique 
A-harmonic¢ T-invariant differential form representing each cohomology class. 
Since the manifold D is complex-analytic, the ordinary exterior differentiation 
may be decomposed as the sum of two complex operators, d == é-+ 4. One may 
define a harmonic operator B? associated to the differentiation 3, analogous 
to the Laplace-Beltrami operator A; since D is Kaehler, one even has O = $A. 
Analogs of the’ Hodge theorem may be obtained for the operator O. A crucial 
step in this development is the decomposition ‘theorem: every T-invariant C” 
differential form ¢ of type (p,q) on D which satisfies 46 == 0 maybe written 
in the form == 6y-+ 6, where yis a T-invariant differential form of type 
(p,g—1) and @.is a T-invariant [)-harmonie form of type (p,q), in the 
sense that D0 ==0. From the Kaehler hypothesis, one secures dð = 0. From 
this follows a topological invariance theorem: if b”.is the r-th Betti number 
of the space D/T and n4 is the dimension of. the complex linear ‘space of -T’- 
invariant (-harmonie differential forms of type ( p,q); then br = X, hrs, 


ptarr - 
The T-invariant (J-harmonic terential forms. w.{z) of. type (1,0) .on 


D are called the abelian differentials (of the first kind) on D/T; these may 
be defined equivalently as the T-invariant differential forms of type (1,0) 
which satisfy either dw_z) == 0.or.dwg(z) = 0.. Since. the forms: wal?) are closed, 
it is possible to introduce in addition the abelian integrals walz) = S valé Al 
these may be characterized as the set of all single-valued holomorphic func- 
tions on D satisfying wa(Zz) == Wal2) -+ 40(7), for all T eT, where ag(T) 
are complex constants called the periods of the integral. If {wa(z)} form a 
basis for the complex linear space of abelian differentials on D/T, then since 
the operator © is real on a Kaehler manifold, the conjugate differentials . 
{@a(z)} form a basis for the. complex linear space of []-harmonic differential 
forms of type (0,1); applying the topological invariance theorem, in, the 
case r= 1, there are precisely 4b? linearly independent abelian differentials 
on D/T. Let {Tj} be a set of ‘transformations of T fepresenting the infinite 
cyclic generators of the abelianized group T/[T,P]; from ‘our previous geo- 
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metrical considerations, there are at most bt such elements. These may be 
called a basis for the group T. Setting wej = ôa(T;), the matrix Q = (waj) 
is called the period matrix corresponding to the bases {wa(2)} and {T;}. 
- Since the mapping õa: T —>®a(T) is a homomorphism of I into the additive 
group of complex numbers, it vanishes on elements of finite order and on 
the subgroup [T,T]; hence all the periods ô.(T) of the abelian differential 
wa(z) are integer linear combinations of the basic periods listed in row « 
of the period matrix. Since there can exist no abelian differential with 
purely imaginary periods, one notes that there are precisely b! basic trans- 


formations, and that the b! by D matris (5) is non-singular. 


II. Classification of Factors of Automorphy. 


8. The collection of all holomorphic functions on the complex analytic 
manifold D form an abelian group @(D) under addition. The group T then 
has a natural interpretation as a group of operators on (D), where the 
action of an element Ter on f(z) «@(D) is defined to yield f(Tz). 


Definition. A summand of automorphy for the group T on D is a mapping 
c of T into @(D), the image of an element Ter being denoted by or(z), 
such that ogr(z) —og(Tz) -+-or(z). In algebraic terminology, an equivalent 
restatement of this definition is that a summand of automorphy is a one- 
cocycle of T with coefficient group @ (D) [8]. 


Lemma 1. There exists for any summand of automorphy o a C”? 
function f(z) on D such that 


(3) f (Tz) = f(z) + or(z). 

Proof. Select a finite number of pairs of open coordinate neighborhoods 
V;C V; CU; of D such that the sets p(V;) cover D/T, that for any 7'«T 
either TU;==-U; or TU; N U;= ġ, and that the subgroups T;—Ty, are of 
orders m; <œ. For each j construct a real C” function p;(z) on D such 
that 0 ;(z) S1, that a(z) 90 for z¿U; and that a(z) =1 for ze Vj. 
Then the functions 

m2) = È uj(Tz)/ 2 Daj (T2) 
TeT Tel j 
are T-invariant O” functions on D, p»;(z)—0 whenever z¢ LJ TU; and 
Tel 
>? py(2) = 1. 
j 


The functions ojr(z) == p;(z)orp(z) form a set of O”, although not 
holomorphic, summands of automorphy. Let 
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: —1/m; > ojg (2) for zeU; 
SeT; 


fitz) =) f,(T2) + ojr(T2) | for ze TU; 


0 | otherwise. 


Then f;(z) is clearly C* on D and satisfies f;(Z'z) = f;(2) +-ojr(z). The 
function f(z) =D f;(2) is then the function whose existence was to be 


demonstratad. : 


In general there will not exist a holomorphic function satisfying (8). 
Select any C” function f(z) such that f(7Tz) —f(z) + or(z). Since or(z) 
are holomorphic, dor(z) —0 and ôf (Tz) =@f(z); thus Of (z) is a T-invariant 
@-closed C” differential form of type (0,1). Applying the decomposition 
theorem of Section 2, ðf (z2) —df*(z) + 60(z), where f*(z) is a T-invariant 
C?” function on D, and @c(z) is a T-invariant harmonic differential form 
of type (0,1) on D. The form 6c(z), or the one-dimensional cohomology 
class ĝo it represents, is an obstruction associated to the summand or(z). 
It depends only upon the summand of automorphy o7(z). For if f,(z) is 
another C” function satisfying (3), and @f,(z) = @f,*(z) +60*(z), set 
fo(2) —f(2) —f*(2) — h (2) +f” (2) and 60%(z) —80(z) —Go"(2) 5 then 
fo(Tz) = fo (2) and ðf (z) = 0o? (z2) is harmonic, which implies 80° (z) =0. 
Clearly there will exist a holomorphic function satisfying (3) if and only if 
the obstruction ĝe(z) of the summand o7(z) vanishes; this in turn can be 
achieved by a simple modification of the original summand. 


THEOREM 1. If o ts any summand of automorphy for the group T on 
D, there is a unique homomorphism &4:T— ar of T into the additwe group 
of real numbers for which there will exist a holomorphic function giz) 
satisfying g(Tz) = g(z) tor(z) + 2riar. 


Proof. Replacing the function f(z) considered in the above paragraph 
by f(z) —f*(z) if necessary, one may assume that f(7'z) =f(z) + or(z) 
and that 6o(z) == ðf (z) is a harmonic differential form. Thus 


0 = d8- (2) = 00f (z) = — ðf (z) =— dôf (2), 
so that ðf (z) is a closed, holomorphic differential form of type (1,0). Since 


D is simply-connected, g(z) = fare is a well-defined holomorphic func- 
tion on D for which dg(z) —éf(z). Consequently 
(4) g (T2) =g (2) + or(2) + eat br 


for some complex constants br. 
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The mapping T -> b¢-is clearly a homomorphism of T into the additive 
group of complex numbers, so that bry —0 whenever 7. lies in the commutator 
subgroup of T, or is an élement of finite order. As a result, this homomor- 
phism may be considered as defining a one-dimensional cohomology class bc 
of D/T with complex coefficients. One already has the one-dimensional 
cohomology class ĝo defined by the secondary obstruction of the summand o. 
For any I-cycle a of the space D/T, represented by a singular 1-chain of D 
with boundary TZzo—Zoọ one secures 


dela) = ft = fale) 
=S aeae) 7 
© =f (Lic) —g (Tz) —F (zo) ale) 


. , | ei br = — ri Bo (a) ; 
therefore bo = z Oo. oe ae ' 
The most general holomorphic function satisfying an equation of the 
desired type (4), with perhaps different complex constant terms ar appearing, 
is given by 


gle) =g (e) +All) Ha 


where a and £a are complex constants and {wa(2)} form a, basis for the abelian 
integrals on D/T. Letting {Tj} be a basis for the group T in the sense of 
Section 2 and Q = (was) be the corresponding. period matrix, all of the 
constants ap are expressible as linear combinations, with integer coefficients, 
of the numbers 


? a oe 
ay, br, +2 EqWaj. 

a=1 , 
Since the matrix ( 3) is non-singular, values é, may be selected so that ar, 


and hence all ay, are real numbers. Then the function g*(z) is obviously 

unigue up to the additive constant a, while the homomorphism ‘T'— ap is 

completely unique. ‘This, homomorphism defines a one-dimensional coho- 

mology class âs of D/T with real coefficients. Letting 4, be the one-dimen- 

sional cohomology classes of a defined by the abelian differentials wa (Z), 
apt 


eee oF + Dd Edi: | 


2ri 
GESE 
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The remarks made during the course of the preceding proof.have giyen 
a significant further interpretation. to. the homomorphism T'— ap -by. con- 
sidering the one-dimensional cohomology.class do defined by this homomor- 
phism, by way of the isomorphism T/T, = m, (D/T) established in. Section 1. 
. The cohomoloy classes 6, form a subgroup of H*(D/T,C) which may be 
called the subgroup of analytic cohomology classes. . The class, és may then 
be described as the unique real cohomology class in that.coset of the sub- 
group of analytic cohomology classes which contains the obstruction — Oo 
of the summand o. Also of interest is the cohomology class x.(o) == exp oni d dis 
with coefficients in the one-dimensional unitary group. 


4, The collection of all holomorphic, nowhere-vanishing functions on 
the complex manifold D form an abelian group m (D) under multiplication. 
The group T then has a natural. interpretation .as, a group of operators on 
M(D), where the action of an element TeT on -f (2) « ‘m(D) is defined to 
yield f(Tz). . . cud 


Definition. A factor of automorphy for the group T on D is a mapping 
v of T into %(D), the image of an clement T eT being denoted by vr(z), 
such that rsr (z) == vg(T2)vr(z). The set of all factors of automorphy form 
an abelian group under multiplication. 


In algebraic terminology, a factor of ETETE is a one-cocycle of the 
group T with coefficients in the group 7n(D). Two such cocycles or factors 
p and v are cohomologous if there exists a holomorphic; nowhere-vanishing 
function A(z) on D such that h(Tz)/h(z) = ur (2)/ve(2). We shall cevelop 
a classification of these cohomology classes analogous - to that given in Theoram 
1 for the corresponding additive cocycles, or summands of automorphy. It is 
more convenient, and actually more natural, to approach this problem in two 
steps, the first of which consists in the study of a weaker. classification of 
factors of automorphy. For this purpose, one recalls that a character of the 
group is a homomorphism ĉ:T—>cr of T into the multiplicative group of » 
complex numbers of modulus 1, the one-dimensional unitary group. Two 
factors of automorphy p and v are equivalent if there exists a character 
é= {cr} of the group T and a holomorphic non-vanishing function hiz) 
on D such that pr(z) = crup (z2) h (Tz)}/h(z). 

For any group H and any abelian group G, let Hom(H; G) be the group 
of all homomorphisms of H into G; for any | subgroups H, CH and G, C G, 
let Hom (H,, H; G, G) be the subgroup of Hom (H; ; G@:) consisting of all 
elements which can be extended to homomorphisms of H into G. As in 
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Section 1, the group T is assumed presented in some manner as the quotient 
of a finitely generated free group H modulo a group of relations P; the free 
generators of H are %,,---,¢,, and their images in T are Ti," +, Tp 
respectively. | 

If v is any factor of automorphy, select a branch of the logarithm 
c: (2) ==logvy,(z) for each free generator t; After this selection has been 
made, a unique holomorphic function o;(z) can be associated to each te H by 
requiring that og(2) =o,(7'2) +o:(z). For every teH, vp(z) = expa:(z); 
consequently whenever teP 


(5) (2) = sor (z) 


is an integer. Furthermore for s, fe P, ¢(st) a(s) —o(t), while for teP 
and veH, (vtr) = ,[o.(TV 2) + o:(V%z) —o,.(V"z)]=—<c(t);_ this 
therefore defines an element ¢e Hom(P/[P,H];Z), where Z is the additive 
group of integers. If o*;,==logvr,(z) are defined by selecting different 
branches of the logarithms, then for any teH, o*,(2) —o:(2) = 2ri m; for 
some integer m,; the mapping m#:t—> m; is a homomorphism of H into the 
additive group Z. That is, for any two homomorphisms o and o* determined 
by the same factor of automorphy, 


(6) o*-~—¢e Hom(P/[P, H],H/[P,H];Z,Z). 


Lemma 2. If H is a finitely generated free group and P is a normal 
subgroup, then there is u canonical isomorphism into 


Hom(P/[P, H]; Z) 


EERE A A Ee 


where Z is the additive group of integers and Q is a group containing the 
additive group of rational numbers. 


Proof. An element oc Hom(P/[P,H];Z) may be considered as a homo- 
morphism of P into Z such that o([P,H]) = 0. Let (oc) be the restriction 
of « to the subgroup PN [H,H] C P; this defines a canonical homomor- 
phism ¢ of Hom(P/[P,H];Z) into Hom(P/N [H,H]/[P,H];Z). Obviously 
Hom(P/[P, H],H/[P,H];Z,@Q) lies in the kernel of ¢. Conversely suppose 
that ¢({o) —0, or what is the same, that o( PN [H,H]) 0; to complete 
the proof it is only necessary to show that ¢ can be extended to a homo- 
morphism of H into Q. Let P be generated by u,,u.,: +--+, and write 


. wma Y BEG ~ a e m F 
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for some .sje [H, H] and integers mj. Values o(u;) are given, and values 
Tr = o (tx) are to be selected in such a manner that. e is a homomorphism 
on H; this simply amounts to solving the system of linear equations 


o (u;) == Mat -FH i + + MipLy 


for some rational numbers sp. If there is a linear dependence among the 
right-hand members of these equations, say a 0 for 1k Sp, and 


some integers n; then 
Thuy ePNM [H, Hl, 


and consequently 2, njo oe =v uj") =0. These equations are thereby 


consistent, and do admit souto. 


Definition. The character class (associated to the presentation T = H/P) 
of a factor of automorphy v is the element 


xı (v) Er $(¢)e Hom (P N LH, H]/[P, H] i2); 


where is any homomorphism of the form (5) and ¢ is the canonical iso- 
morphism of Lemma 2. As a consequence of (6), the character class is 
uniquely determined by the factor of automorphy v alone. If » and vy are 
two factors of automorphy, then x:(uv) = y1(#) + x.(v); thus xı is a homomor- 
phism of the group of factors of automorphy into Hom(P N[H, H]/[P, H] ; Z). 
The extent to which the character class is independent of the presentation 
T = H/P will be discussed in the supervening section, in which the underlying 
algebraic structure will be examined. 


Lemma 3. Two sets of factors of automorphy p and y have the same 
character ciass if and only if there exists a character €= {cr} of the group T 
and a summand of automorphy o such that pr(z) = epvr(z) expor(zZ). 


Proof. Introducing the quotient factor »=<y/v, the factors » and v 
have the same character class if and only if y,(y) =0. Corresponding to 
the presentation T = H/P, select holomorphic functions 7;(z) for each teH 
such that rs (2) ==7,(7z) +7:(2) and that yr(z) = expr;:(z); this may be 
done in the manner in which we defined the character class, for example. Any 
character ĉ= {cr} of the group T can be written in the form cr = exp 271 di, 
where a;—4(t) and 


(T) o âe Hom (P/[P, H], H/[P, H]; Z, @) 
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for Q the additive group of real numbers. Letting o;(z) = ri(2) — rian it 
follows that as ee an ~ Sata | 
po (2) /ve (2) =r (2) = Gr expo (z). 


The functions o;(z) will define a summand of automorphy for a suitable 
choice of â if and only if o;:(z) ==0 for all te P, or what is the same, if ang 
only if é= 0 for the homomorphism: ¢ defined by (5). Since ¢—=7—d, it 
is possible: to select â such that ¢—0 if ard only if 7 belongs to the group 
(7) containing all possible 4; by Lemma 2, this in turn is ‘equivalent -to 
the fact that (#) =x. (q) —0.'" 


THEOREM 2. Two factors. of automor phy are ereun af and only if 
they have the same character class. 


Proof. By Lemma 3, factors » and v have the same character class if 
and only if there is a character ê= {cr} of T and a summand of automorphy 
o such that pr(z) == cpvp(z) exper(z). By Theorem 1, there exists for any 
summand o a holomorphic functién g({z) such that g(Tz) = g(z) + or(z) 
+ 2xtay for some real numbers ar. Letting br —=crexp[—2miar|] and 
h(z)=expg(z), » and v have the same character class if and only if 
pr (2) Bove (z)h (T2) /h(2), which was to be proved. ` 

' The final cohomological classification of factors of automorphy follows 
trivially. From each class of equivalent factors of automorphy select a basie 
element v; any other factor in the same equivalence class can be written in 
-the form pr(2z) == crrr(z) expor(z) for some summand o. The mapping 
T — cp is actually a homomorphism on the abelianized group ™/[T, T]; one 
then sees trivially that cp and o may be modified in such a manner that cp == 1 
except on the torsion elements of T/[r, f]. The homomorphism T — cp is 
then unique, and will be called the torsion class T,(x) of p with respect to v; 
the class. y.(c) = xzp(u) of the summand o may also be considered as an 
invariant associated. to the factor » with respect to v. The three invariants 
xı (r); Dy(m), and xz,» (x) then completely characterize the cohomology classes 
of factors. 


5. The preceding analysis “clearly demonstrated’ that the equivalence 
classification of factors of automiorpliy is an algebraic consequence of Theorem 
1. As a short digression, we shall rephrase the abcve discussion in a more 
abstract setting which emphasizes these formal aspects of the argument. Let 
T be a group, which for the sake of convenience we shall continue to assume 


£ 
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finitely generated, and G@ be its group ring Z(T). Consider the following 
collection of G-modules and G-homomorphisms: -. 


3 . ġġ 
0 —> J — A — M -0 
to t į 
t a}- £ 
k 
0 —> J —> P — E — 0 





The two horizontal rows are exact sequences, the diagram is commutative, 
and iis the identity map. From this one derives the diagram: ) 


: : Soag j* Dd $,* 
=> E (T, J) —> HE (T, A) — E (T, M) —> E (T, J) =>. 
T 


3 : a i 5 ai 
* g” : 4 


k x4 af 8 3 


4 2 
. > H (T, J) — HE (T, P) — E (T, R) — E (T, J) >. - 


The two horizontal rows are again exact sequences, the diagram is commu- 
tative, and ¢* is the identity map. It follows immediately from this diagram 
that whenever «* is an isomorphism onto, then @* is an isomorphism which 
has as image the subgroup 8,*-%*8,*[H+(T,J)]C H*(T, M). That is, if we 
define a homomorphism x:H*(T, M) > H?(T, J)/i*8-* [H1 (T, 2) ] by asso- 
ciating to each me H*(T,M) the coset containing §,*(m), then the image 
of B* is the kernel of y.- Two 1-cocycles u and v of the group T with coelb- - 
cients in M are therefore cohomologous to the image under 8* of a 1-cocycle 
c having coefficients in R if and only if x(a) = x(v) ; the 1-cocycle ¢ is unique 
when it exists. 


Returning to our particular case, set J = Z, A =Q (D), M=M(D), 
P = additive group of real numbers, R= one-dimensional unitary group, 
j and k= injection maps, and ġ and y =— maps: z—>exp2ris. Theorem 1 
states that x* is an isomorphism onto; hence two factors p and v are equiva- 
lent if and only if x(a) = x(v). Applying Lemma 2, one sees’ that 


H? (T, Z) /# ear RT R)] = Hom (P N [H, HJ/{P, H]; Z) 
whenever T is presented as the factor group of a finitely generated Di group 
H modulo a group of relations P, and thus identifies X i this isomorphism 


with the character class. 


10 
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III. The Role of the Character Class. 


6. A relatively automorphic function associated to a factor of auto- 
morphy v is a meromorphic function f(z) on D such that f(Tz) = vp(z)f(z). 
The set of all relatively automorphic functions associated to the factor v 
form a complex linear space (vy). If u is a factor of automorphy cohomol- 
ogous to v, there exists a function A(z) holomorphic and nowhere-vanishing 
on D such that (72) —h(z)pr(z)/vr(z); then whenever f(z) «¥(v), the 
function Ty,f(z) =h(z)f(z)«L(p). The mapping Tur: (v) £(p) so 
defined is an analytic isomorphism; that is, in addition to being an iso- 
morphism of the complex linear spaces, it satisfies the following two conditions: 
(i) Tay preserves the structure of the zeros and poles of the functions involved, 
in the sense that 7,,f(2)/f(z) is holomorphic and nowhere-vanishing, (11) 
Tn» preserves the representation of automorphic functions, in the sense that 
an automorphic function represented as f(z) =fi(2)/fe(2) for f;(z) «¥¢(vi 
is also represented as f(z) = Tysf1(z)/Tarfo(z). Conversely it is clear that 
whenever (p) and (v) are’ non-vacuous and analytically isomorphic, the 
factors » and y are cohomologous. This expresses the function-theoretic signifi- 
cance of the concept of cohomologous factors of automorphy. 

A singular 1-simplex o*t of D is in general position with respect ta a 
function f(z) meromorphic on D if f(z) is finite-valued and non-zero at 
each point of the support of o1; a singular l-chain «* of D is in general 
position with respect to f(z) if each component simplex in «* is in general 
position. The set of all singular 2-chains x? of D whose boundaries are in 
general position with respect to f(z) form an abelian group, and f(z’ 
defines a linear function on this group by a 


Alh Sa FO 


THEOREM 3. Let y, be the character class associated to a presentation 
T= H/P and & be the homomorphism (2). Then for any factor of auto- 
morphy v and associated relatively automorphic function f(z), 


(8) o(f) [© (0) ]— xi (7) [0] 
for every veP N [H, H]. 





. Proof. Reverting to the notation of Section 1, it is clear that to each 
vePN [H, H] we may associate one of the standard singular 2-chains x«?(v} 
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whose boundary x! (v) ==@«?(v) is in general position with respect to f(z); 
the precise meaning of (8) is then 


e(f) Le2(v) =x) o] 


‘whenever «?(v) is in general position with respect to f(z). It follows from 
the definition of «*(v) that 


So COIG =E f df (2)/f (2) 


=— 5 f del Pay] (2)/» [Tan] (2), 
f ort 
where we have written v[T] (z) for ve(z). Introducing functions 


o, (2) == log v[Tan O] (2) 
one secures 


Ja PENEI) = -— 9, [or (Lagi) 0 Haa Taa 2) 


— or (T ag- 8 RES Taai Oz] 


== op (20) = mri yı (v) [o]. . 
Thus 


(9) (AEM ats f AOE xl) [0] 
which was to be proved. 


For an interpretation of this theorem in slightly different terms, let us 
recall that a divisor D on the manifold D is a finite formal sum D = Si m,V;, 
j 


where V; are irreducible (n— 1)-dimensional complex analytic subvarieties 
of D and m; are positive or negative integers. In the open sets Un cf a 
sufficiently fine covering of D, each subvariety V; may be represented as the 
locus of the zeros of a function dj;,(z) which has no multiple factors at any 
point of U; the function d,(z)—J[[da(z)™ is called a minimal local 


equation of the divisor D in Uy. If f(z) is a meromorphic function on D, 
there is a unique divisor ® (f) having f(z) as a minimal local equation at 
each point; D (f) is called the divisor of the function f(z). A divisor D 
with minimal local equations d),(z) is T-invariant if d,(Tz)/d,(z) is holo- 
morphic and non-vanishing in U, N T“U,, for every Ter. Clearly D (f) is . 
T-invariant whenever f(z) is a relatively automorphic function; conversely, 
on those manifolds D with the property that every divisor is the divisor of a 
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global meromorphic function, every T-invariant divisor is the divisor of a 
relatively automorphic function. The manifolds D of this type include the 
manifolds of the particular examples considered in Chapter IV. This 
characterization of relatively automorphic functions also illustrates their role 
in the analytic representation of automorphic functions; for such manifolds 
D, every automorphic function can be represented as the quotient of two 
holomorphic relatively automorphic functions. 


A point on an irreducible analytic subvariety V is called a simple point 
if there are local coordinates 2,,: - *z, centered at the point, in terms of 
which V is locally a plane section Zp =: ' `= Z„==0. The points which 
are not simple lie in a closed subvariety of V which is of still lower dimension, 
and may be called the singular set of V. Thus outside of its singular set, 
V may be given the structure of a complex p-dimensional manifold by intro- 
ducing local coordinates z,,- - -,2, in the appropriate coordinate neighbor- 
hoods; the analytic structure induces a definite orientation on V in the usual 
manner. A (differentiable) singular 2-simplex g? of D is in general positicn 
with respect to a divisor D wee ie if the support of o? meets the point 


set |) V; in finitely many interor points of o°, each of which is a simple 
1 


point lying on but one of the subvarieties V;, and at each of which the simplex 
o° and set V; meet transversally in the sense that their tangent spaces generate 
a full 2n-dimensional space. A singular 2-chain «? is in general. position with 
respect to D if each of its simplices is. The set of all singular 2-chains in 
general position with respect to D form an abelian group, and D defines a 
linear function on this group by introducing the sum of the. intersection 
multiplicities K.I.(D,«?), just as in the definition of the Kronecker index. 
It is clear from the Cauchy residue formula in one variable that whenever D 
is the divisor of a meromorphic function f(z) on D, K. I. (D (P), x?) = c(f) [x]. 
Hence by Theorem 3 it follows that for any f(z) e €(v), 


K.I. (D (f),®(v)) =x (v) [v]. 


Now suppose that T contains no transformations with fixed points. 
For each singular 2-chain «?p on D/T select a 2-chain x? on D such thet 
p(x?) = «ĉr; the fact that this is possible follows from the covering homotopy 
theorem for example. Then Ø (f) defines a linear function on the group 
of all 2-chains «*p of D/I which are in general position with respect to 
e(D(f)) by K. Lp (D (f), xr) = K.I. (D (f), «?), since this is clearly inde- 
pendent of the choice of «2. Let us call this function the 2-cocycle dual to 
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the divisor D(f).. The map & of Section 1 is an isomorphism onto, and 
hence induces an onto isomorphism 


* : Hom(H2(D/T)/8.(D/T) ;Z) > Hom(P N [H, H]/[P, H]; 2). 


‘Since H?(D/T; Z) = Hom (H-(D/T);Z), the character class of any factor 
of automorphy represents a 2-dimensional integral cohomology class of D/T, 
which is aspherical in the sense that it vanishes on every spherical eyele. 
Theorem 3 asserts that the 2-cocycle dual to the divisor of a relatively auto- 
morphic function associated to a factor of automorphy v represents the two- 
dimensional cohomology class defined by the character class of y. Further, 
the divisor of any relatively automorphic function is aspherical in the above 
sense. 


7. We shall continue to assume in this section that the group T contains 
no transformations with fixed points. Thus D/T is itself a complex manifeld, 
and for the divisor ® (f) of any relatively automorphic function f(z) e(r), 
o(D(f)) is a divisor on the manifold D/T. In order to discuss the homo- 
logical properties of divisors further, we shall assume that the divisors 
p(D(f)) = 2, mjp(V;), where the subvarieties V; are given their natural 

3 


orientations, can be expressed as singular cycles of D/T of class Cv (r21). 
This is a considerably weakened form of the strong covering theorem for 
analytic manifolds, which asserts that the manifold D/T can be covered by a 
simplieial complex of class ©” for arbitrary r in such a manner that p(D (f)) 
is a subcomplex. For further discussion of this theorem, .see for example 
15, 16]. . 

lt should be. pointed out here that the 2-cocycle dual to the divisor 
D(f), as defined previously, is just the cocycle dual to the singular cycle 
p(D(f)) in the usual singular sense.. Utilizing the singular form of the 
de Rham representation [12], for any (2n—2)-dimensional cohomology class 
ọ on D/T, represented by a T-invariant differential form (z) on D, 


pD] =Z m f (2), the integration being extended over the C? singular 
og / F} 


cycles p(V;) on D/T. . Further, letting. y,(v) also denote the 2-dimensional 
cohomology class defined by the character class of the factor of automorphy vy 


and dual to D (F), [D] = (dU yi (v))[D/T], where LAE is the funda- 
mental cycle of the manifold D/T. ; 


Lemma 4. Let W be an analytic subvariety of D/T of complex dimension 
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n—1, and 6(z) be:a T-invariant differential form of type (n—1,0) on D 
with non-trivial support. Then 


i-r?) f 6(z) A 8l) > 0. 
W 


Proof. Consider firstly a singular simplex o?"-? of W which is disjoint 
from the singular set of W and contains an open set in the support of (2). 
Then complex coordinates z,,:--,%,, or alternatively the real coordinates 
Li’ © +, Lon With 2; = %2;1-+ 1%2;, can be introduced in an open neighbor- 
hood of o?*-* in D/T in such a manner that W is locally the subvariety z, = 0. 
Writing the differential form 6,(z) as | 


6(z) ei EE A: A dein dzi ACGA dz”, 
j= 


we have 


f O2) A Sle) 
-f EMER (2) Oy ---n-a(%) de Acc: A det Ad A -AA dze, 


L Qn-1j(n-1)(n+1) f lna (z) de A- A do, 
gå 
Thus 


im f ole) A Üle) > e> 0. 


Select a barycentric subdivision of the chain. W which is sufficiently fine 
that the integral of i- (z) A (2) over all simplices of W which meet the 
singular set of W is less than e in absolute value. The assertion of the lemma 
follows immediately. 

We shall now derive from this lemma a property of the character class 
of factors of automorphy which admit holomorphic relatively automorphic 
functions, generalizing a well-known theorem of Frobenius on complex tori. 
[9]. A factor of automorphy v is called posttive'if it admits an associated 
relatively automorphic function f(z) which is holomorphic on D. Let {6,} 
be a basis for the subgroup of all complex-valued cohomology classes of 
dimension n— 1 on D/T which can be represented in the sense of de Rham 
by differential forms {4,(2)} of type (n—1,0), and {8,} be the complex 
conjugate classes represented by the differential forms {6,(z) }. 


Turorem 4, Letting v be a positive factor of automorphy with character — 
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class yı (v) considered as a 2-cocycle of D/T, and [D/T] be the fundamental 
cycle of the manifold D/F, the matrix l 


iG- ( (xi (v) U ba U 8g) LD/T]) af 


is positive Hermitian. (T is assumed to contain no transformations with 
fixed points.) 


Proof. Let fíz)e£(v) be a holomorphic relatively automorphic func- 
tion associated to the factor v, and D (f) =X m;V; be its divisor; then since 
j 


f(z) is holomorphic, m; > 0 for all j. For any arbitrary complex constants 
{é}, not all of which are zero, 6(z) = Déa0a(z) will be a T-invariant 


differential form of type (n—1,0) on D which represents the cohomology 
class $ é,6,. Now on the one hand by Lemma 4, 


Sim, Í, 6(2) A A(z) > 0. 
kj 
On the other hand 


-nnm . i] 
zi m; f, 20^ G(z) 
=E Dims (bale) A Bl) 
¥; 


j a8 


= D ip(a U BLD (P) 
= J ito (x ()U Ba U dp) [D/P 
This demonstrates the theorem. 


8. The method of Section 6 yields a criterion for determining which 
elements of Hom (P N [H,H]/[P, H]; Z) arise as possible character classes: 
of factors of automorphy. If g(z) is any C” function on the manifold D' 
for which @0g(z) is a T-invariant differential form, associate to g(z) the 
element ye Hom(P N [H,H]/[P,H];C*) defined by 


xo(0) = f g0). 


Here C* is the additive group of complex numbers and x?(v) is one of the 
standard 2-cycles representing the image @(v) of the homomorphism © of 
Section 1; the element y,(v) is clearly well-defined. 
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Turorem 5. If g(z) is a O” function on D such that 30g(z) is T- 
invariant and x, ts integral-valued, then some multiple of yg 1s the character 
class of a factor of automorphy; conversely the character class of any factor 
of automorphy can be so represented. 


Proof. To demonstrate the converse first, note that in the proof of 
Theorem 3 the second equality in (9) remains true when df(z)/f(z) is 
replaced by any closed differential form p(z) of degree 1 which is well-defined 
in a neighborhood of «xt (v) and satisfies ¢(7z) —¢{z) + dlogyr(z) im that 
neighborhood. Applying Lemma 1, select a C” function g(z) which is real- 
valued and satisfies g(T'z) == g(z) + 4,log|vr(z)|?, where the real values of 
the logarithm are selected; then @g(Tz) = 49 (2) + xy dlogyp(z). Then by 
(9) and Stokes’ theorem, 


le)Lol— f age) = f PO = x0(v) 


‘for every veP N [H, H]. 

If d@g(z) is a T-invariant differential form on D, then for any trans- 
formation Ter consider the form 6,{z) —@9({Tz) —ég(z). Since 007 (2) 
== ĝôg (Tz) —ĝðg (2) =0, Or(z) are closed, holomorphic differential forms, 
and it follows from their definition that Ogr(z) —63(Tz) + 6s(z). For each 


g 
free generator ¢; of H select an indefinite integral o, (2) = f Or, (é), and 


extend the functions so constructed to a collection indexed by all teH and 
satisfying cst (2) =o3(T'z) +-o;(z). Whenever reP, o(r) ==o,(z) is a con- 
stant, and for all seH, (srs?) =c(1). It is again clear from (9) that 
(v) =y,(v) for all vePN [H, H]. Thus if ¢(r) eZ for all reP, then 
yy(z) == exp o;(z) defines a factor of automorphy with character class y:(v) = xg- 
Even when (r) are not always integers, it is still true by hypothesis that 
&(v) = y,(v) Z for all veP N [H, H]. Moreover, applying Lemma 2 after 
replacing H by P and P by PM [H,H], there is a homomorphism g of P 
into the additive group of rational numbers such that @(v) =<a(v) for all 
veP[H,H]. Let m be the least common multiple of the denominators of the 
rational numbers ĉ(r;) for some finite set of free generators 7; of P, and let 
r(t) == ma(r) —ma(r) for reP. By Lemma 2 again, 7(r) may be extended 
to a homomorphism of H into the rationals, which we shall also denote by 7. 
The functions 7;(z) == mo;(z)-—7(¢) have the same values as mo;(z) when- 
ever tePN [H, H], and 7:(z)«Z whenever teP. Thus vp(z).—=expr;(z) 
defines a factor of automorphy with the character class.y.(v) = Myg. 
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We shall call a group I integral if every form x, itself represents the 
character class of. a factor of automorphy. . The examples to be considered 
in Chapter 4 will clearly be seen to be integral. -It should be noted.here that, 
upon applying the decomposition theorems for the operators @ and.@ in the 
obvious manner, 00g(z) = (z).+00h(z) where ¥(z) is a harmonic differ- 
ential form and h(z) is a T-invariant C” function on D. - Therefore for the 
purposes of Theorem -5 it is sufficient to consider only those functions g(z) 
for which 9@g(z) is a harmonic differential form. 

Now assuming that the group T contains no transformations with fixed 
points, the differential forms (z) = ĝðg (z) of Theorem 5 represent in the 
de Rham sense the character class yi(v) considered as a 2-cocycle of D/T. 
Theorem 4 may be expressed more. analytically in terms of this differential 
form. 


COROLLARY to Theorem 4. If 6(z) = 2 pie (z) dei A dz is a differential 


form repr esenting the character class x (r). of a positive factor of automorphy, 
then the Hermitian matris (—idjz(z)) ts positive definite in the mean on 


harmonic forms, in the following sense: for any non-trivial closed differential 
form 


O(z) == 3 (—1)40;(z)dat A-- +A di> Adz A+++ A dar, 
j 
if. Zable hleo >0, 


-where dv is the positive volumé element on the manifold D/T. (Tis assumed 
to contain no transformations with fixed pomis, yoo 


Proof. Theorem 4 asserts flint 
in) (ys (v)U 6 U @) [D/P] > > 0, 


where 6 is the cohomology class represented by the differential form @(z). 
However in terms of differential forms. 


Oa (USU 8) EDT] = f. $) A 0C) A e) 
=D S Spr A da, 
l D/P jk 7 ) 
where zy == 1%; + i£ from which the assertion: follows. | 


9. It is perhaps appropriate to discuss at this point the: connection 
between factors of automorphy as considered here and. the related concept of 
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a complex line bundle [14]. If T has no fixed points, then every factor of 
automorphy defines a complex line bundle on the manifold D/T in the obvious 
manner; the presence of fixed points means not only that D/T need not be 
a complex manifold, but also that the line bundle defined may be locally 
multiple-valued. To proceed in the opposite direction, any complex line bundle 
on D/T, when D/T is a complex manifold, induces a complex line bundle 
on D. If D is a Stein manifold, for example [5,6], then all topologically 
trivial line bundles on D are also analytically trivial, and are thus equivalent 
to line bundles induced by factors of automorphy; in particular if H?(D, R} 
== 0 for a Stein manifold D, all line bundles on D/T are equivalent to bundles 
induced by factors of automorphy. 

In the present note, factors of automorphy have been treated on their 
own, without utilizing their relationship to complex line bundles. This method 
has the. advantages that the concepts and constructions can be developed in 
terms of the group T and its action on the manifold D, and that they express 
in a natural manner the global nature and multiplicity at fixed points which 
distinguish factors of automorphy from line bundles. In addition, the forms 
in which factors of automorphy appear, and such results as Theorem 4, are of 
more interest from a function-theoretic point of view than from the point of 
view of line bundles. 


= IV. Examples. 


10. Our first example illustrates a method for constructing non-trivial 
factors of automorphy in fairly general cases. Letting {wg(z)} be a basis for 
the complex linear space of abelian differentials on D/T and {wa(z)} be the 
corresponding abelian integrals, introduce the functions g(z) = X, E.fwa(2)Dp(2) 


for arbitrary complex constants ég. The differential forms 


(10) 08g (2) = — Z éva (2) A Gp (2) 


are obviously T-invariant, so that they define elements 
xo¢ Hom (PN [H, H]/[P, H]; C*) 


as in Section 8. If x, is integral valued for some choice of ég, Theorem 5 
asserts that a multiple of x, represents the character class of a factor of 
automorphy. The proof of Theorem 5 was actually constructive in nature; 
examining that proof, one sees that the factors of automor phy so eae ae 
are given explicitly by - 


(11) vp (z) = exp[ > on) Walz) + r], 


THE STRUCTURE OF FACTORS OF AUTOMORPHY. 379 


or by integral powers of these functions if necessary; the ér are suitably 
chosen complex constants and wg(T) are the periods of the abelian integrals 
we(z). Factors of automorphy of the form (11) may be called generalized . 
theta factors, and the associated relatively automorphic functions generalized 
theta functions [18]. 

It is perhaps of some interest to examine the classical theta functions 
[19,20] from this point of view. For this purpose, let D be the entire 
n-dimensional complex affine space and T be a group of translations generated 
by the translations along 2n real linearly independent vectors in D. The 
abelian differentials are then simply the differential forms dz", a—1,---,n, 
and the periods of the associated abelian integrals corresponding to a trans- 
formation T eT are the components of the vector representing the translation 
T. A differential form ¢— > dag (z)d2* A dz is harmonic and T-invariant 

a, Ë 


if and only if the coefficients ¢,g(z) are harmonic, T-invariant functions on D, 
hence constants; that is to say, all harmonic T-invariant differential forms 
of type (1,1) are of the form (10). Therefore all factors of automorphy 
are equivalent to factors (11), which in this case have the even simpler form 


(12) va (2) —expl 3S fasi°(T)e0+ tr]. 


The latter statement was first proved in more than one complex variable by 
Appell [1]. 

The character class has a well-known representation in this case. Letting 
To’ + +, To, be the translations generating the group T, we may write T =H/P 
where H is a free group on corresponding generators t,,: ` -,t, and P is 
the normal subgroup of H generated by the words v;,==1t,t,t;*t,7. Since 
PN [H,H] =P, the group T is certainly integral. The character class x,(v) 
of the facto? (12) is determined by the values 


xı (v) [vz] = zt 2 bal [— wajoge + waxing;]. 
In matrix form Q = (waj) is the period matrix, either in the classical sense 
or in the sense of Section 2, Z= (éag), and Xi(v) = (xi (v)[vj]) is given by 
(18) X, (r) = 5, [ (PHO — NFO]. 
The differential form 2 Safe A dz therefore represents the character class 


of a factor of re if and only if the matrix (13) is integral; further- 
more a group T with period matrix Q will admit a non-trivial factor of auto- 
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morphy if and only if there exists a constant- matrix = such that (13) is 
integral. . 
‘The above is one part of the condition that QOQ be a Riemann matrix. 
If we require that the group T with Q as period matrix admit a positive 
factor of automorphy, we secure, as with Frcbenius [9], the complete condition 
that Q be a Riemann matrix. For, referring to the corollary to Theorem 4 
and considering the closed differential forms #(z) where 6;(z) are- constants, 
we derive immediately that —-t® is a positive definite Hermitian matrix, 
It is in this sense that we may refer to Theorem 4 as a generalization of the 
theorem of Frobenius. The converse implication would be of considerable 
interest, but nothing so strong is yet known. 

The more general factors (11) have also been used previously. P. Myr- 
berg has considered such factors in one complex variable in his studies of the 
analytic representation of automorphic functions [17]. In this connection, 
it will follow in the next section that whenever a factor (11) in one complex 
variable has a non-trivial character class, then all factors of automorphy are 
equivalent to rational multiples of that fector; hence the Myrberg factors 
are equivalent, insofar as representing automorphic functions abstractly, to 
the Poincaré factors which we shall consider next. 


11. If D is a bounded subdomain of the complex affine space and I is 
a properly discontinuous group of analyte homeomorphisms of D onto itself, 
we may introduce the Poincaré factors of automorphy {Jr(z)}, where Jr(z) 
denotes the complex Jacobian determinant of the mapping T. A differential 
form representing the character class of this factor in the sense of Theorem 6 
can be constructed immediately. Considering T as a mapping on a real ĉn- 
dimensional Euclidean space, its real Jacobian determinant is jr(z) = | Jr(z)|?. 
If ds? == 2 gndcide* is a T-invariant real metric on D and g(z) = det(g,(2)), 


then [g(Tz) ]3=—jr(z) [g(z) J#; hence, as in Theorem 5, the desired differ- 
ential form is just | 


(14) (2) = 8 log[g (2) ]? = E Ragdz* A dv, 
a, B f 


where Fag is the complex Ricci curvature tensor. Consequently the necessary 
and sufficient condition that all factors of automorphy be equivalent to 
rational powers of the Poincaré factor is that all T-invariant. differential | 
forms ĝðg(z) with rational periods on the cycles @(v) of Section 1 be 
cohomologous to rational multiples of the compléx Ricci curvature form (18). 
Although this condition is certainly not always fulfilled. for example when D 
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is the Cartesian product of domains D, and Da, and T is the direct product 
ofa group T, on D, and T, on De, nevertheless it is fulfilled trivially in one 
complex variable. Therefore in one complex variable all factors of automorphy 
are equivalent to rational powers of the Poincaré factors Jr(z) = dT'(z) /dz. 
The results in one complex variable can also be obtained directly from 

the known structural properties of the group. We may select a set of free 


generators $,,° °°, Sp, ti): ‘sip U,* * *,%q for H such that P is the normal 
subgroup generated by the words u™,- - +, Ug™*, 
W = Ug’ © US tp Spip" © S1 Ér Shh. 


Then PN [H, H]/[P, H] is the infinite cyclic group generated by the coset of 
w” (u, i)m. . . (ugi) e/m Where m =1.c.m. (m, °°, Mmg). The character 
class is therefore completely determined by its value on the generator of the 
group PM [H,H]/[P,H]|, which may be called the characteristic number. If 
a factor of automorphy y has a non-trivial character class, so that its charac- 
teristic number. M 540, then it follows from Theorem 2 that all factors of 
automorphy are equivalent to the factors yp(z)"/“ for integers m. In par- 
ticular, since it follows from (13) that the Poincaré factors have non-trivial 
character class, all factors are equivalent to the factors (dT(z)/dz)"/™. If 
no fixed points are present, it is well known that M—2p—2, where p is the 
genus of the Riemann surface D/T. 
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RATIONAL EQUIVALENCE OF ARBITRARY CYCLES.* * 


By PIERRE SAMUEL. 


We intend to give a definition and some properties of the notion of 
rational equivalence for cycles of arbitrary dimension on a non singular 
projective variety. That there exists such a theory of rational equivalence 
for arbitrary cycles was demonstrated by the work of F. Severi on the “series 
of equivalence.” In this paper we will not attempt to make explicitly the 
connection with Severi’s theory, but the influence of his work will be easy to 
detect. We will content ourselves to provide the working geometer with a 
certain number of tools. The definition of rational equivalence that we give 
is analogous to the definition of algebraic equivalence given by A. Weil ([6]), 
and the principal results we prove are also valid for algebraic equivalence, 
with trivial modifications in the proofs; it may even be observed that the only 
result in which we use non-elementary methods (i.e. the specialization theorem, 
in the proof of which we use both the degeneration principle and a property 
of the divisors of the second kind) has, in the case of algebraic equivalence, 
an analogue which is trivial. It goes without saying that many proofs have 
been inspired by those in A. Weil’s paper ({6]). I am very grateful to J. I. 
Igusa, G. Washnitzer and O. Zariski for their valuable encouragement and 
their invaluable advice during the preparation of this paper. 


1. Preliminary results. We use the terminology and notations of A. 
Weil ({5]), sometimes modified according to a recent book of ours ([4]). 
As we shall work only with non singular varieties, it will be sufficient, in order 
to prove that the intersection product X-Y of two cycles on a variety V is 
defined, to check that all the components of Supp(X) N Supp(YV) ? have the 
right dimension. We ñrst recall some well known facts, which will be useful 
in the sequel: 


(a) In order to apply the associativity formula to the intersection of, 
let us say, three cycles Y,Y,Z on a variety V, it is sufficient to show that 


* Received September 14, 1955. 

* This work was supported by a research project at Harvard University, sponsored 
by the Office of Ordnance Research, United States Army, under contract DA-19-020-ORD- 
3100. a 


* By Supp(X) we mean the reunion of the components of the cycle X. 
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the intersection product obtained by “associating” ¥, Y, Z in a given order 
are defined. oe m e 


(b) For the projection formula F : prg X = pro( (Y X V)-X) on the 
product of two non singular projective varieties to be valid, it is suficient 
that its right hand side (i.e. (Y X V)-X) be defined. | 


Given a homogeneous cycle X on a variety V, it is convenient to consider 
its codimension, i.e. the integer dim(V) — dim (X) ; we denote it by cody (£), 
or cod(X) when no confusion may arise. Then, if the intersection product 
&-Y of two cycles X,Y on V is defined, we have 


(e) cody(X: Y) —=cody(X) + cody(¥). | 
If W is a subvariety of. V such that X- W is defined, we have 
(d) cody (X W) = cody (X). 


As in [4], Chap. I, §10, No. 3, we do not restrict the notion of rational 
mapping of V into W to those mappings F such that F(V) —W. We identify 
the rational mapping F with its graph in V X W;; the fact that F is a rational 
mapping means that F is a variety, that pry (F) = V, and that the projection 
index of F in V is equal to 1. We recall that, for a rational mapping F 
of V into W to be regular (i.e. regular at every point of V), it is necessary 
and sufficient that the birational correspondence between F and V defined 
by pry be biregular ([4]). It is easily seen that, if F is a rational mapping 
of V into W and if F is a cycle on W such that F*(Y) =prv((V X Y):F) 
is defined, then we have 


(e) cody(F(Y)) —codw(Y) 


(cf. [4], Chap. II, §6, No. 9, e)). It can also be proved, by using the same 
method as in Chap. IT, § 6, No. 9, £), that, if F is a regular mapping of V into 
W, and if Y and Y’ are two cycles on.W such that F(Y), F(Y), Y Y’ 
and F-1(¥-Y¥’) are defined, then F-*(Y)-F(Y¥’) is defined, and we have _ 


(£) F(Y- Y’) =F (Y) F(Y’). 


It may be observed by using (a) that, at least in the case in which V and W 
are non singular, it is sufficient to assume that Y-Y’ and F(Y - Y’) are 
defined, i.e. that (F X Y)-(V X Y’)-F is defined. 


Lemma 1. Let 8, R and V be three non singular projective varieties, Z 
a cycle in V X E and F a regular mapping of S into R. Then the mapping 
F’ of V XS into V XR defined by F’ (v Xs) =v X F(s) is regular. Ifa 
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is a point of S such that Z(F(a)) = pry( (V XF (a)): 2) is defined, then 
the cycles Z' = F’(Z) on V XS and Z'(a) in V are defined, and we have 
Z' (a) == Z(F(a)). 

Proof. The regularity of W is straightforward. As we shall work in 
the quadruple product V X S X V X R, we shall, in order to avoid confusions, 
denote its third factor by V':V X IXV' XR. If we denote by V? the 
diagonal of the product V X V’, the graph of F is FXVAFCERXS, 
VDCYXY’). Our hypothesis that Z(F(a)) = pry ((V X F(a))-4) is 
defined means that (V’ X F(a))-Z is defined (intersection in VX E). We 
first prove that the intersection cycle 


Tm=(VXSXZ):(VXaXV XR) (FXVXV):(SXEBX TV?) 


is defined. Since F is regular, (a X R)-F is defined and equal to a X F(a) ; 
whence the intersection product of the two middle factors of T is defined, 
and is equal to VX aX V’X F(a). We are thus reduced to proving that 


T=(VxXS*Z)-(VxXaexVw XF(a)) (XRX V?) 


is defined. Since (V’ x F(a)):Z is defined and equal to Z(F(a)) x F(a), 
the intersection product of the two first factors in T is defined and ‘equal to 
VxXaxX Z(F(a))x* F(a). We are now reduced to prove that 


T—= (V XaXZ(F(a))X F(a))- (SX BX VP) 
is defined. Since this cycle, in SX RX V X V’, is 

(aX F(a)) X (V? (Y X Z(F(a)))), 
it is obviously defined, and its projection on V is Z(F(a)). 


By the remark (a) above, all the partial intersection cycles in the formula 
for T are defined. In particular the intersection product of the first, third 
and fourth factors is defined; since it is equal to (V X SX Z) (FX V?) 
= (V X8 X Z)- F, this shows that Z’ = F’"1(Z) = pryxs((V X8 X Z2) F’) 
is defined. On the other hand we have, by the projection formula 


prrxs(T) =prrxs(((V X8 XZ) P) (V Xax V XR))=(V Xa) Z. 


This proves that (VX a) - Z’ is defined, whence also Z’ (a) == pry((V X a): Z’). 
We therefore have Z’ (a) = pry(pryxs(T)), whence Z’(a) = pre(T) = Z(F(a)). 


Lemma 2. Let Z* be a subvariety of the product V° X W” of two non 
singular varieties V, W, and let A* be a subvariety of V. Denote by V; the 
set of all points P of V such that dim(ZN (PX W)) Zj. Then V; isa 
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closed subset of V. If A intersects properly all the components of all the 
closed sets V;, then the intersection product Z- (AX W) is defined (whence 
also Z(A) —=ptw(Z: (AX W))). 


Proof. For every integer j such that V; Vj. we denote by ‘A, the 
point set (V;—Vyi)NA. The fact that V; is a closed set follows from [4], 
Chap. I, §8, No. 2, c). Then A; is a finite union of open subvarieties of V, 
and, by hypothesis, each of them has a dimension =a—v-+ dim(V;). Since 
we have dim(Z(P)) ==7 for every P in Vj — Vj, the principle of counting 
constants ([4], Chap. I, § 10, No. 2) shows that the dimension of ZN(4; x W) 
is dim(A;) + 7 whence at most a—v + dim(V;) +7. We see in the same way 
that dim(Z N(V; X. W)) = dim(W,) + 7, whence dim(W,) +7 dim(Z) —z 
since ZN (V;xX W) CZ. It follows that we have dim(ZNM (4; W)) 
<a—v-+z. Since A is the union of the sets A; (which are in finite number), 
Zn (A XW) is the union of the sets ZN (A; W), whence we have the 
inequality dim (Z N (A X W)) Sa—v-+z2=2z-+ (a+ w)— (v+ w). Since 
2+-(a-+w)—(v-+w) is the proper dimension for dim(ZM (4X W)), 
this proves our assertion as V X W is non singular. 


Lemma 3. Let V” be a non singular projective variety imbedded in Py, 
As a subvariety of V, (B;) a finite family of subvarieties of V. Then, for 
almost every linear variety LE” the projecting cone C of A with verter L 
is such that, if we write C- V =A + R, then the residual intersection R 
properly intersects all the varieties B; 


Proof. If dim(B;) +a=n, let By be a generic plane section of B; of 
dimension n—a— 1; then R intersects properly B; if and only if RN B; is 
empty. In other words, replacing B; by B/, we may assume that we have 
dim(B;) +a<n, and have to prove that L may be chosen in such a way 
that R N B; is empty for every 7. Let W; be the reunion of all the straight 
lines joining a point of A and a point of B, (and of all their specializations ; 
if (a) and (b) are affine generic points of A and B; over a common field 
of definition k, and if ¢ is a trancendental element over k(a,b), then 
W; is the locus of (¢a-++ (1—#)bd™) over k). The dimension of W; is 
a+ dim(B;)-+1s:7. Thus almost all linear varieties L0"+ have an 
empty intersection with all the W,’s. For such a linear variety L, and for 
every point (a) of A, the linear variety Z’/*" containing L and (a) has at 
most (a) as common point with B; More precisely, if (b) is a point of 
B,; R, then the linear variety L'e” determined by (b) and L intersects A 
at a point (a) which must coincide with (b), otherwise the line (a) (6) would 
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meet L, in contradiction with the choice of L. Now, since the point (a) = (b) 
is common to A and R, since C- V = A -} R, and since (a) = (b) is a simple 
point of F, the tangent linear variety of V at (a) == (b) must contain the 
projecting linear variety L’; then, since I’ is tangent to V at a point common 
to A and B; it must contain a specialization of the line joining a generic 
point of A to a generic point of B; i.e., a line lying on the variety W;; this 
again contradicts the choice of L. Therefore B; N R is empty. 


2. Definition and characterizations of rational equivalence. 


DEFINITION. Let V” be a non singular projectwe variety. A cycle X" 
on V” is sad to be rationally equivalent to 0 if there exist a non singular 
unirational variety R”, a cycle Z™" on VX RE and two points a and b 
of R™ such that Z(a) —prv(Z:-(V Xa)) and Z(b) are defined and that 
X=Z(a)—Z(b). 


We recall that a variety & is said to be untrational if its absolute function 
field is a subfield of a purely transcendental extension of the universal domain. 
We denote by #,(V) the set of all r-cycles on V which are rationally equiva- 
lent to 0. 

‘THEOREM 1. The set of cycles R,.(V) is a group under addition. 

Proof. Let X and X’ be two elements of ,(V). We write 

AX=Z(a)—Z(b), X’=Z'(a)—Z(b’) 
where a,b (resp. a’,b’) are points of a non singular unirational variety R 
(resp. Æ’), and where Z (resp. Z’) is a cycle on V X E (resp. V XR’). We 
consider, on V X RX R’ the cycle U =Z X R’—R XZ. Since 

U(a Xa) =pry (U: (V XaXa’)) 

= prr ( (Z: (V Xa)) Xg — (Z: (V Xa)) Xa) = Z (a) —Z (a), 
and since, similarly, U (b X b’) =Z (b) — Z (b), we have 
A—X’=U(axXa)—U(b x 0’). 
As R X R’ is a unirational variety, this proves that X — X'e R,(V). 


THEOREM 2. If an r-cycle X on a non singular projective variety V” 
as rationally equivalent to 0 there exist two points a,b of the projective line P, 
and a positive cycle T on VX P, such that T(a) and T(b) are defined and 
that X =T (a) —T(b). | | 
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Proof. We write X =—Z(a)—Z(b), Z, a, b beg as in the definition. 
We first reduce ourselves to the case in which Z is positive. We. write 
Z—=Z+—Z-, where Z* and Z are the positive and- the negative part of Z 
(cf. [4], Chap. I, §9, No. 2, c), and we consider, on R X V X R, the cycle 
U=41*xXh+RXZ. By a simple computation as in Theorem 1, we see 
that } . l : 
U (a Xb) = prr (U: (aX V X b)) =Z (a) +Z (b) 


(these cycles being defined since Z (a) and Z(b) are defined)... Similarly we 
have U (b X a) = 2Z*(b) +2°(a), whence X =U(aX b) —U(b Xa). Since 
RX # is a unirational variety, we have achieved the reduction to the case 
of a positive cycle U. | 


If we now show that any two points of a unirational variety may ‘be 
connected by a rational curve, the proof of Theorem 2 will be complete. In 
fact we shall have a rational mapping F of P, into RX E and two points 
c and d of P, such that F(c) =a b and F(d) ba. Since P, is a non 
. singular ‘curve, the local rings of all its points are valuation rings, and this 
proves that F is regular. Our conclusion then follows from Lemma 1, Section 
1. We are thus reduced to proving the following lemma: 


Lemma 4. Given two points a, b of a unirational variety V, there exists 
a rational curve lying on V and joining a and b. 


Proof of the lemma. The following terminology will be convenient. We 
say that a variety W dominates a variety U at a point u of U if there exists 
a rational mapping F of W onto U and a point w of W such that F is 
regular at w and that F (w) =u; we say that W dominates U if it dominates 
U at every point of U. According to Liiroth’s theorem we may replace V 
by any rational variety which dominates V at g and b. Since there exists a 
rational mapping H of a projective space P, onto V, we first replace V by 
the graph H, and we may thus assume the existence of a birational and 
regular mapping F of V onto Po As a second step we show the existence 
of a birational correspondence T between P,:and another projective space Py 
such that P? dominates V at a, and that P,’ corresponds biregularly tò P, 
at F(b); let a be a point of P,’ having ä as regular image on F. If we 
apply the same result to Pg, the join V’ of V and P,’, a and (b, T>(F(b))) 
instead of P,, V, F(b) and a, we obtain a projective space P which dominates 
V ataand b. Since any two points of a projective space may be joined by a 
straight line, this will prove the lemma. 
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Therefore we need only to show the existence of a birational correspon- 
dencé T between P, and P,/ such that P? dominates V at a and that P,’ 
corresponds biregularly to Py at F(b). We are immediately reduced to the 
affine case, where ayb, F(a), F(b) are at finite distance. Let a.,- > `, tq be the 
coordinates in the affine space Ag, and '(t1,- ` *,%q,%;° °°, 2q) a generic point 
of V over an ina) closed field’ k; the wa 2, are rational func- 
‘tions of 21,° ©, €q over k. We- may assume that the points a and b are 
rational over k; and that F(a) and a are the origins in Ag and Agr- 

We shall apply the classical method of successive quadration transforma- 
tions (analogous results are proved in the work of O. Zariski, by which our 
proof is directly mee We first notice the existence of a discrete valuation 
of rank 1 of k(2,,° ° *,%q) which is zero-dimensional (i.e., sincè k is alge- 
braically closed, the corresponding place ¢ takes its values in i), and which 

admits a as center on V. The existence of such an “analytical arc” is well 
known (see O. Zariski, “Foundations of a general theory of birational corre- 
spondences, » Transactions of the American Mathematical Society, vol. 53 
(1943), pp. 490-542; this statement is proved on pp. 501-502 as case (a) 
in Theorem 5; the method of proof shows that the constructed valuation may 
be assumed to be discrete). The numbers v(2;), v(z;) are then >0. After 
a suitable linear change of coordinates we may assume that F(b) does not 
lie on X,=0, that v (z) is the smallest of the numbers v (z;), and (replacing 
2; by tj—(2;/t)2,) that v(2;) > v(2,) for 72 2. 

The quadratic transformation £, == m’, z= m'g; for 72 is then bi- 
regular at F(b). For. any polynomial D(x) we. have D(x) = (2,/)4D'(2), 
where d is the order of D(x) (i.e. the degree of its lowest degree form), and 
where D’(2’) is a polynomial uniquely determined by D(z). If d is 0, 
we have v(D’(#’)) < o(D(az)) and v(21’) Sv(D(z)). We'say that a finite 
family. of polynomials is adequate if each rational function z; is a power 
product of these polynomials.‘ Lét’''(4,(x);: © -,As(z)) be such a family. 
Then z; considered as a rational function of the variables (2’), is a power prod- 
uct of the polynomials 2,’, Ax (x), and the family (m, Ai’(a’),:- -, A,’ (2’)) 
is adequate (for the variables (2’)). If one at least of the orders v(A,(z)) 
is > u(i); we have the inequality | 


O) max (u(ay"), »(de! (2))) < max(v(4u(2)). 


Since v is a discrete valuation of rank ‘1; we cannot repeat this procedure 
of quadratic transformations an infinite number’ of times and always get an 
inequality of the type (I) between the orders‘ (for v) of the élements of two 
successive adequate families. Therefore we éventually get a system (y1,-~-,¥¢) 
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of independent variables (with v(y;) > 0 for every 7), and an adequate family 
(B,(y)) such that either v(B,(y)) = 0 (in which case B,(y) is a polynomial 
with non-zero constant term), or v(Bu(y)) =v(y.). By a last quadratic 
transformation Yı == Y, Y;= Yy; for 722 (we assume as above that 
u(y) >v(y1)), we get, for the indices u such that v(Bu(y)) =0 (4i); 
Buy) = y/B,/(y’), and B,(y) == B,/(y’) for the others; at any rate all the 
polynomials B,’({y’) have a constant term 540. Hence we can write 
z= (y) O Rily), where Ffy’) is a rational function belonging to the. 
local ring o of the origin in the affine space with coordinates (y). On the 
other hand the elements s; are polynomials in the variables (y’) by con- 
struction. Since the numbers v(2), u(y’) are > 0, we have m(1) > 0 for 
every t. Thus all the elements 2, x; belong to the local ring o. 


THEOREM 8. Let X" be an r-cycle on a non singular projective variety 
V», For X to be rationally equivalent to 0 on V it is necessary and sufficient 
that there exist a Chow variety W of positive r-cycles on V, a rational curve 
C on W and two points a, b of C such that X = c(a) —c(b) (ce(s) denoting 
the cycle corresponding to the Chow point z). 


Proof. We first prove the necessity of our condition. Since X is. 
rationally equivalent to 0, we can write Y¥—Z(c)—Z(d), where Z is a 
positive cycle on V X P,, and where c, d are points of P, (Theorem 2}. 
Let ¢ be a generic point of P, over an algebraically closed field of definition & 
of c, d, V and Z.: Since Z(a) and Z(b) are specializations of Z(t) over & 
([4], Chap. IT, §6, No. 8, a), the Chow points ([4], Chap. I, §9, No. 6) 
belong to a common Chow variety W of positive cycles (and W is defined 
over k; cf. [4], Chap. I, §9, No. 6). Since the Chow point æ of Z(t) is 
rational over k(Z(t)) C k(t), the locus C of x over k is a rational curve- 
by Liiroth’s theorem. Taking for a and b the Chow points of the cycles Z (e) 
and Z(d), we immediately see that a and b lie on C. Thus the necessity is 
proved. , i g 

We now prove the sufficiency. Let. X =—c(a)—c(b), where a and b 
denote two points of a rational curve C lying on a Chow variety W of positive 
cycles on V. Let k be an algebraically closed field of definition-of F, W, C, 
a, b, and let x be a generic point of C over k. The cycle ce(s) is rational 
over some purely inseparable extension K of k(x) ([4], Chap. I, § 9, No. 4, g). 
As k is perfect and as k(x) is a simple transcendental extension of k, say k(t’) 
(the system (t) being reduced to one element), there exists an exponent ¢ 
such that K-—-k(t/?"). Thus K is a simple transcendental extension k(t) 
(t==t?"). Since the cycle ce(s) is rational over k(t), we may consider its 
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locus Z in V X P, over k ([4], Chap. IT, § 6, No. 8, b): prr((¥ X t): Z) = c(2). 
If F denotes the regular mapping of V X P, onto V X C such that F (v X t) 
=z X c(x), the point set Z is the inverse image F(T) of the incidence 
correspondence T attached to the system C of cycles ({4], Chap. I, §10, 
No. 4, b) (as to cycles we have #-*(T) —p!-Z). We denote by c and d 
two points of P, which are mapped into a and b by the restriction of F to P,. 
Since T (a) and T(b) (considered as point sets) have the right dimension 
and are equal, as cycles, to pf-c(a) and pf-c(b), Lemma 1, Section 1 shows 
that the cycles p’-Z(c) and pf-Z(d) are defined and equal to p’-c(a) and, 
pf-c(b), whence X == Z(c)-—Z(d). Therefore the sufficiency is proved since 
P, is a unirational variety. 

We notice that, if a divisor X" on V” is rationally equivalent to 0, then 
a theorem proved in [5] (Chap. VII, No. 2, Th. 5) shows that it is linearly 
equivalent to 0. The converse is obvious. 

We say that two r-cycles Y, X’ on a non singular projective variety V 
are rationally equivalent on V if their difference X — X” is rationally equiva- 
lent to 0 (i.e. if X—X’eM,(V)). Since R-(V) is a groap (Theorem 1), 
this is actually an equivalence relation. Since, in the case of divisors, it 
coincides with linear equivalence, we may denote it by the same symbol, and 
write X ~X. 


3. Some properties of rational equivalence. 


THEOREM 4 (“specialization theorem”). Let X" be an r-cycle on a 
projective non singular variety V, which is rationally equivalent to 0 on V. 
If X’ is a specialization of X over some field of definition k of V, then X 
is rationally equivalent to 0 on Y. 


Proof. Since every specialization over k is the same thing as a specializa- 
tion over the algebraic closure of & followed by a k-automorphism, and since 
everything algebraic is preserved by k-automorphisms, we may assume that k 
is algebraically closed. By Theorem 3 there exists a Chow variety W of 
y-cycles on V, a rational curve C on W, and two points a and b of C such 
that X —ctla)—c(b). We extend the specialization X —> X’ to a k-specializa- 
tion (X, C, a,b) (X, C’, a’, b’). Since W is defined over k and is complete, 
C’ is a 1-cycle on W, and a’, b’ are two points of C. If we show that C” is 
connected and that all its components are rational curves, the ‘proof of 
Theorem 4 will be complete: in fact we have X’==c(a’) —c(b’), and there 
exist rational curves (0,’,- - -;C,’ on W and ‘connecting points di > `, da- 
such that a’,d,eCy’,d,;dseC.’, - +, dns, b’e Cy’; then the cycles c(a’) — eldi), 
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c(d) — c(d2),° © ~, C(dna)— e(d’) are rationally equivalent to 0 by Theorem 
3, whence also their sum X’ by Theorem 1. We are thus reduced to proving: 


LEMMA 5. “If a 1-cycle C’ (in some projective space P,) is a specializa- 
tion over k of a rational curve O, then C’ is connected, and all its components 
are rational curves. 


That cr is connected follows from the degeneration nee ([8]). 
Replacing C by a generic specialization C over k, and denoting by (č) and 
(c’) the Chow points of Ë and.C’, Prop. 7 in App. IT of [5] shows that there 
exists an algebraically closed field K containing k, a set of quantities (x), a 
non singular curve U defined over K and admitting (2,2) as generic point 
over K, and a point («’,c’) of U: in fact we may suppose that (c’) is a non 
generic specialization of (c) (otherwise our assertion is trivial), and the facts 
that we may take K algebraically closed and U non singular (i.e. normal over 
K) follow from the proof of the above quoted Prop. 7. Since Cis irreducible, 
all the coefficients of the components of C are. prime to the characteristic (there 
is only one of them, which is equal to 1), and a result of Chow (ef. [7], 
App., Prop. 6) shows that C is a rational curve over k (c); whence K (a, é) is 
a field of definition of the curve C. Let (y) be a generic point of C over 
K(a,é@). Let § (C PX U) be the surface locus of (y,é,2) over K. Its 
horizontal section (P, <(c’,2’))M S is equal to C’, at least as a point set. 

Since C is a rational curve, K(z,é)(y) is a function field of genus 0 
over K(2,é): Since K is algebraically closed, and since dimg (K (a, ¢)) =1, 
K(a,é) is quasi algebraically closed by a theorem of Tsen. Thus K (z, é) (y) 
is a simple transcendental extension K (e, č) (t) of K(2,2), since a field of 
genus 0 admits a positive rational divisor of degree 2, and since a conic 
over a quasi-algebraically. closed field admits a rational point. In other words 
the surface § is birationally. equivalent to the product Pı X U (this is a well 
known result of Max Noether) : more precisely there exists a birational corre- 
spondence T between S and P, X U such that. T (2,é.y) = (2, é,#). 

We have to prove that every component D of (P,X(¢,#7))N 8 is a 
rational curve. It is clear that every subvariety of P,.x U which corresponds 
to D under T lies on the straight line P, X (z,c). We consider a prime 
divisor v of the function field of S (over K) having D as a center on S. If 
the center of v on PX U is the entire line Pı X (z,c), then the residue 
field R, of the valuation.v is the function field of this line, whence is a purely 
transcendental extension of K (the point .(2’,c’) is rational over K since K 
is algebraically closed, and since it is non-generic specialization of (2, é)). 
Otherwise the center of v on P; XU is a simple point of P, X U (then the 
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prime divisor v is of the second kind on. P, X U), and a result about divisors 
of the second kind on surfaces ([1]) shows that the residue field A, is also 
a purely transcendental extension of K in this case. Since R, is the function 
field of some curve D° corresponding to D in a derived normal model 8° of 8, 
this proves that D° is a rational curve. Since D is a “projection” of D’, 
D is also a rational curve by Liiroth’s theorem., Lemma 5 and Theorem 4 are 
thereby proved. 


THEOREM 5. Let X and Y be two cycles of dimension r and s on a non 
singular projective var aty F". If X~0 and if X-Y is defined, then 
X- Y~0. 


Proof. We write X =Z(a)—2Z(b), where a and b are simple points 
of a rational variety R, and where Z is a cycle on V X R such that Z (a) and 
Z(b) are defined. We first study a particular case: 


LEMMA 6. If Z(a)- Y and Z(b)-Y are defined, then X Y 1s rationally 
equivalent to 0 on V. If, furthermore, Y is a non singular subvarvety of V, 
then X-Y ts rationally equivalent to 0 on Y. 


In fact, if Z(a)-¥—Y¥-prv((V Xa)°Z) is defined, then the set 
(VX a)N Supp(Z)N Supp(¥ X R), which is in biregular correspondence 
with Supp(Y)M Supp(Z(a@)) has the correct dimension, whence (Section 1, 
(a)) (V Xa) Z: (YX R) and Z =Z. (Y X R) are defined. By the pro- 
jection formula we have Z(a): Y =prr((V Xa):Z-(¥ XR)) =2Z'(a), 
whence X == Z’(a)—2’(b), and this proves our first assertion. For the 
second one we consider Z as a cycle on Y XA, and we still have 
Z' (a) = pry((¥ Xa)-Z’). This proves the lemma. 

For completing the proof of Theorem 5, we take a field of definition & 
of all the components of V, R, a, b, X, Y and Z, and we consider Y as a 
specialization over & of a cycle Y such that ¥-Z(a) and Y:Z(b) are defined: 
for example we take a projecting cone C of Y whose vertex is a linear variety 
It generic over k (q: dimension of a projective space in which V» is 
imbedded), a generic projective transform C of C (over &(C)), and set 
¥=C-V-+D, where D is the residual intersection C:-V—Y (Section 1, 
Lemma 3).. Then ¥-X is rationally equivalent to 0 by Lemma 6. Since 
we are in a case where the specialization theorem ([4], Chap. II, §6, No. 7) 
may be applied separately to positive and negative parts of the cycles we 
consider, F- X is a specialization of Ý- X, whence is ~0 on V by Theorem 4. 

We shall prove. later that the second assertion of Lemma 5, is’still true 
even if Z (a); Y and Z(b)-Y are not- defined (X- Y ‘being, of course, defined). 
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COROLLARY 1. The group it,(V) contains the intersection cycles D, + Do- 
- D+ which are defined and such that one of the divisors D; is ~0. 


COROLLARY 2. For an r-cycle X in projectwe space Py to be rationally 
equivalent to 0 in Pr, tt is necessary and sufficient that it be of degree 0. 


In fact we use a theorem of Severi ([4], Chap. II, §6, No. 4) and we 
write X as an intersection XY = D; +> - -- Dar of divisors. If X has degree 0, 
then one of the D’s must have degree 0. by Bezout’s theorem; whence one of 
the Ds is ~0, and also X by Theorem 5. For the converse we write 
X =Z(a)—Z(b), and notice that Z(a) and Z(b) have the same degree. 


COROLLARY 3. A cycle X on V which is a complete intersection (i.e. 
X =V -Y, Y being a cycle in the ambiant projective space P) is rationally 
equivalent to 0 on V if and only if it is of degree 0 (as a cycle in Pa). 


In fact the part “only if” is clear. Conversely, if X has degree 0, then 
Y has also degree 0 by Bezout’s theorem. By Corollary 2 we may write 
Y=D,::---D, where the Dys are divisors in P such that D, is of 
degree 0. Then the X’=D,*+ Datt +++ Ds: V, X” =D + Dots ++ Ds V 
are defined, and since D.=D,+—D- is a representation of D, under the 
form Z(a) —Z(b), the relation ¥ = X’— X” is a representation of X under 
the form Z’(a) —Z’(b). The conclusion follows by Lemma 5. 


THEOREM 6. Let V, W be two non singular projectwe varieties, and X- 
a cycle on V which ts ~0 on V. Then X XK W~0 on VX W. 


Proof. We write X —=Z(a)—2Z(b) (a, b simple points of unirational 
variety BR, Z cycle in V X E). We set Z =Z XW (in VXW XR). Then, 
by the formula on intersections on product varieties ( [4], Chap. II, § 6, No. 5, 
f), Z (a) is defined and equal to Z (a) X W. Thus X X W =Z (a)— Z’ (b). 


COROLLARY. If X ws ~0 on V and if Y is any cycle on W, then 
XX Y~0 on VW. 


Analogous proof by using Z” =Z X Y. Or notice that 
PS Wa YY), 
and use Theorems 6 and 5. | 


THEOREM 7. Let V, W be two non singular projective varieties, and 
let X be a cycle on VXW. If X~0 on VX W, then pry(X) ~0 on V. 
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Proof. We write XY==Z(a)—Z(b) (a, b simple points of unirational 
variety R, Z cycle on VX WX FE). We have 


pry(Z(a)) = pre(prexw(V X W X a): 4) 
== prr(prrxr((V X W X a): Z) = prr((V X a): pryxe(Z)) 


(we apply the projection formula, as recalled in (b), §1). Thus, if we set 
Z' =prV X R(Z), we have prr(X) =Z’(a) —2’(b). 


Tunores 8. Let V and W be two non singular projective varieties, F a 
rational mapping of V into V, and X a cycle on V which is ~0 on V. Then, 
if F(X) is defined, it is ~0 on W. 


Proof. We have F(X) = prw((W X X): F), where (W X £): F is defined. 
Since ¥~ 0, we have W X X—~0 by Theorem 6, whence (W X X)-F~0 
on WXV by Theorem 5. Therefore prw((W XX): F)~0 on W by 
Theorem 7. 


It may be observed that, if Z is any cycle on W X V, and X a cycle 
on V which is ~0 on V, then Z(X) = prw((W X X)-Z) is ~0 on W if it 
is defined. The proof is the same as in Theorem 8. . 


COROLLARY. Let W be a non singular subvariety of a non singular 
projective variety V. If X is a cycle on V which is ~0 on V, and f WX 
is defined, then W- X is ~0 on W. 


In faci, if we denote by i the inclusion mapping of W into V, we have 
WX =i (X). . 


Remark. It is not true that, if Y is'a cycle on W (C V) which is ~0 
on V, then it is ~0 on W: take V = P; Wa quadric, Y the difference of 
two straight lines. of different systems on W. But the converse is true: if Y 
is a cycle on W (C V) which is ~0 on W, then Y is ~0 on the bigger 
variety V. This follows from Theorem 3 and from the fact that a Chow 
variety of positive 7-cycles on W is a subvariety of a Chow variety of r-cycles 
on V; or one may apply the remark following Theorem 8 to i(Y). 

We may use Lemma 5 (about specializations of rational curves) to prove 
a more general result than Theorem 4: 


THEOREM 9. Let Xr be an r-cycle on a non singular projectwe V”, 
and let .(X’,V") be a specialization of (X,V) over some field k, such that 
the cycle V’ is a non singular variety. If ¥-~0 on V, then’ X’~0 on V’. 
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Proof. Itis well know that the relation “ Supp (4A) C Supp(B) ” between 
two cycles A, B may be expressed by a system of equations with- absolutely 
algebraic coefficients in the Chow coordinates of A and B ([2]; or [4], Chap. 
L, §9, No. 7, g where an analogous result is proved). Thus X” is a cycle on V’. 
_ We now use Theorem 3 and write X = c(a) —c(b) where a, b are points of | 
a Chow variety-IV of positive «-cycles on V, such that a and b. can be connected 
by a rational curve C lying on W. .We extend the given specialization to 
(V, X, W,C, a,b) > (V’, X’, W, C’,a’, 0’). By [4], Chap. I, §9, No. 7, h 
every point of Supp(W’) is a specialization of a point of W; thus every point 
of Supp(W’) is the Chow point of some positive r-cycle on V’; whence also 
a’, 6’, and every point of Supp(C’). Since C’ is a connected union of rational 
' eurves (Lemma 5), it follows, as in the proof of Theorem 4, that c(a’) — e(t”) 
is ~0 on V’. .Since the relation X = c¢(a} —c(b) gives, by specialization, 
AX’ == ¢(a’) —c(b’), we have X’~0 on V’, - 


THEOREM 10. Let V" be a non singular variety in projectwe space Py. 
If a cycle X of dimension r is ~ 0 on V, then there exists a function f on V 
and a cycle Y! on V such that X = (f): Y. | E 


Proof. We first prove that X may be written as X ==} (f) Yı We 


write X =Z (a)— Z (b), with ZC V XPa a,be Py. By decomposition of 
the cycle Z in irreducible components, we are reduced to the case in which Z 
is irreducible. Then pry(Z) is an irreducible subvariety W of V, whose 
dimension is r or r-+1. If dim(W) =r, then Z(a)=Z(b) = W, X =), 
and there is nothing to prove. Otherwise Z(a) and Z(b) are divisors on W, 
and, since their Chow-points may be connected by a rational curve of oy 
divisors Z(t),” they are lmearly equivalent cn W. Denoting by H a suitable 
divisor of degree 0 in Pa we thus have , 


X = Z(a) —2(0) — (H> Wye = (H° V) W)y: 


Since. (H. Y p, is the divisor of a function f on F, the first part of the 
proof is complete. 
We may now write X == 2 (fa) - Fitt. where ié Yrs s are distinct sub- 


varieties of V, whence X = ZH Y, where the H,’s are divisors of degree 0 


in P,. Let Pi(x)=0 be ie equation of H, P; (£) ‘Dane the ‘quotient of 

two forms of like degree. We can find forms #’;(a) .of the same degree such 

that F; is 0 on F; but is 0- on Y; for 4347, . Then the divisor H with 

equation F(r) = (È F;(2) o> F(x) P;(@)) =0. has degree 0, and is such 
3 


} 
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that H-.Y;—=H;-Y; for every j: in fact F and F; induce the same function 
on Y;. If f; denotes the function induced by F on. V, we have ` 


FRE) T= E 


We conclude this section by showing that our notion of rational equiva- 
lence coincides with the notion of “linear equivalence of cycles of arbitrary 
dimension” defined by A. Weil in [5], p. 959 (bottom). We use here the 
word “rational” instead of “linear” since it has been used by F. Severi in 

a long series of papers for denoting a notion which is also the same as our 
notion, whereas A. Weil devotes only two lines to the “linear” ee 
of cycles of arbitrary dimension. - 

First it is clear that our groups #,(V) aiy conditions (A), (B), 
(C’), (D), (E) and (L) of Weil. These properties are respectively stated 
in Theorem 6, Cor. to Theorem 8, Theorem 7, Theorem 5, Theorem 7, except 
for (L) which is evident. Thus our TON RV) -contain the corresponding 
groups of Weil. | 7 Be 

Conversely, if a-cycle X on V is rationally equivalent to 0 (in our sense), 
we have X = Z (a) —Z(b) = prr (Z: (V X((a) — (b))), where a and b are 
two points of P, and Z a cycle on V X P;. In the sense of Weil the cycles 
(a) — (b), V X ((a) — (b)), Z- (V X ((a)— (6))) and X are “linearly” 
equivalent to 0” by (L),. a ee and (E) respectively. This proves the 
opposite inclusion. 


4, The ring of rational equivalence classes. 


THEOREM 11. Let V be a non singular projective variety, and let a 
and B be two rational equivalence classes of cycles on V. There exist cycles A 
and Bin « and B such that A-B is defined. And the rational equivalence 
class of A: B depends only on « and B. 


Proof. We choose A and B’ arbitrarily in « and 8. If A-B’ is not 
defined, we consider a common field of definition k of V,A,B’, a generic 
linear variety La (q: dimension of the ambiant projective space) over k, 
the projecting cone C of B’ with vertex L, and a generic projective transform 
Č of C over k(C). We set C- V = B +D, and Č: V == FE. The cycle A-D 
is defined by Lemma 3, §1, and A-F is evidently also defined. We now 
take B = E — D; then A-B is defined. Since the group of projective trans- 
formations is a rational variety, we have C ~@ on La whence C-V~6G- V 
on V (Cor. to Theorem 8). In other words we have B+D~E on y, i e., 
B'~ B. This proves our first assertion. 
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Let now A, A’ be elements of « and B, B’ be elements of B such that 
A-B and A’-B’ are defined. The first’part of the proof shows the existence 
of B” in 8 such that A: B” and A’: B” are defined. Then Theorem 5 shows 
that A: B~ A-B”, that A4-B’ ~ A’- B”, and that A’-B” ~ A’: B’. Whence 
A-B~ A’-B’ by transitivity. Therefore the rational equivalence class of 
A.B does not depend on the choice of A and B in a and £. 


It follows from Theorem 11 that we have defined, on the set €(V) of 
rational equivalence classes of cycles on V, a multiplication. The commu- 
tativity and the associativity of intersection products show that this multipli- 
cation is commutative and associative. We have also, on €(V), an addition, 
defined by the addition of cycles; this addition is distributive with respect to 
the multiplication. The set €,(V) of rational equivalence classes of cycles 
of codimension r is an additive subgroup of €(V), €(V) is the direct sum 
of the €,(V), and, by (c), §1, the product of an element of €,(V) and of 
an element of &,(V) is in ©,,,(V).- In other words €(V), graded by the 
codimension, becomes a graded commutative ring; we call it the ring of 
rational equivalence classes on V. It admits a unit element, the equivalence 
class of V itself. 


It is easily seen that the rational equivalence classes of the cycles which 
are algebraically equivalent to 0 on V form an ideal Min €(V). The factor 
ring €(V)/ is canonically isomorphic to the ring of algebraic equivalence 
classes on V (defined by a method similar to the one used here for rational 
equivalence). 


Examples. 1) If V is the projective space Pp, then the graded ring 
€(V) is isomorphic to Z| X]/(X**"), the coset of X corresponding to the 
class of the hyperplanes (cf. Cor. 2 to Theorem 5). 

2) If V isa quadric in P, €(V) is isomorphic to Z[X, Y]/ (X>, Y°), 
the cosets of X and Y corresponding to the classes of the straight lines on F. 


Given two non singular projective varieties V and W, and a correspon- 
dence Z between V and W (i.e. a cycle on V X W), we are going to define 
an addilwe mapping Z* of €(W) into €(V). In fact, given a rational 
equivalence class œ on W, there exists. a eycle ,A in a such that 


Z(4) =piv((V XA) °Z) 


is defined: in fact the proof of Theorem.11 shows that, given a finite number 
of subvarieties (B;) of W, there exists A in @ such that Æ- B; is defined for 
every 7; thus our assertion follows from Lemma 2, §1. On the other hand, 
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if A and A’ are elements of a such that Z(A) and Z(A’ ) are defined, then 
we have Z(A)-~Z(A’) on V, by the remark following Theorem 8. 

‘The mapping Z* is not a ring homomorphism in general. However, if 
F is a regular mapping of V into W, we may use the formula F(A- B) 
== F1(A)-F*(B) recalled in §1, (f). More precisely, given two rational 
equivalence classes æ and £ on V, we first choose A in œ such that F'*(A) 
is defined (by Lemma 2, §1 this amounts to requiring that A intersects 
properly a finite number of subvarieties W; of W). We have now to choose B 
in 8 in such a way that A-B, F-*(B) and F° (A-B) are defined; this means 
that B must intersect properly all the components of A, all the subvarieties 
W; and all the components of Supp(4)M W; for every 7; this again is a 
requirement of proper intersection with a finite number of subvarieties of F, 
and this requirement may be fulfilled as in: the proof of Theorem 11. There- 
fore the additive mapping F of €(W) into €(V) defined by F~ satisfies 
F* (a: 8) == F*(a)-F*(B) for every a, 8. In other words F* is a khomo- 
morphism of the ring €(W) into €(V), and this homomorphism preserves 
codimensions by § 1 (e), i.e. is a homomorphism G the structures of graded 
rings of €(W) and €(F). 

If U, V, W are three non singular projective varieties, and F: UV 
and G: V ->W are regular mappings, then the composition Go F is a regular. 
mapping of U into W. It follows immediately from [4], Chap. II, § 6, No. 9, ¢ 
that, when they are defined, the cycles #+(G4(A)) and (@oF)-*(A) (A: 
cycle on W) are equal. Consequently we have 


F*(G*(a)) = (Go F)*(a) for every g in €(W). 


In other words the homomorphisms F* are transitive. We can also say that 
Œ is a contravariant functor for the categories of non singular projective 
varieties and of regular mappings. 
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By MAXWELL ROSENLICHT.* 


The subject of algebraic groups has had a rapid development in recent 
years. Leaving aside the late research by many people on the Albanese and 
Picard variety, it has received much substance and impetus from the work of 
Severi on commutative algebraic groups over the complex number field, that 
of Kolchin, Chevalley, and Borel on algebraic groups of matrices, and especially 
Weil’s research on abelian varieties and algebraic transformation spaces. ‘The 
main purpose of the present paper is to give a more or less systematic account 
of a large part of what is now known about general algebraic groups, which 
may be abelian varieties, algebraic groups of matrices, or actually of neither 
of these types. 

The first two parts of our work are devoted largely to extending, by 
very similar methods, the work of Nakano and Weil on the construction of 
transformation spaces, homogeneous spaces, and factor groups. Our third 
part proves the expected homomorphism theorems, the fourth gives a useful 
result on the existence of cross sections, and the last part gives the principal 
structure theorems. | 


The main result of this paper, Theorem 16, was announced by Chevalley 
in 1953, together with a proof whose basic idea was to consider the natural 
homomorphism from a connected algebraic group to its Albanese variety and 
then apply the basic properties of Albanese and Picard varieties. Chevallev’s 
theorem also appears in the recent publications of I. Barsotti (Ann. Mat. 
Pura Appl., vol. 38 (1955) and Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. 
Mat. Nat., ser. 8, vol. 18 (1955)); his papers represent work done approxi- 
mately simultaneously with the author’s and seem to follow a similar method. 
We have made no use of Barsotti’s papers except to appropriate from him 
the statement of the first half of our Proposition 2, which is not needed 
elsewhere. 


An older version of this paper was completed before the author knew 
of the existence of Weil’s recent papers [4], [5]; it contained roughly the 


* Received December 14, 1955. 
* During the final revision of this paper the author was connected with a project 
of the U. S. Air Force. 
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same results we present now, but in much weaker form. The main differences 
with the present. paper are due to the fact that-our original statement. of 
Theorem 1 (which was proved by the method of Weil and Nakano) assumed 
that the group G contained a dense ‘set of rational points. — 

Following N. Bourbaki, a map r: V-—»>W will be called surjective if 
7(V) =—W. Otherwise, the terminology and conventions we employ are for 
the most part those of Weil ([3], [4], [5], [6]). In particular, we follow 
his systematic use in [4] and [5] of the language of the Zariski topology, 
even for bunches of varieties. However we remark one important divergence 
with his usage: in this paper the closed subsets of a variety V` are taken to 
include V itself. | 


The author is indebted to A. Weil, whose advice in the preparation of 
the final manuscript made possible many simplifications and generalizations. © 


1. Algebraic groups as transformation groups. We define an alge- 
braic group to be the union G of a finite number of disjoint algebraic varieties 
{Ga} (called the components of G) together with a group structure on G 
such that for any components Ga, Gg of G, the map g, X g2—> 91927" restricted 
to Ga XG, is an everywhere defined rational map of Ga X Gg into. some 
component Gy of G. A field k is called a field of definition of G if it is a 
field of definition for each component of G and for. all the above rational 
maps Qa x Gg—G,. If G has only one component, we say that @ is 
connected. 


If G is an algebraic group having k as a field of definition, consideration 
of the map g— gg*= e shows that the identity e of G is rational over &. 
It follows that the map g—>g™* is an everywhere defined rational map on each 
component of G, that the map g, X g2-> gigs is an everywhere defined rational 
map on each pair of components of G, and that these two maps are defined 
over k. If G is the component of G that contains e, then GoGo = Go, so Go 
is a connected algebraic group having k as a field of definition. If geG and 
Ga is the component of G that contains g, then erg "Gy, so tga is a 
rational map of G, into Ge. Similarly, y—> gy is a rational map of Ge into 
Gq, and it follows that G, and Ga are biregularly birationally equivalent, with 
Ga=gGo. Similarly Ga = Gog. Thus G, is a normal subgroup of @ and 
each component of G is a coset of Go. Since G is nonsingular, so is any com- 
ponent of G. Finally, if gı, ga € G, we have elgi, ga) = k(g1, 9192) = Elga, 9192). 

Let G be an algebraic group and V a variety. We say that G operates 
regularly on V (in the terminology of Weil, V is a transformation space 


a 
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for G) if for each component Ge of G we are given an everywhere defined 
rational map g x v—+>g(v) of Ga x V—YV such that 


(1) galge(v)) —gage(v) for any. gs, g2e G, ve. 

(2) e(v) =v for any veV...,. ee 
In this case it is clear'that if k is a field of definition for G, V and the 
operation of G on V, and if ge G, ve V, then k(g,g(v)) =k(g,v). °> 

Let G be an algebraic group and V-a variety. We say that G operates 
on V (or that V is a pre-transformation space for G) if for each component Gu 
of G we are given a rational map-g X v—>g(v)-of Ga X V—V such that if 
k is a field of definition for G, V, and each of these rational maps and if 
9:1 X92 Xv is a generic point over k of GX Ss X V (Ga Ge eae any 
components of G) then 


(1) 9.(g2(v)) —giga(2). | 
AR) le ( 91, 91 (2) ).=h(g1,0). 


Consideration of the graphs of the various rational maps Ga X V — V shows 
this definition to be independent of the choice of the field of definition k. 
If G operates regularly on V, then G operates on V. When there is no 
danger of confusion, we shall usually write gv instead of g(v). If 9: (g2v) 
and (g.g2)v are both defined, then they must be eee so we may A 
write 91920. 


LEMMA. Let the algebraic group G operate on the variet y. V and let 
k be a field of definition for G, V, and the operation of Gon V. If abeg, 
and z is a simple point of V such that both bx and a(bx) are defined, then 
(ab)z is defined and equals a(bz).. If v is generic for V over k(a}, then 
av is defined and k(a,av) =k (a,v) ; in particular av is generic for V over 
k(a). If v is generic for V over k, then ev =v. 


.- Let gı, gz be independent generic points over & of the components of G 
that contain a, b respectively, and let v be generic for V over k(gı, g>). Then 
92 is generic over k for the component of G that contains ab and v is 
generic for V over k( Gaga). Let the point y of an affine representative of V 
that contains a(b«) be such that ab Xa Xy is a specialization over k of 
9:92 XV X(gig2)v.° Then aXabXaXy is a specialization over k ‘of 
Ja X 9192 XV X(G9ig2)v. If we extend this latter specialization to a speciali- 
zation over k of gi: X92 X 9:92 Xv X gov XK gi(gov) X (91g2) we get 
axb~xX ab x xX ba X'a(br)X y. Hence y =a(br) is uniquely determined 
by ab and x. It follows that (ab) is defined and equals a(bx). For the rest, 
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we may assume that a is rational over k. If g is generic for a component 
of G over k(v), the same is true of ga, so (ga)v is defined and k(g, (gajr) 
== k(ga, (ga)v) =k(ga,v) =—k(g,v). Thus (ga)v is generic for V over 
k(gi =k(g), so g*((ga)v) is defined and generic for V over k(g); thus 
av is defined and generic for V over k{g). Since k(g, (ga)v) —k(g,v),v is 
rational over k(g,av), hence over k(av); thus k(av)—k(v). Finally, to 
show that ev = v, it suffices to show that e(ev) = ev, and this is known. 


THEOREM 1. Let the algebraic group G operate on the variety V and 
let k be a field of definition for G, V, and the operation of Gon V. Then 
there eatsts a variety V’, birationally equivalent over ic to V, such that the 
operation of G on V’ that is induced by tts operation on V ts regular. 


If G is connected, this is part of the main theorem of [4]. In the 
general case, note that G, operates on FV, so that we may suppose that Ge 
operates regularly on V. Let y1,'° -,y- be a set of points of G that are 
algebraic over & and such that each component of G contains at least one yi 
and let W be a k-closed proper subset of F such that y.v,- - +, ymv are all 
defined whenever ve V — W. If aeG, and ve V—W then a(yw) is defined, 
so (ay:)v is also defined, whence gv is defined for any ge G and ve V—W. 
If ae Go geG, ve ¥—aW, then aww is detined and not on W, so ga(a‘*z) 
is defined, whence gv is defined. Hence gv is defined for all ge G, vg W’ 
==: [),aW, a ranging over all points of Gy. W” is clearly &-closed and aW’ == W” 
for any ae Go. Let W” be the set of all points pe V for which there exists a 
ge G@ such that gp is defined and on W. If pe W” we can choose aeG, 
and t= 1,- - -,r such that (ay;)p is defined and on W’, whence yp is defined 
and on W. Hence W” is a closed proper subset of V which contains W’. 
Since W” is invariant with respect to all k-automorphisms of the universal 
domain, W” is k-closed. If pe V—W” and geG@ then clearly gpg W”. 
Hence the theorem is proved by taking V’ == V — W”. 


The following corollary give a kind of uniqueness result for Theorem 1. 


COROLLARY. Let V,, V be birationally equivalent varieties, let G be an 
algebraic group which operates regularly on both V, and V, in a manner 
consistent with their birational equivalence, and let k be a field of definition 
for G, Vi, Vo, the birational equivalence between V, and Va, and the operation 
of Gon V, and Va. Then there exist k-closed vroper subsets F',, Fa of V,, Vo 
respectively such that G operates regularly on both V,—F, and V,—F, and 
such that the burational correspondence between V,—F, and V.—fF,. ts 
biregular. 
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For there exist k-closed proper subsets Wi, Wa of Vi, V, respectively 
such that the birational correspondence between Fı— W, and V.—W, is 
biregular (for example, cf. [1, §2, Lemma 1]) and it suffices to set 

F=f} gW Fe = (| g We. 
geG | geG 

As an example of the corollary, if our Vi, Vz are homogeneous spaces 
with respect to G (i.e., @ operates regularly and transitively on V, and Fa); 
then F, and F, are o 

Let V, W be varieties and r: V — W a rational map. If k T a field of 
definition for V, W, r and v is a generic point of V over k, we say that 7 is 
generically surjective if rv is generic for W over k, that r is separable if k (v) 
is separably generated over k(rv), and that r is purely inseparable if k(v) 
is a purely inseparable algebraic extension of k(rv). Consideration of the 
graph of r on V X W shows these definitions to be independent of the field of 
definition k. 


In the following discussion leading up to Theorem 2, @ will denote an 
algebraic group that operates on the variety V and k will denote a field of 
definition for G, V, and the operation of Gon V. If ge G and f is a rational 
function on V we define another rational function àf on V by the rule 
Af (p) =Tlgp). Since AgAg, = Agia the map g—>A, is a homomorphism 
of G into the group of automorphisms of the function field on V that leave 
constant functions fixed. If ge Gand K is an extension field of k over which 
g is rational, then A, defines an automorphism of the field K(V) of all rational 
functions on V that are defined over K, for if v is any generic point of V over 
K, then K(V) is naturally isomorphic to K (v) and we have K (gv) =K (v0). 

If f is a rational function on V, we say that f is invariant if A,f = f for 
all geG. Thus all constant functions on V are invariant. If F is any 
rational function on F, the set of all ge Œ such that àF = F clearly forms 
a closed subset of G, so to prove that F is invariant it suffices to prove that 
àF =F for each point g in a dense subset of G. If Fiek(V) and there 
exist generic points g:,° *`,9gn» of the various components of @ over k such 
that àg, F = F for each i, then F is invariant, for in this case A,/¥ =F for 
any g that is generic for a component of G@ over k and the set of such g’s is 
dense in G. | 


~ 


We now show that if K is an extension field of k and F an invariant 
function in K(V), then F is a rational function with coefficients in K of 
invariant functions in k(V). To do this, it suffices to assume K afinite 
extension of k and hence that K’is either a.finite algebraic extension of k or 
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a simple.transcendental extension of &. -In the former case, let @1,- -.-, a, be 
a basis for the vector space K over b and.write F == a,f,+---- -F arf, where 
each fjek(V).. If g is generic for a component of G over K we have 


G1 (fı Afi) He + Or (fr Agfr) = 0, 


whence, by the linear disjointness over k of K and k(g)(V), fi—Afi—O 
for each 2, proving that each f; is invariant. Finally, let K = k(t), where t is 
transcendental over k, and write . . 


F= (Sfat)/( Diet), 


where each fa hie k(V), with.at least one of the fès or hps a nonzero constant, 
and where the polynomials Ð fiti and $ hut are relatively prime in the ring 
k(V)[t]. Let g be a generic point over k of a component of G such that t is 
transcendental over k{g). Then X f:t? and > hitt are relatively prime in the 
ring k(g)(V)[t]. “Since 


(D fiti) (È Aghti) = (D hitt) (DS Afiti) 


> fit? divides SA,fit*, whence there exists cek(g)(V) such that $ Asfi’ 
=c E fiti and E Aghti =c E hitt. One of the fps or hs being a nonzero 
constant, we have c= 1. Hence each fọ h; is invariant, proving the con- 
tention of this paragraph. | j 

We now give a method for constructing invariant functions on V. Assume 
first that V is a variety in a projective space. Denote by G,-~-,G, the dif- 
ferent components of G, let v be a generic point of V over k, let g; be a generic 
point of G; over k(v), (t==1,: > -,1r), and let T; be the locus over &(v) of 
the point gw. Clearly T; is independent of the choice of g; Given any 
i,j—1,:--+,7, we can find a point ae G that is algebraic over k and suck 
that ga e Gz; then gia is generic for G; over k(v) and T}; is the locus over 
k(v) of (gia)v = gav. T, T; are also the loci of gw, gi(av) respectively 
over k(a,v) =-k(a,av), and since there exists a k(a)-automorphism of the 
universal domain which sends v into av it follows that F; and T; have the 
same dimension and order. Let Fi(v),---,Fyw(v) ek(v) be the ratios of the 


Chow coordinates of the cycle Ty-++----+T,. If g is generic for a com-' 
ponent of G-over k(v,9,,: - -,g-), the loci of gigu, - =, grg w over k(v) 
are clearly I,,---,I, in some order, whence for each v—1,---,N we 


have F (gtv) = F,(v). Considering v to be a variable point of V, we get 
that each F, is an invariant function on V. Now all points of the bunch 
of varieties T,U---UT, except possibly for those lying on a certain bunch 
of subvarieties. of smaller dimension are of the form gv, for a suitable ge G 
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such that gv is defined (cf. [4, Appendix, Props. 8, 10]), It follows that 
if v, Va are generic points of V over k such that F,(v1) = F,(v2) for each v, 
then there exist points gı, gə that are generic for certain components of G 
over k(v,,¥2) such that 9,0: = gee I£ V is not imbedded in a projective 
space we get a similar result by replacing V by a projective model of V 
over ~. 


THEOREM 2. Let the algebraic group G operate on the variety V and 
let k be a field of definition for G, V, and the operation of G on V. Then 
there exists a variety W and a generically surjective rational map r: V -> W, 
both W and + being defined over k, which are characterized to within a 
birational correspondence defined over k by the following properties: r: V —> W 
is generically surjective and separable, and if vı, Va are generic points of V 
over k, then rv, = rv, if and only if there exist gı, ga generic for componenis 
of Q over k(v,, v2) such that g0, = gva. If W’ is any variety birationally 
equivalent to W, +’ the corresponding rational map from V to W, K any 
field of definition for V, W’, and 7’, and if we identify in the natural way 
functions on W! with functions on V, then K(W’) is the subfield of invariant 
functions of K(V). If G is connected, then K(W’) is algebraically closed 
in K(V). | 


Let W be a variety defined over k such that k(W) is k-isomorphic to the. 
subfield of invariant functions of &(V) and let + be the natural rational 
map from V to W. Letting k denote the algebraic closure of k, the field 
k(W) is then the subfield of invariant functions of &(V). Since the points 
of G that are rational over k are dense in G, &(W) is the subfield of (F) 
consisting of all functions left fixed by each automorphism A, of &(V), 
g ranging over the points of G that are rational over & By the first lemma 
‘of Section 3 of [2], (V) is separably generated over k(W); hence 7 is 
separable. In virtue of what has been done above, the first statement of the 
theorem is proved, except for the unicity. part. So let W, and rı: V W, 
have the requisite properties. Then each element of &(W,) is invariant, so 
k(W,) C k(W), and there exists a rational map o: W —> W, defined over & 
such that rı = or. o is one-one for generic points of W over k, so if w is 
generic for V over k, then k(rv) is purely inseparable over. k(7,v). Since 
k(v) is separably generated over k(r,v), we must have k(rv) =k(rw), 
proving the birationality of o and the first part of the theorem. Now let W’, 
7’, and K be as in the theorem. Then each function of K(W’) is an invariant 
function of K(V). We thus have to show that any given invariant function of 
K(V) is a function in K(W’). For this, it suffices to take K finitely generated 
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over the prime field, so that we may form the composed field kK. The 
subfield of invariant functions of kK(V)== K(k(V)) is K(k(W)) =kK(W’). 
Hence the invariant functions of K(V) are kK(K(W’))N K(V). But kE 
and K(V) are linearly disjoint over K, so (e. g., using [1, § 2, Lemma 3]) the 
latter intersection is K(W’). Finally, if Fe K(V) is algebraic over K(W") 
then for any ge G, ÀF is a conjugate of F over K(W’), so the closed subset 
of G consisting of all ge G such that ÀF = F is a subgroup of finite index 
of G. If G is connected, this subgroup must be G itself, whence Fe K(W’). 
This completes the proof. 

If G operates regularly on V, then the orbit of a point pe V is the set 
of all points of the form gp, g ranging over the points of G. In this case 
if vı, va are generic points of V over k, the condition that rv, == tva is simply 
that v, and v, have the same orbit. Whether or not G operates regularly 
on V, we call the variety W, defined to within a birational transformation, 
the variety of G-orbits on V. Strictly speaking, W is a true variety of orbits 
only so far as generic orbits are concerned. 


2. Algebraic subgroups and factor groups. If G is an algebraic 
group and H a subgroup of G, we say that H is an algebraic subgroup of G 
if H is a closed subset of G. In this case, if k is a field of definition for G 
and the various components of H and if hi, hs are independent generic points 
over k of components of H passing through e, then hı, Az are each specialize- 
tions over k of the point hıh e H. Thus H contains only one component H, 
passing through e and any other component of H is a coset of Hy. H is 
therefore an algebraic group. If H is a normal subgroup of G, so is Ho. 

If G is an algebraic group, and Wa, > -,W, are subvarieties of G that 
pass through e, then the subgroup of G that is generated by the points of 
Wi, +, Wp is a connected algebraic subgroup of G; furthermore, this 
algebraic subgroup is defined over any field of definition for G and each W; 
and is complete if each W, is complete. (For the easy proof, cf. [1, Theorem 
6]). For example, any algebraic group G contains a mazimal connected 
complete algebraic subgroup that contains all other connected complete alge- 
braic subgroups of G. Similarly, if G is a connected algebraic group that 
is defined over k and if x, y are independent generic points of G over k then 
the locus W of zyz*y* over k generates a connected algebraic subgroup G” 
. of G, G’ also being defined over k. Since any point of G” can be represented 
as the product of two generic point of G” over k,- since any generic point of 
G@ over k is a product of generic points of W over k, and since any generic 
point of W over k is a commutator of elements of G, we get that the commu- 
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tator subgroup of a connected algebraic group is a connected algebraic sub- 
group having the same field of definition. 

By a rational homomorphism of an algebraic group G, into an algebraic 
group G, we mean a homomorphism of G, into G, which is given on each 
component of G, by an everywhere defined rational map of this component 
into some component of Gz. By a biregular isomorphism of the algebraic 
groups G, and G} we mean an isomorphism which is given by a set of 
biregular birational correspondences between the components of G, and those 
of Gp. 


THEOREM 8. Let Gu, G, be connected algebraic groups defined over k 
and let r be a map of the generic points of G, over k into points of G, that 
satisfies the following conditions: if x and y are any independent generic 
points of G, over k then rx is rational over k(a), (y, ty) ts a specialization 
over k of (x,7v), and +(xy) =7ae-7y. Then r can be extended in one and 
only one way to a homomorphism of G, into Ga, and the extended map t ts 
a rational map, defined over k, that is everywhere defined on Gy. If W ts 
the locus of rx over k, then W is an algebraic subgroup of Ga and r 1s a 
surjectwe homomorphism from G, to W. The kernel H of + ts a k-closed 
normal algebraic subgroup of G, of dimension dim G,—dim W. 


COROLLARY. Two birationally equivalent connected algebraic groups 
whose laws of composition correspond under the birational equivalence are 
biregularly isomorphic. 


~ 


This theorem and its corollary are the same as Theorem 5 and Corollary 
of [1], reproduced here because of their frequent future application. They 
can be extended without any difficulty to algebraic groups that are -not 
connected. For example, if 7 is a rational homomorphism of any algebraic 
group G, into an algebraic group G, then the kernel and image of 7+ are 
algebraic subgroups o: Gi, Ga respectively, and 7G, is defined over any field 
of definition for Gu, Ga, and z. Also, if the algebraic group H is embedded 
birationally and isomorphically in the algebraic group G, then H is a closed 
subset of G. 

A suggestion of Weil is responsible for the following general proposition. 


PROPOSITION 1. Let Vi, Vz be homogeneous spaces with respect to the 
connected algebraic group G and r a rational map from V, to V, such that 
if g, v are independent generic points of G, V: respectively over some field 
of definition for G, V1, Va, the operation of G on V, and Va, and +, then 
t(gv) =g(rv). Then r ts an everywhere defined surjective map from V to 
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VY, and the relation r(gv) =g(rv) holds for all ge G, ve V. If T ts. the 
graph of r on Vi X V: and W, is any subvarvety of V2, then the cycle W, 
— pry,((Vi X Wa) - T) is defined, has dimension (dim V,— dim V, + dim W+), 
the point set |W,| consists precisely of all points of V, that are mapped 
into W, by r, and the. map induced by.r from any component of W, to W, 
as surjective. If r ts separable, then each component of W, has coefficient 
one and the rational map induced by r on each component of W, is also 
separable. | 


Let k be a field of definition for G, Vi, Va, the operation of G on V, and 
V; and r. - Given peV,, choose g generic for G over k(p). Then gp is 
generic for V, over k,.so r(g^p) is defined, and hence also g(r(g"p)). But 
when vy is generic for V, over k(p, g), we have g(r(g1v).) =r(gg7v) =7(v), 
so 7(p) =g(r(g"p)) is defined. Hence r(gv) =g (rv) for all geG, veV,. 
By transitivity, rVı = Və. T consists of precisely all points of the form 
pXtp (peV:), so the restriction of pry, to T is a biregular birational 
correspondence between T and V;. Since V, X Vz is nonsingular, to show 
oe (Vix W.)-T is defined we merely have to show that the eee 

f (VFX W2)NT have dimension 


< (dim V, X W: + dim T — dim F, X Vz) = dim V, — dim V, + dim W.. 


But if this were not true, then for at least one point qe W, we would have 7 
dim (V, X q) N T > dim V,— dim Fz; by transitivity, we would then have 
dim (V1 X q) N T > dim V,— dim F, for all qe V, which is clearly false. 
It follows that (Vı X W.)-7, and hence W;, have the correct dimension, 
that 7*{W.} =| W, |, and that r| Wi] We. Now let C be any component 
of W,; we wish to show that the rational map 7: C— W., is surjective. For 
this purpose, fix a point poe V, and consider the map rı: G-—>V, defined by 
Tıg = gpo. Letting G operate on itself by left translation, if g1,g.eG we 
have 71(9192) = 9192Po = 91(7192), $0 our above results apply to 71: GO F, 
and also to.rrı: GV. If C, is a component of the point set 7,-'{C}, 
then C, is also a component of (zr,)*{W.2}. The restriction of rr, to C, 
must be generically surjective to W., for otherwise the inverse image of a 
certain point of W, would have too large a dimension. Hence if C,’ is 
another component of (77,)*{W2} there exist points ge Co, g'e such that 
771g = 77,9’; furthermore we can suppose that Co’ is the only component of 
(771) Wa} passing through g’. Setting y=g"'9', we get my = ging’ 
== 9 4t119 = TT. Hence 


TTi Coy =C oTT1Y = Corrie == 7710 O> 
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so Coy-C (r11) {We}. Since gle Coy, we have Coy = Cy and rriCo = r111Co. 
Since all components of (rr,)“?{W.} have the same image under rr we get 
oC) = We. © Thus 7C = W.. It remains to prove the last two statements, 
so suppose + separable. . To prove that all the coefficients of W, are one, 
it suffices to prove that all the coefficients of (Vi X.W2)-T are one. Let g 
be a simple point of W,. Then V, X q can be considered as both a Vi xX FV- 
cycle and a V, X W.-cycle, and T intersects V, X q properly on Vix Vz 
Furthermore, the V, X V2-cycle (Vi X W2) - T is also a Vi X We-cycle, inter- 
secting V, X q properly on V, X We. By [3, Theorem 18, p. 214], any com- 
ponent of (Vx q)NT has the same coefficient in the cycle 


{(ViX q) {V1 X Wa): Thnx} yxw 


as in the cycle {(V, X 4): T}rıxve Hence to show that all the coéfficients of 
(V, XW.) -T are one, it suffices to prove that each coefficient of (Vi X g): T 
is one. ‘But each geG@ induces.a biregular birational transformation cn 
Vix Fa by the law g(t. X v2) = gv, X gva and gT =T. Since G is transi- 
tive on Vo, it suffices to show that each coefficient of (V, X mw): :T is one, 
where v is generic for V, over k, k being as above. But v X rv is generic over 
k(rv) for a component of (V, X 7v): T, so by [8, Theorem 11, p. 161] each 
component of (VFX mv): T has coefficient == [&(v):k(rv)],—1. Finally, 
if C is-a component of W,, if the field k is also a field of definition for C 
and W.,.and if p is a generic point of C over k, then p is a generic point 
over k(rp) for a component of pry,((Vi Xrp):T).. Since the. latter cycle 
has coefficients one and is rational over k(rp), it follows that k(p) is separably 
generated over k(rp.). Hence the restriction of + to Č is separable. 

A rational homomorphism from an algebraic group G, to an algebraic 
group Gz is called separable (or purely inseparable) if the rational map of 
_one component of G, into the corresponding component of G, ‘is separable 
(or purely inseparable) ; in this case the same is true for any component of G. 

If H is an algebraic subgroup of the algebraic group G, we shall often 
use the same symbol H to denote the “cycle” on G consisting of the various 
-components of H, each taken with coefficient one. Thus if G is defined over 
k, we say that its algebraic subgroup H is a rational cycle over k if the cycle 
His rational over k, i.e. if the restriction of H to each component of G is 
rational over k; thus H is a rational cycle over k and only if it is &-closed 
and all its aac are defined over a separable algebraic extension of k. 
If H is a rational cycle over k, then (since ee H,) Hy is left fixed by all k- 
automorphisms of the universal domain, so H, is a rational cycle over f, 
and thus H, is defined ‘over k. 
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COROLLARY. If r: GOOG is a surjective separable rational homomor- 
phism from the algebraic group-G to the algebraic group G’, if G, G’, t are 
defined over k, and if H’ is an algebraic subgroup.of G’ that is a rational 
cycle over k, then the algebraic subgroup H of G which is the inverse image 
under + of H’ is also a rational cycle over k. In particular, the kernel of r 
is a rational cycle over k. 


For if Ga is any component of G, H,’ the restriction of H’ to ta, Ha 
the restriction of H to Ga and Ta is the graph of the map r: Garta, 
then we can consider G, to operate on both Ga and rG@q, so 


Ha = pra,((Ga X Ha’) Ta) 
is a rational cycle over k. 


We digress a bit to prove a few facts needed later. First, af the variety 
V is defined over k, then the points of V that are separably algebraic over k 
are dense in V. This well-known result amounts to showing that if (a,--:-, Zn) 
are quantities such that &(a,,---,@,) is separably generated over k and 
F(X) e K[X,,- --,Xn] (K some extension field of k), F(x) 0, then there 
exists a finite k-specialization (@,,° + -,%,) of (%1,° + <, 2a) such that F(z) 40 
and such that &(Z) is separably algebraic over k. Assuming Tı,’ - -,2, to 
be a separating. transcendence basis of kis) over k and replacing k by 
k (£, * *,£r1) we reduce this- to the case where k(x) has transcendence 
degree 1 over k, in which case it is known that there.exists an infinity of 
places of k(x) over k whose residue fields are separable over k. © (Our 
contention can also be deduced immediately from [4, Appendix, Prop. 13]). 
We now claim that if we have the situation described in Prop. 1, with 7 
separable, and if k is a field of definition for G, Vi, Va, the operation of G 
on V, and Vz, and 7, then for any point poe Va there exists a point pre Vy 
such that tp, = pa and k(p,) is separably algebraic over k(p.): For each 
component of the cycle pry,((V: X pz) - T) is defined over a separable alge- 
braic extension of &(p2), so we may use the preceding remark. 


_ LEMMA. Let the algebraic group G operate on the variety V and let k 
be a field of definition for G, V, and the operation of G on V. Then any ` 
algebraic subgroup H of G operates on V, and if H ts a rational cycle over 
k then the variety W of H-orbits on V and the natura? rational map +: V >W 
may both be taken to be defined over k. 


By the lemma to Theorem 1, H operates on V. So let H as a cycle be 
rational over k, and let the overfield k’ of k be a finite separable normal 
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algebraic extension of k over which each component of H is defined. Let 
Gy," +, 4, be a basis for k’ over k and let o,---,0, be the distinct k- 
automorphisms of k’.. Then any H-invariant function in k’(V) is of the 
form X ali, where each Fiek(V). Since H is a rational cycle over k, for 
any j7=1,°--+,n,. Ddio;(%)F, is also an H-invariant function in &’(V). 
Since | o;(x)|540, each F; is H-invariant. By Theorem 2, the lemma is 
proved by taking W to be any variety defined over k such that &(W) is k- 
isomorphic to the subfield of H-invariant functions of k(V), and by letting 7 
be the natural rational map from V to W. 


THEOREM 4. Let G be an algebraic group and H a normal algebraic 
subgroup of G. Then there exists an algebraic group G/H and a surjective 
separable rational homomorphism r: Q—> G/H with kernel H. These prop- 
erties characterize G/H and + to within a biregular isomorphism. Also, — 
if k is-a field of definition of G over which the cycle H is rational, then 
G/H and + may be taken to be defined over k. 


This. is proved by Weil [5, Prop. 2] for the case when @ is connected. 
His proof`can be extended to cover the general case, but for the sake of com- 
pleteness we give a direct proof by a silghtly different method. 

Let G, H, k be as above. We first prove the existence of G/H and v in 
the special case where H C Go. For any component G, cf G, G, operates 
regularly’ on Ga by the rule go X gu gagot. Consider the induced operation 
of H on Ga, and construct the variety Wa of H-orbits on Ga and the natural 
rational map ra from Ca to Wa, Wa and ra being teken (by the lemma) to be 
defined over k. We wish to show first that the other obvious operation of G, 
on Ga, namely go X Ja—> JoJo, induces an operation of Go on We. Let x and 
Ta be independent: generic points over k of G, and Ga respectively, and let 
f (To, Ta) €&(ta(Xota)). Then if h is generic for a component of H over 
k (To Ta) we have ry(totah"1) = Ta (Lota), SO f (Xo, Lah) = f (To, Za). Ima- 
gining T, fixed and T, variable on Ge, f(To Za) becomes an H-invariant 
function on G, that is defined over k (z), whence f (2, Za) € k (ao, Tafa). Thus 
Ta(ToTa) is rational over k(Z£o, Tafa), 80 we write to (rota) = Ta (Tota). if 
To X Yo X Ta is generic for Go X Go X Ga over k, then 


To (Yo (Tata) ) = Lo (Ta (Yofa) ) = Ta (ToYoTa) = LoYo (Tafa). 


Also, since 2"? X Tota is generic for Go X Ga over k, tala = To™ (Ta (Tofa) ) IS 
rational over k (£o, To(Tata)). Thus G, operates on Wa by the law 2o(rata) 
= Ta (Tota), and this operation is defined over k. Wa is a prehomogeneous 
space with respect to Go, since ra(%o%u) is generic for W : over k (Tata), so by 
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the main result of [4] we may, without any loss of generality, assume that 
Wa is a homogeneous space with respect to Ge. Then Proposition 1 shows 
that ra is defined everywhere on G, and TaGa= Wo. If pi, pee Ga and‘, is 
generic for G, over &(p1,p2), we have tapı = Tap: if and only if +9(zop.) 
= Tol ToP2); which is true if and only if top, and ap. have the same H-orbit 
on Qa Le. pp £H. ‘Thus ra is a one-one map from left cosets of H on Aa 
to Wa (Note that in the case G == Go, we have constructed the homogeneous 
left coset space G/H. The normality of H has not yet been used.) Now 
let Ga, Gg be components of G, let Ta, xg be independent generic points over 
k of Ga, Gg respectively, suppose vyvg*e Gy, and let f (Za, o) ek(ry(tatg")). 
Imagining Ta fixed and sg variable on Gp, f becomes an H-invariant function 
in k(2g)(Gg), hence in k(2g)(Wg); i e. fek(ra,7p%g). Similarly, imagining sg 
fixed and x, variable on Ga, f becomes an H-invariant function in k(rgzg)(Ga), 
and hence in k(rgzg) (Wa). Thus fek(raty,7g%8). Therefore ry(Tazg™) is 
rational over k(rg%a,ratg); that is, we have a rational map pag: Wa X We 
— Wy, defined by hyp (Tafa Tgp) =a Ty (atg). Let gat Ga and let za be 
a generic point of Ga over (g,, £a vg). Then the relation 


oar Pap (Taas TAL) = Lo ha,8(%o (Tala), TATE) 
implies 
$a.g (Taga TETE) = To” ba,B (To (Toga) , TBT); 


.SO dag is defined whenever its second argument is generic for Wg over k. 
Thus if gae Ga, gge Ge, and To ie generic for G over k(ga gg), the relation 


PaB (TaJas TJB) = pa p (pao (Taas TT), P8,o (T898; ToL) ) 


shows that ġa, g is defined everywhere on Wa X Wg. This shows that the union 
{Wa} of all the W,’s (which is an abstract group in the obvious manner) is 
actually an algebraic group defined over k, and that the map 7, defined as ra 
on fa is a surjective rational homomorphism from. G to {Wa} having the 
requisite properties. Now drop the condition H CG. Then G,NH is a 
normal algebraic subgroup of G that is a rational cycle over k, so that if we 
first factor out Go N H, we are reduced to proving the existence of G/H and 
r in the special case where Go N H == {e}. Here H consists of a finite number 
of points, each rational over k, so we may take G/H to be a set of disjoint 
replicas of certain components of G, exactly one component being taken from 
eack coset. of G H, with the obvious group law on the set G/H and the 
obvious map r from G to G/H. This ends the proof of the existence of G/H 
and r. l 

For the unicity, note that if tı, ra are surjective separable rational homo- 


wal 
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morphisms with kernel H from G to the algebraic groups Gi, Gz respectively, 
then the unicity part of Theorem 2 (applied to. the operation of Go N H 


== on Go) shows that (Gi). and (G2)> are birationally equivalent. Since their 


group laws correspond under their birational equivalence, (G@,)) and (G2)o 
are birégularly isomorphic. Hence G, and G2, which are naturally pono 
as abstract Bruns are piregulany a ay 


COROLLARY Ñ G/H and + are characterized to within a biregular iso- 
morphism by the following properties: 


(1) + is a surjective rational homomorphism from G to G/H with 
kernel H. ; 


(2) if r isa rational homomorphism of G into an algebraic group @ 


. and the kernel of +’ contains H, then there exists a rational homomorphism o 


of G/H into Œ such that T = or. 


Property (1) is known. For Property (2); 4 there exists a well- defined 
homomorphism e: G/H— @ such that 7’—or and we’need only prove o 
rational. Hence we may take G connected and G’—7’G. If k is a field of 


definition for G, H, G/H, 7, G’, 7’, then &(G’) consists of functions in k(G) 


that are H-invariant, so k(G’) Ck(G/H). Hence ø is rational. Conversely, 
properties (1) and (2) clearly characterize G/H and r to within a biregular | 
isomorphism. 


Examples. If G is an algebraic group then G/{e} and G/G-are bi- 
regularly isomorphic to G and {e} respectively. If G and H are algebraic 
groups then the abstract group G X H is made into an algebraic group by 
identifying it with the union of the various products of components of G by 
components of H, and we have (G&G X H)/H biregularly isomorphic to G. 

If H is any algebraic subgroup (xot necessarily normal) of the connected 
algebraic group G, G/H will denote the G-homogeneous space of left cosets 
of H on G. 


COROLLARY 2. If HIN are diget subgroups of the algebraic group 
G with N normal in G, then the natural isomorphism from H/N into G/N 
is biregular. - 


COROLLARY 3. If G is a connected algebraic group, H a sonnactia 
algebraic subgroup of G, and N an algebraic subgroup of H, then the natural 
map from H/N into G/N is a bireguiar birational correspondence. 


Corollary 2 comes from Corollary 3 by restricting one’s attention to the 
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components of the identity of G and H, so it is necessary to prove only the 
latter. Let +: @— G/N be the natural map. The composite of the injection 
of H into G and r gives a natural everywhere defined rational map from H 
to 7H. Letting N operate on H by the law n(h) =An™, any rational 
function on rH induces an N-invariant function on H, so we have a natural 
raticnal map from H/N to7H. Considering G and G/N to be G-homogeneous 
spaces (with respect to left translation by elements of G), since 7 is separable 
Proposition 1 shows that our map from H to rH is separable. Hence the 
map from H/N to rH is separable. Since the latter map is generically one- 
one, it is birational. Since H/N and rH are both H-homogeneous spaces 
(with respect to left translation by elements of H) this map from H/N to ` 
rH is biregular. 


THEOREM 5. Let G be an algebraic group that operates on the vartety V 
and let H be a normal algebraic subgroup of G. Then G/H operates on the 
variety W of H-orbits on V by the rule gH(Hv) = Hgv and the variety of 
(G/H)-orbits on W is naturally birationally equivalent to the variety of 
G-orbits on V. ' l 


Let 6: G—> G/H, +: V —W be the natural rational maps and let & be 
. a field of definition for G, V, the operation of G on V, G/H, W, 6, and r. 
Let g be generic for a component of G over k, v generic for V over k(g), 
h generic for a component of H over é(g,v). Then r(g(hv)) = 7(ghg>(gv) ) 
= (gv). If we imagine g fixed and v variable we get that r(gv) is H-invariant, 
so r{gv) is rational over k(g,tv). Also, r((gh)v) =r(g(hħv)) =7(gv), so if 
we imagine v fixed, g variable for a component Ga of G and A generic over 
k(v) for a component of Go N H, and if we note that 6G, is the variety of 
(G N H)-orbits on Ga, we get that (gv) is rational over k(@g,7v). Thus 
we have a generically surjective rational map from each variety 6G, X W to W. 
If yı, yz are independent generic points over k of components of G/H and w 
is generic for W over k(yı, Y2), we clearly have y,(y.w) = (y1y2)w. Since 
Tv =7(g"*(gv)) is rational over k(6g,7(gv)), we get k(0g,7(gv)) = k (69, 7v), 
so G/H operates on W. The last statement of the theorem merely says that 
the field of (G/H)-invariant functions on W is the field of G-invariant func- 
tions on V. 


COROLLARY. If k is a field of definition for G, V, the operation of G 
on V, G/H, W, the variety of (G/H)-orbtis on W, the variety of G-orbits 
on V, and for the rational maps of G, V, W, and V respectively on the four 
preceding varieties, then k is a field of definition for the operation of G/H 
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on W and the birational equivalence of the variety of (G/H)-orbits on W 
with the variety of G-orbits on V. 


8. Isogeny and the homomorphism theorems. We say that the con- 
nected algebraic groups G, and G, are isogenous if there exists a connected 
algebraic group Gs and surjective rational homomorphisms with finite kernel 
from G, to G, and G ; if these rational homomorphisms are both separable, 
or both purely inseparable, we say that G, and G, are separably tsogenous or 
inseparably isogenous respectively. Clearly isogenous algebraic groups have 
the same dimension.” | 

If one of two isogenous connected algebraic groups is commutative, then 
so is the other: in one direction this is trivial, in the other we use the 
connectedness of the commutator subgroup of a connected algebraic group. 


THEOREM 6. Isogeny is an equivalence relation among connected alge- 
braic groups. If G and H are isogenous connected algebraic groups then 
there is a one-one correspondence between the connected algebraic subgroups 
of G and those of H such that corresponding subgroups are isogenous, and 
if the connected algebraic subgroups G, and G, of G correspond to the sub- 
groups H, and H, of H, then G, D G, if and only if HDH; if GDG 
then G, is normal in G, tf and only if H, is normal in H., and in this case, 
G,/G: and H,/H, are isogenous. If G, G’, H, H’ are connected algebratc 
groups with G isogenous to H and G’ isogenous to H’, then GX @ is 
isogenous to H X H’. Also, these same results hold if the notion “isogeny” 
is replaced throughout by either “ separable isogeny ” or “inseparable isogeny.” 


We carry through the proof simultaneously for isogeny, separable isogeny, 
and inseparable isogeny. k will always denote a field of definition for all 
. the algebraic groups and rational homomorphisms in question at any time. 
Obviously the relations isogeny, etc., are each retlexive and symmetric. To 
prove transitivity, let cı, oa be surjective rational homomorphisms with finite 


?In [6] two abelian varieties A and B are said to be isogenous if they have the 
same dimension and if there exists a surjective rational homomorphism from A to B. 
This is an equivalence relation for abelian varieties but not for more general groups, 
which aceounts for the necessity of our present definition (clearly an extension of the 
older one). For an example in which the old definition is inadequate, let G, be the 
algebraic group of all n Xx n matrices af determinant 1, where n>l is not a power of 
the fie:d characteristic, and let G, = G,/C, O being the center of G,. C consists of all 
multiples of the unit matrix by n-th roots of unity, hence has finite order >1, while 
Ga is the projective group. Since G, has no proper normal subgroups it possesses no 
surjective homomorphism to G,. 


13 
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kernel from the connected algebraic group G to the algebraic groups Gi, G2 
respectively, and let r2, rz be surjective rational homomorphisms with finite 
kernel from the connected algebraic group G’ to the algebraic groups Ge, Gs 
respectively. Let sX ra’ be the obvious’ surjective homomorphism from 
Gx G’ to GX G and let T be the component of the identity of the inverse 
image under cX r, of the diagonal on Ga X Ga Since o2 X rz has finite 
kernel, T has the same dimension as G.. If pX p’ is a generic point of T 
over-k, then p, p’ are generic over. k for G, G’ respectively, oap —72p’, and 
k(p X p) is algebraic over k(o.p). The maps p X.p’—> p, p Xp — p define 
surjective rational homomorphisms with finite kernel from I to G, G” respec- 
tively, and hence we have surjective rational homomorphisms with finite 
kernel from T to both G, and Ga. In the case of separable (or inseparable) 
isogeny, &(p Xp’) is separable (or purely inseparable) over k(o,p) and hence 
k(p Xp’) is separable (or purely inseparable) over each of the fields k(p) ` 
and k(p’). Thus the relations isogeny, separable. isogeny, and ‘inseparable 
isogeny are equivalence relations. Next let o,r be surjective rational homo- 
morphisms with finite kernel from the connected algebraic group I to the 
algebraic groups G, H respectively. We say that the connected algebraic 
subgroups G,, H, of G, H respectively correspond if there exists a connected 
algebraic subgroup T; of T such that of, == G, and rT, ==H,. Since for any 
connected algebraic subgroup G, ot G there exists one and only one connected 
algebraic subgroup F, of r such that of,==-G, (namely T; = component of 
the identity of o*(G,)), we get the one-one correspondence claimed by the 
theorem, and the corresponding groups Ga, H, are clearly isogenous. In 
the case of separable isogeny we can apply Proposition 1 to the separable 
map o: '—>G; this shows that the.rational homomorphism from. Tr; to G, 
is separable, so corresponding subgroups Gu, H, are separable isogenous. - In 
the case of inseparable isogeny, o and r are isomorphisms, so the homomor- 
phisms from T, to G, and H, are isomorphisms, hence purely inseparable. 
If Gu, Ge correspond to H, Ha, then clearly G, D G, if and only if H, D H.. 
For the statements about normality and factor groups, it suffices to. take 
G,=G, H,—H. Then if G, is normal in G, o1(G2) is normal in T, 80 
the component of the identity of o~t (G) is normal in T, whence H, is normal: 
in H. If T, is a connected normal algebraic subgroup of rand- G, = oT, 
H, =T, then we have surjective rational homomorphisms from T to G/G, 
and H/H,. The kernels of these homomorphisms contain T, so we get 
surjective rational homomorphisms from T/T, to G/G, and H/H,. The 
kernels of these. last two homomorphisms being finite, G/G, and H/H, are 
isogenous. In the case of separable isogeny, all the above homomorphisms 
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are separable, so G/G, and H/H, aré separably isogenous. In the case of 
inseparable isogeny, thie homornorphisms from T/T, to G/G, and H/H, are 
isomorphisms, so G/G. and H/H, are inseparably peopenouss: ` The’ state- 
ment about ‘direct products is imnediate. a 


COROLLARY 1. Tf G and B \are isogenous connected aes. groups 
and if G=G,D GD GD--- is a normal chain of connected algebraic 
subgroups of G, then there exists a normal chain of connected algebraic sub- 
groups of H, say H =H, D H, D H; D+- - such that each G; ts tsogenous 
to H; and each Gi/Giun is tsogenous to H;/Hi,,. The same result holds if 
we replace “isogeny” by either “ separable tsogeny” or “inseparable isogeny,” 


If G, and G, are algebraic groups (not necessarily connected), we say 
that G, and G, are inseparably isogenous if there exists an algebraic group 
G, and surjective rational isomorphisms from G, te G, and G,. This agrees 
with the previous definition in the case of connected algebraic groups. The 
following result is got by trivially modifying the above proofs. 


COROLLARY 2. Theorem 6 and Corollary 1 hold for inseparable isogeny 
of we delete the word “ connected.” 


In characteristic zero inseparable isogeny is the same as biregular iso- 
morphism. In characteristic p40, consider the automorphism © of the 
universal domain defined by Og = z”. Under this automorphism a point in 
affine space with coordinates (a,:--+,@,) will go into the point (a,?,---,a,?), 
a variety V will go into a variety @V, and an algebraic group G will go into 
an inseparably isogenous algebraic group @G. If +r is a surjective rational 
isomorphism from the algebraic group G to the algebraic group @’, then for . 
n sufficiently large the isomorphism @"r* from G’ to "G will be rational. 
Hence if G,, G, are inseparably isogenous algebraic groups the obvious sur- 
jective isomorphism from G, to @*G, will be rational for n sufficiently large. 


Tuxorem 7. If HD WN are algebraic subgroups of the connected alge- 
braic group G with N normal in G, then the natural one-one correspondence 
between the points of G/H and (G/N)/(H/N) is birational and biregular. 
If G ws not necessarily connected but both H and N are normal in G, then 
the natural isomorphism between G/H and (G/N)/(H/N) is biregular. 


The second part of the theorem follows from the first by restricting one’s 
attention to Go GaN H and GOAN. To prove the first part, note first 
that we have a sequence of natural séparable rational maps 


G—G/N—- (G/N)/(H/N), 


maia" 
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so the natural map from G to (G/N)/(H/N) is a separable rational map. 
Bearing in mind that G/H is the variety of H-orbits on G (H operating on 
G by the law h(g) = gh"), and similarly for G/N, H/N, and (G/N) /(H/N), 
we see that any rational function on-(G/N)/(H/N) gives rise to an H/N- 
invariant function on G/N, and thence to an H-invariant function on (. 
Thus there exists a natural generically surjective rational map from G/H 
to (G/N)/(H/N). This last map being separable and generically one-cne, 
it is actually birational. Since both G/H and (G/N)/(H/N) are G- 
homogeneous spaces (G@ operating by left translation}, the birational corre- 
spondence between G/H and (G/N)/(H/N) is biregular. 


Tunorum-8. Let H and N be algebraic subgroups of the algebraic 
group G, with N normal in G. Then HN is an algebraic subgroup of G 
and the natural surjectwe isomorphism from H/ (HNN) to HN/N is 
rational, 


By the comments at the beginning of Section 2, the subgroup H,N, o2 
G is algebraic; hence HN is an algebraic subgroup of GŒ. The natural iso- 
morphism from H into HN is rational, so the homomorphism from H to 
HN/N is rational. The kernel of this homomorphism being H N N, we 
have a rational isomorphism from H/(HN WN) to HN/N. 

If V is a variety and 7: V—W a generically surjective rational map, & 
a field of definition for V, W, and 7, and s a generic point of V over k, the 
order of inseparability of + is [e(z):k(rx)],; this is independent of the 
choice of x and, by [8, Theorem 11, p. 161], independent of the field k. I? 
r is a surjective rational homomorphism from an algebraic group @ to en 
algebraic group G’, by the order of inseparabthity of + we mean the order of 
inseparability of the restriction of r to any component of G; this is indepen- 
dent of the component chosen. ` 

The following proposition, which gives more precise information on 
Theorem 8, will not be used in the sequel. 


PROPOSITION 2. Let H, N be algebraic subgroups of the connected 
algebraic group G, with N normal in Gand HN = G. Then H and N intersect 
properly on Gand H: N =q(H N N), where q is the order of inseparability 
of the natural rational isomorphism from H/(HON) to HN/N. If kb isa 
field of definition for H, N and G, and h and n are independent generic points 
of components of H and N respectively over k, then q = [k(h,n):k(hn) |.. 


Let rı be the homomorphism from H to H/(H NN) and + the homo- 
morphism from G to HN/N = G/N. Then if k, à, n are as above, the 
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order of inseparability q of the homomorphism from H/(H N N) to HN/N 
is given by q = [k (r:ıh):k(rh)]e Since rı is separable, [3, Prop. 27, p. 23] 
gives g==[k(h):k(rch)], Using the paragraph after Prop. 1, Cor., choose 
he G such that rh = rh and &(4) is a separable algebraic extension of k(rh). 
By [8, Prop. 25, p. 22], g==[k(h,h):k(h)], The point Ahn is generic 
for a component of N over k(h,h), k(h, hhn) is a regular extension of k(n), 
and the fields k(h,h) and &(h,h-thn) are free with respect to each other 
over k(h), hence linearly disjoint over k(A). By [8, Prop. 26, p. 23], 
q= [k(h, hh, hhn) :k(h, hohn)],== [k(h,n,h):k(hn,h)], Since kik) is 
separably algebraic over k(rh) =k (7r(hn)), [8, Proposition 25, p. 22] gives 
g== [ke(h,n):k(hn)]|,. Next, the equality of the dimensions of H/(H N N) 
and G/N implies that the cycles H and N intersect properly on G. Since 
there exists a translation on G@ taking any given component of H NN into 
any other given component, these components all occur to the same multi- 
plicity in H-N. We shall complete the proof by showing that this common 
multipilicity is [k(h,n):k(An)], But we could have taken h,n to lie in 
Ho, No respectively, so from now on we may assume that H and N are 
connected. If peG we can write p= h:n, with hie H, n,eN, and there- 
fore H N pN =H N h, N =h,(H N N). Thus H and pN intersect properly 
on G and the common multiplicity of the components of HM N in H-N 
equals the multiplicity of any component of HN pN in H-pN. But by 
[6, Cor. 1, p. 24], pX H-pN=W- (px G), where W C GX G is the locus 
over k of nn* XX h. W is also the locus over k of hn X h. Taking p to be 
the point kn and applying [8, Theorem 11, p. 161], we get that each compo- 
nent of W- (p X G) has multiplicity [k (hn, h) : (hn) ], = [k(h, nn): k(hn) ],. 
This completes the proof. 


COROLLARY. Let H, N be connected algebraic subgroups of the algebraic 
group G and suppose that almost all points of G are of the form hn, with 
hell and neN. Then the map r: HXN—G defined by r(h X nì) =hn 
is birational if and only if H-N==e. If N is a normal subgroup of G and 
IL: N =='¢, then r is beregular. 


Let k be a field of definition for H, N, and G and let hX n. be a 
generic point of H XN over k. Then hn is generic for G over k. Note 
that the last part of the proof cf the proposition made no use of the normality 
of N, and in fact showed that if H and N intersect properly on G, then 
H-N==([k(h,n):k(hn)] (HON). I£ + is birational, it must be one-one 
almost everywhere, so H N N = {e}. Furthermore, in this case dim G 
== dim M+ dim N, so H-N is defined. Since k(hn) =k(h,n), we have 
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H: N =e. Conversely, let H -N =e. Since r is one-one, almost everywhere, 
k(h,n) is purely inseparable over (hn). Since [k(h,n):k(hn)],==1, we 
have k(h,n) = k(hn), so r is birational. If in. addition N is normal in G 
then r is one-one and surjective, so Zariski’s main theorem on birational 
correspondences gives the biregularity of r. 

_ We now prove the analogues for algebraic groups of the Zassenhaus 
lemma and the Jordan-Hélder-Schreier theorem. 


Lexma. Let H, D N, and H, D N, be algebraic subgroups of the alge- 
` braic group G, with N,, N, normal in H,, H, respectively. Then Ny(H,9 Na) 
and Na(H:N N) are normal algebraic subgroups of the algebraic groups 
N,(4,9 Hz) and N.(H.2 Hı) respectively and the algebraic groups 


NNAS y TOLA H,) 
WV, (HN Ne) WV, (i. W,) 


are naturally isomorphic, the isomorphism being an inseparable isogeny. 


By Theorem 8, V,(H,9N2) and Ni(H;M He) are algebraic subgroups 
of H,, and the first is normal in the second. There exists a natural rational 
isomorphism from H, N H. into N,(H,M H,) and hence there exists a natural 
surjective rational homomorphism from H, N H, to 


| N(B: N He) /N (E N Na). 
But the kernel of this last homomorphism is 
(HNA H) N (Ni(Hı N N2)) = (HA Ne) (HN M1). 
Hence there exists a natural surj ective rational isomorphism from 
(Hı O Ha)/ (HN Na) (H: N N1) to Ni (H, 0 H:)/N, (H, NA Ne). 
The whole lemma now follows from symmetry. . 


THEOREM 9. If G is an algebraic group, then any two normal chains of 
algebraic subgroups of G have refinements consisting of normal chains of 
algebraic subgroups whose successive gepro Tii groupe, except for order, 
are ps laa one 


For if , , a Ba ty 
G—G,>G,> Sei and G—=Hy D HD D Hy— {0} | 


are the given ‘normal chains, the standard proof of the algebraic version of 
this theorem (cf. Zassenhaus, Lehrbuch der Gruppentheorte) consists in inter- 
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posing in the, first chain -groups of the form G:(Giı N H;) and analogous 
groups in the second chain,.so it all reduces to the lemma. 

If G= G D G, D- -D G = {e} is a normal chain of. algebraic sub- 
groups of the algebraic group G, and if H; is the component of the identity 
of G; (’=0,---,7), then -HoD H, D- - °D H, = {e} is a normal chain 
of algebraic subgroups of H, and each H,,/H; (i=1,---,1r) is separably 
isogenous to the component of the identity of G1/Gi Define an algebraic 
group to be simple if it contains no proper connected normal algebraic sub- 
group. The. following results immediately from Theorem 9 and Theorem 6, 
Cor. 1. 


COROLLARY. If G and H are isogenous connected algebraic groups and 
if G= D G D: -D G= {e} and H=H, D HD- -D H, = {e} are 
normal chains of connected algebraic subgroups such that each Gi./G, and 
each H,,/H, 1s simple and of dimension > 0, then r—s and the successive 
algebraic factor groups of G and H are isogenous, except for order. 


4. Solvable algebraic groups and cross sections. Throughout the re- 
mainder of this paper Ga will denote the algebraic group consisting of the 
affine line with the composition law (a1) (2) == (£, + z2) and Gm will denote 
the algebraic group of the affine line minus the origin with the composition 
law (2,) (22) == (££). Any connected noncomplete algebraic group of dimen- 
sion one is biregularly isomorphic to either.G, or Gm. If p is the field charac- 
teristic, then Gm has elements of any given finite order not divisible by p and 
no element of order p, while each element +e of Ga has order p if p40 
and e is the only element of Ga having finite order if p=0. A rational: 
Image of a rational curve bemmg rational, any rational homomorphic image 
with finite kernel of Ga or Gm is biregularly isomorphic to Ga or Gm respec- 
tively. Using the fact that if an algebraic group G@ has a noncomplete rational 
homomorphic image then G itself is noncomplete, we get that any connected 
algebraic group that is isogenous to Qa or Gm is biregularly isomorphic to Ga 
or Gm respectively, while Ga and Gm are themselves nonisogenous. 

© We say that an algebraic group is. solvable it it has a normal chain of 
algebraic subgroups such that each algebraic factor group is biregularly 
isomorphic io either Ga, Gm, or a finite commutative group. If one of two 
inseparably. isogenous algebraic groups is solvable, so is the other. A con- 
nected solvable algebraic group has a ncrmal. chain of connected algebraic 
subgroups such that, each algebraic factor group is biregularly isomorphic to 
Ga or Gm, hence if one of two isogenous connected algebraic groups is solvable, 
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so is the other. By standard arguments, any algebraic subgroup of a solvable 
algebraic group is solvable, any rational homomorphic image of a solvable 
algebraic group is solvable, and if an algebraic group G@ contains a normal 
solvable algebraic subgroup H such that G/H is solvable, then G is solvable. 

An algebraic group of matrices is an algebraic subgroup of the multi- 
plicative group of all invertible square matrices (of some degree n > 0) with 
coefficients in the universal domain. For example, the full triangular group 
T of degree n consisting of all invertible n X n matrices (ay) such that ay = 0 
if i > 7, and its subgroups T, (v= 1,; - - n) defined by aj;—-0 if i> 9 or if 
1=7—i<y, while a. =: + `= ay = 1, are all connected algebraic groups 
of matrices, and T D T, D- -- D T, = {e}, where e is the unit matrix. The 
map (aij) —> (@11,:* `, anm) Clearly is a surjective separable rational homomor- 
phism from T to (Gm)” with kernel T., so T, is normal in T and T/T, = (Gm)". 
Similarly, if 1S v < n, the map (ay) > (a-v de,v12,° ° `> Gn-vn) 18 a Surjec- 
tive separable rational homomorphism from T, to (G,)"” with kernel Tpx 
so Ty, is normal in T, and T/T = (Ga). Thus the full triangular 
group T is solvable. 

Now let S = {s} be any set of n X n matrices which commute with each 
other. Considering S as a set of linear transformations on an n-dimensional 
vector space, for any seS and any quantity a, the null space of (s— ge) is 
S-invariant. Hence the set of matrices S is reducible (in the sense of repre- 
sentation theory), and by repeated application of this we can reduce all the 
matrices of S simultaneously to triangular. form. Hence every commutative 
algebraic group of matrices is solvable. 

Let the algebraic group G operate on the variety V- and let W be the 
variety of G-orbits on V and r the natural rational map from V to W. A 
rational map o from W into V is called a cross section if rao —1; this of 
course implies that if & is a field of definition for G, V, the operation of G 
on V, W,7, and o, and if p is a generic point of W over k, then gp is a point 
of V at which r is defined. (Note however that o need not be defined at all 
points of W, so o is a cross section in the topological sense only on an open 
subset of W.) The most important case is that in which G is connected and 
V is a principal space with respect to G, i.e, k being as above and g X u 
being generic for GX V over k, then G operates regularly on V and there 
exists an everywhere defined rational map (defined over k) from the locus 
over k of v X gv into G such that vX gv—> g. (For example, V may be a 
connected algebraic group and G@ a connected algebraic subgroup of F 
operating on V by either of the laws g(v) = gv or g(v) = vg; W may be 
taken to be the corresponding homogeneous space.) In this case p==rv is 
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generic for W over k, so op is defned and hence &(g) C k(op,g(op)). Since 
7(g(op)) =p, we get &(g(op)) =k(g,p). Clearly the transcendence degree 
of k(g,p) over k is dim G + dim W = dim V, so g(sp) is generic for V 
over k. Thus V is birationally equivalent over k to G X W, and G open 
only on the first factor, there by multiplication on the left. 


In the proof of the following lemma we use a number of results in the 
theory of algebraic curves which may be found in Chevalley’s Introduction 
to the Theory of Algebraic Functions of One Variable. 


Lemma. Let V be a homogeneous space with respect to the algebraic 
group G (=Ge or Gm) and let k be a field of definition for V and the 
operation of Gon V. Then V has a point that is rational over k. 


If g, 9 are independent generic points over k of G, V respectively, then 
gp is generic for V over k(p). In particular, dim V=1. The case dim V = 0 
is trivial, so suppose V is a curve. Since k(p, gp} is a subfield of the purely 
transcendental extension k(p,g) of kip), it is an algebraic function field 
of one variable over the constant field kip) that has genus zero. But k(p, gp) 
may be got by taking the function field k(gp)/k and extending the constant 
field from k to k(p), which is a regular extension of k. Hence k(gp)/k has 
genus zero; i.e. k( V)/k has genus zero. Therefore V is birationally equivalent 
over k to a conic C lying in the projective plane. C is complete and both C 
and V are (absolutely) nonsingular, so the birational correspondence between 
V and C is biregular between V and C-—S, where 8 is a finite subset of C. 
Thus we may suppose that V = C — §. Now any birational transformation 
on ČC, in particular one induced by an element of G, has at least one fixed 
point. Since any nontrivial translation of a homogeneous space with respect 
to a commutative group is free of fixed points, this implies that S is nonempty. 
Let D be the projective line containing G (D = Ga U (œ) or Gm U (0)U(œ)). 
Then there is an everywhere defined surjective rational map ¢, from D to C 
such that p is defined over k(p) and ġpg = gp. Clearly S C ¢,(D—G). 
Since the points of are rational over k(p) and since p could have been 
taken to be any generic point of V over k, the points of S are rational over k. 
Since C has genus zero and at least one rational point, it is birationally 
equivalent over k to a projective line. C thus cantains at least three rational 
points, and since S has at most two, V has a rai ‘onal point. ) 

Note that the lemma is false if we merely assume that G, an algebraic 
group defined over k, is biregularly isomorphic (over some extension field 
of k) to Ga or Gm. For example, let k be the real numbers and let G be the 
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rotation group in two dimensions operating in the. obvious manner on the 
finite part of the curve g? -+ y? =— 1. . 

If G is a connected algebraic group possessing a normal chain of con- 
nected algebraic subgroups G = Ge D G.D- -D G,={e} such that each 
G; (i= 0,: - -,r— i1) is defined over k and possesses a surjective separable 
rational homomorphism with kernel Gin to Ga or Gm, the homomorphism also 
being defined over k, we say that k is a field of definition for the solvability 
of G. | 


THEOREM 10. If the connected. solvable algebraic group G operates 
regularly on the variety V and if r: V-> W is the natural rational map 
from V to the variety of G-orbits on V, then there exists a cross section 
o: WV. Furthermore, if k is a field of definition for the solvability of G, 
for V, the operation of G on V, W, and +, then o may be taken to be defined 
over k. 


In the special case where V is a homogeneous space with respect to G, 
the theorem merely says that V has a point that is rational over k. We first 
assume this special case and show that the theorem holds generally. So let 
G, V, W, 7, k be as above and let v be a generic point of V over k. Then 
p= tv is generic for W over k. By Theorem 2, k(v) is separably generated 
over (p) and, since G is connected, k(p) is algebraically closed in k{v). 
Thus k(v) is a regular extension of k(p), and the locus V, of v over k(p) 
is a-variety defined over (p) that is a closed subset of V. If g is generic 
for G over k(v), then gv is generic for V over k and r(gv}= p. Thus the 
natural k-isomorphism between k(v) and k(gv) is actually a k(p)-isomor- 
phism, and so gve V,;. It follows that Œ operates regularly on V,. If vis 
any generic point of V, over k(p) we have k(p) (v’) naturally &(p)-isomorphic 
to k(p) (v), so k(v’) is naturally k-isomorphic to k(v); thus v is'a generic 
point of V over k. Since rv’ =— rv, Theorem 2 shows that there exists g'e G 
such that g'v =v. Since v’ could have been taken to be generic for V, over 
k(v), this implies that: gv is generic for V, over &(v); i.e. Vi is‘a prehomo- 
geneous space with respect to'G. - Thus there exists ‘a homogeneous space 
birationally equivalent to V, over k(p). Since G operates regularly on F, 
the corollary to Theorem 1 shows that this homogeneous space may be taken 
to be a k(p)-open subset V,” of V,. ‘Thus there éxists a point p,e Vy that 
is rational over k(p).' Choose ye G@ such ‘that p, = yv. Since r==ry!, r is 
defined at -p, and rp, == rv =p. Thus g: p- p, gives a cross section that is 
defined over k. We must now prove our original assumption that if V is 
homogeneous, then V has a point that is rational over &. Since this is trivial 
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if dim G=0Q0 and the lemma if dimG@—1, we assume that dim Œ > 1 and 
use induction on dim G.. Let G, be a connected algebraic subgroup of G 
having k es a field of definition for its solvability and such that G admits a 
surjective separable rational homomorphism defined over k and with kernel 
G, to Ga or Gm. Let V’ be the variety of G,-orbits on V and r the natural 
rational map from V to V’, both V” and +’ being taken to be defined over k. By 
Theorem 5 and Corollary, G/G, operates on V’, this operation being defined 
over k. If g, v are independent generic points of G, V respectively over k and 
- if @ is the natural homomorphism from G to.G/G,, we have z (gv) = ġg (rv). 
Since gv is generic for V over k(v), ġg (rv), is generic for V’ over k(7’v) ; 
i.e. V’ is a prehomogeneous space with respect to G/G,. ‘Thus we may 
suppose that V’ is homogeneous with respect to G/G,. Then there exists a 
point p'e V’ that is rational over k. But V’ may also be considered as a 
homogeneous space with respect to G, so Proposition 1 is applicable to the 
case r: V— V’. Let § be the set of all points of V whose 7r’-image is p. 
Then S is a closed subset of V which, considered as a cycle all of whose 
coefficients are.one, is rational over k. But if v „v,e V, then trv, == rv, if 
and only if-veeG@,v,. (This last relation holds when vı, ve are generic for V 
over k, hence, by transitivity, for all vi, va.) Thus S has only one com- 
ponent, and hence is a variety defined over k. Clearly § is a homogeneous 
space with respect to G,. By the induction hypothesis, S, and hence V, has 
a point that is rational over k. | 


COROLLARY 1. If H is a connected solvable algebraic subgroup of the 
connected algebraic group G, then G is birationally equivalent to H X (G/H). 
) Furthermore, this birational equivalence may be defined over any field of 
definition for G, the solvability of H, and the map G— G/H. 


` This follows from the discussion immediately preceding the lemma. Note 
that if o: G/H —> G is a cross section for the action of H on G, then the 
birational equivalence is given by h X gH <oo(gH)h> or h X Hg oho (H g) 


according as G/H. is the homogeneous space of left or right cosets of G 
modulo H. 


.. COROLLARY 2., If Gis a connected. solvable algebraic group, then G is 
rational. More. prete, af k is a field of definition for the ornano] uF G, 
then k(G) is a purely transcendental extension of he.. 


ð. The main structure theorems. An abelian variety. is a complete 
connected algebraic group. The basic zacts about abelian varieties can: be 
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found in [6]. Since abelian varieties are commutative groups, when there 
is no danger of confusion we shall denote their group operations additively. 
The word “abelian” will always refer to abelian varieties, rather than to 
commutativity. 

By a linear group we mean an algebraic group which is biregulazly 
isomorphic to an algebraic group of matrices. Note that linear groups, 
being embeddible in affine spaces, are noncomplete if they have dimension > 0; 
thus {e} is the only algebraic group which is both linear and abelian. 
Algebraic subgroups and direct products of linear groups (or abelian varieties} 
are again linear groups (or complete algebraic groups). The groups G, and 
Gm are both linear, the former possessing the matrix representation 


EN 
0 T 


If G is an algebraic group and geG, we denote the normalizer of g 
(i.e. the set of all elements of G that commute with g) by Ny. This is 
clearly an algebraic subgroup of G. The center C of Œ is the intersection 
of all Nys so C is also an algebraic subgroup of G. The component of the 
identity of an algebraic group G will always be denoted Go. 


THEOREM 11. Any rational homomorphism of an abelian variety into 
a linear group, or of a connected linear group into an abelian variety, is 
trivial. 


Since a rational homomorphic image of an abelian variety is abelian, 
the first part is proved. So let r be a rational homomorphism of the conneczed 
linear group £ into the abelian variety A. 7 is trivial if dimLi—0, so 
suppose dim L > 0 and that our proposition is true for all linear groups of 
smailer dimension. If L is commutative then according to Section 4 it is 
solvable, hence rational, hence rL ==0. If L is not commutative, let k be a 
field of definition for L, A, and + and let g be generic for L over k. Then 
dim N, < dim L, so 7(N,),=0. Since geN,, rg has some finite order v. 
But rg is generic for rL over k, so for each point perl we have v-p—O. 
Since 7L is abelian, tO = 0. 


If @ is an algebraic group that operates on the variety V, f a rational 
function on V, and geG, we define (as before) the function Àf by 
àsf (p) =f(g>p). In the following, we.consider vector spaces of functions 
on V over constants, i.e. over the universal domain. In particular, we con- 
sider finite dimensional vector spaces S. of functions on V with the property 
that ÀS =S for all ge G. If V is a homogeneous space with respect tc G 
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then any such space § consists of functions that are finite everywhere on F, 
for if W is a proper closed subset of V such that each function of S is finite 
on V— W, then each function in S = ÀS is finite on V—gW for all geG. 
We need another definition: If the algebraic group G operates on V, there 
may exist a surjective rational homomorphism r from G to an algebraic group 
- @ that also operates on V, and in such a way that gp = (rg)p; if any such r 
is necessarily a biregular isomorphism, we say that G operates faithfully on V. 
By [4, Proposition 2], this is equivalent to the definition given by Weil 
when G is connected. Clearly the operation of any connected algebraic group 
on itself by left translation is faithful. 


THEOREM 12. Let the algebraic group G operate regularly on the non- 
singular variety V, all defined over the field k. Then any everywhere finite 
rational function on V is contained in a finite dimensional vector space S of 
such functions such that gS =K for all ge G, and S may be taken so as to 
have a basis consisting of functions that are defined over k. If dA, induces 
the linear transformation A, on such a space S, then (choosing such a basis 
for S) the map g—> A, is a surjective rational homomorphism defined over 
k from G to an algebraic group of matrices. If G operates faithfully on V 
and the functions of S generate the entire function field of V, then thas 
homomorphism ts a biregular isomorphism., 


By [3, Theorem 10, p. 239], any everywhere finite rational function f 
on F can be written f == >, %,¢,, where the «ys are constants and each q, is 
an everywhere finite function in &(V), so to prove that f is contained in 
some space S such as above it suffices to assume that fek(V). This being 
so, let g be a generic point over k for some component Ga of G. Then. 
Apf ek(g) (V) is everywhere finite on V, so (again by [3, Theorem 10, p. 289]) 
we can write Af = Din c:(g)¢i, where each ¢;(g) ek(g), each dice k(V) is 
everywhere finite, and ¢,(g),:--:,¢ew(7) are linearly independent over k. 
Let gu- ° +, gy be independent generic points of Ga over k and consider the 
NX WN matrix (e:(g;)). If we had | ¢;(g;)|=0, then e,(g:),- - -,¢w(g:) 
would be linearly dependent over k(g2,: : -,gw), contradicting the linear dis- 
jointness of k(gi:) and k(go,---,gyw) over k and the linear independence 
over k of c,(g:),- ` +, ¢w(gi); thus | cig) 540. Since Agf = Sir o:(9;)b1, 
for j = 1,---,N, we can write pi Sj" djA,,f, where di, +, dy € klg: gN). 
Let S be the finite dimensional vector space generated by all the ¢,’s we obtain 
by letting g range over a set of generic points over k of the various components 
of G. If g’ is generic over k for any component Gg of G, then the g,,- - -,gy 
used above could have been taken to be independent generic points over k(g’) 


430 MAXWELL ROSENLICHT. 


of Gua, whence Aghi = Sy djAgg,f © S, since each g'g; is generic for a component 
of G over k. Thus ApS C S, whence ApS= 8S. If y is any point of G, we 
can write y = g'g”, where g’, g” are generic points over k of components of G, 
80 ApS == AgigS == Agidg eS = Agp = S. Clearly feS, so S is the space we were 
, looking for. Now let f,,- ‘+, fn be everywhere finite functions on V that are 
a basis for a finite dimensional invariant space 9 and suppose’ that each 
fiek(V).° For any ge G we can write A,fi= >; c;*(g)f;, where the c;#(g)’s - 
are well-determined ‘constants depending on g. We now show that each 
cj'(g)ek(g). Since agf; is everywhere finite and defined over k(g), we can 
write Agli = Div-1% ay7?(g) Wy, where each a,i(g)ek(g), each yek(V), and 
where y, +,Ww are linearly independent over k. Consideration. of the 
vector space over k generated by fis: * +5 fn Yi = *, Ww shows that if we alter 
the fs and the y,’s by suitable linear transformations with coefficients in k - 
we can obtain fs =y; for i<s(1SsSn-+1) while fy, > -sfn, Wy: «yyy 
are linearly independent over k. Then the equation $y c¢;*(g)f;—= Diy algi . 
gives 


E69) — a4) + ZK = ZOU‘ 


and therefore c;'(g) =aj'(g) for i<s, cj#(g) 0 for js. Thus each 
¢j'(g)ek(g). The matrix A= (e;*(g)) is invertible (since it has the 
inverse Ag+) so g— A, is a homomorphism of G into the group of nx 1 
invertible matrices. By Theorem 3 (first applied to Go), this is a surjective 
rational homomorphism from G to an algebraic group of matrices, and the 
homomorphism and matrix group are defined over k. In particular, the c;?s 
are everywhere finite rational functions on the various components of G. In 
the case where k(f1,- © ~, fn) == &(V), clearly the matrix group itself operates - 
on V, so if G@ operates faithfully on V, then the homomorphism from G to 
the matrix group is a biregular isomorphism. 


COROLLARY 1. If the algebraic group G is such. that G, is linear, then 
G is lunear. If G is linear and defined over k, then G admits a biregular 
isomorphism defined. over k to an algebraic group of matrices (which is 
therefore also defined over k). | 


Let G be defiried over k and let G, be linear. If G is finite, we may 
use the regular representation of G, so assume dim G > Q. Let V be the 
direct product of the various components of G, each taken once. V is non- 
singular and defined over k. Left translation by elements of G defines an 
operation of G on V (in which any geG, operates on each of the direct 
factors of V, while if ge G, g Z Go, then g permutes the various direct factors), 
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and this operation is clearly defined over k, regular, and faithful. Since Ge 
is linear, the coordinate functions in a matrix representation of G, give a set 
of everywhere finite rational functions on G, which generate the entire func- 
tion field of Ge: Hence for each component Ga of G'we can find a finite 
set of-everywhere finite rational functions on G, which generate the entire 
function field of Ga. Thus there exists a finite set of everywhere finite 
rational functions on V which generate the entire function field-of V. Now 
apply the theorem. i oo l 


COROLLARY 2. E f there exists a surjective rational homomorphism from 
the algebraic group G to a linear group of the same dimension, then G is linear. 


‘Let +: GH be the rational homomorphism in question. We may 
_ suppose that G, and therefore also H,-is connected. Letting f,,---,fn be a 
set of everywhere finite rational functions on H that generate the entire 
function field of H and letting k be a field of definition for G, H, r, and 
each fọ we get k(H) =k(f1,- + -,fn). Hach f; induces under 7* an every- 
where finite function in &(G@), which we also denote f; Since (G) is a 
finite algebraic extension of &(H), we can find elements Fa - -,Ps,ek(G) 
that are integrally dependent on &[f,,---,f,] such. that k(G) =k (fu: + +5 fa, 
F,,---+,F,). Since each F; is everywhere finite on G, we can apply the 
theorem to G operating on itself by left translation. 


COROLLARY 3. If Gisan algebrase group that is defined over k, then 
there exists a connected normal algebraic subgroup D of G, also defined. 
over k, such that G/D is linear and such that the kernel of any rational 
homomorphism from. G to a linear group contains D. 


If D, is the kernel of a rational homomorphism from G to a linear group, 
Corollary 2 shows that G/D, is linear. If D, is another normal algebraic 
subgroup of G such that G/D, is linear, then the kernel of the obvious rational 
homomorphism from G into the linear group (G/D) X (G/D) is Di M Da, 
so G/(D,9 Dz) is linear. Hence there exists a smallest normal algebraic 
subgroup D of G such that G/D is linear. By Corollary 2, G/D, is linear, 
so D is connected. It remains to show that D is defined over k, and for this 
we may suppose G connected. Let +r: G— G/D be the natural homomorphism, 
let G and 7G (—G/D) operate on themselves by left translation, and let § 
be a finite dimensional invariant vector space of everywhere finite rational 
functions on +G@ that generates the entire function field of 7G. Ii geG, 
then Ay, Arg are automorphisms of the function fields of G; r@ respectively, 
and for any feS we have fr everywhere finite on GŒ and dA,(fr) = (Argf)r. 
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Hence Sr is a finite dimensional vector space of everywhere finite rational 
functions'on G that is invariant under each Ay. If Ap, Arg are the linear: 
transformations induced by Ag, Arg respectively on Sr, S, and if we choose 
corresponding bases for Sr and S, then we have a matrix equality A; = Arg. 
If S’ D Sr is a finite dimensional invariant vector space of everywhere finite 
rational functions on G and A’, is the linear transformation on S’ induced 
by A,, then the map g— A’, is a surjective rational homomorphism from G 
to a linear group G’. But tg— Ag is a biregular isomorphism and~A, is 
merely the restriction of A’, to Sr, so we have a sequence of rational homo- 
morphisms G— @ — rG. Since G’ is linear, the kernel of G— @ must be 
D, so G’—7G is an isomorphism. But r is separable, so G’ is biregularly 
isomorphic to rG. Now note that 8’ could have been taken to have a basis 
consisting of functions in &(G), in which case the map G—> @ can be taken 
to be defined over k. This map being separable, Proposition 1, Corollary shows 
that its kernel D is a rational cycle over k. Hence D is defined over k. 

The above proof also shows that if Œ is connected and +: G—>G/D is 
taken to be defined over k then, under the obvious identification, the set of 
everywhere finite functions is k(G/D) is precisely the set oz everywhere finite 
functions in &k(G). For it is clear that any such functicn on G/D is one 
on. G, so let fe k(G) be everywhere finite on G. The space S’ used in the 
proof could have been taken so large as to include f. Letting fu’ - -,frek(G) 
be a basis for S’ and writing A,f:— >i; c;*(¢)f;, the proof shows that the c;‘’s 
are everywhere finite functions on G/D, and one merely has to note that 


filg) = (Asaf) (e) = dy c (g>) fi(e) ek (7g). 


THEOREM 13. Let G be a connected algebraic group defined over k and 
let C be its center. Then C is a k-closed normal algebraic subgroup of G 
and G/C is linear. 


C is known to be an algebraic subgroup of G@; since it is invariant with 
respect to all k-automorphisms of the universal domain, C is k-closed. Let p, 
a subring of the field of all rational functions on G, be the local ring of e, 
and let m be its maximal ideal. Let f: --,fremMk(G@) be a set of uni- 
formizing parameters at e. For any rational function f on @ and any geG 
define the function wf by wf (p) =f (g>pg). If gi, ga € G, then wg,09, = wg.g09 
so the map g— wg is a homomorphism from G to a group of automorphisms 
of the function field of G leaving constants fixed. For any ge G, w,0 ~0, 
sO wpm” = m” for any integer y>0. o/m is the field of constants, so m/m” 
is a vector space over the constants having as a basis the various elements 
fit: - + fnt, where 1,,- - >, in are integers = 0 of positive sum < v and where 
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f denotes the residue class of a function fem in the natural map m—>m/m’. 
For any geG, wg induces an invertible linear transformation ©; on m/m”. 
Considering the action of w on o N k&(g)(G@) shows that a,f; is of the form 
Of B Oange + fat, 
dit tiny 

where each ci. (g)ek(g). By Theorem 3, the map 7: g—>ūz is a 
rational homomorphism defined over k of G into a group of invertible square 
matrices, and hence 7G is an algebraic group of matrices. In particular, 
each c(t); ...;. is an everywhere deñned rational function on G. The kernel 
of r clearly contains C. If ye G—C, then there exists a function fem such 
that o,f f, so for v sufficiently large we have o,f><f. Thus, for v suff- 
ciently large, w = 1 only if g is on a closed subset of G not passing through y. 
This being true for each ye @— C, for sufficiently large y the kernel of r is 
precisely C. In this case we have a rational isomorphism from G/C to the 
linear group 7G. By the previous Corollary 2, G/C is linear. 


COROLLARY 1. If G is connected and D is as in the previous Corollary 3; 
then DCC 


COROLLARY 2. If the connected algebraic group G has a commutative 
normal algebraic subgroup H such that G/H is an abelian variety, then G 
ts commutative. 


We have a natural surjective rational homomorphism from G/H to G/HC, 
so G/HC is an abelian variety. Since we also have a surjective rational 
homomorphism from the linear group G/C to G/HO, the latter consists of 
only one element. Thus G=HC. That is, G=C. 


PROPOSITION 3. Let r be a rational map of the connected algebraic 
group G into the abelian variety A such that re=0. Then r is a homo- 
morphism. 


Consider the rational map of G X G into A defined by g, X g2>7(g192). 
By [6, Cor., p. 32] we can write r(g.g ) = T191 + T292, Where 71, rz are 
rational maps of G into A. By [6, Theorem 6, p. 27], T, 71, Ta are every- 
where defined. Assuming, as we may, that r,e—0, we get rae = re = 0. Thus 
7191 =T (918) =791, and similarly 729,—=+rg>. That is, +(gig2) =791 + 79». 

The following is a slight generalization of Weil’s abstract analogue of 
the Poincaré theoreni on complete reducibility [6, Theorem 26, p. 94], itself 
contained implicitly in [5, § 5]. 


14 
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THEOREM 14. Let G be a connected commutative algebraic group and 
V a principal space with respect to G, all defined over k. Then there exists 
a rational map 6: V — G such that œ is defined over k and if g, v are indepen- 
dent generic points of Q, V respectively over k, then (gv) =p (v) +2-9, 
where n is an integer 0. 


Here G operates regularly on V, and if k, g, v are as above and T is 
the locus on V X V of vX gv over k, then there is an everywhere defined 
rational map 98: T— G such that 6 is defined over k and @(uX gv) =g. If 
peV and p’eV is in the closure of the orbit Gp, then pX p’eT, so 
p = (6(p X p’))p; hence all orbits on V are closed. Thus the orbit Gv is 
precisely the locus on V of gv over k(v). Let r be the natural rational map 
from V to its variety of G-orbits, + being taken to be defined over k. ‘Then 
k(v) is a regular extension of &(7v), so let V” be the locus on V of v over 
k(7v). Since rv—r(gv), the natural k-isomorphism of k(v) and k(gv) 
is also a &(rv)-isomorphism, so V’ is also the locus of gv over k(rv). Hence 
V > Gv. On the other hand, if v is any generic point of V’ over k(rv), 
then v's Gu (for, by a dimension argument, v’ is generic for V over k and 
rv’ — rv). Thus V’ = Gv; in particular, Gv is defined over k(7v). If Sia” x 
is a positive zero-cycle on Gv that is rational over k(rv), then for each + we 
have v X qe T, so we can form S:f(v X 2), the sum being taken in G. 
Using the commutativity of G, the main theorem on symmetric’ functions 
[6, Theorem 1, p. 15] shows that ¢(v) = X: (v X 2) is rational over al): 
Since r(gv) =v, we get 


p (gv) == Du 0 (gv X vi) = Dab (v X t) —n-g—= $0) —n: g. 


COROLLARY. Let the abelian variety A be an algebraic subgroup of the 
connected algebraic group G, both defined over k. Then A is contained. in 
the central subgroup D of G and there exisis a connected k-closed algebraic 
subgroup G, of G such that G= G,A and GN A is finite. If G is non- 
complete, so is G. 


In the natural homomorphism from G to the linear group G/D, A must 
go into the identity, so A C D. Applying the theorem to the case where G, 
V are replaced by A, G (A operating on G by left translation) we get a 
raticnal map ¢: G— A such that ¢ is defined over k and such that for ge G, 
we A we have ġe (zg) =¢(g)2", n340. œ is everywhere defined, so we may 
alter it by a translation on A to get (e) =e, in which case ¢ is a homo- 
morphism. Since ¢(2) =z”, ¢ is surjective and its kernel meets A in only a 
finite number of points. Letting G, be the component of the identity of the 
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kernel of 4, we get G k-closed, G, N A Anite, and dim G = dim G, + dim Å. 

Since the kernel of the natural homomorphism from G, > A to G is finite, 

we get G==G,A. Finally, if G, is comolete, so is G, X A, hence also G. 
The given form of the following lemma is due to Chow. 


Lemma 1. Let V be an abstract variety defined over k. Then there 
exists a projective variety V’, a birational map t from V’ to V, both V’ and 
t being defined over k; and a k-closed subset F of V’ such that r is every- 
where defined on V’—F and no point of F corresponds under r to a point 
of V. Considering r as a set-theoretic map, the image of V’—F is V and 
the inverse image of any point of V is a closed subset of V’ that is disjoint 
from F. 


Let V be given by a coherent set of birational correspondences. among 
V,—F,,::-,Vn—-Fn, where each FV; is a projective variety and F; is a 
frontier on V;, everything being defined over k. Let P:,---,P, be corre- 
sponding generic points of V,,---,V_ respectively over k, let V’ be the 
projective variety which is the locus of P, X- ++ P, over k, and let + be 
the natural birational map from V’ to FV. If r; is the birational map from 
V’ to V; defined by nu(P1X -` -X Pa) =P, then r; is everywhere defined. 
Let, Ff == 771{F;} and set F=FO°--OF,’. If peF, then npeFi so p 
corresponds to no point of V. On the other hand, if pe V’—¥F then for 
some t we have pe V’ —F/, so r; is defired at p and ripe Vi;—J’;; thus 7 is 
defined at p. The last statement follows from the fact that each point of V 
corresponds to a nonempty closed subset of V’. 


LEMMA 2. Let V” be a projectwe variety defined over k and let F be 
a nonempty k-closed proper subset of V. Then there exists a projective 
variety V’ and a birational map +: V’—> V, all defined over k, such that r is 
everywhere defined on V’ and dim THF} =n—1. 


This is contained in [7]: Since it may be replaced by a derived normal 
model, V may be supposed relatively normal with reference to k. If dim F 
<n-—1, let V, be the monoidal transform of F with respect to F end 7, 
the birational map from V, to V. Then 7, is everywhere defined and 
dimz {F} >dim F ({%, pp. 538, 520]}. If necessary repeat this process. 


Lemma 3. Let U™ be a variety, V” a projective variety; ¢: U>V a. 
generically surjective rational map, and X™1 a simple subvariety of U, all 
defined over k. Then there exists a projective variety V’, birationally equiva- 
lent over k to V, such that the map from V’ to V is everywhere defined and 
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such that if p: U— V is the map corresponding to ¢ and x is generic for 
X over k, then the locus over k of ¢’x has dimension = n—1. 


The map ¢ enables us to identify k(V) with a subfield of k(U). Let 6 
be the valuation of &(U) (with value group the ordinary integers) given by 
the order of vanishing of functions on U along XY. Then the residue field 
with respect to 6 of &k(U) is naturally k-isomorphic to k(X), hence has 
transcendence degree over k equal to m— 1. Now the transcendence degree 
of k(U) over k(V) is m.—n, so the residue field of k(U) with respéct to 6 
has a transcendence degree over the residue field of &(V) with respect to the 
valuation induced on it by 6 which is =[m—n. Thus the residue field of 
(V) with respect to @ has transcendence degree = (m—1)— (m—n) 
== n— l over k. Hence there exist fı: © -,fn1e%(V) which, considered as 
functions on U, are finite along X and induce functions on Æ which are 
algebraically independent over k; in particular, fı,’ - -, fa. are defined at x 
and assume at this point values é,,- - -,&,. which are algebraically indepen- 
dent over k. Let V’ be the graph of the rational map from V to the pro- 
jective space of dimension n—1 determined by (1,f1,° > -,fa).- The bi- 
rational map from V’ to V is defined over k and everywhere defined on V”. 
Since V’ is a subvariety of the direct product of two projective spaces, it is 
itself a projective variety. Since X™1 is simple on U and V” is complete, 
¢’x is defined. The lemma now follows from the fact that €,,---, én € kps). 

‘Tuerorem 15. Let the connected algebraic group G operate regularly on 
the noncomplete variety V”, all defined over the algebraically closed field k. 
Then there exists a normal projective variety V’, defined and birationally 
equivalent to V over k, and a subvariety W" of V’, also defined over k, such 
that if we consider the operation of G on V’ that is induced by its operation 
on V and let g, x be independent generic points of G and W respectwely 
over k, then gx is defined and the rational map defined over k by gX 2-7 92 
defines an operation of G on W. | 


Let V’, F, t be as in Lemma 1; here # is nonempty. Note that if V” 
is a projective variety and y: V” — V’ a birational map defined over k that 
is everywhere defined on V”, then V”, F =y"{F}, and 7 = ry also satisfy 
the conclusions of Lemma 1. Hence, by Lemma 2, we may suppose that 
dim F —n—1i1. Replacing V’ by a derived normal model if necessary, we 

_may suppose V’ normal with reference to k, hence (absolutely) normal. In 
what follows, we use repeatedly the facts that a normal variety has no singular 
subvarieties of codimension one and that a rational map from a variety to 
a complete variety is defined along any simple subvariety of codimension one. 
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Let W, be a component of F of dimension n—1. The operation of Œ on V 
induces an operation of G on V’, so apply Lemma 3 to the rational map 
$: GXV'—>V' defined by (9 Xv) =gv and the subvariety GX Wo of 
GX V’. We get a variety V” and an everywhere defined rational map 
p: V’—> V’ (V” and p being defined over k) such that if g, p are indepen-. 
dent generic points of G, W, respectively over k, then p™*¢ is defined at g X p 
and dim, p“¢(¢g Xp) 2=n—1. Replacing V” by a derived normal model 
if necessary, we may suppose V” normal. Now the birational correspon- 
dence between V’ and V” is biregular between p and pp, and that between 
GX V’ and GX V” is biregular between g X p and g X p“p. Replacing V’ 
and W, by V” and the locus over k of pp, we have the following situation : 
V’, F, r satisfy the conclusions of Lemma 1, V’ is normal, and F has a 
component W, of dimension n— 1 such that if g, p are independent generic 
points of G, Wo respectively over k, then gp (which is-defined) has a locus 
W over k which has dimension =n—1. If gp¢F, then r(gp)eV, so p 
corresponds under r to the point g“*r(gp) eV, which is false. Hence gpe F, 
implying dim W = n— 1. We claim that our present V’ and W satisfy the 
demands of the-theorem. For let g, be a generic point of G over k(g, p). 
Then g,(gp) is defined, hence (by the lemma to Theorem 1) so is (g,g)p 
and they are equal. (9:9)p is generic for W over k; in particular the map 
gı X 9p—> 9:(gp) defines a rational map (defined over k) from GX W to W. 
Clearly gi(gp) is rational over &(g:,gp). Bué g> is generic for G over 
k(91g9,2), 80 917*(9:(gp)) is defined and equals gp. Thus k(g,,9:(gp)) 
=k(gi,gp). If now gy is generic for G over k&(g1,9,p), then clearly 
9:(92(9P)) = G:929P = (9.92) (gp), completing the proof. We may add that 
for any ye G, the birational map Ty on V’ given by Tyo = yv may be applied 
to a generic point of W over k(y) and then induces a birational map on W 
which is the same as that produced by y in the operation of G on W; for if 
g, p are independent generic points of G, W, respectively over k(y), then 
T,y(gp) is defined and (as a specialization of the relation 7',(gv) == (yg)v) 
has the value (yg)p while y(gp) (defined according to the operation of G 
on W) equals (ygi*)(g:(9p)) (gı being generic for G over k(y,g,p)), 
which equals (yg!) ((9:19)p) = (yg)p, by Theorem 1, Lemma. 


LEMMA 1. Any noncomplete algebraic gr oup has an algebraic subgroup 
op dimension > 0 which is linear. 


If the noncomplete algebraic group G has dimoniion one, then @ itself 
is linear, so we use induction on dim G.. We may assume G connected. 
Since G operates regularly on itself by left translation, Theorem 15 gives us 
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the existence of a normal variety V which is birationally equivalent to G and 
a subvariety W of V of dimension one less than G such that the operation 
of G on V induces an operation of G on W. Let W’ be a variety birationally 
equivalent to W such that G operates regularly on W. Fix a point Pe W’ 
and let’ Hp be the algebraic subgroup of G@ consisting of all g such that 
gP =P. The map g— gP is an everywhere defined rational map of G into 
W’, and for any ye@ the points of G that map into yP are precisely yHp. 
Since dim G&P S dim W’ < dim G, we get dimHp>0. First assume that 
Hp-G. If Hp is noncomplete we can apply our induction assumption to 
Hp; if Hp is complete, Theorem 14, Corollary shows that G has another proper 
algebraic subgroup which is noncomplete, and we again use our induction 
assumption. We are thus reduced to the case where Hp==-G for all Pe W’, 
i.e. where the operation of G on W induced by its operation on V is trivial. 
Let k be an algebraically closed field of definition for G, V, the operation of 
Gon V, and W. Ii g, P are independent generic points over k of G, W 
respectively, then the operation of GŒ on V is defined at the point g Xx Pe GX V 
and gP==P. Since V is normal, W is a simple subvariety of V. Thus we 
can find a point pe W, p rational over k, such that p is simple on V and go 
is defined (according to the operation of G on V) and equals p whenever 7 
is generic for G over k. But any point of G can be expressed as the product 
of two points that are generic for G over k. Thus gp is detined and equals p 
for all ge G. Let o bé the local ring of p in the function field of V (isomorphiz 
to that of G), m the maximal ideal of o. For any ge G the previously defined 
operator A, satisties the relation A,o = 0; therefore Agm” = m” for each integer 
v>0. The method of proof of Theorem 13 can now be applied to the present 
case. Since for each ge G, ge, one can find a function fem such that 
Àf £ f, this proof shows that we have a rational isomorphism from @ into 
an algebraic group of matrices. Thus @ itself is linear. 


Lemma 2. If the connected algebraic group G possesses a normal alge- 
braic subgroup H which is biregularly isomorphic to Ga or Gm and such, 
that G/H is linear, then G ts linear. 


Let r be the natural map from G to G/H. H operates on G by the rule 
h(g) hg, so by Theorem 10 there exists a rational map o: G/H >G 
such that ro—1. For any geG@ such that o is defined at rg we have 
7((o7rg)g"") =e, so (org)g* eH. Let a be a coordinate function on H, 
got from the obvious coordinate function on Ga or Gm; then œ is everywhere 
defined and finite on H and a(h,) —a(he) if and only if hi =h, The 
function a((o7g)g*) is a rational function on G that is defined and finite 
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Any connected algebraic group which is isogenous to such a direct 
product contains algebraic subgroups which are isogenous to the direct factors, 
proving half of the first statement. Conversely, if the connected algebraic 
group G contains connected algebraic subgroups L and A, respectively linear 
and abelian, such that dim G = dim L + dim 4, then A is contained in the 
center of G, so the map A X «— Aza is a rational homomorphism from L X A 
into G. IM A being finite, this homomorphism has finite kernel, hence is 
surjective, so G== DA is isogenous to LX A. Lis normal in G. G/L, being 
isogenous to A/(A N L), is abelian, so L is the maximal connected linear 
algebraic subgroup ot G. G/A, being isogenous to L/(L N A), is linear, so A 
contains all abelian subvarieties of G. If 7 is any rational homomorphism 
of G= LA, then tG == (rl) (7A), and +L and rA are respectively linear and 
abelian. Finally, let H be any connected algebraic subgroup of G = LA. 
Then H/(H N A) is isogenous to HA/A, an algebraic subgroup of the linear 
group G/A. Similarly H/(4 LD) is isogenous to HL/L, an algebraic sub- 
group of the abelian variety G/L. Thus if we set A’ == (HN A)» 
L = (HN L)o, we get H/A’ and H/L’ respectively linear and abelian. The 
common rational homomorphic image H/L’A’ of both H/A’ and H/I’ is 
therefore both linear and abelian. Thus H == I’. 

Note that not all such groups G = LA are direct products. For example, 
we can find a connected commutative linear group L, an abelian variety 4, 
and elements Ac L, ae A of finite order n> 1 and then let G be the factor 
group of LX A by the subgroup generated by AX «a. Then the images cf 
LXO and eX A in G meet in more than one point. | 


COROLLARY Y. Notations being as in Corollary 5 and H being any 
normal algebraic subgroup of G, the algebrats group G/H is isogenous to the 
direct product of a connected linear group and an abelian variety if and 
only f HD(LN D)e 


First suppose that G/H = AA, where A is a connected linear group and 
A is an abelian variety. Let I/, D’ be the inverse images of A, A respectively 
in the natural homomorphism from G to G/H. Then G/L’ = (G/H)/(L’/H) 
== AA/A, which is isogenous to the abelian variety A/(AMA), so G/L’ is 
abelian, whence I’ D L. Similarly, G/D = (G/H)/(D’/H) = AA/A is‘ iso- 
genous to the linear group A/(ANM A), so DW DD. Hence HD(L’N D’), 
3(LND),. As a result of the previous corollary, to prove the converse it 
suffices to take H =LN D. Then G/H = LD/H = (L/H) (D/H). Here 
L/H is linear and D/H = D/({L N D) is isogenous to DL/L== G/L which is 
abelian, so D/H is an abelian variety. This ends the proof. 
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PROPOSITION 4. Let G be a commutative algebraic group defined over 
the field k and let H be a connected k-closed algebraic subgroup of G. If 
the characteristic of k is p540 suppose also that H possesses only a finite 
number of elements of order p. Then H is defined over k. 


Since H is a k-closed variety, it is defined over a purely inseparable 
algebraic extension k’ of k, so we need only consider the case where & has 
characteristic p340. Then the rational endomorphism of H given by h->p-h 
has finite kernel, hence is surjective, so h— p”-h is surjective for any v= 0. 
We now use an idea of Chow. If x is generic for H over k’, so is pts. Fix 
an integer u so large that k(&(x))™ is separably generated over k and then 
take v so large that the zero-cycle p’(z) on G is rational over k(k(x))™. 
By [6, Theorem 1, p. 15] the point p’-x is rational over k(k(a))?", so 
k(p’-«) is separably generated over k. Also, k’ is algebraically closed in 
k’ (x) D k(p”-2x), so k is algebraically closed in k(p”-x). Therefore k(p’- x) 
is a regular extension of k. Hence H is defined over k. 


COROLLARY. Let the connected algebraic group G be defined over k. 
Then (LA D), and the maximal abelian subvariety of G are also defined 
over k. 


Each of these subgroups is left invariant by any k-automorphism of the 
universal domain, hence is &-closed. But each is an algebraic subgroup of 
the commutative group D, which is defined over & and has only a finite 
number of elements of any given finite order. 
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ON THE ARTIN ROOT NUMBER.** 


By B. Dwork. 


Let X be an arbitrary character of the Galois group, G(K/k), of a normal 
extension, K, of an algebraic number field k. The possibility of determining 
the arithmetic structure of the Artin root number, W(X), defined by the 
functional equation [1] of the Artin L-series, L(s,X,K/k), is suggested by 
the recent arithmetic characterization of W(X) for X linear [2,3,4]. If X 
is linear then W(X) shall be referred to as an “abelian root number.” 

It is the purpose of this paper to show that much of the abelian theory 
goes over with little modification. The main result is that if p is a prime 
of k and if Xp ts the character of the local? Galois group, G(Kky/hk,), obtained 
from the restriction of X to a p decomposition subgroup of G(K/k) by means 
of the natural isomorphism between the local Galois group and the decom- 
position subgroup, then to within a multiplicative factor, +1, there exists 
a well defined local root number, W(X,), with factor group, linearity and 
induced character properties such that W(X) = [I W (Xp), the product being 
over all primes of k. Thus (except for the question of sign to be discussed 
later) it is enough to determine the arithmetic structure of “irreducible local 
root numbers,” W (0), where @ is an irreducible character of G(Kky/ky). 
If p is a finite prime and f(@) is the (local) conductor of 0, let m(6) 
= (ord, f(9))/6(1). It will be shown that W(6) is a root of unity unless 
m(#) 1 in which case it is the ratio between a classical Gauss sum and 
its absolute value. . 

An immediate consequence is the integrality of Galois Gauss sums as 
conjectured by Hasse [5], p. 40. Hasse’s conjecture (op. cit.) concerning 
the field in which W(X) lies is treated in Theorem 7 and its corollaries. 

Some remarks about the presentation are in order. While the group 


* Received November 3, 1955. 

l * ÀA summary of most of these results appears in the author’s “ The local- structure 
of the Artin root number,” Proceedings of the National Academy of Science, U.S. A., 
vol. 41 (1955), pp. 754-756. Theorem 4a and its consequences form the substance oi 
the author’s dissertation, “On the root number in the functional equation of the Artin- 

Weil Z-series, Columbia University (1954), {unpublished}. 
2 Global” and “local” are used to distinguish between algebraic’ number fields 
and their completion under a valuation (Archimedean or non-Archimedean). 
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theoretical discussion of Section 1 may for our immediate purpose be restricted 
to nilpotent groups, the more extended result has a bearing on the problem 
of obtaining the group theoretical properties of the Artin root number with- 
out analysis. It should also be noted that the proof of Theorem 4 below is 
reserved for a future paper so as to avoid excessive preoccupation at this time 
with purely arithmetic computations. : 

I am indebted to John Tate for his advice and encouragement during 
this investigation. 


1. Group theoretical considerations. Artin’s concept of extending 
functions defined on linear characters is easily abstracted (cf. [5], $1). 


Definition 1. A set of finite groups is said to be a family if it is closed 
under the process of forming subgroups and factor groups, it being under- 
stood that if G is a group in the set and L is a subgroup of G which contains 
an invariant subgroup, H, of G then L/H is identified with.the image of L 
under the natural mapping of G into G/H, the identification to be done by 
means of the natural isomorphism between the two groups. 

In the statement of the above definition, if L is a subgroup of GŒ which 
does not contain H then L/(H N L} is not to be identified with the image 
of L in G/H. In discussing families our main concern is with the characters 
(i.e. the traces of matrix representations with coefficients in the field of 
complex numbers) of the groups in the family and in particular with the 
mappings of the characters into some fixed abelian group. The purpose of 
the identification in the definition is simply to impose a natural restriction 
on these mappings. Of course this is achieved only if the sets of characters 
of identified groups are also identified in the obvious way and this further 
identification is to be understood. For the purpose of this section there is 
no need to identify the naturally isomorphic groups, G/H and (G/N)/(H/N), 
where @ is a group in the family and H is an invariant subgroup of Œ which 
contains NV, an invariant subgroup of G. 


Definition 2. A function, Fo, defined on the set of linear characters of 
the groups in a family, A, and taking its values in some fixed, abelian, 
(multiplicative) group is said to be extendable with respect to A (or A-extend- 
able) if it can be extended to a function, F, on the set of all characters of 
groups in A with linearity, factor group and induced character proverties. 
Specifically, if GeA and L is a subgroup of G then 


(a) If L is invariant in G and 6 is a character of G/L then F (8) 
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= F (9o h), 00ġ being the character of G obtained by composing @ with 4, 
the natural homomorphism of G onto G/L. 


(b) If X and X’ are characters of G then F(X + X’) = F(X) F(X’). 
(c) If @is a character of L and X is the character of G induced by 8 
then F (0) =F(X). 


It may be noted that condition (c) implies 


(c’) If X is a character of L and oe G then F(X") =F(X), where 
X" denotes the character v— X (exo) of the group o Le. 


It is an immediate consequence of Brauer’s fundamental theorem on 
induced characters, [6], that if F exists then it is completely determined 
by Fo. : 

While the theory of non-abelian D-series, [1], depends entirely upon the 
concept of extendable functions, the purely group theoretical problem oi 
characterizing such functions has received no attention. The solution of this 
problem for familiés of solvable groups or at least for groups satisfying the 
conditions imposed by Hilbert theory on the galois groups in local number 
theory would give the group theoretical structure of the Artin root number 
by purely arithmetic methods. Unfortunately we can at this time give the 
solution only for supersolvable groups (i.e. groups whose principal series 
have cyclic prime factor groups). Some elementary -properties of solvable 
groups are needed before the result can be stated. 


Lemma 1. If G is a finite solvable group, H a subgroup of prime indez, 
p, H’ the maximal subgroup of H which is mvariant in G then 


(a) There exists a unique subgroup G’ of G which contains H’ as u 
subgroup of indet p. . 

(b) H/E and G/Œ are cyclic groups of equal order which divides 
p—l. | 

(c) There exists an element, x, of G such that sH, ce H. 

(d) The (p—1) non-trivial linear characters of G’ which are trivial 
on H’ are permuted by the inner automorphisms of Œ so that the domains 
of transitivity contain m= (H: H’) elements. 


Proof. It may be assumed that H is not a normal subgroup of G, hence 
H is its own normalizer in G. It follows that H has exactly p conjugates, 
H—H,,H,.,---,H,. For ceG let Ts be the permutation, H; —> 2H," of 
the conjugates of H. x—T, is a representation of G onto a transitive permu- 
tation group on p elements. The kernel of the representation consists of all 
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ze G such that eyHy 2! = yHy> for all ye G. As H is its own normalizer, 
the kernel is the intersection of the conjugates cf H, i.e.: H’. Statements 
(a) and (b) riow follow from the well known properties of transitive solvable 
groups of permutations on a prime number of elements [7], p. 77. Let v be 
any element of G’ not in H’. Statement (c) follows from @ N H == H’. For 
(d) let Y be a non-trivial linear character of G” which is trivial on H’. 
As it is clear that Y has at most m conjugates in G, it is enough to show 
them to be distinct, i.e. if se G, Y (sys>) == Y (y) for all ye @ then xreG’. 
But this hypothesis implies that Z= x mod H’ commutes with each element 
of G’/H’ so that G’/H’ lies in the center of the group, G, generated by it 
and 2, whence @ is abelian as G/(G’/H’) is cyclic. It follows from the pre- 
' viously mentioned theory of permutation groups on a prime number of 
elements that G== G’/H’, which proves the assertion. 


Definition 3. A set of groups (G, H, G’,H’) written in this order shall 
be referred to as a (p, p— 1) configuration if the groups are related in the 
manner indicated in the lemma. 


Definition 4. A sat of groups (G, Gi, Ga, Ga) shall be referred to as a 
(p,p) configuration if p is prime, G, is an invariant subgroup of G, G/G, 
is an abelian (p,p) group and G, and G- are distinct subgroups of G which 
contain G as a subgroup of index p. 

A family, A, is said to be supersolvable if every group in the family 
is supersolvable. The main result of this section is that the (p,p) and 
(p, p— 1) configurations are the basic units from which the relations between 


the characters of the groups in a supersolvable family may be determined; 
specifically : 


THEOREM 1. If A is a supersolvable family and if F is a function defined 


on the set of linear characters of the groups in A having the following 
properties: 


(a) PF is invariant under the transformations of the linear characters 
produced by inner automorphisms of the groups in A (cf. Definition 2, (c’)). 

(b) If (G,G1,G:,H) is a (p,p) configuration of groups in A, H is 
abelian and 6, (t==1,2) is a linear character of Qi which induces a given 
irreducible character of G then F(6,) = F (62). 

(c) If (G,@,,G4,H) is a (p,p—1) configuration of groups in A, 
H is abelian, 0 is a linear character of G, 6, == 6| Go,* 6, = 6| G, and Fap, YF, 


* Read: The restriction of @ to G. 
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is a minimal set of non-trivial linear characters of G,, trivial on H, whose 
G conjugates cover the set of all such characters (cf. Lemma 1), then 


F(6,) = F (0) TI F(0,¥%). 


(d) F has the factor group property (cf. Definition 2(a)) for linear 
characters. 


Then F is A-extendable. Regardless of A these conditions are necessary 
for extendability. 


This theorem is a direct consequence of Theorems 1A and 1B below. 
In the discussion of these theorems it is to be understood that F and A 
satisfy the conditions of Theorem 1. 


THEOREM 1A. If X ts an irreducible character of Ge A which ts induced 
by a linear character 0; of a subgroup G; of G (1==1,2) then 


(1) F (0) = P (02). 


Proof. Let H be a maximal abelian subgroup of Gi N G: which is 
invariant in G. The theorem is trivial if (G:H)=1. ‘The proof is by 
induction on the index (G: H), the idea of the proof being to use the induction 
hypothesis to replace the given group, G, by one in which hypotheses (b) 
and (c) may be applied. As ð, and 6, induce the same irreducible character . 
of G, it follows from Mackey, [8], that: there exists eG such that 6, 
and @,° (exponentiation as in Definition 2(c’)) coincide on G N rG g. 
Hence by hypothesis (a) it may be assumed that 6, and 6, coincide on 
Go= G0 N GD H. As 6, and 0, induce irreducible characters of GG, it 
follows from the converse part of the previously mentioned theorem of Mackey 
that they induce the same character of G,G,. Hence by the induction hypo- 
thesis it may be assumed that G = QG. Let § be the common restriction 
of 8, and @, to H. à is invariant under G, and G, and therefore under G. 
As G is supetsolvable there exists an invariant subgroup, M, of G which 
contains H as a subgroup of prime index, p. Let be a matrix representation 
of G whose character is X, then 6|H == 824, where Ia is the unit matrix of 
rank d = Y(1). As è is invariant under G, @ (H) lies in the center of (@), 
hence certainly in the center of (47) while (17) /®(#) is cyclic, whence 
(I) is abelian. As &(G)/®(M) is supersolvable it follows from Taketa, 
[9], that the character, A — Trace A, of the group ®(G@) is induced by a 
linear character of a subgroup of (G@) which contains (M). It follows 
without difficulty that XY is induced by a linear character of a subgroup of G 
which contains M. Without loss in generality it may be assumed that G 
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contains M. It may be further assumed that M is not a subgroup of G, as. 
otherwise by hypothesis (d) and the identifications of Definition 1, 0, and 0 
may be replaced by linear characters of the subgroups G,/M°, G./M° of the 
factor group, G/M*, (M° = commutator. subgroup of M) which induce the 
same irreducible character of the factor group, whence (1) follows from the. 
induction hypothesis as M/M° is en abelian subgroup of (G@,/M*)N (G2/M°*) 
which is invariant in G/M" and of index (4:M) < (@G:H). (The identifica-. 
tions of Definition 1 are used only in this argument. Reference is made to 
this argument at several points in the remainder of the proof.) 

Hence G, N M == H so that G is a subgroup of G,M of index p. Let 
X’ be the character of G,M induced by 6,. X’ is irreducible and its restriction 
to H is pd. As 8 is certainly invariant under GM it follows from a previous 
argument that X’ is induced by a linear character, 6’, of a subgroup, G’, of 
GM of index p which contains M. If G54 G,M then by the induction hypo- 
thesis F' (01) =F (0) while a previous argument shows that /'(6’) = F (0z) 
as ŒN GDH. 

Hence it may be assumed that G = GM, G: D M, p= (G: Gye == (G: G2), 
G DM and 6, and @ coincide on Ge = GN Ga. Clearly Go N M =H so 
that p = (G: G) = (G2: Go) Z (GM : Go) = (M:H) =p. Hence (G,: G) 
= (G: Co) = p and G= GM. If G= H then (G: H) = p°, whence G/H is 
abelian but not cyclic (as otherwise G, = G, = GG = G) so that (G, G, G., H) 
is a (p,p) configuration so that (1) follows frem hypothesis (b). Thus it 
may be assumed that G, 34 H and by the argument used to justify the assump- 
tion that G, D M, it may be further assumed that no subgroup of G, properly 
containing H is invariant in @.* 

Summarizing: It is enough to prove (1) for the case in which G = G,G,, 

= (G: G) = (G: G2) = (G1: Go) = (C: Go), Go=G.NGDH (strict 
inclusion), H an abelian invariant subgroup of G, 8| Go = b:| Go p?| (G: H), 
no subgroup of Go properly containing H is invariant in G. 

As ne further use shall be made of the group M, there will be no need 
in the remainder of the proof to repeat for G, arguments applicable to G 
and conversely. To complete the proof it is necessary to examine the structure 
of G more closely. We assert: If U is a subgreup of G, which is invariant 
in G then U’ =U G, is also invariant in G. To prove this let s,- - 
be a set ot representatives of the right cosets of G, in G, and let t,- -,t, 
be a set of representatives of the right cosets of Ge in G. If ue U’ then 


tut; e Go, whence X(u) = 2 6o(tut;*) = ph (u). Hence ph (u) == S 6,(squsy*). 


s Sp 


‘This completes the proof if G is nilpotent. 
15 
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If susy! G, then 0, (sus!) == 6,(u), whence suste G for t= 1,: - -, p and 
therefore s,U’s;? C G,. It follows that U's? == U” for each 7 and as U’ is 
invariant in G@, the assertion follows. 

Let Z; (t==1,2) be the maximal subgroup of Gi which is invariant in G. 
It follows from the above assertion that ZiO Ga is invariant in G and con- 
tains H and therefore is H. From Lemma 1, (G@:2Z,) divides p(p—1) but 
p° divides (G:H), hence p divides (2;:H). As (G,4,:4.) = (G1,:H) it 
follows that (G:H) = (G.Z2:H) = (G,22:42) (22: H) = (G: H) (22:8) 
=p(G,:H)—(G:H). Hence G,Z,.—G and (4,:H)=—p. Likewise 
(Zı:H) =p and G.Z,—G. It now follows that (G.,G),2,,H) is a 
(p,2—1) configuration, for if M is a subgroup of G, which is invariant in 
G, then MZ, is invariant under conjugation by elements of G, and by 
elements of Z, and therefore by elements of GZ: == G, whence MZ, = Z, so 
that M C Go N 2Z.=H and therefore H is the maximal such subgroup of 
Gy. Likewise (Ga, Go Zo H) is a (p, p—1) configuration. Furthermore 
HC4Z,02,C24,0G,—H so that letting Z == ZZ, we have (2:H) Ej 
and therefore (Z, Z, Z% H) is a (p,p) configuration. 

Let ¢ı =0,| Z, and let s be an element of Z, which generates the factor 
group Za/H. Set L= G N s>Gs, then L and sis are subgroups of G, 
which contain Z, and are of the same index in G,. As G,/Z, is cyclic it 
follows that they are equal, wherce L is an invariant subgroup of G, i.e. 
L= Z,. As 6, induces an irreducible character of G it follows from Mackey 
(op. cit.) that 6, and 6,8 do not coincide on Z, but do coincide on H as 8 is 
invariant under G. As ¢, is invariant under G, it follows that ¢, has exactly 
p conjugates, $,¥o,¢1.%1,° © *,¢:¥ 5-1, where Yot +, Yp- are the linear 
characters of Z, which are trivial on H. _A similar statement holds for 
$2—=62|Z. It is easily verified that $, induces the character X|Z of Z. 
X |Z is irreducible as now follows from the converse part of the last men- 
tioned theorem of Mackey (it is for this that s is chosen in Z,). It follows 
from hypothesis (b) that | 


(2) F (p1) =F (¢2). 
Furthermore, letting 6 = 6:| Go, it follows from hypothesis (c) that 
(3) F (0o) = PG) IIF (4:F:) 


for a suitable indexing of the Y;. From Lemma 1, r= (p—1)/(G:H), 
but the ¢,Y; are conjugates of ¢,; whence by hypothesis (a), 


(4) F (8) == F (0) [F (¢1) J. 
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Clearly (4) remains valid if the subscript J is replaced by 2, hence (1) 
follows from (2). . | 

This completes the proof of Thecrem: 1A. F may be extended in a 
natural way to all irreducible characters of groups in A as if X is such a 
character then it is induced by a linear character ð of a subgroup and while 
the choice of 8 need not be unique, F (0) depends only upon XY. The extension 
to composite characters so that the linearity condition is satisfied is obvious. 
The same symbol, F, will be used to denote the extended function. The 
factor group property follows easily from hypothesis (d). Some preliminary 
results are needed to verify the induced character property (and so complete 
the proof of Theorem 1). In these elementary lemmas the groups referred 
to are understood to be arbitrary finite groups. 


Lemma 2. Let X be an irreducible character of a group G whose 
restriction to an invariant subgroup, H contains a linear character, & If G’ 
is the subgroup of G which leaves 8 invariant then X|@’ contains just one 
irreducible character, ®©, whose restriction to H contains 8. Furthermore X 
is induced by ®. 


Proof. Certainly X|G’ contains an irreducible character, ©, of G’ whose 
restriction to H contains 8. Clearly ©| H =@(1)8. IfteG, tf G’ then 8t 8 
so that ©'|H and ®|H have in common no irreducible character of H, hence 
certainly the restrictions of © and ® to G’M#"@’t have no irreducible 
character of that group in common. It follows from the previously mentioned 
results of Mackey that © induces ¥. Hence X|H contains 8 exactly @(1) 
times so that no other irreducible character of G” which occurs in X|@’ 
can have ô in its restriction to H. 


LemMMA 3. Let X be the character of a group G which is induced by a 
linear character, 0, of a subgroup L. If àis the restriction of 6 to an invariant 
subgroup, H, of G contained by L and vy G’ ts the subgroup of G which leaves 
ô invariant then the characters, © of G’ and X of G, induced by 0, have 
decompositions, © —349,, (a; 0) X= aX, X; is induced by ©, into 

q=1 


i=1 
distinct trreducible characters of their respective groups. 


Proof. Clearly LZ is a subgroup cf G’. Let © = 34, be the decom- 

i=l 
position of © into distinct irreducible characters of G’: As © induces X, each 
irreducible character, X, of G occurring in -X lies in the character of G 


induced by one of the @; If @; and X; are so related then by Frobenius, 
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©; occurs in X;| G’, whence by Lemma 2, ©; is the only irreducible character 
of G which can be so related and furthermore ®©; induces X;. The lemma 
follows directly. | 

The induced character property may new be demonstrated. 


THEOREM 1B. Let 0 be a character of a subgroup, L, of a group Gea. 
Let X be the character of G induced by 6, then F(X) = F'(0). 


Proof. It may be assumed that 6 is irreducible and therefore it may be 
assumed that 6 is linear. Let H be a maximal abelian subgroup of L which 
is invariant in G. The theorem is trivial if (G:H)=—1 and the proof is 
by induction on this index. Once again the idea of the proof is to use 
the induction hypothesis to replace G by a group in which hypothesis (c) 
may be used. Let 56|H and let G’ be the subgroup of @ which leaves 
è invariant. Using the notation and result of Lemma 3 it is clear that 
F(X) =F (®), whence by the induction hypothesis it may be assumed that 
G’ = Q, i.e. ô is invariant under G. As befcre it follows from the induction 
hypothesis and the factor group property that it may be assumed that H is 
the maximal invariant subgroup of Gin L. As before there exists an invariant 
subgroup, M, of G which contains H as a subgroup of prime index, p. From 
the preceding remark LPD M, whence LAO M=H. Let LM =N, then 
(N:L) =p. Let X’ be the character of N which is induced by 6. If N G 
then by the induction hypothesis F (6) —=F(X’). As X’|H = X’(1)8 it 
follows from a previous argument that each irreducible character of N in X’ 
is induced by a linear character of a subgroup of N which contains M. It 
follows from the linearity and factor group properties of F and the induction 
hypothesis that F(X) == F(X). Hence it may be assumed that G= Mh, 
(G:L) =p. As H is the maximal invariant subgroup of G in L it follows 
that (G,L,M,H) is a (p,p—1) configuration. Let m= (L:H)=(G@:M) 
then m|(p—-1). We assert that there exists a linear character X, of G 
whose restriction to H is 8. This is clear if m—1 as then G/H is cyclic, 
whence from the invariance of § under G it follows that $ is trivial on the 
commutator subgroup of G. On the other hand if m>1 then sis? CL 
for no element se M, sf H. Let t be an element of L whose coset mod H 
generates the cyclic group, L/H. Then X(t) —6(t) 540. But each irre- 
ducible character, X;, of G occurring in X is induced by a linear character 
of a subgroup, Ga, which contains M. As G/M is cyclic, G; is invariant in G, 
whence X;(¢) = 0 unless te Gi. Hence there exists 7 such that te G; so that 
G;== G and therefore X;(1)==1. Having shown that X, exists it follows 
from the reciprocity law that 6 = X,|L. Let 6, —X,|M, then 6, is invariant 
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under G. As X|M is the character of af induced by 8, it follows easily that 
X|M=6.+6.¥1+: + HoF where Yat c, Fpa are the nontrivial 
linear characters of M which are trivial on H. By Lemma 1, Y, has m dis- 
tinct conjugates in G, whence the same holds for 6,¥; and therefore by 
Mackey, @)Y; induces an irreducible character of G of degree m. Each of 
the r= (p-—1)/m distinct irreducible characters of G of this type must 
occur at least once in X and therefore X == Xo + SX, X; induced by boY:; 


{zl 
Y,,: © -, Y, chosen so that their G conjugates cover the full set Yi,- - -,Ypu. 


By definition F(X) == F(X¢) II F(6.¥ i), but the right side is #(6) (hypo- 
4=1 


thesis (c)). This completes the proof of Theorem 1B and therefore of 
Theorem 1, the necessity of the conditions being now clear. 

The solvable group. of lowest order which is not supersolvable is the 
tetrahedron group of order 12. Supersolvable groups are characterized by 
the property: Every maximal subgroup is of prime index [13]. For this 
reason Lerama 1 is adequate only for the study of supersolvable families. The 
extension of the theorem to solvable groups requires an examination of the 
situation discussed in Lemma 1 with H a subgroup of G of index p" (p 


prime). This can be done if enough is known about solvable groups of 
permutations of p” elements. 


2. Field theoretic considerations. Theorem 1 permits the construction 
of local root numbers of characters of supersolvable local Galois groups. To 
remove the restriction of supersolvability without a deeper group theoretical 
investigation it is necessary to make use of the analytically derived group 
theoretical structure ot the (global) roo; number as explained by Theorem 3 
below. ‘This is done by means of the relations between local and global 
number fields, specifically the’existence of global ‘number fields whose local 
completions may to some extent be preassigned. 


THEOREM 2. Let A be a finite normal non-cyclic extension of a local 
number field, B. If m(>1) ts the degree over B of an intermediate field 
then there exists an algebraic number field, k, with normal overfield, E, such 
that the set, S, of all primes of k which have just one prime divisor in K 
has either one or m elements and in either case B is (topologically*) iso- 
morphic ta the completion of k at each prime in S and A is isomorphic to 
the completion of K at each prime cf K which divides a prime in 8. 
Furthermore the fields K, k may be so chosen that for each prime, 8, of K 


" The tepology is given by the valuation. 
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which divides a prime in S there exists a -topological tsomorphism Oy of K 
into A which maps k into B such that if X—> 3g ts the isomorphism of 
G(K/k) onto G(A/B) defined by 


(Smo dy) (7) = (god) (xz) for all se K 


then the mapping Z — Xp remains unchanged as R runs through the primes 
of K which divide a prime in BS. 


Proof. Let n be the degree of A over B. Certainly there exists an 
algebraic number field, k, with normal extension, K, of degree n such that B 
is isomorphic to the completion of k at some prime, Po, of k and such that 4 
is isomorphic to the completion of K at the prime of that field which divides 
po. Let S, be the set of all primes of k other than pọ which have just one 
prime divisor in K. 8, is finite as K is a non-cyclic extension of k. It may 
be assumed that S, is not empty. By hypothesis there exists a subfield, L, 
of K such that m == degree L/k>1. Set v be an integer of L which 
generates L over k. Let f be the irreducible monic polynomial with coeffi- 
cients in k which is satisfied by v. Let a,,: - -,@, be any set of distinct 


integers in k and let TI (x— ai) =fo(z). By the approximation theorem 
t=1 


[10, page 8] there exists a polynomial, g, of degree m with coefficients in k 
which is so close to f at the primes of S, and to fẹ at Po that 


(a) g splits in kp, the Po completion of k. 


(b) If peS, and if v,’ ‘ *,Um are the roots of f and b,’ **,bm are 
the roots of g in a field containing kp, then for suitable choice of indices, 
ky (Vi) = ky (bi), 1S m. | 

Let w be a root of the polynomial, g, in an extension field of K. Let 
B==hk(w) and let E= KF. We assert that the fields F, E have the required 
properties. For pess f is irreducible in ky and therefore by (b), g is 
irreducible in ky, hence g is irreducible in k. Thus degree F/k==m and 
p has just one prime divisor in F. By (a), kp D F so that p, has m 
prime divisors, q,’ `, Qm in F and for each of them Fa; = ky, œ B while 
HR,,= Kk, =A, (lism). Hence 


degree L/F = degree A/E = n = degree K /k = degree E/F. 


It follows that n = degree E/F and that each of these primes of F has just 
one prime divisor in Ẹ. Thus it suffices to show that the remaining primes 
of F have more than one prime divisor in W. If q is one of these remaining 
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primes of F then q divides a prime, p, of k which either lies in Sp or has 
more than one prime divisor in K. 


Case 1. pego As previously noted q is the only prime divisor of p 
in F. Since f splits in K and therefore in Kky, it follows that g splits in Kk, 
so that Kky D Fo. Hence EF ==KFa = Kky is of degree n over ky and 
therefore of degree n/m over Fa which shows that q has m prime divisors in F. 


Case 2. P&S As p has more than one prime divisor in K, 
n > degree Kky/ky = degree EFa/Fa 


(as EF, is the composition of Kkp with Fa), which shows that q has more 
than one prime divisor in Æ. 

The last assertion of the theorem follows from the fact that for 1 Si1=m, 
the prime Q; of E which divides the prime q; of F also divides that prime, 
Wo, of K which divides the prime, Po, of k. Furthermore the local degree at 
Q; of E over K is 1. Let @ be a Po-topological isomorphism of K into A 
which maps k into B and let 3—> J be the isomorphism of G(#/F) onto 
G({A/B) defined by 


(3°¢) (x) = (6°) (x) for all eek. 


It is clear that ¢ can be extended to €;, a Oj-topological isomorphism of E 
into A. ®; maps F into B and the mapping 3 —> X, of G(E/F) onto G(A/B) 
defined by means of ; is the same as the manent 3—3. This completes 
the proof of the theorem. 

The basic problem of this section is that of characterizing functions 
defined on linear characters of local Galois groups which can be extended 
with respect to the family of all local Galois groups. Theorem & below 
(together with Theorem 1) gives a partial solution of this problem which 
is adequate for the theory of root numbers. Before stating the result we 
pause to explain the terminology. | 

Let Q be the field of rational numbers and for each prime p of Q 
(including the infinite one) let Qp be a p-completion of Q. Let &, (resp.: &) 
be the set of all overfields of Q, (resp.: Q) of finite degree which lie in a 
fixed algebraic closure of Qp (resp.: Q), the construction being so performed 
that no two of these algebraic closures have any element in common. Let & 
be the set theoretic union of the disjoint sets, Zp, where p ranges over all 
primes of Q. The elements of T are understood to be topological fields and 
isomorphisms between two elements will be understood to be topological. 
T (resp.: Y) shall be referred to as the set of all local (resp.: global) number 
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fields. For A, B in © (xesp.: ©), A a normal overfield of B, the Galois 
group, G(A/B), of A over B is regarded notas an abstract group but rather 
as being inextricably connected with the pair (A,B) of fields. The usual 
Galois theoretic identifications concerning subgroups and factor groups being 
understood, it is clear that the set, © (resp.: ©), of all such Galois groups 
is a family in the sense of Definition 1 and shall be referred to as the family 
of all local (resp.: global) Galois groups. (Precisely as in the purely group 
theoretical case, G(CD/D) is not to be identified with G(C/CND) as 
elements of © (resp.: ©) even when these. groups are isomorphic (unless 
CIDI) l 
The set, X (resp.: ¥) of all characters of groups in G (resp.: ©) shall 
be referred to as the set of all characters of local (resp.: global) Galois groups. 
Two characters in ¥ (resp.: X) are said to be equivalent if one is obtained 
from the other in the natural way from a field isomorphism. Let T be a 
multiplicative abelian group, fixed throughout the discussion. A mapping, 
F, of & (resp.: Æ) into r which is constant on each class of equivalent charac- 
ters is said to be a function defined on all characters of local (resp.: global) 
Galois groups. A similar interpretation is te be given to the set of all linear 
characters of local (resp.: global) Galois groups and to the concept of a 
function defined on all linear characters of local (resp.: global) Galows groups. 
‘A function defined on all linear characters of local (resp.: global) Galois 
groups will be said to be extendable with respect to a given family of local 
(resp.: global) Galois groups if the restriction of the function to the linear 
characters of the groups in the family is extendable with respect to the family. 
‘If A is a local number field then a homomorphism of A* (the multiplica- 
tive group of non-zero elements of .4) into the unimodular complex numbers 
wtih kernel of finite index in A* will be said to be a multiplicative character 
of A (or a character of A*). The set. of all such homomorphisms as A ranges 
over Ẹ will- be called the set of all multiplicative characters of local number 
fields. Two such characters are said to be equivalent if one is transformed 
into the other by a field isomorphism. A mapping, F, of all multiplicative 
characters of local number fields into [ which is constant on each class of 
equivalent characters is said to be a function defined on all multiplicative 
characters of local number fields. It follows from local class field theory ° 
that such functions may be identified with functions defined on all linear 


€ To avoid confusion with the classical norm rest symbol, it -is to be understood 
that a prime element of k, (if p is a finite prime) is to be associated with automor- 
phisms of abelian over-fields which in the unramified case is simply the Frobenius 
substitution. i 
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characters of local Galois groups which have the factor group property. This 
identification is to be understood in the following. 


Finally, if K and k are elements of ©, K being normal over k, and if p 
is a prime of & then G(Kky/ky) will be used to denote an element, G(A/B), 
of © such that there exists a 8-topological isomorphism, ¢; of K onto a dense 
subset of 4 which maps k onto a dense subset of B, where $ is a prime of K 
which divides p. If XY is a character of G(K/k) then Xy is to denote the 
character of G(A/B) which is obtained by transforming (by means of ¢) 
the restriction of X to a $- decomposition subgroup of G(K/k). Of course 
X, is not a uniquely defined element of ¥ but if F is a function defined on. 
all characters of local Galois groups then F(Xy) is well defined. 


TuecREM 3. Let F be a function defined on all linear characters of 
local Galois groups with the properttes: 

(a) F is extendable with respect to every family of nilpotent local 
Galois groups. 

(b) If X is a linear character of a global. Galois group, G(K/k), 
where k is an algebraic number field and K 1s a (finite) normal overfield, 


then F (Xs) = 1 for almost all primes, P, of Ie (Xy being defined as indicated 
above. 


(c) If in the notation of (b), M denotes the function X >I] F(Xy) 
P? 


defined on the set of linear characters of global Galois groups, the product 
being over all primes of k, then M is ad with respect to every family 
of global Galois groups. 


Then it may be concluded thet F is extendable.with respect to the family 
of all. local Galois groups. 


Proof. It is enough to prove: 


If B is a p-adic number field, A a normal extension of finite degree, 
and A’ is the family of groups generated by the Galois group, G(A/B), 
(i.e. the family of all Galois groups, G(A’/B’), where 4 D A’ D B’ D B, A’ 
normal over B’) then F is extendable with respect to A’. 

The proof is by induction on degree A/B. It may be assumed that the 
Galois group, G(A/B), is neither cyclic:nor a p-group. Let m (> 1) be the 
degree over B of some intermediate field. Let k and K be the algebraic 
number fields whose existence. has been demonstrated in the last theorem, 
and let S be the set of all primes of & which have just one prime divisor 
in K. The number, r, of. primes in 8 is either lorm. By the” induction 
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hypothesis, F is extendable with respect to the family of groups generated 
by the local Galois group, G(Kkyp/¥y), for each prime p of k which is not 
in §. Let F denote this extended function for all pg 8. Let A be the family 
of groups generated by G(K/k). If G,eA then G, is the Galois group, 
G(U/V), of U over V, U and V being fields lying between k and K, U being 
normal over V. If X is a character of G, then for each prime, p, of k not 


in S we set 
(4) Ay (X) = TE (Xa), 
q 


the product being over all primes, q, of V which divide p and Xq being 
related to X in the usual way. For each prime, p, of k not in S, (4) defines 
a function on the characters of the groups in A. As #” satisfies the condi- 
tions of Definition 2 with respect to those local groups of which the Xa in 
(4) are characters, it follows from an argument of Artin [11, pages 3-5] 
that Hy satisfies the conditions of Definition 2 with respect to the family A. 
If X is a linear character of G, then by hypothesis (b), 


(5) Hy(X) ==1 for almost all primes, p, of k. 
By Brauer (loe. cit.), (5) holds for all characters of G,. Hence if we set 
(6) H(X) = II Ay(*), 

pes 


the right side being a product over all primes of k not in S, then H is a 
well defined function of the characters of the groups in A which satisfies all 
the conditions of Definition 2, and therefore (using M to denote the extension 
of the function, M, (hypothesis (c))) 


(7) N(X) =M(X)/H(X) 


defines a function, N, on these characters which also satisfies these conditions, 
i.e. the restriction of N to the linear characters of the groups in A is 
A-extendable. 

If X is a linear character of G, then 
(8) N(X) =I] I F(X), 

pes aqlp 

the combined product being over all primes of V which divide a prime in 8. 
Let § be the set of primes of K which divide a prime in 8. For each es 
let Sg, a -topological isomorphism of K into A, be chosen as in the last 
assertion of Theorem 2. For each Sx there exists a one to one correspondence 
between groups in A and groups in A’ and by the choice of the Sy this corre- 
spondence does not change as $$ runs through 8. Likewise there exists a one 
to one correspondence A <> X’ between the characters of the groups in A 
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and the characters of the groups in A’ which can be described in terms of 
Dy but does not depend upon the choice of P in S. It follows from the 
topological nature of this construction that if X is the linear character of G 
in (8) then F(X’) =F (X4) for each prime, q, of V which divides a prime 
in §. As each prime in S has just one prime‘divisor in F, it follows that 


(9) l N(X) = (F(X’))* for X linear. 


It is now clear that the function F": X’— (F(X’))* on the linear 
characters of the groups in A’ is A’-extendable. It may be assumed that it is 
impossible to construct the fields, K, k, so that r==1, hence it may be assumed 
that r==m, the degree over B of a field (not B) lying between A and B. 
As G(A/B) is not a p-group, the indices of the Sylow subgroups from a set 
of relatively prime integers each greater than one, which proves the theorem. 

While the theorem is adequate for cur purposes it is clear that condition 
(a) is stronger than necessary. 


COROLLARY. The theorem remains valid if condition (a) is replaced by 
evther: 

(a) F ts extendable with respect to every family of local Galois groups 
which consists of cyclic groups and p-groups, 
01 

(a”) F ts extendable with respect to every family of local Galois groups 
which consists of p-groups and of the Galois groups of unramified extensions.. 


The proof is clear but it should be noted that the last sentence of the 
proof of the theorem shows why p-groups require special treatment. The 
_ Special treatment of cyclic groups (or of the Galois groups of unramified 
extensions) is necessitated by the, requirement of finiteness of S, in the proof 
of Theorem 2. It should be observed that (a”) corresponds.to an obvious 
modification of that theorem. 


3. Arithmetic considerations. The local abelian root numbers must 
now be defined. 


Definition 5. If 6 is a multiplicative character of a local number field, 
B, then the local abelian root number, R (0), is defined by 
R(@)=1 if B is complex, 
—1 if B is real and 6(—1) =], 
——1 if B is real and #@(—1) =—1, 


= (Nf(0))* BS  G(2/Ag)o(2/Ag) if B is p-adic, © 
æ e U/(1+f(9)) 
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where (in explanation of the p-adic case) 


fO) = conductor of 6, 
Nf (8) = == absolute norm of f(@), 


Ag is an,integer of B which generates the ideal, f(0)Dzs, Dp being me 
absolute different of B, 


@ is the “ standard” additive character of B:s- exp (2riY (S(2))), ` 
S being the absolute trace mapping B onto Qp, the corresponding 
completion of the field of rational numbers, Y being a mapping of 
Qp into the rationals such that for each te Qp Y(t) —t is a p-adic 
integer and Y(t) is a rational number whose denominator - is a 
power of p, . 


U is the group of units in B, 


and the sum is over a set of representatives of the cosets in U of the sub- 
group of all units congruent to : modulo f(6), it being understood that if 6 
is unramified then 1-+-f(6) = 

It follows from the ak characterization of abelian root numbers, 
[4], that #(6) is a unimodular complex number in any ‘case and is even a 
root of unity unless B is p-adic and f(@) == p, in which case #(@) is the ratio 
between a classical Gauss sum and its absolute value. 

To simplify the statement of the arithmetic results: If A is a finite 
overfield of the local number field, B, then a character, 6, of B* (i.e. a multi- 
plicative character of B} is said to divide a character, ®, of A* (written 6|@) 
if @ is obtained from @ by composition with the relative norm, N4;s. 


THEOREM 4. Let B be a local number field, 


(a) If Aisa ade overfield of prime degree and @ is a character of 
A*¥* divisible by a character of B* then ` 


(10). CL R(@) 1/R(@) =T (4/8). 
ot pD = ee 
the potit being over all characters of B* kich divide ®,: V(A/B being a 


fourth root of unity which is independent of ©. Furthermore V(A/B) =]1 
if degree A/B is odd. | 


(b) If A is an abelian overfield of B with Galois group of type (p,p) 
and if @; (j==1,2) is a character of A;*, A; being an intermediate field of 
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degree p over B, such that 0, and 6, divide the same character of A*, neither 
being divisible by any character of B* then 


(12) R(,) V(Ai/B) = R (62) V (A/B) 
(18) 6,(—1) [R( 61) ]? = @2(—1) [R (82) ]*. 


COROLLARY. Equations (10) and (11) are also valid if A is any abelian 
extension of B1 If C is an immediate field then 


| (14) V(A/B) = V (4/0) [V (C/B) Jte 4/0, 


The corollary is derived from the theorem by a simple induction argu- 
ment. The theorem is proven by the arithmetic characterization of local 
abelian root numbers [4], [12]. As noted in.the introduction, the proof is 
too long to be included in this paper. 

If X is a linear character of a global Galois group, G(K/k), then the 
global abelian root number, W(X), may be written as a product of local 
abelian root numbers, [1,2]: 


(15) | W(X) — TTR (%y), 


the product being over all primes of & It should be noted that (15) need 
not be the only possible factorization of W(X), further possibilities being 
covered by the following definition. 


Definition 6. A function, H, defined on all multiplicative characters 
of local number fields is said to be a factorization of unity if it satisfies 
hypothesis (b) of Theorem 3 and if in that notation 


(16) 1=—[[ (4%), (X linear) 
P 


the product being over all primes of the ground field. 
Theorem 3 and the pertinent parts of Theorem 1 may be reformulated 
so as to make Theorem 4 more directly applicable. 


THEOREM 5. . Let F be a function defined on all multiplicative characters 
of local number fields such that 


(a) In the notation of Theorem 4a, ILF (0) = F (0). 
(b) In the notation of Theorem A PU) == F (b2). 
(c) F satisfies conditions (b) and (c) of Theorem 3. 


1 Theorem 4a in this more general form has been independently stated and partially 
verified by Hasse [5]. For a full proof see the dissertation referred to in footnote 1. 
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Then F is extendable with respect to the family of all local Galois groups. 
If M is the extension of M and F is the extension of F then for each 
character, X, of a global Galois group, G(K/k), 


M (X) = WLP (%y), 


the product being over all primes of k and M being as in the notation of 
condition (c) of Theorem 3. 


Proof. Let A be a family of nilpotent local Galois groups. We assert 
that F satisfies the conditions of Theorem 1 for A. F certainly satisfies con- 
ditions (a) and (d) of Theorem 1 and in the statement of condition (c) of 
that theorem G—G, and G,—H as G is nilpotent. Hence condition (c) 
of Theorem 1 may for this application be written: If @ is a lmear charac- 
ter of H which. is the restriction to H of a linear character of G then 
F(@) = Te (6), the product being over all linear characters of G whose 


restriction to H is ©. Furthermore in the statement of condition (b) of 
Theorem 1, as 6; (s=-1,2) induces an irreducible character of G, it follows 
from the Frobenius reciprocity theorem that 6, cannot be the restriction to 
G; of a linear character of Œ. Also, as 6, and 6, induce the same irreducible 
character of G, it follows from Mackey, [8], that there exists oe G such that 
8,7 coincides with 8, on H. As G == G G, and H contains the commutator 
subgroup of G, it follows that 6, and 6, coincide on H. That hypothesis (a) 
of Theorem 5 implies that F satisfies condition (c) of Theorem 1 and that 
hypothesis (b) of Theorem 5 implies that F satisfies condition (b) of Theorem 
1 now follows from a well known fact: Let B be a local number field, A a 
normal extension field of finite degree and C an intermediate field. If 9 is a 
character of B* which corresponds to a linear character, X, of G@(A/B) and 
6, is the character of C* which corresponds to the restriction of X to G(A/C) 
then 0o ==} o Nor, the composition of @ with the relative norm of C over B. 


It now follows from Theorem 1 that condition (a) of Theorem 3 is 
satisfied. This proves the extendability of F. The final assertion concerning 
the functions, F and M is a direct consequence of the uniqueness of M and 
the previously used argument of Artin [11], pp. 3-5. 


Our main result may now be stated. It is a direct consequence of 
Theorems 4 and 5 and the fact that 6—>6(—-1) is a factorization of unity. 


THEOREM 5’. (a) Let F be a’ function defined on linear characters of 
local Galois groups by setting F (80) = [R(6)|?6(—1) for each multiplicative | 
character, 0, of a local number field (with the usual identification), then F 
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is extendable with respect to the family of all local Galois groups. Denoting 


the extended function by F, [W(X) P =F (Xp), for each character, X, 
of a global Galois group, the product being see all primes of the ground field. 
(b) If H is a factorization of unity such that in the notation of 
Theorem 4(a), LH H (6) ]/(@) = V (4/B) 


Theorem 4(b), H (60:1) V (4:ı/B) = H (82) V(A2/B) 


then F':0—>R(0)/H(0) defines a function on linear characters of local 
Galois groups which 1s extendable with respect to every family of local Galois 
groups and the extended function gives a factorization of the Artin root 
number in the obvious way. 


4. The question of sign. The existence of a function, H, satisfying the 
conditions of Theorem 5(b) is still an open question and for this reason the 
existence of local non-abelian root numbers and the factorization of the Artin 
root number is established only to within factors +1. This aspect of the 
problem shall now be considered. As V(A/B) —1 if degree A/B is odd 
(Theorem 4), it is to be expected that it is enough to determine H (0) for 0 
of period 2” (as used in this section 2” is to be understood to be a generic 
integral power of 2). More precisely: 


Lemma 4. Let J be a function defined on multiplicative characters of 
period 2” of local number fields such that 


(a) If X is a linear character of period 2” of a global Galois group, 
G(K/k), then J(Xy) =1 for almost all primes of k, and [[J(Xy) =1, the 


product being over all primes of ~. i 


(b) In the notation of Theorem 4(a), if 0|©, 6 of period 2” and 
q = degree A/B then 

(bi) [J (6) ]?=J(@) f q2 

(b2) J(0)J(08)/J (©) =R(8) tf 7=?2 and 8 is the character of B* 
which “cuts out” A. over B. 


(c) In the notation of Theorem 4(b), tf 6: and 6, are of period 2™ 
. and degree A/B==4 then J (61) V(Ai/B) =d (0) V (A/B) 


and if for each multiplicative character, 6, of a local number field, 0 = 0'8” 
denotes the natural decomposition of 6 into a character, 6’, of odd period 
and a character, 6”, of period 2” then H:6->J(0’) isa factorization of | 
unity which satisfies the conditions of Theorem 5(b). | 


{ 
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Proof. It is enough to show that H satisfies the condition corresponding 
to Theorem 4(b). In the statement of that theorem, let p? == degree A/B, 
and let 6;—06i0i2, (41,2) be the natural decomposition of @; into a 
character, 6;,, of odd period and a character, ĝin, of period 2”. It is enough 
to show that 


(17) J (O12) V (4,/B) = d (22) V (42/B). 


Let o be a non-trivial element of the Galois group, G(A/A,) = G(A,/B), 
then since 6,°.N 4/4, = 62° Na;a,, it follows that 6,°*°N4 a, is the principal 
character of A*. Hence 6,%% is trivial on N4/4,A* but is not trivial on.A,* 
as otherwise (since A, is cyclic over B) 6, is divisible by a character of B*, 
contrary to hypothesis. Hence 6,71 is of period p. Thus 6,,% is trivial if 
and only if p42. It is clear that @,, and 6., divide the same character of A* 
and that the same holds for characters, 6;. ‘and 622. If p is odd then ĝe 
is divisible by a character, 6, of period 2”, of B* and by an easy argument 
Ø| G22, whence (17) follows from (b,). If p—2 then 6,» is not divisible by 
- any character of B* so that (17) follows from (c). | 
A partial solution for J may be given. 


Lemma 5. If 61s a real multiplicatwe character of a local number field 
let J (0) =R(0). J satisfies the conditions of the last lemma for characters 
of this type. 


Proof. If X is a linear character of period 2™ of a global Galois group, 
G(K/k), such that Xp is real for each prime p, of k, then XY is of period 2 
or 1. In either case 1 = W (X) = J] E (Xp), so that condition (a) of the 

p 


last lemma is satisfied. Condition (bz) and (c) follow from Theorem 4, and 
for condition (b,) let C be the quadratic extension of B cut out by 6, then 
AC is the extension of A cut out by @ and AC is an abelian extension of B. 
Hence R(0) = V(AC/A), R(0) =V(C/B) and by (14), 

V(AC/A)[V (A/B) = V (40/B) = V(AC/C)[V(C/B) ]s, 
whence (cı) follows from V(A/B) = V(AC/C) =1. 

It follows from this lemma that if Yis a character of a local Galois 
group, G, then the (local) root number of Y is well defined if no cyclic group 
of order 4 is in the family generated by G. Furthermore if X is a character 
of a global Galois group, G, then the Artin root number, W(X), has a well 
defined decomposition if the decomposition subgroups of G@ satisfy this 
condition. l 


Theorem 5’ indicates that the determination of H requires a canonical 
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extraction of the square root of @(—1). If 6 is of period 2 then this is 
provided by R(0). — | 


We shall now show that in a certain sense it is impossible to find a 
function H which satisfies the conditions of Theorem 5’b. If H were found 
then for each multiplicative character, 6, of a local number field, B, R(6)/H(#) 
could be viewed as a new local abelian root numbet. It would therezore be 
expected that H would satisfy the further conditions: 


(I) H(0)=1 if 6 is the principal character of B* 
(II) H(6) —1 if @ is an absolutely unramified character (i.e. if the 
kernel of 6 determines a cyclic extension of B which is absolutely unramified). 


It will be shown that these conditions are incompatible with the previous 
conditions on H. Suppose that there exists an H satisfying all the conditions. 
It follows from (I) that if @ is real then H(6)—A(@). In particular, 
if B is the field of real numbers then 1/H (6) = V [0(— 1) ], where V1—1, 
V (—1) =1. If is any positive integer, let G, be the Galois group of Q (£n) 
over @, where ¢, is a primitive n-th root of unity. If p is an odd rational 
prime number and X is a character of G; then (from I1), H(X.)H(X,) =1. 
Likewise if q is an odč prime and Y is é character of G, then H(Y.)H(Y¥q) 
= 1, while if XY is the character of Ga (pq), obtained in the obvious 
way then H(X.Y.)H(XpV¥_)H(Xq¥_) =1. As X4 is unramified and 
Xq(q)Xp(q7) =1, Xq is trivial if X,(q) —1, which is certainly true if q = 1 
(mod p). If q satisfies this condition then 


H(X,Y») = V [Xp (— 1) Ya (—1)]/V [¥¢(—1)]. 


Given p, X may be chosen so that X,(—1) =— 1, in which case H(X,Y,) 
=V [— ¥(— 1)]/ V [Y({— 1)]. Hence to obtain a contradiction, it is enough 
to choose p and an unramified character 6 of Y,* such that Y¿(— 1) is not 
independent of the choice of q and Y which satisfy the conditions: q= 1 
(mod p), Y,—6 (ie. 1/0(p) =Y,(p)). To do this let p= 5, 6(5) =i. 
For q = 41, p is a quadratic but not a biquadratic residue mod q, likewise 
for q= 241. Hence in either case there exists Y of period 8 such that. 
Y,(p) =—1. As —1 is an eighth power mod 241 but not mod 41, 
Y,(— 1) =—1 for q= 41, Yg(—1) =1 for q—241. The contradiction 
is thus proven. E > 

This counter example almost assùres us of the nonexistence of a function 
H satisfying the conditions of Theorem 5’b. The problem of finding H is 
that of reformulating the definition of local abelian root numbers so that 


16 
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the group theoretical properties of the Artin root number may be explained 
locally. Instead we can consider the global relations between local abelian 
root numbers which can be deduced from the properties of the Artin root 
number. Let K be a normal overfield of an algebraic number field, k; let 
d, (t=1,:--,r) be a linear character of a subgroup, G(K/k,) of G(K/k) 


such that 5 a,X;—0, where X; is the character of G(K/k) which is aded. 
4=1 . 


by # and a; is an integer. The global relations referred to above are of the | 
form i 


H II i R((di)a)" = 1 


n 
(p runs through all primes of k; q; runs through all primes of k). Following 
Hasse, let 8; be the character of G(K/k) induced by the principal character 
of G(K/k,). Let [8 | denote the linear character of G(K/k) obtained by 
taking the determinant of the matrix representation corresponding to &. 
As a direct consequence of Theorem 5’a, the p constituent of the above relation 
is given by 


Și I R((d)a)" = £ T LR (8 lp) Jes (ef. [5, page 831) 


i=1 Quip 


where the inner product on the left is over all primes of k, which divide p. 
As |8;| is either the principal character or a quadratic character of G(K/k), 
it is natural to conjecture that all of these global een ate products of 
two kinds of relations: 


1. If X is any linear character of G(K/k) then It %y(—1) = 
2. If X isa ida character of G(K/k) then RH = 


{The ree in both cases is over all primes of k.) 


5. Local root numbers. In this section let C* be the multiplicative 
group of non-zero complex numbers and let T be the factor group, C*/{-+ 1}. 
If X is a character of a local Galois group, G = G(K/k), let W(X) denote 
the local root number (€T) which is`obtained by extending the function, 
X -> R(X) V[X(—1)], defined on linear characters of local Galois groups 
(Theorem 5’(a)). It follows from Definition 5 that if k is Archimedean then 
W(X) = 1, the identity element of T. Hence in studying local root numbers 
it may be assumed that & is a p-adic number field. In the p-adic case we 
define (following Hasse) the local Galois Gauss sum, 7(X) == W(X) V [Nf], 
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where Nf (X) is the absolute norm of the conductor of X. If Y is a character 
of a global Galois group, @(H/F), then Hasse’s Galois Gauss sum, r(Y), is 
defined by 


(18) eh) = ME V A ETTE a); 


the product over all primes of F bemg understood to be a coset of {+ 1}. 
In the following the symbols, W(X), r(X), shall refer to elements of C* 
if X is a character of a global Galois group and elements of T (or cosets of 
{+1}) if X is a character of a local Galois group. An element of T will 
be said to be a root of unity (resp.: an algebraic integer, resp.: an element 
of a certain algebraic number field) if the elements of the corresponding 
coset of {+ 1} have this property. 

Continuing with the discussion of the local situation, let W, be the 
inertial subgroup, W., W,- - the ramification subgroups of G. Let 


(19) m(X) = [B] È [8], 


where s is the smallest integer such that X is trivial (i.e. identically X(1)) 
on War m(X) being understood to be zero if s—-—1. Letting p be the 
prime ideal of k, the conductor, f(X), is given by Artin [11], 


(20) ordy f(X) = [8] È (81X (1) — X (8:)), 
where X(28;) == X, X(w), this last sum being over all elements of W. 
wew: l 


LEMMA 6. If X 1s an irreducible character of G then 
(21) m(X) = Lordy f(X) ]/X (1) 
and if X — x p a sum of characters of G then 
(22) m({X) == Max,sjs, m (X;). 


Proof. From the orthogonality relations, n;— [W:] 7X (W:) is the 
number of times the trivial character of 28; occurs in XY | B. If X is irre- 
ducible then XY|28; is a sum of conjugate characters of YW; as W; is an 
invariant subgroup of G. Hence n; is either X(1) or zero depending upon 
whether or not i exceeds s. Thus (21) follows from (19) and (20). If 
X=% XA; and X is trivial on WW, then each X; is trivial on that group, 
ie. m(X) = m(X;). Conversely if each X; (7=—1,---,7) is trivial on 
W; then X is trivial on W; i.e. Max;m(X;) = m(X) which proves (22). 

It follows from the definition that either m(X)—0 or m(X) Z1. It 
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is easily shown by the methods of Artin, [11, page 9], that m(X) is a. 


rational number whose denominator is a power of the rational prime, p, which 
is divisible by p. m(X) need not be an integer, a counter example being 
provided by the situation discussed in Theorem 4(b). In the notation of 
that theorem let C be the cyclic extension of A which is cut out by the 
character, 0,°N4 4, of A*. Let A be totally and wildly ramified over B - 
and let 6, be chosen so as‘to have the “minimal” conductor (i.e. with 
smallest possible exponent) and-let X be the (irreducible) character of G(C/B) 
which is induced by the linear character of G(C/A,) which corresponds to 64. 
Under these circumstances m(X) is not an integer but the details of the 
computation are not needed at this time. 

We now show that if X is irreducible then m(X) determines the nature 
of the local root number, W(X). 


THEOREM 6. Let X be an irreducible character of the local Galois 
group, G(K/k). 

(a) If m(X )Sl then there Pere an intermediate field, k’, unramified 
aver k such that X is induced by a linear character, Z, of G(K/k’) of con- 
ductor q™). (q = prime of k’) and r(X) ==7(Z), hence an algebraic integer. 

(b) If m(X) <1 then W(X) ts a root of unity. 


Proof. If m(X) 0 then X is trivial on We whence X is linear and 
the theorem is trivial in that case. If m(X) —1 then X is trivial on %,, 
whence it is induced by a linear character, Z, of a subgroup, @’, of G which 
contains W, (as W,/W, is cyclic, hence certainly abelian). G” corresponds 
to a subfield, k’, of K which is unramified over k, so that Nypf(Z) =f(X), 
whence m(Z)==1. Clearly Nf(X)=Nf(Z) so that 7(X)—=7(Z) which 
completes the proof of (a). 

If m(X) > 1 then there exists a minimal integer, s, s > 0, such that X 
is trivial on W. As W,/Wesı is abelian, X is induced by a character, X’, 
of a subgroup, G’, of G(K/k) which contains W, and leaves 6 fixed, § being 
one of the linear characters of W, which occurs in X|, (Lemma 2). For 
the same reason, X’ has a Brauer decomposition in characters of G’ which are 
induced by linear characters, Y;, of subgroups, G;, of @ which contain W, 
such that = Y,|%8,. $ is ‘a non-trivial character of W, as X|W, contains 
cnly conjugates of 8, hence the conductor of § is Pr, r>1, $ being the 
prime of V,, the s-th ramification subfield of K over k. If k; is the subfield 
of K which corresponds to G; then V, D k; D k and F; corresponds to a linear 
character, 4; of k;*. Also 0,0 Ny,/k, = A, the character of V,* which corre- 
sponds to & As Ny,~,(i+8)C1+h),; (p= prime of ti)» if p/P? Tf (6) 
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then P TF (A) =f (8), a contradiction. Hence p?|f(6;) so that the abelian 
root number, R(8;), is a root of unity. As W(X) is a product of such 
quantities and their inverses, and powers of 1, (b) follows from the previous _ 
discussion of the case m(X) —0. 

As an immediate consequence of this theorem and equation (18) we have 
a conjecture of Hasse: = 


COROLLARY. If X is a character of a global Galois group then the Galois 
Gauss sum, r(X), ts an algebraic integer. : 


We shall now consider Hasse’s conjecture concerning the algebraic 
number field in which the Artin root number lies. It follows from the 
definitions that if X is a linear character of a local Galois group, G(K/k), 
k being a p-adic number field, then [W(X)]?=—[R(X) PX (— 1) lies in the 
field, 4, obtained by adjoining to Q (= the field of rational numbers) the 
values assumed by X and a primitive N-th root of unity, where N is the 
power of p (=the rational prime divisible by p) nEn by the ideal theoretic 
relation 


(23). 1/N = Sia, (1/ (Daf (X))), 


Qp being the p-adic completion of Q. W(X) itself lies in the field obtained 
by adjoining to A the elements i and Vp. The generalization of this result 
is complicated by the uncertain status of the question of sign (Section 4). 


THEOREM 7. If X is a character of a local Galois group, G(K/k), k 
being a p-adic number field, then [W(X)]? lies in the field A = Q(X ; m(X)/e) 
obtained by adjoining to Q the values assumed by X and the N. roots of unity, 
where N = p", p ws the rational prime divisible by p, r is the smallest integer 
not less than m(X)/e, e being the absolute ramification of k. 


Proof. The theorem is first proven for X irreducible. If X is linear 
then the assertion follows from the fact that Sx,0,(1/(@uf(X))) = preys, 
the brackets denoting the largest integer not greater than —-m(X)/e. If 
m(X) =1 then by Theorem 6, W(X) =W(Z), Z being a linear character 
of G(K/k’) where k’ is an unramified extension of k, As m(Z)=1 the 
assertion follows from the discussion of the linear case. If m(X) >1 then 
in the notation of the proof of the preceding theorem, [W(X) |? lies in the 
composition of fields of the type Q(Y;;m(Y;)/e;), Y; being a linear character 
of G;== G(K/k;) which contains W., e; being the absolute ramification of kj. 
Furthermore Y;|28,—8. As the i-th ramification subgroup of G; is WN G; 
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Ws is the s-th ramification subgroup of G; and Wsu is the (s + 1)-th ramifica- 
tion subgroup of G;. Y; is trivial on Ws, but not on W, Hence 


` (24) m(F;)/e;—= (lB N G] 2 [EN B]. 


But e;[%8. G;] = absolute ramification of K=e[%W.] so that m(Y;)e; 
= m(X)/e. It follows that if Page = Ss Y, are the linear characters of sub- 
groups of G which are involved in the Brauer decomposition of XY described in 
the proof of Theorem 6 then [ W(X) |*?eQ(V,,:--,¥:3m(X)/e) =B, it being 
understood that the field, B, contains all values assumed by F,- -, F; 
respectively. Certainly B D A, but-A contains all roots of unity introduced 
by the additive characters of the fields kı, + -,%: in forming the abelian 
Gauss sums associated with the linear characters Y1,---,¥; The Brauer 
decomposition of X may be written 


i t 
(25) | x =t, 
X; being the character of G which is induced by Y; and each a; being an 
t 
integer. Clearly, W(X) =I] W(Y;)%. Ifo is an isomorphism of B which 
: jzi í 


leaves the elements of A fixed then it leaves each value of X fixed so that 
(25) may be written with each X; replaced by the character oo X, which is 


induced by Yff=—=caoY;. Hence W(X) =f W(Y;7)%. But o leaves fixed 
jal 


the values assumed by the additive characters, i.e. [W(V,°)]* — [W(Y;)7]?. 
It follows that o leaves [W(X)]? invariant, whence [W(2)]? lies in A. 
If X = > L, a sum of irreducible characters of G then by the preceding 
i 
argument and (22) it follows that [W(X)]?C Q(,: - <, Lr m(X)/e) =A’. 
The same argument as in the irreducible case shows that if o is an isomor- 
phism of A’ which leaves the elements of A fixed then 


[WDP = [II WLA F = [W] 


as o leaves invariant all values assumed by additive characters used in 
expressing W(Z;) in terms of local abelian root numbers. 
This result has an obvious global consequence. 


COROLLARY 1. If X is a character of a global Galois group, G(K/k), 
then [W(X)]? lies in the field A obtained by adjowming to Q the values 
assumed by X and a primitive N-th root of unity, where 


(27) — log N = X (log p)maxy|pmy, 
7 
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my being the smallest integer which is not less than m(Xy) /ep;' ep being the 
absolute ramification of p, the sum being over all finite rational primes. 


The following corollaries refer to bcth local and global characters. The 
notation is as in Theorem 7 in the local case and as in Corollary. 1 in the 
global case. If n is an integer let Z, denote a primitive n-th root of unity. 


COROLLARY 2. W(X) les in Q(Z,), where r is thé least common 
multiple of 8, N and the. degree, n, of K over k. 


Proof. In the local case it follows by the same reasoning as in Theorem 
y (without the automorphism argument as the values assumed by the charac- 
ters, Y;, are n-th roots of unity) that W (X) e Q (Zn Zvi, Vp). If m(X) =0 
then W(X) is an n-th root of unity, while if m(X) >0 then ZpeQ (Zy). 
' As i, Vp, lie in Q (Zp t) for p32, and 14, V2 le in Q(Z,) the assertion. 
follows in the local case. The proof in the global case is now immediate. 


* COROLLARY 3. If the question of sign is solved for the local Galois 
groups involved with G(K/k) (in particular if the family generated by 
G(K/k) contains no cyclic group of order 4) then W(X) £A (Ze). an 


The proof is a repetition of previous arguments. We note that every- 
thing said here for root numbers (i.e. in Theorem y and its corollaries)’ 
applies equally well to Galois Gauss sums. 


Final Remarks. The proof of the integrality of Galois Gauss sums 
requires only a weak form of Theorem 5’. It is enough to know the extend- 
ability of the local abelian root nimber considered as a function which takes 
its values in the group C*/H#, where Æ is the group oz all roots of unity in 
the complex field. It follows that a weak form of Theorem 4 is adequate, 
it being enough to know that (10) and (12) are valid as congruences modulo 
E. These congruences are a trivial consequence of the multiplicative identities 
of [12] and in fact as a congruence, (12) is a direct consequence of (10). 

The results of this paper may be extended without difficulty to the root 
number in the functional equation of the L-series studied by Weil in [14]. 
This may be done most easily by using the fact that an irreducible character 
of one of Weil’s decomposition groups is the product of a linear unramified 
character and an irreducible character with kernel of finite index and the 
latter may be identified with a character of a local Galois group. While the 
root numbers appearing in this theory need not be algebraic numbers, 
Theorem 6 may be rewritten so as to remain valid. 
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‘Finally it may be noted that the methods of this paper may be used to 
prove the existence and most of the properties of the Artin conductor, [11], 
without the use of Artin’s specific formula. 
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ARTIN-SCHREIER EQUATIONS IN CHARACTERISTIC ZERO.* 


By R. E. MacKenzie and G. WHAPLES. 


The proof of:the existence theorem of generalized local class field theory 
[6,7] shows that if k is a field over which that theory holds and p is the 
characteristic of its residue class field then the cyclic extensions of k of 
degree p fall into two disjoint classes. Each extension of the first class is 
contained in the composite of finitely many extensions generated by root of 
Artin-Schreier equations : 


(1) a?—a@—\=0, Ack, | pert | <1. 
Each extension of the second class is generated by a root of an equation 
(2) a? — a= 0, aek, lal ¢| hI, 


where | k'?|—{j|8?|| Bek}. Extensions of the second class occur only 
when k has characteristic zero and contains primitive p-th roots of unity. 

This suggests the conjecture that avery extension of the first class is 
generated by a root of one Artin-Schreier equation. This is well known, 
of course, when k has characteristic p [9]. In this paper we prove the 
conjecture not only for the fields of local class field theory but for all fields 
which are maximally complete [2,4] under an arbitrary non-archimedean 
valuation (not necessarily discrete or of rank-one) and which have a residue 
class field with no inseparable extension. Even without this assumption on 
the residue class field our methods give considerable information about the 
cyclic extensions of degree p. 

In local class field theory the two classes of extensions can be distin- 
guished by certain inequalities involving either the conductor or the different. 
In our more general situation the conductor and different are unavailable 
but we introduce another invariant, the distortiofi’ constant, which takes 
their place and happens also to simplify the computations very much. 

This gives a method of assigning to each cyclic extension of degree p a 
canonical defining equation. In the local class field case this poses the 
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problem of finding an explicit reciprocity law, namely, a rule translating 
the class field theory parametrization of extension fields and their auto- 
morphisms into the parametriaztion given by our canonical defining equations. 
Such laws have up to now been restricted to the case where & has characteristic 
p or contains primitive p-th roots of unity due to the lack of a canonical 
defining equation in the other case. The problem of finding an explicit 
reciprocity law separates naturally into two parts: (A) Find an explicit 
formula for the norm residue symbol defined on some particular basis for 
elements of k: modulo norms. (B) Find an explicit basis for the group of 
norms. We have solved (A) but not (B). 

Oystein Ore [3] has also studied generating equations for such cyclic 
extensions (not only of degree p but of degree p”) in the absence of p-th 
roots of unity. Although his general ideas are similar to ours he restricts 
himself to algebraic number fields, uses congruences instead of equations, 
and, because he wants congruences with integral coefficients, has several 
standard forms instead of only two. 

For brevity we state at the beginning of each section the assumptions 
made in it and do not repeat these assumptions in stating propositions and 
theorems. 


1. Orthobases. Let K have a nonarchimedean valuation | | with no 
assumptions of completeness. Let K/k he finite algebraic and K/k the 
residue class field extension. Let n, e, f denote the degree of K/k, the 
ramification number of K/k, and the degree of K/k, respectively. 


Definition 1. A sequence Aj,As,--°,A, of elements of K is called 
an orthobasis for K/k (relative to | |) if it is a basis and 


(3) | Sy aA, | = max,|o,A,| for all d, ¢2,° © -,a,ek. 


The name was chosen because, like an orthonormal basis of a normal 
vector space, an orthobasis makes absolute values easy to compute. If the 
valuation is not discrete there may not exist any minimal basis for K- 
integers over é-integers, but an orthobasis is an excellent substitute. 


Proposition 1. K/k has an orthobasts if and only if ef =n. 


Proof. Let {A;} be a finite set of elements of K such that {| A; |} are 
in distinct cosets modulo|%:| and let {B;} be elements of value 1 whose 
residue classes are linearly independent over k. It is easy to see that the 
elements {A,B;} satisfy (3) and are therefore linearly independent over k. 
The well known statement n= ef [1] follows. If n> ef then any set of n 





ARTIN-SCHREIER EQUATIONS. 475 


elements of K contains more than f elements whose values are in the same 
coset modulo | Æ | and hence fails to satisfy (3). 


Definition 2. An element Ac XK is called an orthogenerator for K/k if 
1,A,A?,- --,A"? are orthobasis. 


2. Distortion constant. Besides the assumptions of Section 1 let K/k 
he cyclic with a generating automorphism o such that 


(4) [oA |=] A| for all Ack. 


Definilion 8. An element TeK is called a distortion constant (d.c.) 
for K/k when 
(5) oA==A(1-+T) for some AcK and 


(6) oB=—B(1+O0(1)) for all Bek, 
where O(r) denotes an element of value = |T]. 


Clearly K/k has a d.c. if and only if ((¢--1)B/B = B*'—-1 assumes 
a maximum value for some B=AeKk. If any d.c. exists the value of 
every d.c. equals this maximum, hence is an invariant of K/k and e. Since 
T= ((o—1)A)/A=A*!—1 it follows from (4) that |T|/S1. By 
induction using (5) we obtain for all 4 


G eA ACP ior) 43 Se) SA (8). 


Similarly from (6) we see that o'B—B(1+4 0(1)) for all + and all B. 
If + is another generating automorphism and I” a d.c. corresponding to it 
then Y= O(T) and P=O(I’) so |T| does not depend on the choice of c 
and is an invariant of K/k. 

The essential idea of a d.c. and of the following proposition appears 
in O. F. G. Schilling’s book [4, pp. 80, 81]. 


Prorosirion 2. If K/k has an orthobasts A,, Aa, © >, An and Ag-+—1 
ts of maximal value for t= 1,2, > -n then it isa d.c. If A is an ortho- 
generator then AT1—1 is a d.c. 


Proof. Let Ay, As’ ©- An be an orthobasis and let T= A,°-+—1 be of 
maximal value. Then for all B = $ a,A,e K we have eB = >) a,A,(1 + O(T)) 
so | (o—1)B| S max, | «A0 (T)| | BT | by (3). Hence oB = B(1 + O(D)) 
and T is a d.c. If A is an orthogenerator and cA=A(1+TI) then 
cA? = A” (1 +T)” = A” (1 -+ O0O(T)}) because |T| &1. So from what was 
just proved T is a d.c. 
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'“3. Cyclic extensions of degree p. Besides the assumptions of Sections 
1 and 2 assume K/k is cyclic of degree p where OS |p| <1 and ef =p. 
p is the characteristic of k and may or may not be that of k. Our results 
are of interest only in the case when k has characteristic 0. 
Then K/k always has an orthogenerator A. 


Definition 4. If e=p let A ke any element with |A|#|&'|. I£ f=p 
and K/k is inseparable let A be any element of value 1 whose residue class - 
is not in k. If f=p and K/k is separable choose A of value 1 so that 
cå =å + 1, i.e, cA =A -4+ 1-+0o(1). This is possible because & has charac- 
teristic p [8]. Call an A chosen in this way a canonical CRE E 
of K/k. 

K/k has a d.c. T, and |T| <1 unless &/& is separable of degree p. 
We propose now to obtain sharp ‘estimates of the relative values of B, 
(o—1)B, and SB of the sort usually obtained by using the different. 

Let A be a canonical orthogenerator and cA ==A(1-+}-rT). Then 
(o—1)A?=At((14+T)i'—1). H|T| <1 then (14+7)'—1=—7+ 0(P) 
and has value equal to |T| when pfi. If |r]=1 then, according to 
definition 4, f= A~ so T generates K/& and] (1 + r)? —1|=1= |T | when 
0<i<p. This proves 
(8) \(o—1)A*|—|TA* |for lSisp—i 
in all cases. Consider the elements 
(9) 1,0 *(o—1)A, TP '(o—1)A®,- - -, D (e — 1) A. 

If |r| <1 then the previous remarks show that these element are equal 
to 1,A-+ 0(A), 2A? -H 0(A*),- - -, (p—1) AP *-+ 0(AP*), respectively, and. 
hence form an orthobasis. If |r |==1 then K/k is separable of degree p and 
T—A-*, The residue classes of the elements (9) are A1 ((1 -+ A-4)#—1) 


for t= 1,: : +, (p—1). They form a basis of K/k so the elements (9) 
form an orthobasis of K/k. It therefore follows that the elements. 


(10) T, GDA, tss DA `, (o— 1) AP? 
form an orthobasis in all cases. 


Let B be any element of K. If we express B in terms of the orthobasis 
(10) we obtain B= ST +A where Bek, SA=0, and | #r}/S| BI. Since 
SB = SST we obtain 


(11) 0 | sB| S|[resr] |B] 
and equality holds only if | BT |= |B|, that is, |Ble|T| | ze |. 
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We may also express B in terms of the powers of a canonical ortho- 
generator A; B==a)-+a,A-+----+a@),A?2. Then (e—1)B is expressed 
in terms of the orthobasis (10). Using (8) we obtain 


(12) (o—1)B|<|rB| 
and if we put B’ == B— a, we can say there is a B’ such that 
(13) -. (e#—1)B’ == (o—1)B and |B |= |r (o—1)B |. 


THEOREM 1. |T| 2> |p| for all K/k satisfying the assumptions of 
Section 3. ; 


Proof. Let A be a canonical orthogenerator and r its d.c. We can 
assume |[T'| <1. By (7) we see that opA—AN(1+T) so N(1+T) =1, l 
i.e. ST + E,- +--+ Epa + NT — 0 where H; are the elementary symmetric 
functions. Now |Sr|<1. Since |T]| <1 it follows from (11) that 
ST? =o (ST) for i> 1 so, by Newton’s identities, #.-+- +--+ Ep- = 0(ST) 
and 
(14) NY =—ST(1+0(1)). 


Substituting B==1 in (11) we get |p| S| TST], ie. [ST|2|Tp|. So 
(14) gives | NT |==|T?|2=|Ip| and Theorem 1 follows. 

If k has characteristic 0 then it is not possible without completeness 
assumptions to prove that K/k is generated by a root of an equation of 
either of the types (1) or (2) (see appendix). The best we can do is to 
derive, in Theorem 2 below, conditions that there exist an element satisfying 
a congruence related to (1). 


Definition 5. Let @ (2) denote the polynomial ap—ex. I k has 
characteristic 0 let (<, y) be the polynomial with integal coefficients such 
that (z+ y)” = a? + y? + po (x,y). 

Note that if |A|21/B| then ¢{A,B) = O (AmB) and that 

P (+y) = @ (£) + P (y) + pe (2, y). 


THEOREM 2. Let K/k satisfy the assumption of Section 3. The fol- 
lowing three. conditions are equivalent: K contains an element A with 


(15) (o—1)A=—1-+0(1); 
K contains an element M with 

(16) | pM | <1 and SM=—1; 
(17) ret | > | pl: 
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If A satisfies (15) then | A | = | T> | and Am=a-+ A’ where ack, A’ satisfies 
(15), and | A’ |=| T=]. For any such N 


(18) (o —1)P (A) = 0(1); P(A) =A HoA, Aek, | ar] < | ped. 


If K/k is ramified, conditions (15), (16), (17) hold if and only if 
|r] e| & |. 


Proof. The first three conditions are true when & has characteristic p 
so we may assume k has characteristic 0. If A satisfies (15) we can write 
(c—1)A==1-+ pM with | pM| <1. Then 0=p-+ pSM so M satisfies (16). 


p-1 - 
If M satisfies (16) and A = X ro”M then A satisfies (15). So the first two 
. 1 


conditions are equivalent. From (11) we see that — T/ST is an element of 
minimal value with trace — 1 so (16) is solvable if and only if | pr] <| SI], 
which by (14) is equivalent to |T?+|> |p|. So the three conditions are 
equivalent. 

Now let A be a canonical orthogenerator for K/k. Let A satisfy (15) 
and let A == ga H A -p ee pH ap Ar. Then A == \—a, satisfies (18). 
Hence | A’| = | T (o -——1)A | = | T> | and (o—1)A’ =1--o0(1). For any 
such A’, 


(c— 1) P(A’) = OP (1+ 0 (1)) + po{ a’ 1 + 0(1)) = 0(1) +- Opa?) = off) 


from definition 5 because | A=] < |p] by (17). From (13) we sce there 
is a Aek such that | @(A’)—A| = | To —1)9(A)| < | T> |=] 4|. This 
proves (18). 

Finally assume Ķ/k is ramified and condition (15) holds. ‘Then 
|A|] | im the previous discussion so [C|#!%°|. Conversely, if K/k 
is ramified and |r |g} | then T= is an orthogenerator and («—1)8r* 
= 1-4 o(1) for some ô in k. 








4. Maximally complete fields. Assume that % is maximally complete 
[2,4] under its valuation | |, that K/k is cyclic of degree p with generating 
automorphism o, that |oB|—|B| for all Be K, and that OS |p| <1. 
Then ef necessarily equals p, K is also maximally complete, and every pseudo- 
convergent sequence of elements of K has a pseudo-limit in K. For every- 
thing concerning maximally complete fields we follow the definitions of 
Kaplansky [2] and Schilling [4] except that we use the | |-notation in place 
of their v-notation for valuations. 





THEOREM 3. If K/k ws ramified and the assumptions of Section 4 hold 
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then |Ule|k- | if and only if k contains a primitive p-th root of unity and 
K =k(p?) for a Bek with | B|¢| kh? |. 


Proof. 1f K—k(p*) with | B|#¢|k-*| and k contains primitive p-th 
roots of unity then K/k is ramified and 8™? is an orthogenerator. Since 
o (8?) == BPE for some primitive p-th root of unity é, we have Ey 
= | č—1'e|k' | from Proposition 2. 


Let K/k be ramified and | r |e] ¥ |. By Theorems 1 and 2 | r7 | =| p | 
so k must have characteristic zero. Express T by a canonical orthobasis. 
The values of all nonzero terms are different so we get 


(19) T=y+to(y), yek. 


Then ST == Sy -+ S(o(T)) = py-+o(ST) by (11). Hence S(T) (1+ 0(1)) 
= py and Sl=py(1-+oe(1)). From (19) we see also that cT —y -+ 0(y) 
for all i, so ND ==y?(1+o0(1)). By (14) ye?=——p(1+o0(1)). Since k 
is maximally complete and |py—1!==1, 1+-0(1) is always a (p—1)-th 
power in k [4, p. 61]. So —p is a (p—1)-th power in k and since k 
contains & subfield isomorphic to the p-adic rationals it necessarily [7] 
contains a primitive p-th root of unity. 

Thus K =k(A) with A?=—aek. Since we are assuming e==p and 
f—1 it is easy to see that we may assume that either [a|¢|k-?| or 
«= 1 -+0{1). But if «1+ 0(1) then K contains an element M satis- 
fying (16), which by Theorem 2 contradicts the fact that | T?*|— |p|. 
Namely, let A” == 1 -+ 0(1)ek. Then A=1+ 0 with |@| <1 end SA—0 
so S(p?©) =— 1 and M = pt0 satisfias (16). 


THEOREM 4. If the assumptions of Section 4 hold and |T?*|> |p| 
then K is generated by a root A of an equation (1) with |A|—|I*| and 
hese Teo: 

Proof. Consider the elements A of K which satisfy 
(20) JA f= jr" | 


and (15). From Theorem 2 it follows that there are such elements. If A, 
A’ are two of these we put A< A’ whenever 


(21) | A — A | = | T (o —1) Q 4 | 
and 
(22) |(o—1) PA’ | <|(o—1) 9A]. 


Let P be the family of all well-ordered sets of elements of the type just 
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described. exists by virtue of Zermelo’s Aussonderungsaxiom, and is 
non-empty. For W, W’e we shall say W is less than W’ when W is an 
initial segment of W’. Then is partially ordered and every linearly 
ordered subset of P has an upper bound in P. By the Lemma of Zorn P 
contains a maximal element M. p3 


CONTENTION 1. M has a last element. 
Proof. From (21) and (22) follows l 
(23) | A”—A’| <|A’—A]| whenever A< A’< A” and A, A’, A” € M. 


So if M has no last element it is a pseudo-convergent sequence. Assume 
that this is so and let A* be a pseudo-limit of this sequence. Then 


(24) | A*—A|—=]|A’—A]| whenever 4< A’ and A, A’e M. 

We shall show that the structure (M, A*) obtained by adjoining A* to M 
as last term is in ?, contradicting the maximality of M. By (20), (15), and 
(18) (c—1)@ (A) =0(1) so by (21) | A’-—-A] <] I | and | A* | =| 1]. 
It remains to check (15) and (22). 


Let A be any element of M and @=A*—A. We have just seen that 
@=o(I"). By (12) (¢—1)@=o(1) so A* satisfies (15). Now if 
(o—1)@—A then 


(o—1) 9 (©) =P (0 +4) — (©) = P (A) + p (0, 4) =— 3 +0 (4). 
We see that (12) implies 
(25) (o—1)# (©) =— (o—1)@ + 0(T0). 
This being so, | A |= |T> | and |r| > |p| imply 
(26) (e—1) @ (A +0) = (o— 1) (A) — (o —1)0 + 0(18). 
From (21) we see that |(¢—1)@(A)|—|TO@]|. So from (26) 





(o—1) 9 (A*) =0 (T0) —0((o—1)@A). 


But this holds for every Ae M so A* satisfies (22). Thus (M,A*)eP and 
Contention 1 follows. 


CONTENTION 2. If A’ is the last element of M then (c—1)@(A’) —0. 
Hence A’ generates K/k and satisfies an equation (1). 


Proof. Let (e—1)@ (A) =A. From Theorem 2 A=o(1). If A0 
let © be an element of K with |@|—|TP A] and (e—1)O0=—A. Its 
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existence is guaranteed by (18). Let A*:=A 4+0. We shall show that 
(M, A*) e P giving a contradiction as before. Everything except the analogue 
of (22) is clear. For this we apply (26). 


(oc —1)@ (A’-+ ©) = (o—1)@ (A’) — (o —1)0 + 0(T@) = 0(A). 
This proves Contention 2 and Theorem 4. | | 


THEOREM 5. Let K/k satisfy the assumptions of Section 4. If K/k 
is ramified and |T?*|>|p! then K—k(A) where A is an orthogenerator 
satisfying an equation (1) with 


(27) Af[ ke? |, [Al >. 


If K/k is inseparable and |Tr?|> p| then K=k(A) where A is an 
orthogencrator satisfying an equation (1) with 


(28) A=aB?, |aleml, dekh, Bek, | Bl >1. 
If K/k is separable then K == k{A) where A is an orthogenerator satisfying 
an equation (1) with 


(29) lal=1, A¢@ (ke). 


Conversely, let k satisfy the assumptions of Section 4. Then every polynomial 
(1) either splits completely or has a zero A which generates a cyclic extension 
of degree p and satisfies (15) for some generating automorphism o. If 
K==k(A) satisfies the assumptions of Section 4 and à satisfies (27), (28), 
or (29) then K/k is ramified, K/h is cana or K/k is eae respec- 
tively, and | TP] > |p|. 


Proof. Let |T?*|> |p|. IE K/k is ramified then by Theorems 2 and 
4 we have K=—k(A) with |A|==|T?|¢|k | so |Al—=|a|¢|k-?|. H 
K/i is inseparable then |T| <1 and K =k(4A) with [A/=|T!>1 so 
[A]==|A?lelk-?|. Let A= 06? with |a|—1, |B|>1, «Bek. Then 
{AB*|==1 and (AB *)?=«-+-o(1). Suppose a= with yek. Then 
AB == y+o0(1), A=By+o(A), and (e —1)A=0(1), which is not true, 
so a&¢k't. The case K/k separable is easily proved. 

The proof of Proposition 17 of [7%] is easily generalized to prove the 
statement concerning the behavior of equations (1). If K==k(A) and à 
satisfies (27) then K/k is ramified with A an orthogenerator. If à satisfies 
(28) then the residue class of A8- generates an inseparable extension of & 
of degree p. The case when à satisfies (29) is easily proved. |T?+| > |p! 
was established in Theorem 2. | Í 

Warning: There exist irreducible equations (1) which do not satisfy 
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(27), (28), or (29). If |ae*|> |p| they sometimes generate cyclic 
extensions with | T™-1 | > | p| but the value cf T cannot be read off directly 
from the value of À. 


Definition 6. A field generated by a root of an equation (1) is- called 
an Artin-Schreter extension. 


Proposition 3. If k has no inseparable extensions then every cyclic 
subfield of a composite of Artin-Schreter extensions.of k is an Artin-Schreier 
extension. 


Proof. By Theorem 4 we can assume k contains primitive p-th roots of 
unity. Then the Artin-Schreier extensions are those obtained by adjoining 
a p-th root of an element of value 1, by the proof of Theorem 3. 


We do not know whether the assumption on & can be omitted. 


5. Explicit reciprocity law. Let e satisfy the assumptions of Section 
4, Let C be the algebraic closure of k and G the Galois group of C/k [1]. 
Let I be the set of all Ack such that | Pp? | < 1. 

If Ae! and oe G choose a AeC such that @ (A) =A and denote by A*s 
the residue class modulo p of an integer y such that (o—1)A=—y-+o0(1). 
v exists by Theorem 5. It is easy to verify that A*o« does not depend upon 
the choice of A and that A*or = A*o -+A“r ifo,reG. Hence A* is a character 
of G of period p. 

The mapping A> A* is not in general a homomorphism (as it is when 
k has characteristic p). Namely, if |p| is small enough it can happen 
that both A and pa lead to equations of type (28). Then (pa)*0 but 
p(A*) ==0. We shall now develop a sufficient condition that (A -p w)” 
=À" 4 p". 


Provosition 4. If AeC, Ael, and @ (A) =A-+o(1) then k(A) con- 
tains a Ay with Ao =A + 0(1) and Ø (Ag) =A. 


Proof. If A’ek(A) and @(A’) =A+o0(1) let A = 9 (A) —A and 
define A” =A +A. Then @(A”) =Q (A) + (4) + 9$6(4,4’). By 
definition of I, | pA’? | < 1; so g (A”) =A-+0(A’). Our proposition follows 
by applying the Lemma of Zorn just as in the proof of Theorem 4. Of 
course, the Lemma of Zorn can be avoided when the valuation is discrete . 
and of rank 1. 


COROLLARY. If |A| <1 then \*=0. | 
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Proposition 5. If tw|Slal, rel, and |APtyp?| <1 then p* 4A" 
= (p +A) *. 
Proof. Let @(A) =A, P (M)=p. Let N=A+M. Then 


p (N) =à + p+ pp(A,M) =A Fa + 0(1). 


By Proposition 4 there is an Nọ in &(N) such that No==N-o0(1) and 
ONo=A+yp. If oe G then 


(a —1)No= (o —1)N-+0(1) = ¢$%o + p*o + 0(1) 
which was to be proved. 


In particular, if |a| ==1 and Xe! then we have p* -4 A" = (p+ A)". 

For each AcTl we can form the 2-cocycle (A*,«%,%) according to [7] or 
the algebra (@,A] according to [10], which amounts to the same thing. 
Consider the symbol (æ, à] as denoting the corresponding 2-cohomology class 
as in [7]. Using Theorem 1 of [7] and Proposition 5 of this paper we 
obtain the following rules: | 


1. For all Xel, (A,—A] =1. 


2. Ifa pel,| ul EJA l and | Aup | <1 then (a, A] (a, u] = (a, à+ g]. 
This is always true if Xcel and |p| =1. 


3. (a, Al (B, A] ses (a, A]. 
Rule 1 follows from the fact that —A is the norm of — A if @ (A) =À. 


We now assume that & is a regular field of generalized local class field 
theory [7]. 

Let A= Xr el, |’ |==1, and pfc. We wish to compute the invariant 
of the algebra (8,A]. I£ we could do chis for every Bek: we would have 
a complete explicit reciprocity law. As it is, we are able to compute the 
invariant of (8,A] for a special class of elements 8 which form a basis for 
k> modulo N(K/k). 

Let a be an element of & such that K(A)/k is unramified if @ (A) =a 
and such that the invariant p({x,a] (see [7]) is [1/p] (mod1). Then, since 
a—AÀ |=| r°], p(a—A,a] =[—c/p] (mod1). By rule 1, 





(a -— à, — (a—A] (a—A, a] = (a — à a]l. 
By rule 2, 
(a — à, — (a — à) ] (a — à, a] = (a—A,Al]. 


Hence p(a-——A,A] = p(a—A, a] = [—-c/p] (mod 1). If one prefers a 8 
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of value 1 instead of |#¢| then p(1— «a, A] = [— c/p] (mod 1) since 
—)A is a norm. Thus we obtain the law 


(30) p(1— 3A, A] = [-- c/p] (mod 1). 


We are now in a position to prove the explicit reciprocity law for the 
field of primitive p°-th roots of unity over the p-adic completion of the 
rational field. If this problem were solved for the field of p"-th roots of 
unity it would make possible an elegant proof of Artin’s global reciprocity 
law, for it is well known that this law can be proved from the global index 
theorems and the global reciprocity law for cyclotomic fields. 


Appendix. 


SCHOLIUM 1: Jt is nol possible without assumptions on k in. addition 
to those of Sections 1, 2, 3 to prove that every cyclic K/k with |T?*| > |p| 
is generated by a root of an equation (1). 


Proof. Let r denote the rational field, | | the p-adic valuation, and C 
the cyclic subfield of degree p of the field of primitive p?-th roots of unity. 
Then e=p. If rẹ denotes the p-adic rationals then Cr,/p is generated 
by a root of a?9—a«—pt=0 (see [8]) so |T?*|> |p|. But for p odd ` 
C/* is cyclic of odd degree so any defining equation must split into real 
linear factors in C. By Descartes’ rule of signs an equation 7?—«7—a=—0, 
for a real, can have at most three real roots. Hence C/r is not generated 
by a root of any such equation for p > 3. 

Unfortunately this method does not disprove the conjecture: if 
|r| > |p| and k contains primitive (p-—1)-th roots of unity then K is 
generated by a root of an equation (1). Although this seems very unlikely 
we have not been able to find a counterexample. 





SCHOLIUM 2. Without assumptions in addition to those of Sections 1, 
2, 3 it is nol possible to prove that every irreducible equation (1) generates 
a cyclic extension for p> 2. 


Proof. Consider 7?—«—41 over the rational field. Being irreducible 
modulo p is it irreducible. For g > 3 Descartes’ rule of signs shows that its 
splitting field has even degree and this is easy to check for p= 3 also. 


SCHOLIUM 3. If k is not complete then K/k cyclic, e= p, | Tr | =| p! 
can happen without primitive p-th roots of unity being contained in k. 


Proof. r( V6) does not contain primitive cube roots of unity (being 
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real) but r3(V6) does. So by Wang’s Theorem [5] it is easy to see that 
there is a cyclic cubic extension of r( V6) which is a counterexample. 


Scnouium 4. If & has an inseparable extension there may exist a K/k 
which is cyclic of degree p, does not contain primitive p-th roots of unity, 
and contains no A with (o—1)A—1+0(1). 


Proof. Let p be any odd prime. Let ka be the completion of the field 
of all rational functions with rational coefficients of a transcendental element 
t, under the valuation which defines the value of a polynomial in ¢ to be the 
maximum p-adic value of its coefficients. Let k—=k)(((1—t)p)V@), 
Let K be the splitting field over & of the polynomial 2? — px — t. 
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REMARK ON AN APPLICATION OF PSEUDCANALYTIC 
FUNCTIONS.* * 


By Lipman Bers. 


1. Introduction. In this note we show how the theory of pseudoanalytie 
functions as formulated in [5] yields very precise information on the be- 
haviour of solutions of a linear ellipitic equation 


(1.1) Ld = @iides + 2h2bay + loohyy + tide + tby F hop = 0 


near a regular or isolated singular point. The theorems stated below (Section 
2) contain and are stronger than the previous results on local behaviour cf 
solutions of (1.1) due to the author [1,2,4], Vekua [16] and Hartman and 
Wintner [10,12]. These theorems refer to single-valued solutions. But the 
same method would give analogous results for finitely-many-valued solutions 
and for solutions with finitely-many-valued gradients. 

Without loss of generality we consider equations and solutions defined 
near the origin of the z-plane (z =v + iy) and assume that 


(1.2) (ly = la = 1, Aye = Ù at 20. 


Concerning the smoothness of the coefficients in (1.1) we make either of the 
following assumptions. 


HyYpotHEsis « The leading coefficients ay(s,y) of (1.1) satisy a 
unyorm Holder condition and condition (1.2). The coefficients (m,y) 
are measurable functions which belong to the space Lp for some p> 2. 


HypoTHesis 8. All coefficients of (1.1) satisfy a uniform Hélder 
condition and (1.2) holds. 


Under Hypothesis 8 we require that solutions of (1.1) be of class C®. 
Under Hypothesis « we have no right to expect twice continuously differen- 
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tiable solutions. We shall say that @ is a solution if the derivatives ¢2, $y 
exist, are continuous and possess generalized L, derivatives ss = (fr)a 
Pay = (a)y = (by)e and dyy = (dy), which satisfy (1.1) almost everywhere. 
The equality of the mixed derivatives is a consequence of the definition of 
generalized derivatives. 

In Section 3 we shall show, using an inequality of Calderón and Zygmund 
[7], that equation (1.1) can be reduced to an equation involving only second 
derivatives (Theorem I), to a system of two first order equations (Theorem 
II), and to the equations characterizing pseudoanalytic functions (Theorem 
II). This will yield the desired description of the local behaviour of solu- 
tions (Theorems A and B of Section 2). | | 

Hypothesis « is essentially sharp, since our results are certainly not true 
for equations with continuous but not Hélder continuous coefficients (cf. 
Hartman and Wintner [12]). Concerning the local behaviour of solutions 
of elliptic equations with discontinuous coefficients we refer to a recent paper 
by Nirenberg and the author [6]. _ 

For the convenience of the reader we recall the definition of generalized 
derivatives (Friedrichs. [8], Sobolev [15]). Let f(z,y), g(2,y), h(a,y) be 
measurable functions defined in a domain D. If | f |», |g |?, |> |? are locally 
summable (p = 1), the statement 


fe== 9, fy==h in the L,-sense 
means that. 


(a) in every compact subset D, of D there exists a sequence of con- 
tinuously differentiable functions f™ such that 


f fia fi) — f |? + | fa” —g [pt | fy) —h |?}dady > 0, 


_ (b) for every continuously differentiable function w which vanishes 
identically near the boundary of D 


Cf fos dedy == — Sf go dedy, . ff. fo, dedy = — ff hw dedy, 
‘ D D D D 


and 


(c) for almost every y and for almost every « 


8 ti] 
Í. gE, y)dé Te f(a; y) — f(a, y), J, h(a, dn ae f(a, 8) — f(x, y) 


for almost all «, 8, y, 5. 
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Each of the three conditions (a), (b}, (e) implies the other two. It is 
known that f is Holder continuous if fs and f, exist in the DL,-sense for 
some p> 2. 


2. Statement of results. Let (z) —¢(2,y) be a solution of (1.1) 
defined in a neighborhood of the origin. Assuming Hypothesis « we say 
that @ has a zero of integral order n > 0 at the origin if for some complex 
a0 
(2.1) p ~ Re(az"), $s — iby ~ nazit, E : 


In the case of Hypothesis 8 we also require that 
(2.2) hog —~ tipoy ~ — byy —ipry ~ n(n — 1)az", 
Here and hereafter all asymptotic relations refer to z— 0. 


THEOREM A. Under Hypotheses a or B a solution of (1.1) which 
vanishes at the origin without vanishing identically has at the origin a zero 
of integral order. 


The following consequence of Theorem A is of interest for differential 
geometry in the large (cf. Hartman and Wintner [11] and the references 
given there). 


COROLLARY. Let the function Q(x, y,¢,7,9,7,8,¢t) be a Holder con- 
tinuously differentiable function of its eight variables, defined for sufficiently 
small values of the variables, and satisfying the condttton: 40,Q;—Q,? > 0 
ot t= yY = ġ = p = q =r = 8 =i =). Let g (<,y) and o(a,y) be two 
twice continuously differntiable functions defined in the neighborhood of 
the origin and satisfying the differential equation 


(2. 3) Q (z, Y, È, Pay Py Prz, Par pyr) == Q. 


Assume that the functions ¢’, 6” vanish at the origin together with their 
derwatives of the first and second order, but the difference p = $” — g ts not 
identically zero. Then the expression hexbyy— day? is negative in a deleted 
neighborhood of the origin. 


The conclusion of the Corollary was stated, proved and applied to the 
uniqueness proof for Minkowski’s problem by H. Lewy [13], under ihe 
assumption that the function Q, and hence also every solution of the differen- 
tial equation (2), is analytic. Recently Hartman and Wintner [9,10,11] 
extended it to the case when © is twice continuously differentiable. The 
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present formulation seems to be essentially sharp. It will be seen from the 
proof, however, that for special cases (for instance, for quasi-linear equations) 
weaker conditions are sufficient. 

In order to prove the Corollary observe that the difference =o” —@’ 
satisfies a linear elliptic partial differential equation of the form (1.1) with 


as1(2, y) in f, 2,2, Y, (1 —A)¢'(z, y) + AP" (a, y), = * -|da 


and the other coefficients ai, a; defined similarly. We may assume that (1.2) 
holds since this can be achieved by an an affine transformation. According 
to a theorem of Nirenkerg [14] the second derivatives of the solutions ¢’, ¢” 
satisfy a Holder condition. Hence the coefficients ay a; satisfy such a con- 
dition, and Theorem A implies that deedyy — pey ~ — n(n + 1)? | a |? | z |72 
with |a] > 0 and a> 1. 

"We consider next a single-valued solution ¢ of (1.1) defined in a deleted 
neighborhood of the origin. This solution will be said to have at the origin 
a logarithmic singularity if (under Hypothesis «) for some real «540 





(2.4) d~alog|z|,  b2—iby~a/2 

and (under Hypothesis 8) also 

(2.5) bi EE E E 

We say that the origin is a pole of ¢ if (under Hypothesis a) 

(2. 6) p~ Re(az-"), bg — ty ~ — nag rt 

for some complex «#540 and integer n > 0, and (under Hypothesis 8) also 
(2.7) bee — ibay ~— byy — ids ~ n(n -+ 1) 2 


Finally, z= 0 will be called an essential singularity of ¢ if (under Hypo- 
thesis æ) | 


(2.8) lim sup (| z |” $) = lim sup (— | z |" 9) 
== lim sup (| 2 |N | ¢2-—~idy |) = -+ 
- and (under Hypothesis 8) also 
(2.9) limsup(| 2 |" | des—é pay |) = lim sup (| |" | duy + tay |) = be 
for every N >0. If ao==0, we require also that 
(2.10) lim inf | pa — ipy — y | = 0 
for every complex y. 


2 
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THEOREM B. Under Hypotheses œ ar B lel d be a single-valued solution 
of (1.1) defined in a deleted neighborhood of the origin. Then the singu- 
larity of & at z= 0 is either removable, or logarithmic, or a pole, or essential. 


= The theorem implies, in particular, that if ¢@’ and ¢” are two solutions 
having at z= 0 logarithmic singularities, then there exist two real constants 
Ai, Aa such that Aid’ + Ao” is regular at the origin. 


3. Reduction to pseudoanalytic functions. This reduction will be 
accomplished in three steps. 

We remark that in the proofs of Lemma 3.1 and Theorem I given below 
the Holder continuity of the leading coefficients and the fact that the number 
of independent variables is two are not used, and the conclusions would 
remain true, with obvious modifications, in a more general case, say for 
continuous flip. 


Lemma 3.1. Under Hypothesis a there exists a solution p of equation 
(1.1) which is defined in a neighborhood of the origin and satisfies the 
conditions 


(3.1) $ = Co, by == Ci, by = Cy AL t= 0, 
where Co, Ci, Ca are given numbers. 


The proof is a variant of the classical Korn argument based on the 
results of Calderón and Zygmund [7]. Let B denote the Banach space of 
real functions (z) defined for |z| SE and possessing continuous first and 
generalized second derivatives, for which the norm 


| @ | =max(|¢ | | sll) +{ S f gte! + | boy | + | byy |)? dedy} 


is finite. Define the mapping T of B into itself by defining y == Tẹ to be 
the function 


x (4) = 2 f nee L( A—L)(£)] log | &—2| dédy. 


Using the inequalities of Holder and of Calderén-Zygmund it is easy to 
show that T is bounded, that AT = A— L, and that | T |—0 for R- 0. 
If A(z) is a harmonic function with ||| < +o, and E is so small that 
| T | S6 <1, then the equation 


(3.2) o=Te+h 
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has a solution which satisfies equation (1.1) and the inequality 
| ¢—h | S0 — 0) | Af. 


We solve equation (3.2) for a suiliciently small R and for h==1,%, y, and 
obtain three solutions 0, ¢1, ¢2 of (1.1) for which the values of 





| po—1 l; igoz |, | boy |, | eils | dre — tl | bry ls | eeh] bac] | b2y—1| 


are very small. A properly chosen linear combination of these solutions 
satisfies (3.1). 


Leama 2.2. Under Hypothesis B there exists a solution $ of equation 
(1.1) which is defined in the neighborhood of the origin and satisfies the 
condilions 


(2. 3) $ —— Cos ds: oo Ci; by =s C3, den = — Duy s= Cirs Diy == C39 at == 0, 
Where Co, Cry Ca, City Cia AVE given mumbers. 


This (known) result is proved by considering T as an operator in the 
Banach space of functions ¢ defined in | z| <= R and having second derivatives 
satisfying a uniform Hélder condition with exponent e < 1, e being a Holder 
exponent for the coefficients of (1.1). The norm in this space is 


Pax |, k? | Pay |, R? | Pyy |) + RK, 





|| =max(|¢|,R |) ¢2|,R2 | ¢,|, Œ 


where K is the smallest Holder constant for des, dey; Pyy belonging to the 
exponent «. The desired function is obtained by solving equation (3.2) for 
a small # and for h==1, z, Y, 2? — y’, xy. 


TEOREM I. Under Hypothesis a there exist, in a neighborhood of the 
origin, three functions do, é 4 such that 


Lg, = LE = Ly = 0, 
(3.4) oy = 1, Poo = b0,, == 9 at z = 0, 
(3.5) É = y = É, = he = 0, &, == ny = Í at z = 0. 
A function $(#,y) defined in a neighborhood of the origin is a solution af 


(1.1) if and only if the function = 6/¢o, considered as a function of (é, n) 
is a (twice continuously differentiable) solution of the equation 


(3. 6) A, Beg -4 RA oP gn - Laan == () 
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where the Ai; are cerlain functions satisfying a Hélder condition and the 
condition 


(3.7) Ån = Ap ], A = 0 at ¿= E+ i = 0. 


Under H ypothesis B the same conclusion holds and the pee $ § 9 
may be chosen so that 


(3. 8) Posa = bo,cy = Po. yy = bax = Exy = Eyy = Now = Noy = Nyy = Ù at 2 === 0. 


Proof. The existence of solutions of (1.1) satisfying conditions (3.4), 
(8.5), (8.8) follows from Lemmas 3.1 and 3.2. The equivalence of equations 
(1.1) and (8.6) is proved by a direct computation. In the case of Hypo- 
thesis æ the legitimacy of this computation may be established by a simple 
argument. 


The Hölder continuity of the functions Ay follows from the Hölder 
continuity of the first derivatives of solutions of (1.1) under Hypothesis z 
(cf. Section 1). 


In order to complete the proof we must show that every solution of (3.6) 
which has continuous first derivatives and generalized second derivatives in 
Lp (p= 2) also has continuous second derivatives. This, however, is an 
immediate consequence of two statements: the Dirichlet problem for an 
elliptic equation (3.6) with Holder continuous coefficients has a unique 
twice continuously differentiable solution; every solution of (3.6) with con- 
tinuous first and generalized second L,-derivatives, p = 2, obeys the maximum 
principle. The first statement is classical; the second has been established 
recently (Bers and Nirenberg [6]). 


THeoremM If. Let there be given an elliptic equation 


(3.9). tripes + 2yobay + Goohyy = 0 

satisfying Hypothesis B. There exist four Holder continuous functions 
bis, © +, Dey defined in a neighborhood of the origin, satisfying the condition 
(3.10) by, == Do» = 0, biz = a = l at z= 0 





and such that in a neighborhood of the origin equation (3.9) is equivalent 
to the elliptic system 


(3.11) Pa = Dye + bih by = barye + aay. 


This means that to every solution ¢ of (3.9) there exists a (not neces- 
sarily single-valued) function y satisfying (3.11), and that whenever ¢ and 
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w have continuous derivatives and satisfy (3.11), @ is a twice continuously 
differentiakle solution of (3.9). 

Addition to Theorem II. Let the coefficients of (3.9) be Holder con- 
linuous and satisfy the ellipticity condition (aiz: — 4. > 0) in a domain 
D. Then there exist Holder coniinuous functions by defined in the whole 
domain D, satisfying (8.10), and such that system (3.11) is elliptic 
(—4biaba: — bu? — Bba? + 2Birboe > 0) and equivalent to (3.9). 


Proof. Consider the elliptic system 
(3. 12) Às == (2412/22) pe + By Ay == (1 /G22) peo 


Using the Koru-Lichtenstein method (cf. the proof of Lemmas 2.1, 2.2) or 
the theorem on univalent solutions of elliptic systems [3] one obtains easily 
a solution (A,x) with Holder continuous derivatives, defined in the neighbor- 
hood of the origin and satisfying the conditions 


(3.13) Às = py = 0, — Ày = pp = 1 at 2 =UV. 
With these functions form the system 


(3. 14) Xer Aas -}- HeỌys Xu Aypa + By Py. 


We claim that near z—0 every solution œ of (8.9) is a solution of (3.14), 
that is that 


Io = f (Arps A prhy) da T (Aypa a By py) dy = 0, 


where C is a simple closed smooth curve located near the origin and homotopic 
to zero in the domain of definition of œ. This would follow at once from 
Green’s theorem and (3.12), if the functions A, were of class C*. Under 
the present circumstances the proof can be accomplished by approximating A 
and p by © functions. 

Conversely, if (x,@) satisfies (3.14), ¢ is a solution of (3.9). This 
follows from the unique solvability of the Dirichlet problem for (3.9) since 
solutions of (3.14) obey the maximum principle (cf., for instance, [6]). 

Solving system (3.14) algebraically for ġ, and ¢, and setting y = — x 
we obtain the desired system (8.11). 

In order to prove the Addition to Theorem II we need a solution of 
(3.12) defined and satisfying the condition p, > 0 in the whole domain D. 
Such a solution can be obtained by the method used in [3]. We give no 
details since the in-the-large result will not. be used in the sequel. 


Trtorem I. Under the hypothesis of Theorem TI let E= €(«,y) 


494 LIPMAN BERS. 

+iy(2,y) be a Holder continuously differentiable homeomorphism of 4 
neighborhood of the origin, with 

which is conformal with respect to the metric 


(3.16) ltd? — Za, dedy + deadly’. 
Set 
G (E) E (bii T Bo) /2 F i[— Di2b21 
Tr(£) = — h/t + 4 (aiias ms Ay2)4/ay). 


Let @ be a solution of (3.9) defined in a (perhaps deleted) neighborhocd 
af the origin, y the function connected with @ by equations (3.11), and set 


olt) =p +H iy, wE) = F+ Gy, - 
Q (£) = ba — by; W (£) = ġr— Toy 


(bs —bz2)*/4]8, 





Then w and Q are pseudoanalytic functions (of the second kind) with 
generators (1, Œ) and (1,T), respectively, w and W are the corresponding 
nseudoanalytic functions of the first kind, and 


(3.17) v~ W, (3.18) Q ~ W ~ t, 
(3.19) pra bay ~ — buy F ipay ~ W, 
where ù is the (1, Œ) derivative of w(t) and W the (1,1) derivative of W(£). 


Proof. The existence of the homeomorphism ¢ is a classical result of 
Lichtenstein. Conformality with respect to (8.10) means, of course that 


E + Ne = Viloo, Esby l- NeNy ~ Vaj2, £,° + ny" = Fy 1; 
where y>0. A direct computation shows that the mapping z— ¢ takes 


system (8.11) into the system 


(3.29) pe = ThE +H opn Pa = — opi t hy, | 
where 
2r = bi = be, 0” F 7 cm EEE ee Dibo, o > 0. 
These equations express the (1,@) pseudoanalyticity of o and w. Since 
G(0) =t in view of (8.10), relation (3.17) follows. 
Next, set b= $s, V—=— dy. By (3.9) 


P, = (2040/11) Fr + (32/111) Vy, DP, =— Wy. 
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The mapping z— ¢ takes this system into the system 
(3.21) De = We -+ o*@y, Dy == —o* Wg + r” Vy, 
where 


ar aad Athy i/i g”? + T”? inaa 22/11; g” > Q. 


These equations express the (1,F) pseudoanalyticity of Q =@-4+ tF and 
W == + TY. Since T(0) =i in view of (1.2), Q~ W. 
By the definition of the derivative of a pseudọoanalytie function, 


Qh = he— iy + (We— tm) G, and pet idy + (We + Wy) G =—0, 


by (3. 20) ; so that ù ~~ de—idy. But by (3.15), Q—=$,— ipy ~ pe — ipn, 
so that (8.18) follows. 
Also, 


iy = (Pe— iðn) an (Ye— 1) T, and Pe oe tby + (Pe + wy) T = 0, 


by (8.21); so that Bg—iby~W. But by (8.18), Pe~ Ër = doe and 
by ~P, = — pzy and by (1.2), (8.9) prs —ipey ~ — byy— thay, 80 that 
(3.19) is proved. 


4. Proof of Theorems A and B. In view of Theorem I it suffices to 
prove Theorems A and B for an equation of the form (3.6) with Holder 
continuous coefficients satisfying (8.7). (In connection with requirement 
(2.10) for an essential singularity, note that if a>==0, we may set po = 1). 
Theorems II and III reduce the assertions to be proved to corresponding 
statements about pscudoanalytic functions established in [5]. 
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GENERALIZED LAPLACIANS.* 


By Victor L. SHAPIRG.* 


1. Introduction. The primary purpose of this paper is to answer the 
following question : 

If f(x) and its first r peeled Laplacians are known in a domain 
G where f(z) and the first r— 1 generalized Laplacians are continuous and 
the r-th generalized Laplacian is integrable, can f(a) be obtained from its 
v-th generalized Laplacian by the expected integral representation ? 

The answer is in the affirmative, and we prove it by means of Rudin’s 
result [5] on the first generalized Laplacian and by means of Fourier 
analysis. In so doing, we also solve a question in the uniqueness of multiple 
trigonometric series left open both by Cheng [3] and the present author [6] 
as well as obtain an integral depresentation akin to [5] for continuous func- 
tions defined on the torus. 


2. Definitions and notation. We shall operate in n-dimensional Eu- 
clidean space (n = 2) designated by #, and use the following notation: 


M = (Ma, + 1, My) T= (T, © +, Sn), GO + Bm = (ae, + Bm, - 
AEn + Bmy), (m, £) = Mmt, 4° FH mye, and |x| = (a, 2)*. 


As in [1], a multiple trigonometric series È a,e7"), where m repre- 
sents a lattice point and a, is an arbitrary complex number, will be said to 
be Abel summable at the point x to the value L(x) if 


> &», exp[t(m,x)— | m|z]—> L(x) as 2-0. 


The series È a2”) will be called a real-valued series if äm = a-m, 
and a series of class (U’) if $ am |m |-e("2), where m 40, is the Fourier 
series of a continuous periodic function. 

The open sphere of radius ¢ and center z will be denoted in this paper 
by D, (x,t); the surface of this sphere by C,(#,t). The torus or funda- 
mental semi-closed cube {t;—27<2;527,i—1,: -+ n} will be designated 


* Received December 1, 1955. 
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497 


4.98 VICTOR L. SHAPIRO. 


by 2,. 2+, will be the set {p;p—a#eQ,}. Z contained in Q, will be 
said to be a closed, set in ©, if it contains all its limit points in En except 
those which lie on the faces 4;==—-7, t= 1, >n. Also these latter limit 
points when considered as points on the faces t; =~ do lie in Z. In other > 
words Z will be said to be closed in Q, if it is closed in a torus sense. It is clear 
that if Z is such a set and also of capacity zero its closure in /f, is also of 
capacity zero. 

Given F(x) a real-valued function in D, (2 ,%) which is integrable on 
Cy(%,¢) for 0< tot), we shall designate the mean value of F on this 
latter surface by L(F, ot). Thus 


L (Py to t) on? J P (ay + te) dSy-1 (2) 
Cn(0,1) 


where w, = 27#"/T'(4n) is the (n— 1)-dimensional volume of C,(0,1) and 
dSn (x) is the (n—1)-dimensional volume element of C,,(0,1). 

We say that F(x) has an r-th generalized Laplacian at the point £o 
equal to a, if 


L(F, to, t) =T (0/2) 3 t4aj/225j0 (j + n/2) + o (t) 
ĵj=0 


where the a; (7==0,-:-,7) are constants. This r-th generalized Laplacian 
will be designated by A,F'(zo), and it is clear that if A,F (z) exists, then 
A, Ff (x) exists for OSsr. By [4, p. 261] if F(s) is in class O°” in 
D,,(%o, t) for some ¢ > 0, then AF (£o) exists and equals A'F (s), where A” 
stands for the usual Laplace operator iterated 7-times. 

We set V (F, to t) = L(F, x, t) —F (a) and 


(1) W*F (s) = lim sup 2nV (F, £o t) /t 
i-—>0 


the upper first generalized Laplacian of F at the point 2. Replacing lim sup 
by liminf in (1) we have a similar definition for the lower first generalized 
Laplacian yf (a). If pF (a) = yf (xo) is finite, then F has a first 
generalized Laplacian at the point so. 

Throughout this paper » will always designate the value (n-—2)/2, 
and Ja(t) will stand for the Bessel function of the first kind of order p. 

The capacity of a set in Ena will refer to the logarithmic capacity if 
n=? and n-dimensional Newtonian capacity if n= 3. In this connection 
we construct the function (x) defined in Q, as | 


P(r) = 2 log | x |> for n =? and (r) = (27) "[o,(n—2)]7{ z |-@> 


for n= 38. 
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@(«) is then defined in.the rest of En by periodicity. In other words, if 
y==2mr(ji,° sfa), Where jy (k—=1,---,2) are integers, then (e-+ 7) 
== (T). 

The function whose Fourier series is $y e4)| m |-?, where m s£0, will 
be designated in this paper by G(x). The properties of GŒ (s), which are 
the key to the whole paper, will be discussed in Section 4. 

If f(z) is integrable in a bounded domain R’, by =f we shall mean 


f p (x—y)f (y)dy. By F==ğ+f will be meant that 
R’ 
f | F(a) —0 + f(x) | de = 0. 
JR 


H,(z) will be said to be harmonic of order r in R’ if H,(s) is in class 
C” and A"H,(z) = 0. 

If f(z) is integrable on Q,, then S[f] will designate the Fourier series 
of f. 

R will designate the closure of R in En. 


3. Statement of main results. We shall prove the following theorems: 


THEOREM 1. Let f(x) and Afai (g=1,:+-,r—1) be continuous 
in a bounded domain R contained in E, and let Z be a closed and bounded 
set of capacity zero contained in En. Suppose that A f(z) exists in R— RZ 
and is integrable on R. Then in every subdomain R’ whose closure is con- 
tained in R, 

foPs--*Psaf+H, 


T 


where H, (£) ts harmonic of order r in BR’ and P(x) eae ae log | |> af 
n= 2 and =—[(n—2)o,] t |s 0-2 if ne 3. 


Remark. The condition that f and A,f be continuous in the above 
theorem is necessary as can be seen from the following example in Æa. 
Set f(z) =? if 7,20 and =— c? if 7,20. Then A.f(x) —0 for all 
v n E. But f(z) is clearly not harmonic of order 2. 


THEOREM 2. Let F(x) and g(a) be two real-valued periodic functions 
of period 2x in each variable, with F(x) continuous in En and g(x) integrable 
on the torus Q,. Also let Z be a closed (in the torus sense) set of capacity 
zero contained in Qna. Suppose that 


Gi) PF(2) >—o, F(a) << to forg in O,—Z; 
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(ii) g(2) Sy*F(x) in Qn 
Then 


a) AF (x) exists at almost all points « of Q, and is in D, on Quy; 
b) at all points œ for which f | AF (y)| |a (s—y)| dy <0, we have 
SO, 


F(a) =— (2n)* fas (y)@(e—p)dy + (2x) f Fly) dy. 


THEOREM 3. Given the multiple. trigonometric series Sane where 
the Am are arbitrary complex numbers. Let Z be a closed (in the torus 
sense) set of capacity zero contained in Q,. Suppose that 

(i) the series is of class (U’); 
(ii) the series is Abel summable to f(x) almost everywhere where 


f(x) is in Li on Qa; 


(iii) lim sup | Sia,ei-bele | < oo in Q,—Z. 
z->0 i 


Then the series is the Fourter serves of f(x). 


4, Green’s function on the torus. Before proving Theorem 1, it is 
necessary to investigate the properties of. the function G(x) whose Fourier 
series is $ee) | m |- We first obtain the following lemma with ®(2) 
as in Section 2. E 





Lemma 1. G(s) =(<) + H*(2) where H (x) is continuous in Ey. 
Let us set A,,* equal to the m-th Fourier coefficient of @(s). Then 
we prove the lemma by showing that Ð | Ay t—|m|?| <o. 
m0 


For n ==}, this already has been shown in [7]. For n= 8, we observe 
by Green’s second identity that for p= (n—2)/2 and m 0 that 


(2) [wn (m%—~2) ]-? | æ |--) etna) dor 
Qn-Dn(0,€) 


= PP (a+ 1)Ia(| m |€) (|m |e) |m |? + 0(1) 


: exp[t(ma, + +} mj 4+ + +4 minty) | 
wn === SSS russert sce saan, 
tHe Jo, Gt FAH pee 
X cos mmda: > -drj ` - -dxy, 


where K is a constant independent of m and e and m;z;* stands for the 
deletion of MEy 
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We shall now show that (9) holds. For by [1, p. 176] 
F(z, 0)/z = Kp f, T (F, 0,¢) (2 4- 42) -0/241 Gt 
0 


where K, is a positive constant. 


But since F(s) is a continuous periodic function, it is not dificult to 
see that for every z > 0, there is an open interval containing z such that 


R 
lim f, 2L (F, 0, t) (22 + 12) -003/2 dt 
f a: 


R> œ 


is uniformly convergent in this interval. Therefore 
(10) a[— F(z, 0)/2]/ðz = (n+1)K, 2D (FF, 0, t) (2? HEP) OA ge, 
0 


From the fact that yF (0) =h > 0, we have that there is a 8 > 0 such that 
for 0 <t 8, D(F,0,t) > ht?/4n. The fact in conjunction with the observa- 
tion that lim z f “pe [2 + 2? |-3"*9)/? di = 0, ‘tells us from (10) that . 

5 & 


g->0 
T 
(11)  liminf é[— F(z, 0)/z]/d2 > hK, lim inf f a (2? + Pg dt, 
z>0 230 . 0 


where K, is a positive constant. But 


20 


8 c 
lim f z (2? ao a a adds Ls ee di == Í, {tt (1 -4+ Cy e at > 0, 
0 o 


and we have shown that (9) holds. 

By ArS[f] we shall mean the trigonometric series that one obtains by 
formally applying the Laplace operator 7-times to S[f]. 

We now state a lemma concerning such series whose proof follows 
immediately from [8, p. 225] for the two-dimensional case and from a 
similar theorem for the n-dimensional case. 


LEMMA 5. If A,f(a) exists, ATS[f] is al the point vo Abel summable 
to A,f (2%). 


6. Proof of Theorem 1. Since R is assumed to be a bounded domain, 
we shall assume further that its closure is.contained in the interior of Q.. 
From the proof it will be apparent that this additional assumption will cause 
no loss of generality. Also we shall assume from the start that f(a) is 
real-valued with no loss of generality. 
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Since # C R, we can insert three other domains between them with the 
same property as R’, i.e. R C R” C R” C R” C R” CRC RC Rand we 
can form the localizing function A(x) for R” and RY. Then A(x) =1 for 
z in R” and =0 for x in Q, and not in RY, and furthermore A(z) is in 
class C” for x in Qy. 

By [5, Theorem 1], the theorem is true for r= 1. Let us assume then 
that the theorem is true for 1 S&S s & 1—1 and let us set g (£) =A(z)A af (£), 
Sig] = $ bpe, and S[F] = > (— 1) bme] m |20- where F(x) is 

n mzE£0 


taken to be continuous. Then by Lemma 3, Ar- (F — bo | # (30-9 /kr1) = g (2) 
where A |x |? — k; and consequently in R”, Ara (F —f— bo | x POD /k, 
= 0. Therefore by the inductive assumption 


(12) F(z) =f (x) + H,(z) for « in R” 





where H,(z) is harmonic of order r in R”. 


From (12) we see that in 8” — R”Z, A,F(x} =A, f(x}. Consequently 
by Lemma 5, — > bn | m |?e!@#) ig Abel summable to A,f(z) in R” — R”Z. 
But then by Lemma 4, y*g Z Af Z yg in R '__R"Z, Since g is a con- 
tinuous function in R”, the conditions cf [5, Theorem 1] are satisfied. So 
in K ; 
(13) g =P + Af + Hi (2) 
. where H, (x) is harmonie in R. 

Since Arı (F — bo | æ |?) /h,1) = g, we have by the inductive assump- 
tions that m R’ 


(14) PoPs---#P®g4+ Hya H bo | e [209 /kra. 
r—i l 


From (12), (13), and (14), we obtain that, in R’, 
f= Ps---sP#aft Hz’ 
Nie es 
r 


where Hx (æ) is harmonie of order r, and the -proof to the theorem is 
complete. 


7. Proof of Theorem 2. By [5, Theorem 1 and 1.3.2] for almost all 
v in any bounded domain R contained in the plane 


(15) F(a) =— (2%) f AP(g)log]e—y dyt hla) 
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where h(x) is harmonic in R. In a similar manner it can be shown that 
for any bounded domain # contained in En (n2=23) and for almost all x 
in BR 


(18) P(e) =— [on] f aky) e—y PO dy +h (2) 
R 


where A, (æ) is harmonic in R. In both cases A,F (y) is in L, on RÈ. 
We conclude, therefore, that for any æ, in E, there is a continuous 
function F’,,(7) which for almost all ¢ in Pua(£o r/4) is such that 


(17) Fale) =— (21)" f &(n—y) AP (y)dy 
D ) 


n(ToT/4 
and. furthermore, for all v in Da (2o,7/4) 


(18) A[ F(x) — Fa (2) ] = 0. 


We also observe that f- $p (xs—y)AF (y)dy is continuous in 
Qnteo-Dnlsor/4) 


Dy(%o,7/4) and that for almost all « in £, 


b(a—y) AF (y)dy—= f B(e—y) AF (y)dy. 

Qntzo Qn 

These facts in conjunction with (17) and (18) tell us that there exists a 
continuous function F(x) which is also periodic of period 2 in each variable 
such that for almost all æ in Enp, 


(19) ACE NE f. G(e—y) AF (y)dy. 


But then from (18), Lemma 2, and the fact that AG (£) =1 for t9 
mod Q,, we obtain that, for all v in D, (2%, 7/4), 


AP —F,] — (20) J, ALF (y)dy. 

Since v, is arbitrary and F— F, is a periodic continuous function, it must 
be that F(z) = F(x) + constant on Q,. That the constant agrees with 
that of the theorem follows from the fact that the integral of G(s) over 
OQ, iS zero. 

Part b) of the theorem follows from the fact that by [5, Theorem 1] 
equality holds in (17) at all points at which b) is satisfied. But then 
equality also holds at those points in (19), and the theorem is proved. 
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8. Proof of Theorem 3. There is no loss of generality if from the 
` start we assume that the given trigonometric series is a real-valued series. 
For suppose the theorem is proved under this assumption. ‘Then it is clear 
that both cl the series X (am -+ m)" and Si(@m—Gm)e™® are of 
class (U’), are Abel summable to f(x) +f(#) and i[f(%) —f(«)] almost 
everywhere respectively, are real-valued trigonometric series, and satisfy (ii). 
We would then have 


; blm =m (i +f») -+ (am Hana &n,) 


= (2n)* f emoe) + F(a) +(e) —7(2) Jda 
and the theorem would be proved in the more general case. 


We also see there is no loss in generality in asuming that @ọ==0. For 
if the theorem is proved with constant term equal to zero, we would then 


have (2a) f [f (£}— a |de= 0, and consequently the theorem is true in 
` Qn g 
the more general case. ; 


With the given series a real-valued series, with @ọ= 0, and with F(s) 


the continuous periodic function whose Fourier series is — $, a,e#»| m |-?, 
mz&0 


we then have by Lemma 4 and assumption (ii) of this theorem that 
y*F (<) f(x) almost everywhere. Setting g(x) —min[y*F (x), f(£)}], we 
have that g(a) is integrable on Q,. But then by Theorem 2, A,F (x) exists 
almost everywhere in Qe, and furthermore by Lemma 5 and (ii) of the present 
theorem, A F(s) f(z) almost everywhere. We conclude, consequently 
from Thecrem 2, that for almost all œ in Q,, 


(20) B(x) =— (%)* f f(y)G@(o—y)ay. 


Observing that Í. | F(y)| dy f | G(e—y)| dæ <a, we have that for 
Qn On 
m==0, by Fubini’s theorem and (20), 


(ar) "On | m |? = f èma) F(a) dx 
Jo 


a j} e-zima)f (y) dy[ (27) ~h í en inne) CF (2 sai y) dx | 
Qa »7 Oa ; 


=== f ezim F (yz) | m |=: dy. 
Qn 
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This last fact in conjunction with the observation that by [1] the 
Fourier series of f(x) is Abel summable to f(x) almost everywhere tells us 


that f f(#)dv=0, which coceludes the proof to the theorem. 
On 
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2. In the introduction, we formulated, in addition to the problem (P), 
a more precise problem (P’). We may modify the problem (A) similarly, 
by requiring f to be everywhere biregular; call (A’) this modified problem. 
For (A’) to have a solution, it is obviously necessary that the fro should be 
everywhere biregular and satisfy the conditions in Theorem 1. 

Assume that this is so; let (Vo, f) be a solution of (A). Then, if (Vs, f’) 
is a solution of (A’), the unicity of the solution of (A) shows that we must 
have f ==fo F>, where F is a birational correspondence between V, and Vi, 
defined over ko. Thus problem (A’) may be reformulated as follows: 


(B) Let k and ko be as in problem (A); let V and V, be varieties, 
respectively defined over k and over ko; let f be a birational correspondence, 
defined over k, between Vo and V. Find a variety Vo and a birational corre- 
spondence F between V, and Vi’, both defined over ko, such that the birational 
correspondence fo F> between Vo and V is everywhere biregular. 


It is obvious that, if (B) has a solution, this is unique up to a ko- 
isomorphism; therefore the same is true for (A’). If (B) has a solution, 
then (& being defined as before) the birational correspondence f7 0 (fe) 
between F° and V7 must be everywhere biregular for all o, r in 3. We will 
prove that this condition is also sufficient, at any rate if V is a k-open subset 
of a projective variety, defined over Æ. This will be an immediate consequence 
of the following result. 


PROPOSITION 1. Let k, ko, & be asin (A). Let V, be a variety, defined 
over ka; let V be a projective (resp. affine) variety, defined over k; let f be a 
birational correspondence, defined over k, between Vo and V. Then there is 
a projective (resp. affine) variety W and a btrational correspondence F 
between Vo and W, both defined over ko, such that Fef+ is biregular at 
every point of V where the mappings feof! are defined for all oc &. 


Let S be the ambient space of V, projective or affine; f may be regarded 
as a mapping of V, into 8. Call o,—«,0.,: © *,@n the elements of 3, and 
put Fi = (f%,---, f%) ; this is a mapping of V, into the product Sx---* S 
of n factors equal to S, and is defined over the compositum K of the fields X°. 
It is clear that #,°f+ is defined wherever all the f*of-? are defined. Let z 
be a generic point of V, over ky; let W, be the locus of F (s) over K; put 
u == P(x) = (21, °, Ea). AS o, =e, we have g, =f (v), so that the image 
of « by the mapping fo F, is xı; this shows that fo F, is the mapping 
induced on W, by the projection of the product SX- -X 8 onto its first 
factor, and is therefore everywhere defined. Thus the birational correspon- 
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dence F,of+ between V and W, is biregular wherever all the f7of™ are 
defined. | 

Let Z° °°,%, be n points of S; if S is the projective m-space, put 
2;—= (Zio °°» Zin); and let 2’ be the point, in a projective space of suitable 
dimension, whose homogeneous coordinates are all the monomials 21,2245 ° ° ` Znyw 
with 0S p,m for every i. If 8 is the affine m-space, put z; == (Zn, °° °; Zim), 
put Zio = 1 for 1SisSn, and let z’ be the point, in an affine space of suitable 
dimension, whose coordinates are the same monomials as before. In either 
case, put 2’ —@(2;,- - +,2,); it is well-known that ® is an everywhere bi- 
regular mapping of SX- - -X8 onto its image in projective (resp. affine) 
space. Put now F,—0F,; then F, is a birational correspondence between 
F, and Wa =8(W,), and Foof? is biregular wherever all the j*of- are 
defined. 


If S is projective, let (1,f,(2),---,fm(@)) be a set of homogeneous 
coordinates for f(e); the fa are functions on Vo, defined over k. Put f,=1. 
Then we have F= (go: © *,9r), where the gp are all the monomials 


fafa?’ > * Tag: 


If œ Is an automorphism of K over k, gp” is again one of the gp, which we 
may write as gop); the mapping p—>w(p) determines a representation of T 
(the Galois group of K over k) as a group of permutations on the gp. Fora 
given p, let yp be the subgroup of r determined by w(p) = p; then, for wert, 
w(p) takes a number of distinct values equal to the index dp of yp in r. If 
Kp is the subfield of K consisting of the elements of K invariant under yp, 
gp is defined over Kp; therefore, if (a1,- - -,@dp) is a basis of Kp over ko, we 
may write gp = >) % hp», where the hpn, for 1s: v5 dp, are functions on Vo, 
# 


defined over kọ . Then we have, for all weT: 
Ju(p) = > ty"hoy. 
p 


If, in this relation, we take for w a set of representatives of the dp cosets of 
yp in T, we get a linear substitution expressing the dp distinct functions guip) 
in terms of the dp functions hpr; and, since Kp is separable over ko, that 
substitution is invertible. From this it follows immediately that, if we call 
F(x) the point whose homogeneous coordinates are all the functions App 
(where p runs through a set of representatives for the classes of equivalence 
determined by the permutation group T on the set {0,1,- - -,7}, and where, 
for each p, we take 15S r & dp), F is of the form WoF,, where ¥ is an 
automorphism of the ambient projective space of W.. If 8 is affine, we put 
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f= (fo: tfm), fo==1, and we define F by the same formulas as in the 
projective case, but regard it as a mapping of V, into an affine space; then 
we have again F == Yo F, Y being now an automorphism of the ambient 
affine.space of Wy. In either case, the mapping F is defined over ka; if W 
is the locus of F(x) over ko, W and F have the properties required by cur 
proposition. | 


3. Before applying this to the problems (A’) and (B), we need a 
general lemma: 


Lemma 1. Let f be a birational correspondence between two varieties 
U and V; let k be a field of definition for U, V, f. Then the sets of points 
where f and f are respectively biregular are k-open, and f determines a k- 
isomorphism between them. 


Call U’ the set of points of U where f is defined, U” the set of points 
of U where it is biregular; call V” the set of points of V where f- is defined, 
V” the set where it is biregular. By [4], App., Prop. 8, U’ and V’ are k-open. 


Call f the restriction of f to UX V’ (i.e. the biratjonal correspondence 


between U’ and V’ whose graph is the set-theoretic intersection of the graph 
of f with U’ X V’). If f is biregular at a point a of U, it is defined at-a, 
so that ae U’; and, if we put b= f(a), f* is defined at b, so that be V’; 
therefore (a,b) is on the graph of f’, and f is defined at a. Conversely, let 
a be a point of U’ where f’ is defined; put b =f (a); then b is in V’; so 
that f* is defined at b; as U’ and V’ are open, f is then defined at a, and 
we have b==f(a); thus f is biregular at a. This shows that U” is the set 
of points of U’ where f’ is defined; similarly V” is the set of points of V’ 
where f is defined; this implies that they are k-open. If f” is. the restriction 
of f to U” X V”, it is everywhere biregular by definition (i.e., f” is biregular 
at every point of U”, and f” is so at every point of V”). 

In order to formulate our results on problems (A’) and (B), we will 
say that a variety U, defined over a field k, is projectiwely (resp. affinely) 
embeddable over k if it is k-isomorphic to a k-open subset of a projective 
(resp. affine) variety, defined over k. 


THEOREM 2. Problem (B) has a solution (Vo, F) provided V is pro- 
jectively embeddable over k and the birational correspondence f° of belween 
V and V° ts everywhere biregular for every isomorphism o of k over ky into 
ka When that is so, V? is projectively ERE over ky; tt is affinely 
embeddable over ko tf V is so over k. 


a Bi. m 
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We may assume V to be a k-open subset of a projective (resp. affine) 
variety, defined over k. Take W and F as in Proposition 1; then Foy” is 
biregular at every point of V; therefore, by Lemma 1, it is a-k- isomorphism 
between V and the k-open subset Vo’ of W where fo F> is biregular. As the 
foof-! are everywhere biregular V,’ is also the subset of W where fro F> jg 
biregular, for every o; therefore it is invariant under all automorphisms of ko 
over ko, so that it is ko-open, by [4], App., Prop. 9. Then, if W is the 
restriction of F to Vo X Vo’, (Vo, F’) is a solution of (B). 


THEOREM 3. Problem (A’) has a solution, i.e., problem (A) has a 
solution (Va f) for which f is everywhere biregular, provided V 1s projec- 
tively embeddable over k and the fro are everywhere biregular and satisfy 
the conditions in Theorem 1. When that is so, Va is projectwely embeddable 
over ko; it is affinely embeddable over k, if V is so over k. The solution is 
unique up to a ko-isomorphism. 


Section II. Regular Extensions of the Groundfield. 


4. Les now k denote the groundfield. Let T be a variety, defined over . 
k; let ¢ be a generic point of T over k. When we denote by V, a variety, 
defined over k(t), we will agree, whenever v’ is also a generic point of T 
over k, to denote by Fy the transform of V; bv the isomorphism of k(t) 
onto k(t) over k which maps ¢ onto t. Similarly, if a mapping, defined 
over k(t), is denoted by f;, fe will denote its transform by the same isomor- 
phism; if ¢, t, t” are three independent generic pcints of F over k, and fre is 
a mapping, defined over A(t, t), we denote by fie the transform of fre by 
the isomorphism of kit, t) onto k(#’,¢”) over k which maps (t,t) onto. 
(A vy >e 

Let F, be a variety, defined over (t); assume that there is a variety V, 
defined over k, and a birational correspondence fa defined over k(t), between 
V and V,; then f,of,? is a birational correspondence between F; and Fr. 
We therefore modify problem (P) of the introduction as follows: 


(C) Let T be a variety, defined over a field k; let t, t be independent 
generic points of T over k. Let V; be a variety, defined over k(t); let fr 
be a birational correspondence, defined over k(t,t’), between Vi and Vy. 
Find a variety V, defined over k, and a birational correspondence fie defined 
over k(t), between V and Via, such that fr = fro fr. 


THEOREM 4. Problem (C) has a solution if and only tf fr e satisfies 
the condition: 
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(i) fies = few O frt 


where t” is a generic point of T over k(t, Y). When that is so, the solution 
ts unique, up to a biralional transformation on V, defined over k. 


The condition is obviously necessary. The proof for the unicity of the 
solution, when one exists, is quite similar to the proof of the corresponding 
statement in Theorem 1. Now, assuming (i) to be fulfilled, we shall con- 
struct a solution of (C). We may replace T by any birational transform of 
T over k, and so we may assume that 7 is an affine variety. Similarly we 
may assume that V, is an affine variety; and, taking x to be a generic poini 
of V, over k(t, we may replace x by (x,t) and V, by the locus of (x,t) 
over k(t); after that is done, F; is still an affine variety, and we have 
k(t) C k(x); from now on, assume that this is so, and assume that v has 
been taken generic on V, over k(t, t,t”). By [4], App, Prop. 1, k(x) isa 
regular extension of k; call X the locus of s over k. Put 2 =f s(x); this 
is a generic point of Vy over k(t, t,t”); by the definition of Vy, this implies 
that there is an isomorphism of &(¢,2) onto k(t’,z’) over k, mapping t onto 
t’ and x onto 2’; therefore we have k(t’) C k(2’), hence k(x, t) C h(a, 2’). 
As the definition of 2’ shows k(z,2’) to be contained in k(t’, t, s), i.e. in 
k(x, t’), it follows that we have k(a, 2’) = k(x, t) ; therefore z” has a locus WF, 
over k(x). Let (v) be the smallest field of definition containing k for W,; as 
k(v) C k(x), k(v) is a regular extension of k. Call V the locus of v over k; 
we may write v= G(x), where G is a mapping of XY into V, defined over k. 

If we put 2” == fr (£), Ws is also the locus of x” over k(x); as the 
fields k(z, 2’) and k(#,2’’) are respectively the same as k(x, t) and k(x, t”) 
and are therefore algebraically independent over k(x), W, is also’ the locus 
of x” over k(a,2’). But (i) may be written 2” = fp e(a); therefore Wy 
is the same as W,. This implies that the isomorphism of k(x) onto k(2’) 
over Æ which maps « onto x’ leaves invariant all the elements of the smallest 
field of definition of W,, hence also all the elements of k(v), so that we have 
G(x) = G(2’). . 

On the other hand, let K be an overfield of &, algebraically independent 
from k(2,2’) over k; if @ is any function on X, defined over K, it will 
induce on W, a function which is defined over K(v); if 6(t) = e(r), that 
function is a constant, so that its constant value must be in K(v). This 
shows that K(v) is the subfield of K(x) consisting of the elements of K (x) 
which are invariant under the isomorphism of K(x) onto K(x’) over K 
mapping «-onto z. 

Now the relation a” —=f}-;(x) shows that 2” is rational over k(t’, i, £), 
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i.e. over k(t”, 2), so that we may write 2” = gr (x), where ¢, is a mapping 
of X into Fe, defined over k(t”). The relation e” = f;;(2’) may then be 
written as 2°” == ¢,(2’). Applying to the field K = k(t”) and to the function 
ġe what we have proved above, we conclude from this that k(x”) C k(t”, v). 
As we have @(x) = G(2’), hence also G(x) = G(”), the isomorphism of 
k(x) onto k(x”) over k which maps e cento s” leaves v== (a) invariant; 
applying the inverse of that isomorphism to the relation k(2”) C k(t", »), 
we get k(x) C k(t, v), hence k(x) —&(t,v) since k(t) and k(v) are both 
contained in k(x). Also, since k(x) and k(t) are algebraically independent 
over ķ, the same is true of k(v) and k(t’); as the isomorphism of k(x’) onto 
k(x) over k which maps 4’ onto # maps t onto ¢ and v onto itself, this 
implies that &(v) and k(t) are algebraically independent over k. As the 
relation k(v)=<k(t,v) can also be written &(t,r) —k(t,v), we conclude 
that V; and V are birationally equivalent over k(t), so that we may write 
v==f,(v), where f, is a birational correspondence between V and V;, defined 
over A(t). Then we have v’ = f;(v). Therefore (V,f;) is a solution of 
our problem. We also see that Y is birationally equivalent to T X V over k. 


5. Just as in Section I, we consider the problem (C’) which consists 
in finding a solution (V,f;) of (C) such that f; is everywhere biregular. 
For such a solution to exist, it is necessary that fy, should be everywhere 
biregular; it will be shown that this is sufficient. 

As in Section I, if we make use of Theorem 4, we see that (C’) may be 
reformulated as follows: 


(D) Leth, T and t be as in (C); let V and V, be varieties, respectively 
defined over k and over k(t); let fi be a birational correspondence, defined 
over k(t), between V and V,. Find a variety V’ and a birational correspon- 
dence F between V and V’, both defined over k, such that the birational 
correspondence fio F- belween V” and V, is everywhere biregular. 


In order to solve (D), we need some preliminary results. 


Lemma 2. Let F and H be mappings of a variety X into two varieties 
W, T, all these being defined over a field k; x being a generic point of X 
over k, assume that t = H (a) ts generic over k on T and that a has a locus 
V, over k(t). Let F, be the mapping of V, into W induced by F on Vj. 
Then F is defined at every point of V; where F, and H are both defined. 


It is clearly enough to treat the case in which Y is an affine variety 
and W is the affine line. Then F, is the function on V,. defined over k(t), 
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such that F(x) =F (s). If F, is defined at a point a of V;, we can write 
it as F,(v) = P(£)/Q (x), where P, Q are polynomials with coefficients in 
k(t), such that Q(a) 540. More explicitly, we have 


P(X) = Z(H) MZ), Q(X) = È m(t) N; (Z), 


where the À, p; are functions on T, defined over k, and the M, N; are 
monomials in the indeterminates (X); and we have 


(1) S (ENa) 70, 
Then we have F(a) = @(¢)/¥(xr), with 
(2) P(x) = DACA (1) ) Miz), (z) = ze) Ny (2). 


As ais on V, (¢,a) is a specialization of (t,x) over k; if H is defined at a, 
we must have H(a)==?. As t is generic on T over k, the functions A, py 
are defined at ¢; therefore the functions A;°0 H, »;° H are defined at a on 4, 
with the values A;(¢t), »j;(4). That being so, the relations (1), (2) show 
that F is defined at a on F. 


Proposition 2. Let k, T, t, # be as in (C); let V be a variety, defined 
over k; let V, be a variety, defined and projectively (resp. affinely) em- 
beddable over k(t); let fı be a bivational correspondence, defined over k(t), 
between V and Vi. Then: ' 


(i) if ais a point of V; where fy of;* is biregular, there is an affine 
variety W and a birational correspondence F between V and W, both defined 
over k, such that Fofr is biregular at a; 


(ii) if fe ofr! is everywhere biregular, there is a variety W, defined 
and projectwwely (resp. affinely) embeddable over k, and a btrational corre- 
spondence F between V and W, defined over k, such that Fof,1 is everywhere 
biregular. 


We may assume that V, is a k(¢)-open subset of a variety, defined over 
k(t), in a projective (resp. affine) space 8S. We may also assume that T is a 
projective (resp. affine) variety; let S’ be its ambient space. If S, S’ are 
affine, S X 9’ is an affine space; if they are projective, call the well-known 
biregular embedding of S X S’ into a projective space S” of suitable dimen- 
sion. Letv be generic on V over k(t, t), and put c==f;(v). We may replace 
V; by a suitable &(f)-open subset of the locus of (s,t) over k(t) in the 
affine case, of @(z,f) over k(t) in the projective case; after that is done, 
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we have k(t) C k(x), and therefore k(x) = k(t, <) = k(t,v), so that x has 
a locus X over k, birationally equivalent to T X V, and that we may write | 
{== H(z), where H is a mapping of Y into T, defined over k; moreover, the 
mapping H is everywhere defined on X. 

Now, since X is birationally equivalent to TX V over k, and V is bi- 
rationally equivalent to V over k(t), Y is birationally equivalent to T X V: 
over k(t). More explicitly, if we put «’=/f,(v), 2’ is generic over k(t) 
on Y, and we have k(x) =<&(t’,v), hence k(t x)= k(t, t,£), so that we 
may write 2’ = g,(t’,2), where g, is a birational correspondence, defined over 
h(t), between TX V, and X. We have ’—H(z’), and we may write 
a= g(a’); where d; is a mapping of X into V; defined over k(t); then 
(H, $;:) is the mapping of X into T X V, inverse to g}. The mapping g: induces 
on the subvariety x V; of TX V, the mapping (t,£) x =fr(f:"(#)); 
and ¢; induces on Vp the mapping «’—> 2, i.e. the mapping f;°f;. Applying 
Lemma 2, we see that g; is defined at (t’,a) whenever a is a point of V; 
where f,oj,1 is defined, and that dq; is defined at every point of Vye where 
feof is defined. Therefore g; is biregular at (t’,a@) whenever a is a point 
of V: where fofr’ is biregular. 

Now let A» be the &(t)-closed subset of T X V, where g; is not biregular ; 
and assume first that a is a point of V, with the property stated in (i). 
Then (¢’,a) is not in Ao, so that T X a is not contained in Ay; let A, be the 
(non-dense) k(t,a)-closed subset of T consisting of those points t, such that 
(t;,a)eAo. By [4], App., Prop. 12, there is a &-closed subset A, of T 
containing all &-closed subsets of T contained in A,; in particular, every 
point of A, which is algebraic over k must be in As. Let A, be the union 
of the components of A, and of their conjugates over k; put T = 7T—A,; 
this is a k-open subset of T such that, if t, is any algebraic point over k 
in 7”, ge is biregular at (t, a). 

On the other hand, assume, as in (ii), that f;-of;1 is everywhere bi- 
regular. Then gs is biregular at every point of ¥ X F so that A, has no 
point in common with tx V;. This implies that the projection of A, on T 
is non-dense in 7’, so that, if we call A,’ the closure of that projection, it is 
a (non-dense) k(t)-closed subset of T. Let A,’ be the maximal &-closed 
subset of T contained in A,’; let A,’ be the union of the components of A.’ 
and of their conjugates over k; put 7’ == T—A,’. Then T” is k-open on T; 
and, if ¢, is any algebraic point over & in T”, gẹ is biregular at every point 
of t, & Vy. 

Now let ¢, be a separably algebraic point over k in T’ (resp. T”); if & 
is finite, we may take for ¢, any algebraic point over & in T (resp. T”), 
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since in that case every algebraic extension of k is separable; if & is infinits, 
we apply [4], App, Prop. 18. Let ¢,-- -,¢, be the distinct conjugates of ¢, 
over k. As they are in T” (resp. T”), g: is biregular at (t;a) (resp. at every 
point of 4; V+), and a fortiori at (t,x), for 15i & n; therefore it induces 
on t4 X V: a birational correspondence g; between V; and the locus FV; of the 
point gi(v) = g(t x) over k(t, i) in the projective (resp. affine) ambient 
space of X ; and g; is biregular at a (resp. at every point of V;). But, as we 
have already observed, the relation k(x) —k(t,v) shows that X is birationally 
equivalent to T X V; we may write v ==f(t,v), where f is a birational corre- 
spondence between T X V and A, defined over k; then we have 2’ —f(?’,v) ; 
and f is the product of g; and of the birational correspondence (t, v) > (V.T) 
between TX V and TX V;. As the latter correspondence is biregular at 
(iv), and gi is biregular at (tt), for 1712, we see that f is biregular 
at (tpv), and that we have 


gi(z) = ar (ti, ©) =f (l v). 


As the point f (tv) has the same locus over k(t) as over k(t, ti), this shows 
that V; is defined over &(¢;). As every automorphism of & over k can be 
extended to an automorphism of &(v) over k(v), this also shows that F; 
is the transform of V, by the isomorphism of k(t) onto k(t) over k whick 
maps t, onto tł; Also, if f; is the mapping of V into V; defined over k(t), 
which is such that f;(v) =f (tpv), we have fı= g:09 fr; and fi is the trans- 
form of f, by the isomorphism of &(¢,) onto k(t:) over k which maps ¢, 
onto t; 

Now apply Proposition 1 to the variety V, defined over the groundtield 
k, to the variety V,, defined over /:(¢,), and to the birational correspondence 
fı; this gives a projective (resp. affine) variety W and a birational correspon- 
dence F between V and W, both defined over k, such that fof, is biregular 
wherever all the f;°f,-' are definec, i.e. wherever all the g0 g> are defined. 
Now, in case (i), all the g; are biregular at a, so that all the g9 g`% are bi- 
regular at the point g(a); therefore Fo f,7, which is the same as (F of) og., 
is biregular at æ; as this involves merely a local property of W at the image 
of a by that mapping, we may replace W, in the projective case, by one of 
its affine representatives. Thus we have solved our problem in case (1). In 
case (ji), g; is biregular at every point of V:; as we have just shown, this 
implies that F'of;* is biregular at every pomt of F., so that it determines 
an isomorphism of FV, onto a &(¢)-open subset W of W. The assumption in 
(ii) implies that W” is invariant under the isomorphism of k(t) onto A(t) 
over Æ which maps ¢ onto t. From this and from [4], App., Prop. 9, it 
follews easily that W’ is k-open; thus (W, F) is a solution of our problem. 
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COROLLARY. Let k, T, t and v be as in (CO); let V be a variety, defined 
over k; let V; be a variety, defined over k(t); let fi be a birational corre- 
spondence between V and V, defined over k(t) and such that fyofr? ws 
everywhere biregular . Then, if a is any point of Va there is an affine variety 
W and a birational correspondence F between V and W, both defined over k, 
such that Fof,+ is biregular at a. 


We may assume that ¢’ has been taken generic on T over k(t,a); take 
i” generic on T over k(t, t’,a). Call a’, a” the images of a by fy ofr? and 
by feo fret, respectively. The isomorphism of k(t,a, t) onto k(t, a, t”) over 
i:(t,a) which maps ¢’ onto t” maps @ onto a”; therefore, if Vra is a repre- 
sentative of the (abstract) variety Ve on which a’ has a representative a,’, 
the point a” of Vi has a representative a” on Vea Let fra be the bi- 
rational correspondence between V and Fwa which is determined by fr. As 
fero fyt is everywhere biregular and maps a’ onto a”, fra fra is biregular 
at a,’. Applying Proposition 2(i) to V, Vra and fra we get a solution 
(WW, F) of our problem. 


6. Now we can deal with problems (D) and (C’). 


THEOREM 5. Problem (D) has a solution if and only if frofrt is 
everywhere biregular for Y generic over k(t) on T. 


The condition being obviously necessary, assume that it is fulfilled. By 
the corollary of Proposition 2, there is, to every point a of V, an affine 
variety W, and a birational correspondence Fa between V and Wa, both 
defined over k, such that F,of;? is biregular at a; call Qa the &(t)-open 
subset of V; where F,°f;* is biregular, and call W,’ its image on Wa by 
Faofr*, which is a &(t)-open subset of Wa. Then W,’ is the subset of W, 
where f;° Fa™* is biregular; as in the proof of Proposition 2, this implies that 
W,’ is invariant under the isomorphism of k(t} onto k(t) over k which 
maps t onto ?’, and we again conclude from this that W,’ is k-open. As we 
have aeQ, for every ae V;, the open sets Q, form a covering of V;; by the 
well-known “compactoid” property of open sets in the Zariski topology, 
there must be finitely many points a, on V such that the sets Qae, cover Ve. 
Then the k-open subsets We’ of the affine varieties Wa, together with the 
birational correspondences F',,° Fa, between them, define an abstract variety, 
which, together with the obvious birational correspondence between it and F, 
solves our problem. 


Tuzorem 6. Problem (C’) kas a solution, i.e., problem (C) has a 
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solution (V, fı) for which fi is everywhere biregular, if and only if fra is 
everywhere biregular and satisfies condition (i) in Theorem 4. The solution 
is unique up to a k-tsomorphism. 


This is an immediate consequence of Theorems 4 and 5. 


7. As to the projective or affine embeddability of the solution of prob- 
lems (D) and (C’), we have the following result. 


THEOREM 7. Let V be a variety, defined over a field k, and projectively 
(resp. affinely) embeddable over an overfield K of k. Then V is projectively 
(resp. affinely) embeddable over w provided (i) K is separable over k or (ii) 
V is everywhere normal with reference to E. 


The assumption means that there is a birational correspondence f, defined 
over K and biregular at every point of V, between V and a subvariety of a 
projective (resp. affine) space; it we regard f as a mapping of F into that 
space, it has a smallest field of definition x’ containing k; we may replace K 
by &’; after that is done, K is finitely generated over k. If K is separable 
over k, it is a regular extension (t) of the algebraic closure k, of k in K, 
and k, is a separably algebraic extension of k of finite degree. Proposition 
2(ii) shows that F is then projectively (resp. affinely) embeddable over &,; 
by Theorem 2, this implies that the same is true over k; this cornpletes the 
proof in case (i). If K is not separable over ķ, let &* be the union of the 
fields kr ” for n==1,2,---; then the compositum K* of K and k* is 
separable over k*, so that, by what we have just proved, V is projectively 
(resp. affinely) embeddable over k*. In order to deal with case (ii), it is 
therefore enough to prove our theorem in the case in which V is everywhere 
normal with reference to k, and K is purely inseparable over k; I owe the 
proof for this to T. Matsusaka; it is as follows. 


We may again assume that K is finitely generated over k; as it is purely 
inseparable, it is contained in some field k’ = k*/4, where q is a power of the 
characteristic. Then there is a mapping f’ of V into a projective (resp. affine) 
space, defined over hk’, such that f” determines a birational correspondence, 
biregular at every point of V, between V and the closure W’ of its image 
by F; then W is a projective (resp. affine) variety, defined over kW’, and f 
determines a k’-isomorphism between V and a k’-open subset of W’. Call = 
the automorphism é—> é of the universal domain; put W = Wr, W is then 
a projective (resp. affine) variety, defined over k. Let œ be a generic point 
of V over k; then W’ is the locus of the point y’ =f (x) over k’, and W is 
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the locus of the point y =y" over k. As y’ is rational over kW’ (s), y is so 
over k(x™); we may write y==-g(#), where g is a mapping of V into W, 
defined over k; as we have k’(y’) =k (z), we have k(y) =k(a™), which 
implies that i(2) is purely inseparable over k(y). In the projective case, 
let U be the projective variety derived from W by normalization in the field 
i:(x)1;U-is birationally equivalent to V over k; let z be the point of U which 
corresponds to « on V. In the affine case; we take for z a point in a suitable 
affine space such that &[z] is the integral closure of the ring &[y] in the 
field, (a), and for U the locus of z over k. In either case we may write 

— f(x), where f is a birational correspondence between V and U, defined 
over k. By definition, U is everywhere normal with reference to k, and the 
mapping 4 == gof' of U into W is everywhere defined and such that the (set- 
theoretic) inverse image of every point of W for that mapping consists of 
finitely many points of U. Let a be any point of V; let (a,b) be a specializa- 
tion of (2,2) over s—>a with reference to k; then, as h is defined at b, 
(a,6,h(b)) is a specialization of (v,2,y) over k. As f is defined at a, g is 
also defined there, so that we must have h(b) = g(a); therefore b is one of 
the finitely many points of U whose image by h is g(a). As V is normal at 
a by assumption, with reference to k, this implies that f is defined at a, and 
that we have b==f(a). We have g(a) =/’(a)™, hence F(a) =g(a)™; as 
g(a) =h(®), this shows that f'(a) is the unique specialization of y’ over 
z— b with reference to k’; as f’ is biregular at a, f is defined at f(a), and 
therefore x has no other specialization than a over z—> b with reference to K’, 
hence also with reference to k by F-II,, Prop. 3. As U is normal at b, with 
reference to k, this implies that f+ is defined at b==f(a). We have thus 
shown that f is biregular at every point of V, so that it is a &-isomorphism 
between V and a k-open subset of U. 

As a‘special case (already contained in Proposition 2), we see that, in 
problem’ (D), V’ is projectively (resp. affinely) embeddable over k if V, 
is so over k(t); similarly, in problem (C), V is projectively (resp. affinely) 
embeddable over & if V, is so over k(t). 


8. In [4], the construction carried out in Nos. 7-9 can be advantageously 
replaced by the application of our Theorem 6 to the situation described in 
No. 6 of that paper. The application is entirely straightforward. so that no 
further details need he given; this shows that the recourse to the Lang-Weil 


10 is the “derived normal model of iV in the field k(s)” according to Zariski’s 
definition ({3], pp. 69-70); cf. also [3]. 
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Theorem, i.e., in substance, to the so-called “Riemann hypothesis” in the 
case of a finite groundfield (loc. cit., p. 374) was unnecessary; so is the 
assumption of normality in the final result (loc. cit., p. 875) ; normality had 
to be assumed there merely because of the use made of the Chow point in the 
construction on p. 370, whereas in the present paper a different device was 
adopted (in the proof of Propcsition 1). Of course, in the main theorem 
of [4] (p. 375), parts (i) and (ii) remain unchanged. For the. sake of 
completeness, we give here the improved result by which part (iii) of that 
theorem may now be replaced: 


Proposition 3. Let G bea group and W a chunk of transformation-space 
with respect to G, both defined over k. Then there ts a transformation-space 
S with respect to G, and a birational correspondence f between W and 8, 
both defined over k, with the folicwing properties: (a) f is beregular at every 
point of W; (b) for every seG and ae W such that sa is defined, we have 
f(sa) = sf (a) ; (c) every point of S can be written in the form sf(a), with 
seG and aeW. Moreover, S is uniquely determined by these properties up 
to a k-isomorphism compatible with the operations of G. 
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ON THE REGULARITY REGIONS OF THE SOLUTIONS OF THE 
PARTIAL DIFFERENTIAL EQUATIONS OF 
CAUCHY-KOWALEWSKY.* 


By AUREL WINTNER. 


1. Let F =F (z,w,s,v) be an analytic functions which is regular in 
a neighborhood of the point (0,0,0,0) of the complex (z, w,s,v)-space and, 
in a neighborhood of the point (0,0) of the (z,w)-space, let s =s(z, w) be 
the (unique, regular) solution of 


(1) Se = F (2, W, S, Sw), s(0, w) ==0 


(Cauchy-Kowalewsky). If F(z,w,s,v) is of the particular form F'(z,s), 
then (I) and its solution s==s(z,w) will simplify to 


(11) ds/dz = F (2,8), s(0) ==0 


and s=s(z), respectively. A question concerning an absolute constant in 
the problem of a lower bound for the convergence radius of the power series 
s(z) in the special (ordinary) case (II) of the (partial) differential equation 
(I) was dealt with in [12]. The corresponding question for associated radii 
of regularity of the solution s(z,w) of the general partial differential equation 
(1) is much more complex. The only absolute lower bounds known for 
the associated radii of the double power series s(z,w) are those obtained 
by Perron [9]. His result will be improved below to some extent, and so as 
to imply an affirmative answer to one of the questions of function-theoretical 
interest (concerning small functions F of the four variables z,w,s,v) but 
the problem of the “best absolute constants” remains unsolved. 

it appears therefore natural that what should be settled first is the 
problem of the “best” associated radii of the solution s(z,w) of the initial 
value problem of a quasi-linear partial differential equation, say of 


(IIT) 8, =f (2, w, 8) + 9 (2, W, S) Sw, s(0, w) ==9, 


”“ with two functions f, g of (z,w,s) which are regular in a neighborhood of 


* Received February 29, 1956. 
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the point (z, w, 8) == (0,0,0). In fact, the problem for (III) is intermediary - 
between the solved problem for (II) (where g —0) and the unsolved problem 
for (I) (where F can be more general than F(z, w,s,v) =f+gv; V= Sw). 


2. In order to deal with problems of “best associated radii” in the ` 
analytic problem, it seemed to be natural to consult first the literature of 
the corresponding problem in the real domain. But what the literature con- 
tains in this regard proved to be of no avail. It is true true Kamke’s book 
of 1930 contains a theorem which implies, among other things, the following 
assertion (Satz 4, §173, pp. 335-336 in [8]): If f(a,y,u) and g(z,y, 2) 
are real-valued, uniformly continuous functions on a parallelepipedon 


(IV). 0=t<a, —b <y <b, —ecguce 


and. if both functions have, with respect to y and u, continuous first derivatives 
satisfying . 


(Vi | d(x, y,u)| S A = const. on (IV), where d= fy, fu, Jy, 

then there exists an absolute constant © > 0 (in fact, some 

(VI) | © = 5 log3; 

cf. [3], p. 336, footnote) in such a way that the initial value problem 
(VII) tie f(o,y,%) Uy + 9(zy,u),  u(0,y) =0, 

which is the analogue of (III) in the real field, has on the rectangle 
(VIII) . O< gr < min (a,0/A), —b<y<b 


a (unique) continuously differentiable solution u =u(s,y). But Kamke’s © 
proof is erroneous (and, as a`matter of fact, the assertion is false for any 
absolute © > 0). The trouble is at the very beginning of the proof ([3], 
p. 336), where, on the one hand, f(x,y, u) and g(z,y,u) are extended from 
the parallelepipedon (IV), where 0< b<, to the infinite slab which is 
the case b= œ of (IV) and, on the other hand, the tacit (but erroneous) 
assumption is made that, when the point (#,y) is in the rectangle (VIII), 
the point (#,y,u) belonging to the solution u—u(a,y) will stay in the 
parallelepipedon (IV) belonging to the gwen b<oo. The mistake was 
pointed out by Kamke himself in a Nachtrag to the second edition (1944) 
of his book (1980) and the result is stated correctly in [4], p. 41, by -> 
assuming that b= œ in (IV) (but the last footnote on p. 42 of [4] is 
misleading, since the coefficient f(x,y, u) of (VII) above is not allowed ‘to 
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contain u in [9]). Under the assumption b= œ, following a suggestion 
of Wazewski (cf. [8], p. 2), Perauséwna [8] determined the best value of 
the absolute constant ©, by showing that (VI) can be improved to 921 
and that the assumption ®© < 1 is disproved by a simple example; so that 
©==] (concerning quasi-linear systems, cf. [11]). 

It is easy to see that Kamke’s proof (with b= œ) and Perauséwna’s 
improvement of it (again with b== œ) apply in the complex field also. 
But what then results applies only to a very particular case of the problem 
of (III). In fact, Liouville’s theorem shows that the analogues of (V) and 
of the case b= œ of (IV) in the complex field compel the coefficients of 
(ITI) to be of the form 


f(a, w,s) —a(2)w-+B(2)s, g(r w,s) = y(2)w +8(2)s. 


3. In what follows, the problem of “best associated radii” of (III) 
will be settled (Theorem 1) by an adaptation of the method used by Perron 
T10], pp. 557-562, in the particular case f(s, y, u) =f(s,y) of the real 
equation (VII). By using a device contained already in Kowalewsky’s thesis 
[5] (where the case of her § II is reduced to the case of her § I), the result 
on the quasi-linear problem (III) will lead to results on the general problem 
(I) also (Section 7). What thus results for the general case (I) is sub- 
stantially finer than are the known estimates of the associate radii (even 
though one cannot readily speak of “best” constants in the general case). 

The method, being that of the successive approximations, is such as to 
supply for (1) a result (Theorem 3) which does not concern the absolute 
constants but is of independent interest. 


4. The following theorem (which, in view of Section 3, contains the 
central fact of the theory) will be proved first. 


THEOREM 1. Let a, b, c, L, M be five positwe numbers, z, w, s three 
complet variables, finally | 


(1) f(z,W,8), — g (2, w, 8) 
two functions which are regular on the (z, w,s)-domain 
(2) CEJ? lwl|+L|2| <b, |s| <c 


and satisfy the inequalities 


(3) |f] <E, |g] <M on (2). 
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Then that solution 

(4) = 8(2,w) 

(Cauchy-Kowalewsky) of the quasi-linear partial differential equation 
(5) Sz = f (2, W, S) Sw + g (2, W, 8) 

which belongs to the initial condition 

(6) s(0, w) =0 

is regular on the (z, w)-domain 

(7) | z | < min(a,c¢/dL), [w] +Eļlz|<b 


(at least; but the domain (7) cannot be improved in terms of absolute 
constants) ; moreover, the solution (4) ts subject to the inequality 


(8) | s(z,w)| <c on (7). 
The proof of this theorem will be reduced to a particular case of it: 


LEMMA. Theorem 1 is true if f (though not necessarily g) is indepen- 
dent of s, that is, of f=F(z, w). 


If w,w,s and f, g are real, then, under appropriate conditions of differen- 
tiability (but without the assumption of analyticity, hence, without assuming 
the applicability of the Cauchy-Kowalewsky theorem), the preceding Lemma 
is contained in Satz 1 of Perron [10], p. 557, which, in the real field, even 
generalizes the case f(z,w,s)=f(z,w) of (5) to certain systems of partial 
differential equations. Perron’s proof (1927), which was the starting point 
of all the recent developments concerning quasi-linear hyperbolic systems of 
partial differential equations in two independent variables (for a list of 
references, cf. [6], pp. 257-258), is based on an application of the pro- 
cess of sucessive approximations. Correspondingly, a glance at Perron’s 
proof shows that it remains valid in the complex field, in the form stated by 
the Lemma above. As a matter of fact, the proof is now shorter than in 
Perron’s non-analytic case, since orly the first, and comparatively easier, half 
of the proof (pp. 557-559, ending with formula (38)) is needed; the second 
half of the proof (pp. 559-562), that dealing with the convergence of the 
derivatives, now becomes superfluous, since the uniform convergence of the 
functions implies that of the derivatives in the analytic ease. 
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5. Proof of Theorem 1. For every positive integer n, consider the 
solution, say 
(4x) | git == s” (z w) 
(where n is not an exponent), of the partial differential equation. 
(ön) S” = f” (2, W) Sw” + g (2, w, 8”) 
and of the initial condition 
(6a) s” (0, w) = 0, 


where, if f and g are the two functions given in Theorem 1, the g of (5,) 
is the given g, whereas the f* of (5,) is defined as follows: 


(9n) f" (2, w) =f (2, w, s (2, &)). 


This is an inductive definition, which can be carried out by starting at 
n==0 with 


(10) L = s (z, w) = 0. 


For then, if the (local) theorem of Cauchy-Kowalewsky is applied to (5,)- 
(6,), with (9,) first for n= 1, then for »==2,---, it is clear that each 
of the functions (4,) is defined, as a unique regular function, on some neigh- 
borhood of the point (0,0) of the complex (2,w)-space. What fails to 
follow in this manner is that this neighborhood of (0,0) can be chosen 
independent of n. But it will now be concluded from the Lemma that the 
(z,w)-domain specified by (7), a domain which is independent of n, is such 
a neighborhood for every n, and that 


(8) | s*(z,w)| <c on (7). 


. Suppose that, for a fixed n, the function element s**(z,w) is known to 

be regular on (7), and that (8,,) is true for this n. It will be sufficient 
to show that both of these assumptions remain valid if n— i is replaced by n. 
In view of (10), the induction hypotheses are satisfied if n—1—0. If 
n-—1 is fixed (and positive), then the regularity of s**(z,w) on (7) and 
the assumption (8,1) imply that, since the functions (1) are regular on 
(2) and satisfy (8), it follows from (9,) that both functions 


(1,) [" (2, Ww), g (2, Ww, S) 
(the first of which is independent of s) are regular on (2) and satisfy 


(Ba) [fel <L, lg) <M on (2). 
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Hence, if the Lemma is applied (5,)-(6,) (for the fixed z), it follows that 
the function (4,) is regular on (7) and satisfies (8,). This completes the 
induction. 

Next, there exists, in the domain (7), about the origin of the (z, w)- 
space a sufficiently small domain, say | | 


(11) |z| < 2p, |w | < Wo, 
on which the sequence ot functions 
(12) 81 (2,w),° : *,Sn(Z,W),° = 


is convergent. In the real field, this was proved in a paper of Hartman 
and myself [2], pp. 862-863, by a refinement of the estimates used by 
Perron [10] in his case, the case of the Lemma (cf. comments above). In 
the complex field, the proof is exactly the same as in the real field and 
will therefore be omitted (just as the proof of the Lemma could be omitted 
above). But as italicized before (11), both radii Zə W must be chosen 
sufficiently small before the estimates of [2] assure the convergence of (12) 
on (11). In fact, the values of the two positive constants Zo, w, had to be 
subjected in [2], p. 862, to quite a number of inequalities (involving the 
five positive constants occurring in (2)-(3) above). 

This could not be avoided in [2] and, correspondingly, it is not avoided 
in the present case of the complex field. But the “smallness” of the con- 
vergence domain (11) of (12) can, in the present case, be disposed of by 
an appeal to the oldest taeorem (Stieltjes) in the theory of normal families 
(of functions of two variables, to be sure). In fact, since the functions (4,) 
are regular on (7) and, according to (8,), are uniformly bounded on (7), 
the convergence of the sequence (12) on a “small” dicylinder (11) implies 
the convergence of (12) on the entire domain (7), and also the uniformity 
of the convergence on every (2,27)-domain, say D, the closure of which is 
contained in (7). 

Let (4) denote the limit furction of (12) on (7). Then s(z,w) is 
regular on (7). That the limit function is a solution of (5) (even on a 
sufficiently small (z,w)-comain), is quite an issue in the real field (cf. the 
end of the proof in [2], pp. 863-854), since the uniform convergence of the 
derivatives of the functions (12) must also be assured. There is no such 
issue in the present case, since the uniform convergence of (12) to s(z, w) 
on every fixed domain D, defined above, implies that the sequences 


(13) Siez, w), ° "s Saz (2, W), © © and Siw(2, w), *,Suz(Z,W),° > > 
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tend to the respective derivatives, sz(2, w) and s.,(z,w), of s(z,w), uniformly 
on every fixed domain D. In particular, the three sequences (12), (13) tend 
to the three functions s(z,w), s2(2,W), Sw(2,w) at every point (z,w) of 
the domain (7). Since (4p) is a solution of (5,) on (7), it follows that 
(4) is a solution of (5) on (7). Finally, (6) follows from (6,), and (8) 
from (8,). This completes the proof of the italicized part of Theorem 1. 


There remains to be ascertained the parenthetical assertion made after 
(7). To this end, choose g(z,w,s) to be a function of s alone, and let 
f(z,w,s)==0. Then (2), (8), (4) and (3), (6) reduce to 


Is|<c, |g(s)| <M, s—s(2), ds/de—f(s), s(0) =0 


respectively, and (7%) can be simplified to the circle |z|<0/M. But as 
shown in [12], there does not exist any absolute constant « > 0 in terms of 
which the circle |z| << 0/Jf could be improved to |z| <<(i+.)0/M. For 
the case in which (5) does not reduce to an ordinary differential equation, 
ef. the remark to be made in Section 6 concerning the propagation of singu- 
larities (characteristics). 


6. In contrast to the method of [1], that of [2] consist of successive 
approximations.* It is the latter method which was used above in order to 
obtain “sharp” domains of existence in the analytic case, by adapting the 
considerations of [14]. | 


The propagation of singularities along characteristics, and the nature 
of the inequalities of Haar (cf. e.g., [4], p. 34 and pp. 119-120) in which 
this propagation finds it explicit formulation, explain the role played in 
Theorem 1 by the second of the inequalities (2), the constant L in (2) 
and (7) being the same as in (3). Correspondingly, it is in the very 
nature of the problem that something must be lost if the (z,w)-domains 
considered in assumption (2) and in assertion (7) of Theorem 1 are replaced 
by (z,w)-dicylinders. The resulting weaker form of Theorem 1 (a weakened 


* Since certain recent publications {of none of the authors concerned) make mis- 
leading or erroneous statements on a “ rediscovery ” of the results of Douglis [1] in the 
last chapter of our paper [2] (a paper the rest of which contains other results also), 
it should be mentioned here that [1] and [2] were written independently, that the date 
of receipt of the manuscript of [2] (see p. 834) was December 21, 1951 and that [2] 
appeared in the October, 1952, issue of the American Journal of Mathematics, whereas 
[1] seems to have appeared sometimes during the summer of 1952 (the exact dete and 
the date of receipt of the manuscript of [1] are not available) ; so that neither way is 
it possible to speak of any “ rediscovery.” 
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form which cannot, however, be strengthened in terms of (z, w)-dicylinders) 
is as follows: 


Turorem 2. Let f(z,w,s), g(z,w,s) be a pair of functions which 
are regular and bounded, say 


(14) f[<L, |g] <H, 
on a tricylinder, say 
(15) lel<a |wl<b, |s|<e, 


about the point (0,0,0) of the space of the complex variables z, w, s. 
Starting with five such postive numbers L, M, a, b, c, retain the values of 
L, M and b but replace (if necessary) the given a by a smaller a, and c by 
a smaller c, so as to satisfy the inequalities 


(16) O0<a< d/h, 0<c<c LM 
` (needless to say, (14) remains true on (15) if the values of a and c, given 
in (15), are diminished). Then the solution s==s(z,w) of the quast-linear 
inital problem 
(17) Sa = f (2, W, S) Sy F g (2, W, 8), s(0, w) =0 
(Cauchy-Kowalewsky) is regular on the dicylinder 
(18) |z| <min(a,c/M)}, |w] <b— min (a, c/M) 
(at least), and 
(19) |s(zw)| <c on (18). 

The same is true if f(z, w,s) and g(z,w,s) instead of being regular and 


subject to (14) on the tricylinder (15), are regular and subject to (14) 
only on the tricylinder 


(20) z| <a |wl<b—La |s|<e. 


This is clear from Theorem 1. For, on the one hand, the assumptions 
(16) assure that (20) and (18) are domains and, on the other hand, tke 
domain (2) is a subset of the tricylinder (20) and the dicylinder (18) is a 
subset of the domain (7). 


7. Instead of the particular case of quasi-linearity, consider now any 
` Cauchy-Kowalewsky equation 
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(21) a Uz == F (2, W, U, Uw) 
with the initial condition Ea 
(22) u(0, w) = 0 


for the solution u = u(z,w) and with an F == F(z, w,u,v) which is given 
as a regular function of its four variables on a neighborhood of the origin 
of the complex (z, w,u,v)-space, say on the domain 


(23) |z| <a, lwj <b, u E lu] <d. 


If a,b,c,d are replaced (when necessary) by somewhat smaller positive 
numbers &, b,c, d, then F is bounded on (23), say 


(24) | F(z, w,u,v)| <0 on (238). 


It follows from (24), and from Cauchy’s inequalities for the coefficients of 
the power series of F, that (21) and (22) are majorized by (21*) and (22) 
if (21*) denotes the equations which results from (21) if F is replaced 
by #*, where 

(25) P¥(z,w, u,v) —C/{(1—2/a) (1— w/b) (1—u/e) (1—0/4)} 

on (23). But consider first (21) itself and apply to it a formal -device 
(used already in Kowalewsky’s thesis [5]), in a way which reduces (21)- 


(22) to the quasi-linear case (but in a less drastic form as in [5]), as 
follows: 


First, if v=v(z,w) denotes the partial derivative Uw = Uw(z, w), then 


(26) u(0, w) = 0, v (0, w) = 0, 


by (22), and partial differentiation of (21) with respect to w shows that 


uz = F (z, w, u,v) + 0. to, 
(27) 
F vz == H (z, W, U,V) -+ FY, (4, W, UW, V). Vics 
where 
(28) ` H (z, w, u, V) = Folz, w, U, v) + oF, (2, w, U, v), 


SINCE Uso = Wws But the comparison of like powers of z, w shows that there 
is a unique pair of (formal) power series u,v in (2,w) satisfying (27) and 
(26), and that there is a unique (formal) power series in (z,w) satisfying 
(21) and (22). Consequently, (27) and (26) together are not only ney 
but sufficiently as well for (21) and (22) together. 
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where a == Jw, B == Ju — fa, y= — fu; so that, if a solution (w, u) = (w(z), u(z)) 
of (37) is known, then (38) reduces to a Riccati equation 


(38 bis) dv/dz==a(z) + b(z)u+ e(z)v? 


for v=-v(z). Finally, if f(z,w,u) is assumed to have Perron’s particular 
form, that is, if f—=f(z,w) (cf. the Lemma of Section 4), then the binary 
system (37) splits into two equations of first order: 

(37,1) — dw/dz =f (z, w), (372) du/dz = g (2, w, u). 


In fact, if a solution w==w(z) of (37,) is known, then (37,) becomes of 
the form =~ 


(37, bis) du/dz—=h(2,w), 


and is therefore, like (37,), a differential equation for a single function. 


10. The following considerations deal, like Section 7, with the Cauchy- 
Kowalewsky majorant (21*)-(22) of (21)-(22); cf. (25) and (24). But 
the method will be more direct, and the result more explicit, than in Section 7. 


Let the notation be so chosen that all four radii occurring in (23) 
become 1. Then (24) and (25) show that the Cauchy-Kowalewsky majorant 
(21*) of (21) becomes 


(40) = 0/{(1—2) (1—w)(1—4) (1— dw) }, 

where C is a positive constant. Let ¢(z,w) denote that solution of (40) 
which is determined by the initial condition 

(41) | $(0,w) =0; 


ef. (21) and (22), where u = ¢. 
According to Perron [9], p. 158, the function $(2z,w) —d¢de(z,w) is 
regular in the dicylinder 


(42) Jz[|<(1—r)*2/11+80),  |wl<z, 


at least, if r is any number on the interval O <r <1. It is however natural 
to expect that, In view of (40), the location of the singularities will be such 
that every point (2,w) of the dicylinder (|z| <1, |w|<1) becomes a 
regular point of oc(z,w) as C30. But (42) it too rough to prove this. 
Tt will be shown, however, that (42) can be improved to 


(48) |z| <1—exp(—#{1—r)*/0), w| <r. 
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This result (the proof of which will depend on an application of (47) below) 
‘proves the italicized desideratum, since if r= 1—e< 1 is fixed and C=C, 
is large enough, then the dicylinder (43) contains the dicylinder (|2| < 1—s, 
|w|<1—e). It will be seen in what follows that the structure of (43) 
is “correct,” in the sense that (48) is close to the ultimate truth. 


In order to formulate this situation precisely, let C be fixed in (40) 
and let r be any positive number corresponding to which there exists a 
positive R having the property that the solution ¢(z,w) of (40) and (41) 
is regular in the dicylinder (|z| < R,| w| <r}. By R=R(r) will be 
meant the greatest such R (so that (R(r),r) actually is a pair of associated 
radii, a pair to which Hartogs’s convexity theorem applies). 


THEOREM 4. If R(r)= Re(r) denotes the 2-radius associated to a w- 
radius r> 9 in the solution 6=4(2,w) =¢c(z,w) of (40) and (41), 
- then, on the one hand 


(44) R(r) =0 if r=1 (hence, if r>1) 

‘and, on the other hand, 

(45) R(r) = 1 —exp(—(1— r) (r)/C) if Or <i], 

where S(r) is a function satisfying the inequalities i 

(46) §(1—r) SS(r) S} (0<r<1) 
(cf. also (49) below, where y > 0). 

Both of the equality signs can be excluded in (46), since it will be 
clear from the proof of (46) that neither of the constants 4, 4 can be 
“best”; cf. also (49) below. Note that C occurs explicitly in (45) but 
not in (46), even though it is not clear that S(7) is not a function, S¢(r), 


of C also. Since (45) and the second of the eae (46) imply that 
R(r)—- 0 as r-> 1, they imply (44). 


11. First, since the coefficients of all the power series involved are 
positive (or 0), it is clear that a minorant of (40) and (41) results if (40) is 
retained and (40) is replaced by the partial differential equation, say (4) bis), 
which results if the fourth factor, (1— pw), of the denominator is omitted 
in (40). But (40bis) can be written in the form 


(40 bis) bo—=h/{(1—2z)(1—4)}, w= C/(1—w), 


5 
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where » is a parameter, and so (40 bis) is an (ordinary, rather than a partial) 
differential equation which the substitution 


(47) t = — log (1 — z) (|z| <1, log1=0) 


transforms into d¢/dit==y(1—-4). The solution ¢==¢(t) is given dy 
(1— p)? = — 2nt-+ const., where const. ==0 by virtue of (41) and (47). 
It follows therefore from (47) that the solution ġ==ġ(z;w) of (40 biz) 
becomes singular at the z-value Zọ= z(u) determined by the equation 
(1—2)? = 1/e. Since »=C/i1—w), this equation leads to ) 


(48) Z = 1—exp(—4(i—r)/C) 


if w= r, where 0 <r <1. 

Since (40) is a majorant of (40 bis) (with reference to the common 
initial condition (41) ), it follows that the solution ¢(z,w)-of (40) and (41) 
cannot be regular on the closure of the dicylinder (|z|<a,|w|<r) if z 
is the value determined by (48), where 0<r<1, hence O0<a4<1. In 
view of the definition of R(r), this proves the second of the inequalities (46> 
for the function S(r) defined by (45). Tacidentally, it is easy to see that 
the 4 in (46) can be improved to 4 if the factor 1/(1—dy) in (41) is 
relaxed only to 1/(1—¢) and not, as in the replacement of (40) by (40 bis), 
to 1/(1—0) —1. But this is unimportant, since what is missing in (46) 
is the improvement of the constant upper bound for S(r) to an upper bourd 
which depends on r (cf. Section 11 below), in the same way as the lower 
bound supplied by (46). In view of (45), this lower bound for S(r) is 
equivalent to the result (43) of [13]. 

Concerning an 7-dependent improvement of the upper bound in (46), 
I find, by using minorants of (40) which are more elaborate than (40 bis), 
thai | 
(49) . (r) =O(1—1)7 as vr 1 


holds for some constant y > 0 (for instance, for y = 4) and the computations 
seem to indicate that (49) holds for any y<1. If (49) should be true 
for y=1 also, then, writing (48) in the zorm 

(50) : R(r) = 1 — exp (— (1 —r)°T (7) /C), where 0<r <1, 

one could conclude from the lower bound supplied by (46) that 


(50?) 0 <fininf Tir) < finsupT (r) <% ; 
Orc 1 ocre 


so that the problem of the pair of the assoziated radii (R(r),1) of (2z, w) 
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would become refined to the determination of the two positive values occurring 
in (50?). 


12. There remains to be proved the assertion of Theorem 4 concerning 
the first of the inequalities (46). In view of (45), that assertion can be 
formulated as follows: If r is any number on the interval 0 <r <1, then 
the solution ¢=¢(z,w) of (40) and (41) is regular on the dicylinder 


(51) Ja] <1—exp(—(1—r)*/80), wf <r 

(and, therefore, on the union of the r-family (51) of dicylinders). 
-Perron [9] obtained his domain (42) by (retaining (41) but) first 

majorizing (40) by 

+ ONG ee be)} 

and then (52) by 


(53) $,—C/{(1—2) (1—[1—2] w) (1— [1 —w] "$ — bw), 


But it will be seen that the device, ‘applied by Perron to an “explicit ý 
integration of (53), can be adjusted so as to work for (52) itself, rather 
than just for the weakened form, (53), of (52). This will be made possible 
by an application to (52) of the mapping (47). The result will be that ` 
the solution ¢(z,w) of (52) and (41) is regular on any dicylinder (51), 
where 0 <r < i. 

First, (47) transforms (52) into 


(54) (1—w) $= C/{1— (1—w) *6 — pv} 

but leaves (41) unaltered, since z = 0 corresponds to t=0 in (47). Next, 
replace ġ==¢ġ (t, w) by y= (t,w), where 

(55) y= $/(1—w). 


Then it turns ‘out that, just as in Perron’s case (cf. [9], pp. 157-158), the 
function y—w(t,w) (determined, near (¢,w) = (0,0), by (53), (54) and 
(41)), is a function y = y(u) of a single variable u, to be defined by 


(56) - u==t/(1—w)?. 
In fact, a straightforward calculation saows that, by virtue of (55) and 


(56), the partial differential een (54) is identical with the ordinary 
differential equation 


(57) © Y = C/(1— Ruy’), 
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where y =yŅġ(u) and y = dy/du, whilst (41) goes over into- the initial 
condition y(0) = 0. 

It is clear that (57) is a quadratic equation for y == (u), and that 
its root ¢ which remains regular at u =Q is 


(58) y = (1— (1— 8Cu)3) /4u. 
The function (58) of u is regular on the circle 
(59) |u| <(8C)* 


of the u-plane. Since y ==y(u) follows from (58) (and from the initial 
condition ¥(0)==0) by a quadrature, y(u) itself must be regular on the 
circle (59). This completes the proof. For, on the one hand, #(z,w) is 
identical with y(u) by virtue of (47), (55) and (56), and, on the other 
hand, it is readily seen from (47) and (56) that the u-circle (59) corresponds 
to a (z,w)-domain which contains the dicylinder (51) belonging to an 
arbitrary value of r, where 0 <r <1. 
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ON CERTAIN ABSOLUTE CONSTANTS CONCERNING 
ANALYTIC DIFFERENTIAL EQUATIONS.* 


By AUREL WINTNER. 


PART I. 


This note on ordinary differential equations, though it does not pre- 
suppose the paper on partial differential equations which precedes it in this 
volume (pp. 525-541), can be thought of as an appendix to that paper, since 
it contains (among other things) a justification of the choice of the region 
of analyticity in Theorem 1 loc. cit. 


Consider the solution w—w(z) of the differential equation 


(1) dw/dz = f(z, w) 
with the initial condition 
(2) w(0) = 0 


and under the following assumptions: f(z, w) is regular on the dicylinder 
(3) lz| <a, [w| <b 

and is bounded there, say 

(4) | f(z,w)| <M on (8). 

Then a classical result states that the method of successive approximations 
supplies the circle 

(5) |z| < min (a, b/M) 


on which the solution w(z) of (1) and (2) is sure to be regular. 


For a long time, and by methods usually distinct from that of the 
successive approximations, various efforts have been made in order to improve 
on the radius of the circle (5) of assured regularity for w(z); cf. M. Miiller’s 
report in [6], pp. 169-172. But it was shown in [8] that those efforts 


* Received February 29, 1956. 
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could not possibly succeed, since, if f(z,w) is independent of z (so that (1) 
and (5) reduce to 
(6) dw/dz = F7 (w) 


and |z| < b/M respectively), then, corresponding to every « > 0, it is possible 
to exhibit an f(w) —f.(w) having the property that the solution w(z) of 
(6) and (2) will possess a singularity within the circle |z] <<(1+)b/M. 

In this sense, (5) is the best possible result. But as mentioned in 
[8], this result depends on the assumption that no supplementary informa- 
tion, such as a Lipschitz constant, is added to the estimate (4). The purpose 
of the following considerations is to fill in the resulting gap. 

Let f(z,w) be regular on (3) but, instead of assuming (4), suppose 
only that f(z,0) is bounded, say 


(7) | f(z,0)|<SN on |2| <a, 


but suppose also that the partial derivative of f(z,w) with respect to w is 
bounded, say 
(8) | af (2, w) /ow | <L on (8). 


Although the field is complex, it is readily seen that (8) is equivalent 
to Lipschitz’s condition 


(Sbis) | f(z, wv’) —f(z,w”)| <L | w’—w" |, 


where (z,w’), (2,w’) are any two points (2,w) on (3) with distinct w but 
common 2. Since (8) is equivalent to (Sbis), it follows from a remark of 
Painlevé [7] on a result of E. Lindelöf [4], p. 123 (concerning successive 
approximations), that the solution w(z) of (1) and (2) is regular on the 
circle 

(9) |z| <min (a, L*log(1+0bL/N)) 


(at least). Before Lindelöf (but not with the method of successive approxi- 
mation), and in the real field, the domain (9) was found by Lipschitz him- 
self ({5], pp. 509-514). Cf. also a paper of O. Halder [2]. 

The choice of the radius of the circle (9), in contrast to that of (5), 
seems to be artificial (except, perhaps, if an appeal is made to the inequality 
of Haar [1] in the theory of characteriscics). But it turns out that (9), 
like (5), is the best possible result of its own kind. By this is meant that, 
if either the a or the Llog in (9) is multiplied by 1-+-«, where «> 0 is 
arbitrarily small, then there results a 2-cirele within which the solution w(z) 
of (1) and (2) will acquire a singularity, if f(z, w) —f.-(z,w) is suitably 
chosen. l 
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This is clear for the replacement of a by (1+ «e)a in (9). In fact, 
if f(z,w) is independent of w, then (1) and (9) reduce to dw/dz =f (2) and 
|z| <a respectively, and so the solution w(z) of (1) and (2) will become 
singular on the boundary |z|==a whenever f(z) does. Consequently, it is 
sufficient to consider the case complementary to the case f(z,w) f(z), that 
is, the case f(z, w) =f (w). 

Then, if b= 1 without loss of generality, (1) and (9) reduce to (6) 
and 


(10) ja | < E7 log (14 L/| f(0)]) 


respectively, since the N in (7%) can be chosen to be the value of | f(w)| at 
w==0 (this value can be assumed to be distinct from 0, since w(z) ==0 is 
the solution of (6) and (2) if f(0)=-0). On the other hand, the formu- 
lation (8) of Lipschitz’s condition (8bis) reduces to the assumption that 


(11) Fw) <L for |w) <1, 


where F == df/dw and 1==b. Accordingly the assertion, to be proved, is as 
follows: If it is only assumed that the function f(w) is regular on the circle 
|w| <1 and that its derivative is restricted by (11), then the solution w(z) 
of (6) and (2) can become singular at z==z° whenever | 2°| is given as a 
number exceeding the radius of the circle (10). 

Choose f (0) == 1 and write «e instead of L. Then f(w) is a power series 
of the form 
(12) f(w) =1-+9(w), where g(w) m= Son" 


n=1 


for | w| <1, the circle (10) reduces to 
(13) la| <etlog(1+c) =1-+0(1) if «0, 


and condition (11) is satisfied (for a fixed «) if 
(14) Sn KAEL? 
nel 


where C= C(e). On the other hand, it is clear from (12) that, if e is 
fixed in g(w) =g.-(w), then, nea? z= 0, the solution w—w(z) =w,(z) 
of (6) and (2) is the (local) inverse of the function z—2z(w) —z,(w) 
defined by 

(15) 2(w) = j (1+ giw) dw, where g (0) = 0. 


Q 
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The only restriction on the coefficients c,—c,(é) of the power series 
(12) is that they should be “small” in the sense of (14). Hence it is 
easily realized (cf. a parallel construction in the proof of assertion (8*) of 
(ii) below) that, for every «> 0, it is possible to choose the, coefficients 
Cn = Caie) of g(w) =ge(w) in accordance with (14) and in such a way 
that the function w(z) —w,(z), defined near z==0 as the inverse of the 
function (15), becomes singular at some point ot a circle |z| <r, the radius 
of which is of the form re==1-}o(1) as eG. But this is precisaly the 
assertion, since the circle (10) is represented by (18). 


PART II. 


If a=1, b=1 and M==1 in (3)-(4), then the circle (5) becomes 
|z| <1 and, in view of the maximum principle. nothing is lost if the sign 
of equality is allowed in (4). If this is combined with the circumstance 
that successive approximations w9(z) ==1, w:(2),- © *,Wn(z),- > > which lead 
to the solution w(z) of (1) and (2) are subject to the inequality | w,(2)| <b 
on the circle (5), then there results the following fact (i): 


(i) Jf F{z,w) is regular, and satisfies the inequality | f(z,w)| S1, 
on the dicylinder (|z| <1,|w| <1), then the solution w(z) of (1) and 
(2) is regular, and satisfies the inequality | w(z)| < 1, on the circle |z| <1. 


For a refinement of (i), ef. [14]. 
Other applications of known “best contants” pertaining to classes of 
power series result if (6) is contrasted with 


(16) dw/dz = f* (w), 
where 
(17) f” (w) =3 | oy | w" At (ees én 


R=O 


In order to see this, suppose that f(w), hence f* (w), is regular on the circle 
|w|<1. Then it is clear from the proof of (i) that the solution w(z) of 
(16) and (2) is regular on any circle 


(18) |2] <1/f* (r), 


where r is any positive number less than 1 (for a direct proof, cf. Lindeléf’s 
method in [11]). 

Suppose that f(w), besides being regular for |w] <1, satisfies the 
inequality 


(19) |f(w)| <1 for [w| <1. 
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Then, according to Bohr (cf. [10], pp. 82-34), the inequality f*(r) =1 
holds if r= 4 but not in general if r—4-+«> 4. It follows from the first 
of these two facts (the second fact, that concerning the non-existence of 
an absolute constant «> 0, is irrelevant this time) that the radius of the 
circle (18) becomes not less than 4 at r==4. Consequently, (19) is sufficient 


in order that the solution w(z) of (16) and (2) be regular on the circle 


[z| <4. 

On the other hand, as will be shown elsewhere [16], even the most favor- 
able choice of r (on the range 0 <r < 1) can bring the radius of (18) arbitrarily 
close to 4 if only (19) is assumed. One might therefore expect that y= 4 


is the oie absolute constant having the property that the solution w (z) 
of (16) and (2) is regular on the circle |z| < y whenever (19) holds. This ` 


expectation proves, however, to be erroneous. The explanation is that 4 is 
the best constant by virtue of Cauchy’s principle of “majorization,” but not 
by virtue of the finer principle of “subordination” (in this regard, cf. the 
concluding remarks in [15]). In fact, it turns out that |z| <4 can be 
improved to |z| <y (but not, of course, to |z| <1), where y denotes the 
least positive number r (<1) for which the function 


(21) r(1—7?)-4— are sins (0Sr<l) 


becomes 1 (in (21), both the square root and the arcsin are meant to be 
positive ). 


(I) If f(w) is regular on the circle |w| <1 and satisfies (19), then, 
while the solution w(z) of (6) and (2) is regular, and satisfies the inequality 
|w(z)| <1, on the circle |z| <1, the solution w(z) of (16) and (2) is 
regular, and satisfies the inequality | w(z)| < 1, on the circle |z| <y, where 
y denotes the least positwe root of the transcendental equation 


(22) y/(l1—y?)§—l+arcsiny ` (arc sin 0 == 0), 


The first of the two assertions of this theorem (I) is contained in. (i). 
In order to prove the second assertion of (I), note that, according to (17), 


|f*(w)|? SS | cn |33 | w |, where 3| cn |? <1, 
n=0 n=0 n=0 
by (19), except when f(z) == cz, where |c|=-1. Hence, in any case, 
(23) fer) < (Xr = (1—1) if 0<r< 1l, 
n=0 


where f*(r) 20, by (17). 


ities an =, - - 
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Recourse can now be had to a theorem on “subordination,” initiated by 


Nakano [12] and formulated in a general form in [15]. In fact, it is clear 
from (23) and from the lemma of [15], p. 1106, that the solution w(z) of 
(16) and (2) is regular, and satisfies the inequality | w(z)| <1, on the 
circle |z| <y, if y is any positive number having the following property: 
JË the function r==r(¢) (Æ 0) is defined us the solution of the differential 
equation 


(24) dr/dt = (1 — r°)? 
and of the initial condition 
(25) r(0) =0, 


then #(t) exists, and satisfies the inequality r(t) <1, on the interval 
OSt<y. But (24) can be solved by the inversion of a quadrature, 
whence it is seen that the solution r==17(¢) of (24) and (25) is the (local) 
inverse of the function ¢(1) which results if the function (21) of r is denoted 
by f==t(r). Finally, it is clear that the value of the function (21) is 
between 0 and 1 for 0<r<y, if y is the least positive root (< 1) i the 
equation (22). This completes the proof of (I). 


Since the estimate (23) of f*(r) by (1-——7?7)~4 excludes the sign of 
equality (except, perhaps, at r= 0), it also follows that the y of (I) can 
be improved to y+ «e where e—e>O0. On the other hand, it remains 
undecided whether this e can be chosen independent of f (in other words, 
whether y is the best absolute constant). In this regard, nothing seems to 
follow from a direct consideration of the sequence of rational functions 
which, for quite another purpose, Landau has constructed from the sequence 
of the partial sums of 


(23 bis) (1— W) 43,1 where ba = 1.8: + - (2n—-1)/2.4- -Bn 


(W = w° in (20); cf. [10], pp. 26-29, and a general theorem of Schur [13], 
pp. 122-124). 


It will now be shown that if the circle |z| <y, defined in (I), is 
replaced by the smaller circle |z] < siny, then (I) can be transferred to 
the case in which (16) is generalized to 


(26) dw/dz== f* (z, w), 


where, corresponding to (17), 
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(27) ie w)=3 3 Cnn | 2" if f(z,w) = S Conn" 


m= n=O m=08 nx 


(so that f*(z,w) is regular on a dicylinder (3) whenever f(z, w) is). 


(II) If f(z,w) is regular, and satisfies the inequality |f(z,w)| <1, 
on the dicylinder (|z| <1,| w| <1), then the solution w(z) of (26) and 
(2) is regular, and satisfies the inequality |w(z)| <1, on the circle 
|z| <siny, where y (<1) denotes the least positive root of the transcen- 
dental equation (22). 


In view of (i), the content of (II) is that, if (1) is replaced by (26), 
then the circle |z| < 1, supplied by (i), becomes replaced by a circle |z| <A, 
where A is an absolute constant (<1) which (II) claims to be not less than 
siny. It can readily be shown that, corresponding to the remarks made 
before (I) on the 4-radius, the simple method of Lindelöf [11] supplies for 
(26) and (2) an absolute constant A which is substantially less favorable 
than the absolute constant supplied by (II). The proof of (II) proceeds 
as follows: 

Clearly, the assumptions of (II) and the second of the relations (27) 
imply that, corresponding to the proof of (20), 


3 3 [Cm |?S1; hence f*(| +I, eEG, F|” | w [8 


m=8 2-0 


if O<|z|<1,0<|w| <1, by the first of the relations (27). Since the 


preceding square root is (1—8?) uae a if |z| =s <1, [wl] =r <1, 
it follows that (26) and (2) are “subordinated” to 
(28) dr/ds = (1—8) (1 — r?) 2 


and (25). In fact, if [15] is applied in the same way as in the proof of 
(I), it follows that the solution w(z) of (26) and (2) is regular, and in 
absolute value less than 1, on any circle |2 | <A the radius of which is a 
positive number satisfying A% 1 end having the following property: The 
solution r=r(s) (220) of (26) and (25) exists, and satisfies the inequality 
r(s) <1, on the interval OSs <A. 

On the other hand, if 


(29) t = arcsin s, where 0S t< da, O=s<1, 


then ¢ is increasing with s (and s=0 corresponds to ¢==0), and (29) trans- 
forms (28) into (24) and leaves (25) unaltered. But the solution r==r(f) - 
of (24) and (25) exists, and satisfies the inequalities 0S r(t) <1, on the 
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interval Ot < y (cf. the end of the preof (1)). It follows therefore from 
(29) that the solution *==r(s) of (28) and (25) exists, and satifies the 
inequalities OX r(s) <1, on the interval OSs <A, where A=siny. In 
view of the end of the preceding paragraph, this completes the proof of (II). 


It is instructive to compare the above proofs and results with those 
of Cauchy himself (cf., e.g., pp. 6-7 of Bieberbach’s book (1953) on the 
complex'function theory of ordinary differential equations). Cauchy assumes 
that f(z,w) is regular and bounded on a dicylinder (3). It can be assumed 
that a==-1 and b=] in (8), and that (4) holds for Af=-1. Then the 
assumptions on f(z,w) are precisely the same as in (i) or (II). But 
instead of Parseval’s relation and Schwarz’s inequality, used in the proof of 
(II) above, and instead of using the principle of subordination (which is 
the crucial step in the above proof; cf. [15], p. 1107), Cauchy applies his 
inequalities, | Cmn |< M/a™b*, for the coefficients of (27), which commits 
him te the following majorization of the power series (27): 


emsoss 31-[e["| wl, 
since M/a”™b" —1 in the present normalization. Accordingly, not only (1) 
but also (26) is being majorized by 
(30) dw/dz = (1—z)?*(1—w)7? 
and, correspondingly, (28) is roughened to 
(31) dr/ds = (1 —r)>(1— s) 


(leaving no possibility for applying “subordination ” instead of “majoriza- 
tion ”). 


The substitution Z = — log (1 — z), where |z | < 1 (and Z =0 at z = 0), 
reduces (30) to dw/dZ = (1— w). The solution of the latter differential 
equation and of (2) is w = 4—ł(1 —2Z}, a function which is regular on the 
circle | Z | <4 but not at the point Z = 4. Hence it is clear from z = 1 —e~# 
that the solution w(z) of (30) and (2) is regular on the circle 


(32) [z] <A, Where A= 1 — eò, 


and becomes singular at the boundary point z= Aà of the circle (82). It 
follows that the solution w(z) of (26) and (2) is regular on the circle (32). 


-r r 
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But this circle is substantially smaller than the circle, |z| < sin y, supplied 
by (II). 

It may finally be mentioned that the discrepancy between the respective 
radii, y and siny (< y), supplied by (I) and (II), has an analogue when 
only Cauchy’s majorants are applied. In fact, if (26) is of the particular 
form (16), then (30) can be replaced by dw/dz == (1—-w)-*. Since the solu- 
tion of the latter differential equation and of (2) is w==4—4(1—2z)4, it 
follows that Cauchy’s method of majarants improves his circle (82) to |z| <4 
(though not to any circle |z| <ł-+e, where «>0), if (26) is of the 
particular form (16). 

In the particular case (6) of (1), the information contained in (i) 
can be completed as follows: 


(ii) On the circle |w| <1, let f(w) be a regular function 


(33) fw) = s caw” 


n=0 
satisfying (19). Denote by w(z) = w;(z} the solution of (6) and (2). 
Then 


(a) the function w(z) is regular not only on the circle | z| <1 but also 
on some circle |z| < 1+e, where e= g > 0 (and, except when f(w) =f (0) 
and |f(0)|=1, not only |w(2)| <1 but also |w(z)] < const. <1 holds 
for |z| <1) but 


(8) the positive number e= cannot be chosen independent of f in 
(a) and, what is more, 


(B*) even if f(w) ts restricted by Ca = 0 for every n in (33) (that is, 
even if f(w)=f*(w)), there belongs to every «>0 some f(w) =f*(w) 
corresponding to which the function w(z) = w;(z) becomes singular within 
the circle |z| <<1+e. 


(a) is a particular case of what was proved in [14] and (8) is the 
result of [8]. In view of the contrast between (I) and (II), the improve- 
ment of (8) to (8*) is relevant from the point of any majorant of (6) ; 
in fact, (6) is its own best majorant if f =f*. The proof of (8*) proceeds 
as follows: 


Let O0<e <1 (eventually, e— 0) and choose c, to be 1—e or e/ (2n)? 
according as n==0 or n> 0. Then (33) has positive coefficients, f(w) is 
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regular for |w|<1 but not at w=1, and (19) is satisfied. It will be 
shown that if #& is defined by 


1-0 


(34) R= È (f(r) dr 


(which implies that R <c), then the solution w(z) of (6) and (2) must 
become singular at the point z== R. This will prove (8*), since it will 
imply that w(z) must become singular within the circle |z] <1/(1—e) 
(where the denominator can be chosen arbitrarily close to 1). In fact, since 
f(r) is positive and imereasing on the interval O27 <1, it is clear from 
(34) that R<1/f(0), where f(0) =c,=-1—e. 


It follows from (2) and (6), where f(0) 540, that (for small | z]) 
the function w==-w(z) is the (local) inverse of the function z==z(w) 
defined (for small | wi) by 


te 


(35) s= | at 


g 


Consider the z-map of the interval for O&S w <1. Since the function 
f(w) =f*(w) is positive for 0 w <1 and has a positive and increasing 
derivative for 0 <w <1, it is clear from (35) and (84) that the interval 
O&S w <1 has the schlicht image 02 < R, and that, since (19) is sazisfied, 
dz/dw stays between two positive bounds as w—>1. Hence, if w(2) did not 
become singular at z == R, then z(w) would remain regular at w=-1. In 
view of (35), this is possible only if 1/f (w) remains regular at w==1. Since 
f(w) was chosen to be singular at w==1, it follows that f(w) has a pole 
at w==1. But this contradicts (19). 


Appendix. 


In the assumptions of (i), the absolute value of the given function 
f(z,w) is limited by 1 from above. If this limitation is made from below, 
the result is as follows: 


(iii) If f(z,w) is regular, and satisfies the inequality |f(z,w)| 21, 
on the dicylinder (|z| <1,|w| <1), then the solution w(z) of (1) and 
(6) is regular, and satisfies the inequality |w(z)| <1, on the circle 
|z| <|f(0, 0) 


-2 
~ 
. 
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In the proof of (iii), the following lemma (*) will be needed: 


(*) If w==w(z), where |z| <1, is any regular function satisfying 
the conditions w(0) 0, w’(0) 0, where w == dw/dz, and the inequality 
| w’{z)| <1 for |z| <1, then the inverse function z= 2(w) is regular, and 
in absolute value less than 1, on the circle 


6O © Je] <w 0] 


As will be seen in a moment, (*) supplies not only (iii) but also the 
following fact: 


(iiibis) Under the assumptions and in the notations of (iii), the fune-- 


tion w(2) is schlicht in the circle |z] <|f(0,0)|~. 


Similarly, (i) can now be completed as follows: 


(ibis) Under the assumptions and in the notations of (i), the inverse, 
z=—z(w), of the function w(z) is regular and schlicht in the circle 
|w| <|f(0,0)|*, provided that f (0,0) 0. 


In fact, (ibis) is clear from (i) and (*). It is also ‘clear that both 
(iii) and (iiibis) follow from (*) and (i) if z and w are interchanged 
and, correspondingly, (6) and (2) are written as dz/dw=F(w,z) and 
z(0) =0, where F(w,z) =1/f(z,w) and z==2(w). Thus it is sufficient to 
verify (*). 

Remark. If f(z,w) is of the particular form f(w), as in (ii), then 
(ibis), where | f(0,0)|<1 by assumption, can be completed as follows: 


(iibis) Under the assumptions and in the notations of: (ii), the func- 
tion w(z) is schlicht in the circle |z| <1, provided that f(0) 0 (if f(0) =0, 
then w(z) ==0). 


(iibis) is a corollary of the sharper results on the local inverse of the 
integral (85) which are contained in a paper written in cooperation with 
Dr. Hartman (Rend. Palermo, ser. 2, vol. 8 (1954), pp. 286-292). But 
(iibis) itself is trivial. For, on the one hand, the solution w({z) of (6) 
and (2) is regular, and satisfies | w(z)| <1, for |z| <1 and, on the other 
hand, (35) defines z as a single-valued and regular function if w and the 
integration path joining w to 0 are confined to any simply-connected domain 
which is contained in the circle |w] <1 and from which the zeros of f(w) 
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(if there are any in |w|<1) have been excluded (by joining these zeros 
to a point of the circumference | w]—1 by cuts). | 


\ 


Proof of (*). If the constants which in Satz X of Landau [8], p. 473, 
are denoted by M, R and a are chosen to be 1, 1 and | w’(0)| respectively, 
it follows that the assertion of (*) is certainly true if the radius, | w’(0)|?, 
of the circle (36), claimed in (*), is replaced by 


(37) 1 +- a (0) |"? —1) log (1—] w’(0) |’). 


Hence (*) will be proved if it is ascertained that the value of (37), where 
0<|w’(0)| <1, exceeds | w’(0)|*. 


Clearly, log(1— | w’(0)|*) = — (| w’(0)|? + $| (0) |*4-- -), where 
all the higher terms, those indicated by dots, have positive coefficients. Hence 
the value of (37) exceeds 1-4- (1—]|w’(0)|-*)| w’(0)|?, which is | w’(0) 
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ALGEBRAIC GROUPS OVER FINITE FIELDS.* 


By SERGE LANG. 


1, Introduction. Let k be a finite field with g elements. Let G be an 
algebraic group defined over k. (For the foundations of the theory of 
algebraic groups and homogeneous spaces, see Weil [8], [9].) If « is a 
point of G, we denote by 2 the point obtained by raising all coordinates 
of x to the q-th power, i.e. by applying to æ the Frobenius automorphism 
of the universal domain leaving k fixed. The mapping f(z) ==a'2@ is a 
rational map of G into itself. Jt will be shown that it is in fact surjective, 
and that it gives a Galois, in general non abelian unramified covering of G 
over itself, the Galois group being that of the left rational translations. 
This sort of covering is of course impossible in characteristic 0. 


More generally, it will be shown that G acts on itself as a homogeneous 
space, under the operation F(x,y) =£: y=<®yr. Using this fact we 
shall show that every homogeneous space H of G defined over k has a 
rational point. If it is principal homogeneous, then it must be biregularly 
equivalent to G over k, and in case G is commutative, this means that the 
Weil group is trivial. We also use this result to give a new proof of a 
result due to Chatelet [4], that if a variety V/k becomes biregularly equiva- 
lent to projective space over the algebraic closure of k, then it is already 
so over k itself, | 

Finally we consider the class field theory for our covering defined by 
the map 2-272, get a partial non abelian reciprocity law, and prove that 
the Artin Z-series are trivial. This is used to prove the following result: 
Let g be a subgroup of the rational points of G over k. Let H be the homo- 
geneous space of cosets of Gmodg. Then G and H have the same number 
of rational points. 


In case the group G is commutative, then one can get a complete 
reciprocity law, and one can use it to derive the class field theory over a 
variety V having a rational map into Œ by means of which the abelian 
coverings of CŒ by commutative groups can be pulled back in a one-one manner. 


' * Received March 9, 1956. 
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This abelian class field theory is carried out in detail elsewhere, and in this 
paper, we have concentrated exclusively on the non abelian aspects of the 
covering 2-*z, 


2. The map f(z) = sz). The map f(z) being as above we contend 
that if z is a generic point of G/k then f(z) is also a generic point of G/k, 
and in fact the extension /(z) over k(f(z)) is separable algebraic. Namely, 
putting w==f(z) we have k(z) =k(a,z) = k(x,z%®). Our contention now 
follows from the following elementary and well known result of field 
theory: 


= Proposirion 1. Let F bea field and E/F a finitely generated extension. 
We assume the characteristic p ts 40. If E/F is separable algebraic, then 
E”F == E for all powers p, and conversely, if EF == E for some power pë, 
then E/F is separably algebraic. 


(By E" we denote the field obtained by raising all elements of Æ to the 
p*-th power.) l 
We have trivially for z, w in G: 


(1) (zw) ® = 2Dy, (271) @ —= (2) -1, 
Furthermore our rational map satisfies the following formalism: 
(2) f(zw) = f(z)” (w) 


where y” is defined to be wyw. | 
The subgroup of G consisting of the elements rational over the field kg 
(unique extension of k of degree d) will be denoted by Ga. ` 


(3) An element a of G is in G, if and only if f(@) ==0. More generally, 
f(z) =f (w) if and only if z==aw for some a in Gh. 


The first part of the statement is obvious. If z= aw, it is also obvious 
that f(z)=f(w). Suppose f(z) ==f(w). Then 2*2 —ww®, whence 
(zw-t) == (zwt)@. This means that zw is rational over k, as desired. 

We now see that if z is a generic point of G/k, then the extension 
k(z)/k(f(z)) is Galois, the distinct conjugates of z over k(f(z)) being az, 
with a rational over k. 

The mapping g(z) =2@z"* has analogous properties with respect to 
right translations, and we shall use them freely whenever needed. 


PROPOSITION 2. Let y be an arbitrary point of G and x a generic 
point over k(y). Then e@yx is a generic point of G over k(y). 


ALGEBRAIC GROUPS OVER FINITE FIELDS. 557 


Proof. Let w =g®yr*. Put K=k(y). Then K (w, 2) =K(w,2). 
This implies that K(x) is separable algebraic over K (w), and that w has 
the same dimension as z over K. Hence it is a generic point of G/K. 

Given two arbitrary points x and w of G, we denote by s'y the point 
gyr. We obviously have for z, y, z arbitrary, 


(4) . (zy) -2== x: (y:z2) and e'z=v 


To prove that G is a homogeneous space over itself with the above 
defined external law of composition, we need only prove the following 
statement : | 


THEOREM 1. Given two points y and w in G, there extsts a point w 
such that z: y= w. 


Proof. In fact, using the associativity, it suffices to prove: Given y 
in G, there exists « such that v:y =e. Let ¢ be a generic point of & over 
K = k(y). Then ¢-y is a generic point of G/K by Proposition 2. There is 
an isomorphism o which is identity on K and maps EDE! on t'y = Dytt. 
We can extend o to the field K (t). Let u= t. Then 


g (u) =g (t) = g (t)7 = tyi. 
Tf we put z == utt, we have what we want.. 


COROLLARY. The map z-> 2712 is surjective, i.e. given any y in G, 
there exists z such that y = z720. 


Proof. According. to the theorem, there exists z in G@ such that 
ay z*==e¢, This element 2 does what is required. 


From this- corollary we see that we have indeed an unramified covering 
of G over itself. Given any point Q in G, there exists n points P such that 
Q = P*tP®, where.» is the order of G. Given any one of them, all the 
others are simply the left rational translations of this one. 


As another application of Theorem'1, we prove 


THEOREM 2. Let H/k be a homogeneous space over G. Then H has 
a rational point. l 


Proof. We must show that there is some point u in H such that vu = u. 
Let v be any point of H. Since H is defined over k, then v™ is also in H. 
Since H is a homogeneous space, there exists an- element v in G such that 
zv@ —v. By the corollary to Theorem 1, we can write cy ty@. From 
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this we see that (yv) = (yv) and hence u= yv is the element we are 
looking for. : 

We would like to point out here that Theorem 3 of [6] is a special case 
of the preceding result. Indeed, if a variety V/k becomes biregularly equiva- 
lent to an abelian variety over the algebraic closure of k, then V can be 
viewed as a principal homogeneous space over its Albanese variety A, which 
is known (by Chow’s work) to be defined over k. (See Weil [9], Prop. 4.) 
However, because of the completeness of the group, we could give a direct 
proof, without using the Albanese variety. The proof can in fact be further 
simplified as follows: 


We wish to prove that if a variety V over a finite field & becomes bi- 
regularly equivalent to a complete group variety over the algebraic closure 
of è, and hence over a finite extension k’ of k, then V has a rational point 
over k. Over k’ we can put a law of composition on F which makes it into 
a complete group variety (we don’t even need to know it is abelian). There 
is a unit element e, rational over k’, but not necessarily over k. Let z be a 
generic point of V over k. With respect to the composition law over k’, 
we consider the point f(z) —2'*z@. It is a generic point of V over k’ (by 
Preposition 1). Since V is complete, we can extend a specialization of f(z) 
on e to a specialization of z to a point é on V, and then &*E@=-¢. This 
point £ satisfies €—&, and is therefore a rational point. 


The statement made in our above mentioned paper that there is a 
rational place is a consequence of the following well known fact: Let k be 
any field, and V/k any variety (say affine). Let Q be a simple point of V, 
rational over k. Let v be a generic point of V/k. Then there exists a place 
p of k(v) over k such that ¢(v)=@ and such that ¢ is rational over k 
(i.e. k-valued). One often says that Q is at the center of ġ. Here of course, 
we have the additional property that the place can be chosen in such a way 
that the residue class field is canonically isomorphic to k itself: No irration- 
alities are needed in extending the specialization v—> Q to a place of the 
function field. There exist many proofs of the above fact, and one of them 
runs along the following lines. The completion of the local ring of Q in 
k(v) is isomorphic to a power series ring in r variables (r==-dimV) with 
cóefficients in k, because Q is simple. There is therefore a canonical isomor- 
phism of &(v) in the quotient field of this power series ring. This quotient 
field itself can be embedded in the repeated power series field, which has 
obviously a k-valued place mapping all the variables on 0, one after the 
other. The restriction of this place to &(v) is the one we are looking for. 
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We now return to the arbitrary algebraic group G over the finite field k. 


Let o,7,: © - range over the group of automorphisms of the extension kg 
of k. This group (which is cyclic) operates on Gq in an obvious fashion. 
Referring to this operation, we show that the 1-cocycles split: — 


Proposition 3. Let {xo} be a set of elements of Gq such that t1 To = or. < 
Then there exists y in Ga such that £o =y y. 


Proof. We can change our indices from o to integers mod d. According 
to the corollary of Theorem 2, we can write v, = yy- for some y in G 
(we do not know yet whether it is in Ga). Then by the cocycle property, 
we get %—=y@ uv, Finally, taking i==d we must have 


g == To = Va oe yy, 


This shows that y is rational over k, because y(@") = y. 
As an application, we prove Chatelet’s theorem: 


THEOREM 8. Let V be an abstract variety defined over k, which becomes 
biregularly equivalent to projectwe space S over the algebraic closure of k. 
Then V is biregularly equivalent to S over k. 


Proof. Let T: V—S be the correspondence, defined over some ka. 
With Chatelet ({3], [4]) we take ze = ToT, which is a birational biregular 
correspondence between S and itself. It is therefore projective, and is an 
element of the projective group G, rational over ky. It satisfies the condition 
of Proposition 3, and if we let y be the projective transformation as in 
Proposition 8, we consider T7,—yt7. Then T, is obviously fixed under 
every automorphism ø of ka over k, and hence T, is defined over k. 


For a proof that the only biregular correspondences of S with itself are 
projective, see Chow [5]. In that paper, other varieties are proved to have 
that property, and our theorem applies to them as well. | 


3. Class field theory. We shall now investigate the covering f(s) 
= «tz from the point of view of class field theory. By a cycle, we shall 
always mean a cycle of dimension 0. Let p be a prime rational cycle of G 
over k,.and let Q be any point in it. Let P be any point such that f(P) =Q. 
All other points are of type aP, where a is rational over k. If p is or degree d, 
then {(P@) =f(P)@2—@Q. Hence P@ also lies in the inverse image of 
Q under f, and hence there exists a-rational point a in G, such that aP = P@, 
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We define wg(Q) to be the product QQ@---Q@*). Then we have 
(6) n aP = Pl) — P(Q). 


It is clear that the point a in G, is completely well defined by the prime 
p, up to conjugacy in G,. Furthermore we have 


PROPOSITION 4. Given two points Q, and Q. in Gy, let a, and a. in G 
be any points determined by the condition | 


a,P, = P,@ = P,Q, tP = P0 = P,Q. 
Then a, ts conjugate to aa in G, tf and only if Q, is conjugate to Q, in Gy. 


The proof is trivial and formal, and we leave it to the reader. 


We have a mapping from the primes to the conjugacy classes of G, 
defined by (6), and if the prime is of degree 1, then we obtain a 1-1 mapping 
of the conjugacy classes of G, (viewed as a set of primes of degree one) 
onto the conjugacy classes of G, (viewed as Galois group of left translations). 
The period of the point a is clearly equal to the period of zg(@), and thus 
we can tell the period of the Frobenius class associated with a prime. Further- 
more, we see that b splits completely if and only if ma(Q) =e. 

I have not been able to determine whether the conjugacy class of a is 
always equal to that of Q (when Q is in G,) and more generally to deter- 
mine if a and ra(Q) are conjugate in Ga. In order to obtain the complete 
decomposition laws, we would need to know that any rational point b in Gh, 
conjugate to rg(Q) in Ga is conjugate to a in G,. This would imply that 
the Frobenius class associated with p in G, can be determined rationally. 
(This is the case for the full linear group.) 

We now consider the L-series. 


Let z be a generic points of G/k. Let 
fa(z) = 272@) and ,(z) = 22. - - 2") 


Then mp(fs(2)) = fa (2). 

Let E = k(z), P=k(fi(z)), and K==k(f,(z)). We have inclusions 
EDFD K, and H/F is Galois (it is the extension discussed previously). 
Let En» Fna, and Ka be the constant field extensions by k, Then £,/K, 
becomes Galois, with group Gn. The group G is a model of each one of 
our function fields, but of course in-a different way each time. 

Referring to these models, we shall prove that the L-series are trivial 
for a character not containing the identity. 
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Let X be a character of G,. Let p be a prime cycle of G/k. Let Ty 
. be any one of the translations of G, in the Frobenius class associated with 
p in G,. Then the Z-series are defined by 
d 


ii Log L(t, x, H/F) = Sx (Ty*) deg (p) tedes) 


t 


the sum being taken over all primes and all pZ 1. 


Tf we look at the coefficient of i” we see that we must prove that 


2, X(T y"/dee)) deg (p) = 0. 
deg (p)| n 


This sum can be rewritten in terms of points in G, as follows: To each 
point Q in Ga, we can associate a translation 7'g (well defined up to 
conjugacy) in Ga, such that for any P in f(Q) we have T—(P) = PO. 
Jt is then clear that the above sum is equal to 


(7) > X(T”). 
QeGr 


For n= 1 we know by Proposition 4 that each class will have a repre- 
sentative To”) for some Q in G,, and that this representative will occur in 
our sum as many times as there are element in that class. Consequently 
the value of our sum is the same as the value of the character taken over 
the sum of the conjugacy classes in the group ring of G,. If x does not 
contain the identity character, then this sum must be 0. 


For arbitrary n, we note that the coefficient of ¢ in our JD-series 
i.(t,x,H#/F) is by definition and formula (7) the same as the coefficient 
of t in L(t,xX, En/Fn). We have thus reduced the computation of the n-th 
term to the computation of the first term of an JL-series over a bigger 
constant field. By one of the main theorems on D-series, we know that 


L(t, X, Ha/ Pu) = L(t, x", Ba/ Ba) 


where X* is the induced character. If x does not contain the identity, 
then neither does x*. The extension F,/K,, is now of a type analogous to 
that considered above for n==1 (i.e. belonging to a rational map fa). 
Hence the first coefficient of the L-series is equal to zero, as desired. 

Let A: G—H be a homomorphism of an algebraic group GŒ conto an 
algebraic group H, detined over k, and with finite kernel. Let z be a generic 
point of G/k. As usual, fe(z) =z. We also have an f-mapping on H, 
denoted by fy. Then obviously fyA—Afc. Taking the degree of bota sides, 
we see that the degree of fy must equal that of fg, i.e. that G and H have 
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the same number of rational’ points (hence the same zeta function). If 
kernel of A is contained in G,, and Aà is separable, then G@ is Galois over A, 
and this again suggests that the £-series for the covering are trivial. This 
is indeed the case, and can be proved as follows: Put y—A(z). Then 
H=k(z) D k(y) =M D k(2?z@) =F. If X is a character for the Galois 
group of F/M, and does not contain the identity, then the induced character 
x* to the Galois group of E/F does not contain the identity either, and by 
what has been proved before, the L-series belonging to it must be trivial. 


More generally, if the identity for E/M occurs with some multiplicity in 
X, then the identity for F/F occurs with the same multiplicity in x*. (See 
for instance Brauer-Tate [2], where we put © identity in formula (5).) 
From this remark we can deduce the following result. 


Let H be the homogeneous space obtained from G by the cosets of a 
subgroup of Gu. Then we have a rational map A: G>H (not necessarily 
a homomorphism), and the same type of field inclusion as before: 
k(z) D k(y) D k(x). The zeta function of H, denoted by Za(t), can be 
written 

Zu(t) =L(t,1, E/M) = L(t, 1*, E/F) 


where 1 stands for the identity character on the Galois group of W/M. The 
identity for F/F occurs exactly once in 1*, and hence the above L-series is 
equal to Zg(t)-Lt,x, E/F), where X is some character for. E/F, which 
does not contain the identity, and Zę(t) is the zeta function of G. This 
shows that the zeta function of G and H coincide, and hence that G and H 
have the same number of rational points. 


Knowing that the L-series are trivial, we can of course apply the formal 
argument given by Artin (Satz 4 of [1]) to get the density of primes in a 
given arithmetic progression. Let X; be the simple characters of G,. Then 
we know that . 


(8) x Xi( Te) = 
QeGn 


0 il 
lto iei 
because for t= 1, we deal with the zeta function and can use the results 
of [7]. Let C; be a fixed class in G, and T any element of C;. Let h be 
the order of G, and A; the number of elements in C; Multiplying (3) by 
xı(T->) and summing, we use the orthogonality relations (see formula (3) 
of [1]) to get | . 


h . . 
eae Ci) = 9" + Ogre), 
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where N (n, C;) is the number of points in G, having their 7'9 in the given 
class C;. One sees trivially that to get an estimate for the number of primes, 
one has to divide by n. 
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REPRESENTATIONS OF SEMISIMPLE LIE GROUPS VI.* 


Integrable and Square-Integrable Representations. 


By HarisH-CHANDRA. 


1. Introduction. Let G be a connected semisimple Lie group and let 
Z denote its center. Then if + is an irreducible unitary representation of 
G on a Hilbert space § we can find a unitary character yr of Z such that 
a(z) = nr(z)r(1) for zeZ. Let c—>2* denote the natural mapping of G 
on G*—G/Z. If ¢,weS, it is clear that (¢,7(z)y)(xeG) depends 
only on «*. Let deæ* denote the Haar measure on G*. We shall say that 
w is square-integrable if there exists an element yọ5£0 in such that 


f | (Wo, r(£) Yo) |? da* <œ. Similarly 7 is said to be integrable if 
G* 


Í (Wo, r(@)Wo)| dr” <% for some yo ~0 in §. In this paper we intend 
Gt 


to study in detail some examples of such representations. 

Let + be a square-integrable representation of G. Then, as shown by 
Godement [4(b)], the Schur orthogonality relations hold for + and there- 
fore there exists a positive constant dx such that 


f IGx@ 


for all pye. Naturally dv depends on the normalization of the measure 
dæ” but once this has been fixed, dr can be considered as a function of r. 
In analogy with the case of compact groups we call dz the formal degree 
of m. If Z is finite and w is the equivalence class of r, dx is also equal to 
the mass of w with respect to the Plancherel measure (see Section 5) just 
as in the compact case. Moreover for compact semisimple groups Weyl 
[11(a)] has given a formula for the degree of an irreducible representation 
in terms of its “highest weight.” We shall se that substantially the same 
formula holds for the formal degree dz under suitable conditions. This is 
the principal result of this paper. It can be verified immediately in the 
case of the 2 X 2 real unimodular group by looking at the results obtained 


de® = drt |o lèh 
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by Bargmann [1, p. 634] by direct computation. This very simple case is, 
in a sense, fundamental and much of our argument will depend on the 
properties of this three-dimensional group. 

This paper is divided into two parts. In Part I we obtain the Schur 
orthogonality relations and establish the connection between the formal degree 
and the Plancherel measure. We also obtain a formula for the character 
of a square-integrable representation which is quite similar to the corre- 
sponding formula in the compact case. Although the Schur orthogonality 
relations are now new, Godement’s proof of them [4(b)] does not cover the 
case when Z is infinite. (However it could perheps be modified to include 
this case as well.) At any rate our method is quite different and it seems 
worthwhile to present it briefly even at the risk of some overlap with earlier 
work especially since the infinite case mentioned above is particularly impor- 
tant for us. ; 

Part II is devoted to the proof of the analogue of Weyľs formula. This 
proof depends on a detailed comparison at each step between the compact 
and the non-compact cases and the entire argument is based on Lemma 22. 
In order to make this comparison we need some considerable algebraic 
preparation which consists of an intensive study of the root-structure of 
certain types of semisimple Lie algebras. As an incidental outcome of this 
study, we get in Section 7 a new proof of a theorem of E. Cartan [2(c), 
p. 145) ] on the boundedness of certain complex domains. This proof, unlike 
that of Cartan, does not depend on the classification of simple groups. 

The last two sections contain the proof of Lemma 22. Here I follow 
closely a method due to Weyl [11(a)] and Cartan [2(a)] and although the 
proof is somewhat long no new ideas are involved. 

The results of this paper had been announced in a short note [5(d) ]. 


Part I. 


2. Preliminary lemmas. Let G@ be a connected semisimple Lie group 
and let gọ denote its Lie algebra over the field R of real numbers. Define $, 
as in [5(b)] and let cy be the center and f = [fo fo] the derived algebra 
of fo. Let K, K’ and D denote the analytic subgroups of G corresponding 
to fo, fy and co respectively. We consider the space Ce(G) of all (complex- 
valued) continuous functions on G which vanish outside a compact set. For 
any two functions f,geC.(@) we define their convolution f#g by 


FEDE) = | flyg(yte)ay G 
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where dy is the Haar measure on G. Under this operation C.(G) becomes 
an associative algebra. Let Q denote the set of all equivalence classes of 
finite-dimensional irreducible representations of K and let & be the character 
(on K) of any class DeQ. Choose a base T, >, for co over Æ such 
that expliceDNZ, 1Sisr. (Z is the center of G.) This is possible 
~ since D/DMZ is compact (see Mostow [9]). Let c, be the subset of t, 
consisting of all elements of the form 74,07, +:---+2.0, (4e2) with 
[té;S4,1Sisr. Then K, == K’ (expt) is a compact subset of K. For 
any feC.(G) and DeQ we define two functions of and fg in C.(G@) as 
follows: 


af (2) = a(D) f fo(u)f(ue)du, fole) = a(D) f F(eu)éa(u)du 
{ze G). Here du is the Haar measure on K normalized in such a way 


that f du== 1. Also d(D)} is the degree of any representation in D. Let 
Ko 


L(D) (eQ) denote the subspace of C,.(G@) consisting of all functions of 
the form of (feCe.(G)). Since »(f*g) = (of) *9 (f,geCc(G) it follows 
that D(D) is a right ideal in C,(@). 

Let + be a quasi-simple irreducible representation (see [5(b)] of G 
on a Banach space §. For any DeQ, let Sg denote the subspace of § 
consisting of all those elements which transform under z (K) according to D. 
Let Qv be the set of all DeQ such that a0. Then Lr =à L(Ð) isa 

Eiir 


subalgebra of Ce(G). Simce w is quasi-simple there exists a character yr of 
Z such that r (2) ==nr(z)r(1) (2eZ). We shall call nx the central character 


of m. For any fe€.(G) let (f) denote the operator f eee 
Then f—-7(f) defines a representation of C,(G) on §. l 


Lemma 1. The space i= 2 Hp ts invariant and (algebraically) 
irreducible under a(Lr). 


Let Hy (eN) denote the canonical projection [5(b), p. 225] of $ 
on a. Then if DENr, one proves easily (see [5(c), p. 249]) that 


== d ! -1 
(D) fit yr (u) du 
and therefore 


Egr(f) =r (of) (feC.(@)). 


On the other hand if D¢0., Hy==0. Hence it is clear. that if fe Le, m(f) 
maps § into §) Let y be any nonzero element in o. In order to prove 
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the irreducibility of ©) under r(Lr) it would be enough to show that 
Sq C r(Lr)yo for all DeQz. Suppose then that this is false for some ®. 
Put U = Qa N r(Lr)yo Then U54Sq and since dim Gq is finite [&(b) ], 
there exists a linear function «0 on Qa which vanishes identically on U. 
Extend « to a continuous linear function on § by setting a(y) =a(Loy) 
(Je). Since yO and ~ is an irreducible representation of G, it is 
obvious that the continuous function a(r {(t)yo) (ve G) cannot be everywhere 
zero on G. Hence we can choose feC.(@) such that 


f F(x) aww) yo) de 0, 
Then 
a(r (af) Yo) =a (Ear (f) yo) = a(n (Ave) = f f(a) w(e)yo) de x60. 


But since gfe L(D), r(of)woeU and therefore a(r(of)yo) = 0. This con-- 
tradiction proves the lemma. 


SOROLLARY. For any DEQr, Hy is invariant and irreducible under 
a(L(D))} and the corresponding representation of L(D) on Sq determines 
x completely up to infinitesimal equivalence [5(b), p. 230]. 


Since Kgr(f) —=r(of) (feCo(@)) it is obvious that Og is invariant 
under 7(L(®)). Let yọ and y be two elements in Sg and suppose yo 0. 
Then it follows from the above lemma that y—=-(f)y for some feLr. 
But since pe Haq, 


y= Ext =2(of) Yo 
However gfe L(D) and so the irreducibility is proved. 
Let (2) (eG) denote the trace of the restriction of Egr(s)Eg 
on a. Then if feC,.(G@), f f(c)p(x)de is the trace of the restriction of 
Her (f) Eg on Qo. But since Egr (f) = r(of), it follows that 


f foeaio— f ateoa 
Hence if y denotes the representation of L1(D)} on $o 


J Fe) $(w)de— Splat) (fe0.(@)). 


$ being a continuous function, it is now obvious that the knowledge of the 
trace of v determines it completely. From this our assertion follows (see 
[5(c), p. 235]). l 
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LEMMA 2. Let w540 be an element in §. Then Hap Æ0 for some 
D E Or. 


Let Ce” (G) be the set of all functions feC,(@) which are every- 
where indefinitely differentiable. Choose a neighborhood V of 1 in G@ such 
that |a(z)y—w{|S4ly| for ce ¥. Since K, is compact, we can find 
another such neighborhood VY’ with the property that wV’uwt C V for we Ko. 


Select a real-valued funetion geC.*(G) such that g = 0, fx g(a) da == 1 
and g =Q outside V’. Then if 


f(z) = J. g (uzu) du (ze G) 


it is obvious that feC,"(G), f=0, f f(x)dx =1 and f=0 outside V. 


Moreover since K = KZ, one proves easily that f (us) =f (zu) (ue K,zeG@). 
Therefore Eor (f) =r (f)Eo and 


z(f)y—y|=]| f f(x)(r(2)y —y)de |S f f()| z(a) —y [dr & 3 |4|. 


Hence r (f)y 40 and so it follows from Lemma 3 of [5(c)] that r (f) How 
= Egr (f)y £0 for some De Qr. This proves that Hoy 0. 


COROLLARY. Let v be another quasi-simple irreducible representation 
of Gon a Banach space §’ and let y0 be an element in §. Suppose 
x (f) =0 whenever-a(f) =0 (feC.(G)). Then v and a’ are mfini- 
tesumally equivalent. 


Let » be the central character of w. For any zeZ and feC.(G@), define 
a function ffeC.(G) by f(z) =f(z%2) (eG). Then rf) —»(z)c(f) 
and therefore 


w (a)r (FYK =r (af) =n a (DY (2eZ,feC.(@)). . 


Since elements of the form r({f)wW (feC.(G@)) are dense in §’, we conclude 
that 7 is also the central character of r 

Now ZC K and therefore, by Schur’s lemma, there exists, for each 
DeOQ, a character ny of Z such that o(z)—yp(z)o(1) (eeZ) for any 
representation o in Ð. Let Q, be the set of all those © for which nq = 7%. 
Then it is obvious that Qr U Or CQ, and if Ea is the canonical projection 
of & and Sq’ : 


Ea =d(D) f éalu>)r(u)du, Eg’ =4(D) f ép (tu) a! (u) du 
Ka Ka 
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for all DeQ, (see [5(c), p. 249]). Now, by the above lemma, we can choose 
D eQzx such that Hy /y/A0. Then x’ (f) By’ 0 for some feC,(G). This 
implies that x’(fp,)y’ 540 and therefore r(f)En = r(fg) AO. Hence Lg, «90 
and so DeQr Qr. Let v and y be the corresponding representations of 
L(Dpo) on Hq, and Hq, respectively. In view of the corollary to Lemma 1, 
it is sufficient to prove that v and v’ are equivalent. But since they are both 
irreducible and finite-dimensional it would be enough to show that they 
have the same kernel. Let Jt be the vernel of yv in L(®.). Then it is a 
maximal two-sided ideal in L(D)). If geMt, r(gq,) =7(g) Hy, = 90 and 
therefore r’ (g)Ea y =x (ga) y = 9. This shows that v’(9t)H,/y’ = 0. 
Since Ep y 0 and y is irreducible, it follows that the kernel of » must 
contain W? and therefore coincide with it. This completes the proof. 

Let Zo be a tixed subgroup of Z such that Z7/Z, is finite and let s — 2* 
denote the natural mapping of G and G@*==G/Z,. Suppose a,---+,@, is a 


finite set of continuous linear functions on § and w,: - -,y, are certain 
given elements in §. Put 
f(t) =a (x (2)p) +> > + ae (m (2) yr) (ve @). 


Then if the central character of + is unitary, it is obvious that |f (s)| depends 
only on on v*. Let dz* denote the Haar measure on G*. 


Lemma 8. Assume that the function 
f(t) = a1 (4(@) yi) +> > + @ (a (2) pr) (ve G) 
is not TT ee zero on G. Then if the central character of w is unitary 
and f i | f(x) |? da* <œ, m is infinitesimally equivalent to an irreducible 
we repersentation of G on a Hilbert space. 


Let yr denote the central character of m. Then f(z) ==yr(z)f(2) 
(ze G,zeZ) and therefore it follows easily from the Peter-Weyl theorem for 
the compact group K/D N Z that 


fl few Pdu= F S | f(ou) | au. 
Ko DeQy Ko 
Since f 540, we can choose 9)¢Qr such that fg,540. Then it is clear that 





fo (1) = $ a (= (2) La) 


Í | fo (2u) 
K; 


and since 








° du, 


duz Í | F (au) 
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it follows that 


f faas f | f(a) |? dz* <o. 


Hence if we replace y; by Hai and f by faw our problem is reduced to the 
case when the given elements of § all lie in a, Moreover it is obvious 
that without loss of generality we may assume that y.,-- °,W, is a base for 
Se, over the field C of complex numbers. Since L(®Do) is irreducible under 
m(L (Mo) ) (Corollary to Lemma 1), it follows from Burnside’s Theorem that 


m (gi) n= Sine 1<j,kSr 
for suitable elements gje (Do). (8, is the Kronecker symbol.) Since 


f0 we may assume that f,(2) = a,(r(2)y.) is not identically zero. Then 


f(e) =È aulw(x)a (guys) = | eao) 
and therefore 
APS f renti f Inola 
where w is some compact subset of G outside which g, is zero. This shows 


that f | fi(æ) 


the case when 





2da* <% and since f,5£0, our problem is now reduced to 


f(e) == a(a(a)y). 
Here « is a continuous linear function on § and pe Hq,. 


Let U’ be the Hilbert space consisting of all measurable functions g on 


G such that (1) g(2z) = g(a)yr(z) (ve G,zeZ) and (2) COK <0. 
We define a representation o’ of G on U’ by (o’(y)g)(@) =g (zy) (2, ye G, 
geU’). It is obvious that f lies in U’. Let U be the smallest closed sub- 
space of U’ containing f which is invariant under o’(G@). We denote by o 
the representation of G defined on U under o’. It is clear that o is unitary. 
We shall now show that m is infinitesimally equivalent to o. 

For any De let Fa denote the corresponding canonical projection in U. 


Also, we denote the operator f g(æjo(xjde (ge0.(@)) by o(g). Since 


fe Upos it follows that Fa,740 and therefore Fo (g) =o(gg). Moreover 
it is obvious that elements of the form o(g)f (geC.(G@)) are dense in U. 
Therefore o(Z(®o))f is dense in Ug, Fo,U. Now suppose r(g)y=0 
(geC.(G)). Then 
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0—a(n(a)x(9)4) = | alad f foy)g(y)ay 


and therefore o(g)f==0. Hence if we can prove that o is irreducible (and 
therefore also quasi-simple (see [10(b)]}), our assertion would follow from 
the Corollary to Lemma 2. However, in view of the above remarks, we can 
define a linear mapping A of Sq, onto o(L(D.))f such that 


A(r(g)y) =o(g)f (ge L(Dc)). 


Then dime (L(a) )f S dim Sg, < and therefore since o(L(®o) )f is dense 
in Ugua Ug, o(L(2o))f. But Sq, is irreducible under r(L(,)) and so 
it follows from the existence of A that the same is true for Ug, under o(L{Dp)). 
Now suppose V is a closed subspace of U which is invariant under o(G) and 
let W be the orthogonal complement of V in U. In view of the above 
irreducibility ether V or W must contain Je, Suppose V D Ug, Then fe V 
and therefore V =U from the definition of U. Similarly if W D Up, W=U. 
This proves that o is an irreducible representation and so our lemma follows. 


SOROLLARY.' Let m be an irreducible unitary representation of G on 
a Hilbert space $. Suppose there exist two elements po 0, ors 0 in 
© such that 


f (do, m(£)yo) |? de® <o. 


Then there exists a positive real number dz such that 


J. ($,0(u)p) l de* =d ||? | yl? 
for all ġ, y in ©. 


Let V and W respectively be the subspaces of § consisting of all 
elements of the form 7(f)¢» and w(f)yo (feC.(@)). Then V and W are 
both dense in §. Since ~ is irreducible and unitary, it is quasi-simple [10(b) ] 
and therefore dim a <æ% (MeQ). But if De Qs, Hpr(f) = aloof) (feC.(G@)) 
and hence EV C V. FV being dense in §, it follows that EV is dense in 
Šo and therefore Ea V = Go This shows that e =£ o C V. Similarly 
So CW. 

If f,geC.(G@), 


(= (f) or (E)rig) y) = | | FO) (bo. 7(*22) Yo) 9 (2) dude 


1 Sec Godement [4{b)]. 
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and therefore it is obvious that - 


flex) |? de <x 


for ge V and we W. Hence without loss of generality we may assume that 
Po yoe Hs, for some DeQr. Let p0 be any element in V: Put 
fel) = (¢,7(2)o) (we G) and define U’ and o’ as in the proof of Lemma 3. 
Let Ue be the smallest closed subspace of U’ containing fy which is invariant 
under o’(G@) and let cg denote the corresponding representation of G on U9. 
Then as we have seen during the proof of Lemma 3, o¢ is irreducible and 
quasi-simple. Also it is obvious that og(h)fe (he C.(G@)) is the function 
a—>(d,r(t)r(h)yo) (ceG). Therefore it follows from the Corollary to 
Lemma 2 that x and og are infinitesimally equivalent. Since they are both 
unitary they are equivalent [5(b), Theorem 8} and so there exists a unitary 
mapping By of © onto U¢ such that Bar(x) =o¢(z) Bg (eG). Moreover 
in view of what we have said above, there exists a linear mapping A » of W 
into Ug such that 7 


Agr (h) ho =o (h) fo (he C,(G@)). 


Put Cs—By'Ag. Then Cy is a linear mapping of W into and r(h)C¢ 
== Cgr(h) (he C.(G)). This holds in particular if he L(D) (MeQr) and 
therefore Cy maps Ša into itself. Now if we apply Schur’s lemma to the 
finite-dimensional irreducible representation of L(D) on a, we can com- 
clude from Lemma 1 that Cy must be a scalar multiple of the identity on §p. 
So there exists a complex number cg such that 


| os (2) Fo | = || Agr (h) yo | =| co | || Bow (h) yo I| =| co | |r (h) yo | 


if he La. (Here | | denotes the norm in Uy.) But since 


Loo tel f | |(dx(2)m(h) po) Pda 
it follows that 


9 9 
- ~ 














2 dg™ = | Cg 


f exw) 
. 


for all we Spo. If oom 0, we put cs = Q so that the above relation continues 
to hold in that case as well. Now suppose ¢,y¥ lie in oCV NW. Then 


S ler @orar— OOI 


and therefore 


9 
PA 











|e |? | y P= ov |? | o |. 
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2 — c | ọ |? for Pe Sp and 





Hence we can find a real number c such that | ce 
therefore 


f I($ r(2)y) |? da* =c] 6 |? iy]? ($, YE Ho). 


Since Ho is derse in § it is obvious that ¢ is positive and an elementary 
argument shows that the above relation continues to hold for all ¢,~e9. 
Now if we put dr == c> we get the assertion of the Corollary. 


3. The Schur orthogonality relations. 


DEFINITION. Let v be an irreducible unitary representation of G on a 
Hilbert space §. We say that x is square-integrable, if there exist two 
elements $o540, Wo <0 in Q such that 


f | (Go. (0) yo) |? de" <o. 


Similarly we say thal w is integrable tf 


JH (do.2 (a) ¥0)| de® <ce 
for some nonzero elements do, Yo in ®©. 


It is obvious that the above definitions do not depend on the choice of 
the subgroup Z, so long as Z/Z, is finice. We have seen above (Corollary 
to Lemma 3) that if r is square-integrable 


J rE de< 


for all d,¥e8. In analogy with the case of compact groups, we shall call 
the number dz (of the Corollary to Lamma 3) the formal degree of ~. 
Naturally dv depends on the choice of Z. and the normalization of the Haar 
measure of G*,. However once these have been fixed, it is obvious that two 
equivalent, square-integrable representations have the same formal degree. 


The situation for integrable representations is somewhat similar. 


Lemma 4. Leb w be an integrable representation of G on $. Then 
if Do = > $a; 
DeQ 


f Mdx(2)y)| de® <e0 
for all 4, y in Spo. 
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Choose nonzero elements o, Yo in such that 


f | (ho, a (2) Wo) | dx*® <a. 


Then if g, he C,(G), it is easy to verify that the function |(a(g)do, r(x)r(h) Wo) | 
is integrable on G*. Let V and W be the set of all elements of the form 
a(g)o aid r(g)Wo (geC.(G@)) respectively. Then, as we have seen during 
the proof of the Corollary to Lemma 3, oC VN W and therefore our 
assertion follows. 

Let r and ~’ be two square-integrable representations of G on the 
Hilbert spaces § and §’ respectively. Then if their central characters 
coincide on Zo, it is obvious that? (¢,7(z)w) conj(¢’,7’(z)W’) may be 
regarded as a function of s* on G* (pye; p y eg reg). 


THEOREM 1 (The Schur orthogonality relations). If x and x’ are not 
equivalent | 


IRE m(x)y)conj ($, a’ (x)W’)da* a; 


for all p, ye and ¢’,WeH’. On the other hand if the two representations 
are equivalent under a unitary mapping U of $ onto &’, 


Sx (oD e005 Ea (ay )de* = dU 4°) (V5 UY) 
(p yeH; p y eg) where dr is the formal degree ap T. 


Let dx denote the formal degree one a. Then it is obvious from the 
Corollary to Lemma 3 that 





J Mx (@)y)oonj (ga (w)y)| de* S (dade) 


Therefore for any given peğ and eğ’, there exists a bounded linear 
operator A from § to §’ such that 


(y, Ay) == f (d 7(%)w) conj(¢’, T (x) Wy’) dx* 
for all ye’ and we&. It follows immediately from this relation that 


| (W, An (a) y) = (x (a>) y’, Ay) (re G) 
and therefore Aw(x«) =x (x}A. In order to prove the first statement of the 


2 conj c denotes the conjugate of a complex number c. 
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theorem it would be enough to show that if A340, r and x’ are equivalent. 
So let us suppose A40. Choose y in § such that Ays40. Then if 
heC.(@) it is clear that 


An(h)y=-n'(h) Ay 
and therefore from the Corollary to Lemma 2, m and ~’ are infinitesimally 
equivalent. But since they are both unitary this fea that they are 
equivalent [5(b}, Theorem 8]. 
In order to prove the second statement we may assume that wr’ ==a since 
(psr (2) ) = (Ug, a(x) UY’) 
in the general case. Hence if we keep to the above notation, A is now a | 


bounded linear operator on §, which commutes with r(x) (se G). Since r 
is irreducible, A must be a scalar multiple of the identity. Hence 


J (e7(2)p)conj (g, x(a) )da* = cop (W54) 


where c¢,g is a complex number depending only on ¢ and ¢’. But obviously 


f (p, 7 (2) y) conj (g, (2) y") da* = Í (Y's w(x) p )conj (y, r(x) @) da* 
and therefore ; 
cop (Yy) = cpu (h p). 


Choose y’ = y = po 0 and put c = (Yo, Yo)/! Yo |”. Then cg,g ==¢(¢’,¢) for 
all ¢’,@e. In particular if we put = = y4 =y =y, we find that 
c= dr. Thus the theorem is proved. 





4. The character of a square-integrable representation. Let Ce” (G) 
denote, as before, the subspace of C,(G@) consisting of those functions which 
are indefinitely differentiable everywhere. For c*eG*, we put y% == «yar 
(ye G) where x is any element in G whose image in G* is æ*. 


THEOREM 2. Let w be a square-integrable representation of G on a 
Hilbert space and let Tr denote the character [5(c)] of x Then if f e0.” (®, 


Pe(f)—de f dot f(y) (6.4(y)$) ay) 
where p is any unit, vector in © and dr ts the formal degree of T. 


Let Q denote the operator f f(y)x(y)dy. We know [5(c), p. 243] that 
G 
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there exists a complete orthonormal set {y,};e7 in © such that 5 | Qu | <% 
djed ; 


where Qu = (Wi, Qy;). Moreover r(x) Qr(x) (eG) depends only on g* 
and so we may denote it by Q7”. Then 


(¢, Qe) u (m(x) $, Or (x) p) => (r(z)ẹ, yi) (Yis Ox (x)¢) 
== 22 (m (x) b, Wi) Qu lna (2) ¢). 


But if we make use of the Schwartz inequality and the Schur orthogonality 
relations, we get 


2 f | (m(z)e, y) Dis (hs, w (2%) p) | dr” 
4,j G* l 
S GO ROO 
=d a | Qu| <% 


and therefore by Lebegue’s Theorem the above series for (ẹ, 04) may be 
integrated over G* term by term. Hence 


f ($, Qo) de* =Z E Qy f (ar (22) b, Wi) (Wp (2) b) d® 
a i f G* 
_ > > (Qu/dr) (Yp p) =d X Qe 


== (Lt Sp Q == da Tq (F) ; 
But 


(6,088) = f POS) (O(A) 


and so the theorem is proved. 


It should be noticed that, in general, the double integral in the above 
theorem is not absolutely convergent and therefore the order of the two 
‘integrations cannot be interchanged. 


5. The discrete part of the Plancherel measure. We shall assume in 
this section that Z is finite and Z,—-{1}. Let € denote the set of all 
_ equivalence classes of irreducible unitary representations of G. We consider 
the Hilbert space L(G) consisting of all complex-valued functions on G 
whieh are square-integrable with respect to the Haar measure. Let A denote 
the left regular representation of G on L.(G) defined by 


(A(x) Ff) (y) = f (ay) (vye @;feL:(G)). 
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Then A is unitary. We say that a class we€ is discrete if there exists a 
closed subspace Q40 of L(G) which is invariant and irreducible under 
A(G) and such that the corresponding representation of G on § lies in w. 
It is known (see Godemont [4(a), Theorem 1]) that œ is discrete if and 
only if every representation in œ is square-integrable. Let E, denote the 
set of all discrete classes in €. If we&s, we denote by dy the formal degree 
of any representation in ø. 


For any weé, let Tu denote the character [5(c)| of any representation 
in w. Then it is known (see Segal [10(b)], Mautner [8] and [5(b), 
Theorem 7]) that there exists a unique positive measure » on € such that 


MLO 


where f(x) ==conjf (<>) (xeG). We shall call u the Plancherel measure 
on E. First we prove the following simple lemma. 





de= f Tol? *f)dp (feC.(@)) 


LEMMA 5. Every single point w in € is p-measurable. 


For any feC.(@) put Ifl = f |f(x)| de. Then under this norm 
G 


C.(@) becomes a separable metric space. Let ma be a representation In wg 
and let Me, denotes the set of all feC.(G@) such that ro(f)=0. Then 
Miu, is also separable under the above metric and so we can select a sequence 
{ar æa - e} in Mt, which is dense in Mea Put Falo) == To (ăn * an) (we €). 
Then F, Fa, >- are all measurable functions on E and it follows from the 
Corollary to Lemma 2 that ws is the only point in € where they vanish 
simultaneously. From this the lemma follows immediately. 


Our main object in this section is to prove the following theorem. 
THEOREM 3. If œo ts a discrete class, (ws) = da, 


Define wo, tu, and {@y}noi as above and let yọ be a nonzero vector“ in 
the representation space § of a. Put g(@) = (x0(@)o, Yo). Then since a 
is discrete, ge L(G). We first need the following lemma. 


LEMMA 6. There extsts a sequence gı ga: in ClO) and a subset 
E of E satisfying the following conditions: 


(1) The complement of E in E is of p-measure zero. 


(2) Limgs=g im Le(G). 


ne> 96 


578 HARISH-CHANDRA. 


(3) For every ws’, LimTy (Gn*gn) exists and is finite and’ 
n> 6 


Lim T's ((%m * gn)” * (@* Gn)) =O for every m=z 1. 


n>n 


Since (,(@) is dense in L(G) we can choose a sequence {hy,h2,- >} 
in C.(G@) such that h,->g in LLG). Then 


f, To (hn * hn) dp = l lin | —> | g |? 


where || || denotes the norm in Z,(G@). Therefore by the Riesz-Fischer 
Theorem, there exists a subset E; C € and a subsequence {hy} of {hy} 
such that* (1) €—€,’ is of » measure zero and (2) Lim T (h,©7 *h,©) 


> o0 
exists and is finite for every wes. Now for each integer r= 0 we shall 


define a subsequence {hn} of {h,@} and a subset €E C E? such that (1) 
E—€, is of -measure zero and (2) Lim Tu((Gm * An) * (Gm hr) = 0 
p-> a 


for weé, and 1& m&r. This has already been done for r==0. So 
assuming that {h} and E” have been defined, we proceed to define 
{hy} and En by induction. Suppose we€,’. Then Teo(An®” *h,©) 
converges to a finite limit and therefore if reo, (ha) converges with 
respect to the Hilbert-Schmidt (H. S.) norm to a bounded operator Av. Now 
put An == Gry tha. Then a(n) =r (ara) (An) and since r(@u) is a 
bounded operator, it is obvious that w(,’) also converges to w(@,41)Azx in the 
H.S. norm. On the other hand since || An — g |] —>0, Ar * An — anit 9 
in L(G). But 


(Gras * g) (8) = (m0(Z) Po, 70 (Gre) Yo) == 0 (ze G) 


because rma E€ Mep Therefore ani A,’ — 0 in L(G) and so 


f Tol (Arar # An)” (Arar * hy) Jdu > 0 
é 


as n—>oo. Hence by the Riesz-Fischer Theorem we can select a subsequence 
{haf} of {h,} and a subset En C E such that (1) €—€,,, is of p- 
measure zero and (2) if w€ €En, 


Lim 73 ( (ar * AnD)” * (Ara * hg) ) =. 


> oo 


Now put Eni =E N Eni Then €,,, and {h,°*)} satisfy all the required 


conditions. Hence if we take E’ = f) E” and gn = hy") we get the assertion 
of the lemma. = 


s We write f~ instead of f (fe C.({@)) whenever it is convenient to do so. 
‘€—€&, is the complement of &,' in &. 
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' Let us now come to the proof of the theorem. Let w be a class in €’ 
and + a representation in w. Since To(ĝr* gn) is convergent, the operators 
a(gn) converge to a limit in the H.S. norm. Let Ar denote this limit. 
Since (œr) is a bounded operator +(4,* gn) ==2(@,)r(gn) also converges 
to +(a,)Aw in the H.S. norm. However 


Lim To( (a * gn) * (Gr * gu) ) == 0 

n> w 
and therefore xr(a,)Ar==0 (r= 1). Now suppose œ£wọ Then if y hes 
in the representation space of m, r (&r)}Ary = 0. Since x and r, are not equiva- 
lent (and therefore also not infinitesimally equivalent [5(b), Theorem 8]), 
it follows from the Corollary to Lemma 2 that Asy =—= 0. This being true for 


every y, Án = 0. But x(g,) tends to Av in the H.S. norm and so this 
shows that 


Lim Teln * Gn) == Q), 


ti- o0 


On the other hand ga—> g in L(G) and therefore 


[g| —=Lim f Tolfa” on) dp, 


From this it follows that w£ €. For otherwise. in view of what we have 
just said, Lim Ta (ĝa * ga) = 0 for all we €’ and since E—€’ is of p-measure 
n> w% 


zero we would have 
I g i? — Lim J. Ts(Gn* Gn) du — 0. 


But this is false since g is continuous and g(1) == |y.|?s40. Therefore 
we’ and so Tolna) tends to a finite limit. This shows that 


lg |? = Lim JT (Fn * Jn) dp = Í. Lim Tuln* Gn) dp 
= p (wo) Pmi Pog (Gn* Gn): 


Now let? {yi Ya: © >} be a complete orshonormal set in the representation 


space § of wo. Then if A, = (gn), 


(Wa, Anp) oe J, gn(x) (Yi, molæ)yy) dz. 


Since ro is square-integrable it follows that 
Lim (Ys Ans) —= f 9(2)(Yu wo(a)yidda— (Yo, mol) 


5 It is not difficult to see that § is separable. 


580 HARISH-CHANDRA. 


But we have seen above that A, converges in the H.S. norm and so its limit 
must be m(g). This proves that 


Lim Ty (Ga Jn) Tey (9 9) 
and therefore 


| g WP = peo) Po (9 * 9). 
But 


(Wis 70(9) Yj) = f A Yo, Yo) E 4) dx 
oa deg (Yos Y) (Wi, Yo) . 


Hence 
Tuol * g) = È | (Ye mo(9)¥s) |? = das? B | (Hos Y3) (Yo Yo) |? = das | yo | 
On the other hand l 
Lal f 1E (E)o yo) |? de= dag | Yo [4 
and therefore p(w) == duy | 


COROLLARY 1. Let x be a square-integrable representation of G. Then 
if feC.(@), 


| J f@=@)depsaet [| f(@)Pax 


where || A || denotes the H.S. norm of an operator A. 


For f | f(x) |? da = f Toa(ftf)dv= 1 (wo) L'a, (Ff f) if wo is the class 
E 
of m. But p(w) = dr and 
EDEN E OROLI 
Hence the result 
COROLLARY 2. A class wo£€ is discrete tf and only if p(w) > 0. 


We have seen that if wọ is discrete p(w) = daw, is positive. Conversely 
suppose u(wo) is positive. Let + be a representation in œp and ¢ a unit 
vector in the representation space of m. Then if feC,(G), 


CODEN EOLO P= Talf*f). 
On the other hand . 
F= f, TFA Pu E eloo) Tal E) 
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Therefore 
2 = p(w) HF Ul? 


(¢,7(f)¢) 





Let L,(G@) denote, as usual, the space of all functions which are integrable 
on G. Then if L=L,(@)N L(G), it follows from the above inequality 
that 


COLET A (geL) 
where r(g) = f g(z)r(x)dz. U being any compact neighborhood of 1-in 


G, we now define a function gye L as follows. gy(#) = (7(x)$,¢) if veU 
and gy(#) —0 otherwise. Then 


($¢.7(gu)¢) = f gu (x) ($x (2)p) de = MODI gu |? 
and therefore 


[go lè = f 1(%,7(2)6) |? de S pleo). 


Hence 





f ier(e)g)| de—sup f |(g, r (2)$) |? de S a (wo) 
U U 


This proves that r is square-integrable and therefore wọ is discrete. 


Part II. 


6. Some algebraic results. We shall now study in detail certain special 
representations which have been constructed in another paper [5(f)] and 
prove that, under suitable conditions, they are square-integrable or even 
integrable. Later (in Sections 9 and 10) we shall also obtain a formula for 
the formal degree of these representations. 

Let hy be a maximal abelian subalgebra of fẹ. In accordance with the 
assumption of [5(e), (f)] we shall suppose that by ts also maximal abelian 
in Qo. From now on we use the notation and the terminology of [5(e},§3] . 
without further comment. Then H is-a Cartan subalgebra of g. Suppose 
an order has been introduced once for all in the space pr of real linear 
functions on h (see [5(e),§2]) and P is the set of all positive roots of q 
(with respect to §) in this order. We shall further assume that every non- 
cumpact root is totally positive. Since we are now interested primarily in 
unitary representations, this assumption is justified in view of Corollary 1 
to Lemma 19 of [5(e)]. 
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Let Ë be a subalgebra of g. Suppose there exists a set Q of totally positive 
roots such that 


[IN E+E (0X, + OXy) 
ye 


and let 8 be the lowest root in Q. Then Xg, X_g and therefore also 
Hpg =— | Xs, Xp] are in T. Let Ig denote the centralizer of CHg+ CX, -+ CX_¢ 
in [. It is obvious that Ig is invariant under @ and therefore 


le =I N E4 IN p. 


LEMMA 7 C(Xp+X-g) +Ienp is evactly the set of all elements 
in [N p which commute with Xg -+ Xp. 


Let Q” be the set of all roots in Q other than 8. Then if ¥elAp, 
X = cg' Xg + c_g'X_p + >, (yX + 6X) 
ve 


where cg’, cg, Cy, Cy are complex numbers. Now 


a= + X (CXs+ 0X.) 


where the sum is direct. Hence it is clear that the component of 
[X,Xg-+ Xg] in h is (eg —c-g')Hg So if X commutes with Xg -+ Xg, 
cg = cg and therefore 


F = X (¢yXy + C-yã-y) 
yeQ 


alse commutes with (£g -+ X_g). In order to prove the lemma it is enough 
to show that Yelg. Let us suppose then that this is false. Define c= 0 
for any root § for which neither ê nor — ô is in Q’. Then it is obvious that 
there exists roots § such that (1) es40 and (2) Xgl, for otherwise Y 
-would lie in Ig. Let 8, be the highest such root. Since [Y, Xs -+ Xp] —0, 
it follows that ê -+ 8 is not a root. However Xs £la and so 8.—f must be 
a root. The coefficient of Xag in [Y, Xa] (with respect to the above decom- 
= position of g as a direct sum) is then clearly different from zero. This 
means that 6—B==y-+ 8 where y is some root with c,540. Hence 
y= ĝo — 2B is a root and Xs .gel. Since 5, and 8 are both noncompact, 
a = ĝo — 8 is compact. Moreover 8 being totally positive, ôs = 8 -+« and 
28 — 8) = 8 — « are also totally positive (Lemma 12 of [5(e)]) and X gra = Xô» 
X 8-a = X85 are both in I. Therefore 8-+-« and @B—a are in Q. This 
however is impossible since 8 is the lowest root in Q and so the lemma is proved. 
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Let Qg be the set of all ye@ such that y+ and neither y+ 8 nor 

y—f is a root. Then it is obvious that 
Is=IZgNfi+ D (CX,+ CX_,). 
vyeQs 

Therefore Ig satisfies the same condition as the one imposed above on T. 
Now we shall define a sequence g = gı D g2 D ga D`- of subalgebras of g 
such that each g, satisfies this condition. ‘The inductive definition is as 
follows. If gr C É, gri—dgr Otherwise let B be the lowest totally positive 
root such that Ygeg,. Then gr is the centralizer of CHg+CXg+ CX_g 
in g» It is obvious that dim g,,, < dim g, unless g, C f and therefore g, C f 
if r is sufficiently large. Let s=0 be the least integer such that gs, C Ë and 
let yr be the lowest totally positive root such that X,,eg, (1SsrsSs). One 
proves easily by induction on r that if XY,eg, for some root « then Xa is 
also in gr. 


LEMMA 8. yty (lSti<jSs) ts never a root or zero and the 
elements (Xy, + X-y,) t=1,2,:--,s span a masimal abelian subspace of 
p over C. 


If i<j, Giu D g; and therefore g; commutes with Xy, and X_,,. Hence 
yi y; 18 not a root or zero. Let ay be the subspace of p spanned by 
(Xy, + Xy,) t=1,2,---,s. Then a, is obviously abelian. Let X be 
an element in p which commutes with ay. We have to show that X eap. 
Suppose this is false. Then it is obvious that X#+ ap. Since gen C Ë, 
we can choose r (1=rs) such that Yeg,+t ay but X#¢gnit+ay. Let 
X=Y +Z (Yeg,,Zedy). Since X commutes with Xy, + X_,,, the same 
holds for Y. Also Y=X—Zegq,N p. Therefore we conclude from Lemma 
Y that 

¥=c(X,,+X44,) +Y 


where Yyegri.90p ard ceC. Then 7,=Z2+c¢(Xy,+Xy,) lies in ay 
and so 


X = VY, + egati 


Since this contradicts the definition of +, the lemma follows. 


8 
COROLLARY. Let ap,—= SR(X,,+X_y,). Then üp, = Po N ay and there- 
- {=1 


fore it 1s a maximal abelian subspace of po. 


We know that 6(X.) =— X_, for any root y (see [5(e,§4]. There is 
a smal] mistake on p. 757 of [5(e)]. In line 22 ĝ should be replaced by y 
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which is the conjugation of g with respect to go.).. Hence Xy, 4- Xy € po. 
Moreover if 


& 


X= Ze(Ly, + Ky) E Po (eC), 


į=1 


X == — (X) and therefore qe R. 
We now need some simple facts about a three dimensional Lie algebra. 


LEMMA 9. Lety be the Ine algebra of dimension 3 spanned over C by 
the elements H,X, Y satisfying the following relations: 


[X,Y] =H, [H, X] = 2X, [H, Y] = — 2Y. 
Let y denote the automorphism of 1 given by 
v(Z) =exp Zad(X¥—Y))Z (Zer). 
Then (H) =— (X +Y), (X 4+ Y) =H, (X —Y)=X%—Y. Moreover 
‘af L is any complex analytic group with the Ine algebra I, 
exp t(X + Y) = exp (2Y) exp (log(cosh t)H)expz¥ (te C,coshis0) 
` where? z= tanh t. 


It is well known that I is isomorphic to the Lie algebra of the group 
of all 2X2 complex matrices with determinant 1. Since this group is 
simply connected, it is enough to prove the above relations in it. Therefore 
we may identify X, Y, H with matrices as follows: 


0 1 0 0 1 0 
x= () ae se + ae H=()_ 1). 


The required relations are now verified by a simple calculation. 
Let P, be all the totally positive roots of g. Then we P, 11s, 


8 

Consider the automorphism v of g given by v= exp zad( >| (Xy,—X_,,)). 
gal 

It follows from Lemmas 8 and 9 that v(X,,-+ X_,,) = Hy, and therefore 


8 
v(ap) = S| CH,,. This shows that Hy, and therefore also y; (1 SiZ s) are 
4=1 


> Our result is valid with any determination of the logarithm. But for the sake 
of definiteness let us make the following convention. Choose a fixed square root of — 1 


in C and denote it by (—1)3. Then if z is a non-zero complex number 

log z == log | 2] + (— 13g 
where log|2{ and ¢ are real and 0<@< 2. Hence in particular if e is real and 
positive log z is real. 
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linearly independent. Let a, be the orthogonal complement of v (ap) in $ 
with respect to the positive definition Hermitian form—B(6(X),X) (eq, 
see [5(e), §4]). Since 6(H,) =— Hy for every root y, it is obvious that 
B(H,,,H)=0 and therefore yi(H)=0 1SisSs if Heap This means 
that Xy, — X_,, 1 =+s commute with H and therefore (H) =H (Hea). 
Hence if a= ap + arn v(a) =v(ay) +a;—5. As v is an automorphism, it 
follows that a is a Cartan subalgebra of g. 

Let a, 8 be two roots of g and let k, k’ be the largest nonnegative ieee 
such that @—ka and B-+4’a are roots. Then it is known (see Weyl 
[11(b)]) that B(H,) =k—k’ and B+ ra is a root or zero for an integer r 
if and only if —kSrstk’ Moreover if Sa is the Weyl reflexion corre- 
sponding to a, s,(8 + k'a) = 8 — ka. These facts should be constantly borne 
in mind during the following discussion. 


Lemma 10. If y,8eP,, y(Hs) = 9. 


For y+-8 is not a root (Lemma 11 of [5(e)]) and obviously it is not - 
zero. Hence y(Hs) = 0. 


Lemma 11. Let a be any root such that Hyea. Then « is compact 
and yta (lStSs) can never be a root. 


Without loss of generality we may assume that a>0. If æ is not 
compact, it must be totally positive and therefore «+ y; is not a root 
[5(e), Lemma 11]. Since H,ea;, yi(Ha) —0 and so it follows that y;—o 
also cannot be a root or zero. Hence Xa commutes with Xyp -y 1St+Ss. 
This however is impossible since ap is maximal abelian in p. So « must be 
compact. 

Now consider the sequence g =g, 2 82 D>- + introduced above. We 
shall prove that XY,eg, for every r. For otherwise choose the least r= 0 
such that Xa £Gre1. Since g =g, r= 1 and X,eq,. In view of the fact 
that Xaf Gri, it is clear that either y,+-a or y,—~a is a root. But y, is 
the lowest totally positive root y such thet XyEg- Since X,€q,, X-a also 
lies in gr and so if y,— a were a root, Y,.. would also lie in g» Since æ is 
compact and positive, y,—« is also totally positive and y,—«%<y,. As this 
contradicts the definition of y, we. conclude that y,—-a is not a root and 
therefore y + œ is a root. But this implies that y-(H,) <0 which, in its 
turn, contradicts the fact y,(H) =0 for all Hear. Hence the lemma. 


Leama 12. Let a be a root. Then for any i (l1Siss), y+ and 
yi— a cannot both be roots. 
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We may assume a> 0. If g is noncompact y;+ cannot be a root 
[5(e), Lemma 11]. So we may assume that æ is compact. Suppose then 
that for some 1, yı + æ are both roots. Then they are both totally positive 
and hence from Lemma 10, . 


yi(Hs) + a (Hs) = 0 


for every ĝe P, (741). Then it follows from Lemma 8 that y;(H.,,) = 0 
and therefore + «(H,,) Z0. This means that «(H,,)==0. On the other 
hand y:+ 4, yi; yi—a are all roots and therefore it follows from Lemma 15 
of [5(e)] that y;+ 2a and yı— 2a are not roots. Hence y(Ha) 0. But 
this implies that a(H,,)=-0 and therefore «(H,,)—0 17s. This 
however means that Haea and so we get a contradiction with Lemma 11. 

Let A and yw be two linear functions on §. We write A~ p» if A—p 
vanishes identically on v(ay) = È CH,,. 


1=isSs 


Lemma 18. Let a be a positive compact root. Then there are only 
the following three mutually exclusive possibilities: 


(1) Haca and therefore a~0 and yta (118) ts never a root. 
(2) There exists a unique index 4 (1 S158) such that a+ y~ 0. 


(3) There exists two unique indices i, 4 (LSi<g7sss) such that 
a~ F(yj— y) 


Since the first case is covered by Lemma 11, we may assume that Ha # ar. 
Then a(H.,) 40 for some i and therefore XafGeu. Let i be the least 
index (17s) such that X,¢g;. Since a is positive, y+ «æ is a root 
while y;— g is not (see the proof of Lemma 11). Now suppose y; -+ ea is a 
root for some 7 (L=7S8,e=2+1). If 741 we claim e==— 1. For other- 
wise suppose y;-+ æ is a root. Then it follows from Lemmas 9 and 10 that 
(Hy) = ;(H,,) +«(H,,) 20. On the other hand since y+ æ is a root 
while y,—a is not, it is clear that y;(H,) <0 and therefore «(H,,) < 0. 
As this conflicts with our conclusion above, e=-—-1. So we have two cases. 
Hither (1) y;-: a is never a root for 754% or (2) y;—-a@ is a root for some 
jx. 

In the first case «(H,,) =0 for all 7541. Moreover a, æ -+ y: are roots 
while «—-y, is not. Since y; and a+ y; are both totally positive æ -+ 2y: 
is not a root [5(e), Lemma 11]. Hence «(H,,) =— 1. This shows that 
a(Hy,) +y (Hy) =0 for all 7 (1227 Ss) and therefore «+ y~ 0. 

Now consider the second case. Let 7 be the least index such that 
yj--@ is a root. Then j&i and in view of our definition of 1, 7 >i fk 
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is any index (1S k & s) other than 1, j we claim yp +a cannot be’a root. 
We have already seen this for y+ æ. So suppose y,-—a is a root. Then 
yu(Hy,) —a(H,,) Z0 (Lemma 10) and therefore —-a(H,,) Z0 (Lemma 
8). On the other hand a, a — y; = — (y;— a) are roots while a + y; is not. 
Therefore «(Hy,) > 0 giving a contradiction. This proves that y, + are 
never roots (k=41,7). Moreover as we have seen above, a, æ -+ y; are roots 
while a—-+y, and «+ 2y; are not and therefore a(Hy,) =— 1. Similarly 
since a, «— y; are roots while «+ y, x -+ 2y; are not, «(H,,)==1. Finally 
a(H.,,) =0 (hts41,7) in view of our result above. Hence it is clear that 
a(Hy,) —47i(H) —dy(Hy) (1SkSs) and therefore a~4}(y—y). 
Moreover since yp (1242s) vanish identically on ap it is clear that their 
restriction on v(a) are linearly independent. The uniqueness of the indices 
‘4 and j in the second and third cases of our lemma and the mutual exclu- 
siveness of the three possibilities are therefore obvious. 

For any index + (121s) let C; denote the set ofall compact roots 
a such that a+ 4y;~0. Similarly let P; denote the set of all totally positive 
roots y for which y~dy. If «eC, it follows from Lemma 13 that —=z 
cannot be positive. This shows that C; consists of positive roots. 


LEMMA 14. a—->y,+a (aeC;) t æ one-one mapping of Ci onto P; 
(1s1+Ss). 


For any root 8 let sg denote the Wey. reflexion corresponding to 8. Now 
if ae Ci, «~ — dy; and therefore a(Hy,) ==—1. Hence sya = a—a(H,,)y; 
= g -+ y: and so y; -+ æ is a root which is obviously in P;. Conversely if y € P; 
y~ dy: and therefore y(H,,) 1. Herce s,,y—y—y; is a root. But as 
y and y; are both noncompact, æ = y-— y; must be compact. Moreover 
a+ by: = y— łyı~0 and therefore «eC: Since it is obvious from its 
definition that the mapping is one-one, the lemma is proved. 





For any given pair of indices 7, 7 (1&1 <j Ss), let Oy denote the 
set of all compact roots æ such that a~ $(y;—y:). Similarly let Pj; denote 
the set of all yeP, such that y~$(y¥;+ yi). Again we conclude from 
Lemma 13 that every root in Cj; is positive. 


LEMMA 15. a—>y ta (aeCiy) is a one-one mapping of Cy onio Py. 


Let aeCy. Then ¢-~4(y;—y:) and therefore «(H,,) -—1. Hence 
Sy %@==a--+-y, and so it is clear that y,taePy. Conversely if ye Pi, 


y(#l,,) =1 and therefore s,,y=y—y =a (say). Then «æ is compact 





and a~~ } (y;— yi). 
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Let Cy be the set of all positive roots « such that «~0. We know 
(Lemma 11) that every root in Ce is compact. 


Lemma 16. Let P, denote the set (y1,y2° °°, ys). Then P is the 
disjoint union of Cas Ci Ci, Po, Pi Py (1 <i J < s). 


Since yı’ ` `, ys are linearly independent on v{ay), it is obvious that 
these sets are all disjoint. Let Q be their union. Then if y is any positive 
root, we have to show that yeQ. If y is compact, this follows from Lemma 
13. So now suppose yeP,. Since gsi CË, we can choose an index 2 
(L&isS s) such thatX,eq; but Xy guı. Moreover since ye Po C Q, we 
may.assume that y54+y;. Then it follows from the definition of y; that 
y>y As both y and y are in P,, y- y: is not a root [5(e), Lemma 11]. 
Therefore since Xy É Gin, æ = y— y; must be a root which is then obviously 
compact and positive. Therefore we can apply Lemma 13 to æ. Since 
y==y,+a is a root, «g0, (Lemma 11). Hence either a~- $y; or 
a~A(yz,—y;) for some 7 or (k,j) (1S7< ks). In the first case 
y~y— ty; and so’ y(Hy,) = 28;—1. But we know from Lemma 10, 
that y(H,,) 20. Therefore 1 7, y~4y; and yeP; In the second case 
y~yi t $lyr— y) and y(Hy,) =3;—1 since k34j. Therefore again in 
view of the fact that y(H,,) 20, we conclude that ¿=j and hence VE Prie 
This shows that ye Q and therefore Q =P. 


Lemma 17. Let a, B be two roots such that E E and 
B= ły —y) Siik Ss). Then they are both compact if k 4, 
B +- a= 4 (yr — yi) is a root. i 


Consider the scalar product <a, 8> (see [5(e), §2]). Since k54i, it 
follows from Lemma 8 that <a, 8) —=—4<y;y7) <0. Hence a«(Hs) <0 
and therefore «+ 8 is a root. The compactness of a and 8 is an immediate 
consequence of Lemma 16. 

Let us say that yy (SiiS s) if 4(y;—y:) is a pesitive root. 
The above lemma shows that this relation is transitive and therefore it 
defines a partial order in the set Py. It is obvious from the definition of y; 
that y< y; if i<}. Hence y;< y; implies i < 3. 

Let 7; and ry be the number of roots in C; and Cy (1S1<jSs) 
respectively. Then it follows from Lemmas 14 and 15 that these are also 
the number of roots in P; and Py respectively. Put 2p, == È 8. Then we 
have the following result. a 


78, = 1 or 0 according as i == j or not. 
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LEMMA 18. 2p (Hy) = 2 -+ r; -+ ` Ty + by Tj ESR s). 
ijs ISjct 


Let Q; be the union of Pa Py (@< jas) and Py (ASj<t). Put 
2p; = DY y. Then since y;(H,,) = 28%, it is obvious that 
veg: 
2o(Ay,) = M+ BD ty DB Ti 
i 1SjI<i 


Ss 


Also if y is a totally positive root which does not le in Qa it follows from 
Lemma 16 that y(Hy,) =0 unless y==y; Therefore since yi(H,,) = 2, 


Bpi (Hy, = 2 + pi (Hy) 
and this gives the result. 


LEMMA 19. ry (1Si<jsSss) is even if and only of 4(yj— yi) 18 not 
a“ root. 


Let 6’ denote the automorphism rôv* of g. Since 6(a) =a and h ==v(a), 
it follows that 6(§) =}. Therefore if « is a root the linear function 
H->«(0'H) (He}) is also a root. We denote it by 6’. It is clear that 
CH =— H if Hev(ay) and CH =H if Hea. Hence a4+—6’o unless « 
vanishes identically on ay Now suppose «eC (lSi<jSs). Then 
a~d(y;—yi) and therefore it is obvious that @’a~—4(y;—y). In 
view of Lemma 16, this implies that — 89'a e Cy. Hence the mapping a — — 6’ 
defines a permutation of order 2 in the set Ci; Moreover a54—6’a unless 
a==4(y;—yi). Therefore if we pair off æ and —@a together, it follows 
immediately that r; is odd or even according as $(yj;—y:) is a root or not. 


7. Digression on a theorem of Cartan. Put 
p= >), CXg and p-= J, CX_». 
BeP, . BeP, 

Then‘p,, p- are abelian subalgebras of g [5(e), Lemma 11] and g is the direct 
sum of f, p, and p.. Let Œe denote the simply connected complex Lie group 
with the Lie algebra g and let B, Ke Bo be its analytic subgroups corre- 
sponding to p,, Ë, p- respectively. Also let Go, Ko be the real analytic sub- 
groups of G. corresponding to go, fo respectively. Then (q, k, p) > gkp 
(qee, ke K.,pe$*) is a one-one regular holomorphic mapping of the 
complex manifold Po X Ke X Pet into Fe and Gp» is contained in By K,B-* 
[5(f), Lemmas 4 and 5]. 


r 8 
Lemma 20. Let X =X ti(ăXyn y) (teC). Then 
i=1 


exp A = exp Y exp H exp Z 
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in Ge where ® 
8 8 . 8 
Y = ® (tanh 4) XW, Z = > (tanh ti) Xr H = > log (cosh ¢;) HW; 
¢=1 ¢=1 é=1 


provided cosht; 40 115s. 


This follows immediately from Lemmas 8 and 9. 

Now if we put (X,Y) =-—B(6(X), Y) and | X | = (X, X} (X,Y £g), 
g becomes a finite-dimensional Hilbert space. Moreover since ad X is nilpotent 
for X ep, it is easy to see that X —>exp¥ (Xep_) is a one-one regular 
holomorphic mapping of p. onto Pe. Let q—>logq (qee) denote izs 
inverse. For ve, let ¿(x) denote the unique element in Pe such that 
zecé(x)KB-*. Then we have the following result. 


Lemma 21. ||logé(c)|| remains bounded as x varies in Go. 


Let P, be the set of all elements in G of the form expXY (Xepy). 
Then it is known that Go == Kẹ. (see Cartan [2(b), p. 17], also Mostow 
[9]).. Let z— Ad(z) (zeG,) denote the adjoint representation of Ge 
It follows from the definition of @ that if ke K» Ad(%) is a unitary operator 
on g. Now ay, is a maximal! abelian subspace of p, (Lemma 8) and therefore 
po = U Ad (F) ap, (see Lemma 83 and also Cartan [2 (a), p. 359]). Hence 
Go =K UK, where X is the analytic subgroup of G, corresponding to ape 
Moreover since [f, p-] C p_, it is obvious that £(kxk’) = kt (x)k> (k, hk’ e Ko, 
ve Go). Therefore if v = kak’ (k, keK, ae), 

log ¢(x) = Ad (k) (log é (a) ) 
and so l 


| log ¿(x)| = || log g(a) |. 
Now suppose a =exp X where x=> ti(Xy H X_,,) (te R). Then from 
i=l 
Lemma 26, 
log £(a) = (tanh ti) X_,, 


i=l 


and therefore 
8 
| log ¿(a)l 5 2 | Xy || 
since | tanhi|<1 for real ¢ Thus 


| log (x) £ > (Xl 


for all ce G, and so the lemma is proved. 
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This result has the following significance in relation to the theory of 
bounded symmetric homogeneous domains of E. Cartan [2(c)]. We know 
that GoK.Bet is open in BeK. Het and Ge N (Ker) = Ky (see [5(f), §2]). 
Since KB. is & group and Be N (Ket) = {1}, we can identify Po with 
the factor space (Wo K.%.*)/K-B,*. In this way Go/Ko = (G.K-B.*) /K-B.* 
becomes an open submanifold of P.. The above lemma then shows that 
this'submanifold is equivalent to a bounded domain in the complex Euclidean 
space p.. This fact had previously been verified by Cartan [2(e)] by using 
the classification of all real simple groups and constructing the domain in 
each case separately. 


8. Transformation of certain integrals. Let (— 1): denote a fixed 
square-root of — 1 in C and put u = f,- (—-1)4po. Then u is a compact 
real form of g (see [5(b), p. 187]). Let ay, denote any (real) maximal 
abelian subspace of py. We denote by a, the complexification of ap, in p. 
Define Ge Go, Ko as in Section 7 and let U, X, N” and WM, be the (real) 
analytic subgroups of Ge corresponding to u, Ap, (—1)#ay, and ay respectively. 
Then Ky, U and %&* are compact (see §12 and [5(f),§2]). Put q= [3, ay]. 
It is obvious that Ad(a)q—q for ae Ae. We put 


D(a) = det(Ad(a) — Ad(a*)), (ae We) 


where (Ad(a)-—Ad(a™))q is the restriction of Ad(a)—Ad(a+) on q. 
Let dx, dk, du, da, da* denote the Haar measures on Go, K, U, and U* 
respectively. We assume that 


d= f du = İ. 
Ko U 


On the other hand da and da* are normalized as follows. The metric on g 
(see Section 7) defines a Euclidean metric on the real vector space ap, which 
is given by || H ||? == BCH, H} (Heay,). Let dH denote the element of volume 
in Qp corresponding to this Euclidean matric and put e(H) = exp(—1)4H. 
The mappings H->expH and H—>e(H) (Heap) define homomorphisms 
of the additive group ay, onto A and W* respectively and it is clear that 
these homomorphisms are local isomorphisms. Hence we can normalize the 
Haar measures da and da* in such a way that da = dH == da* (a= xp H 
and a*=-e(H), Heay,). 

Let W and A* be the sets of those points @ in Y and f* respectively 
where D(a) 0. Then both W and &* have only a finite number of 
connected components (see Section 12). Let w and w* respectively denote 
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their number., Moreover let C,( Go) be the set of all continuous functions 
on G, which vanish outside a compact set. 


LEMMA 22. Let g be a continuous funciion on U and B,* a connected 
component of W. Then : 


J g(u)du f, | D(a) [dat =u f | D(a*) |? da* f g(ka*k’) dkdk’. 
U , pr* Bo* KoX Ko 


Moreover we can normalize the Haar measure dæ on Gy in such a way that 


f f(a)dz =w f | D(a) |* da f f (kak’) dkdk’ 
Go Bo KoX Ko 
for all fe C.(Go) and every connected component B, of W. This normaliza- 


tion of dx and the numbers w, w* and J _ | D(a*) |i da* are independent of 
the choice of dy. | á 


Although the proof of this lemma is not difficult, due to some technical 
complications, it is rather long. Hence in order not to interrupt our main 
argument, we postpone it until Section 12. 


Now we assume that ay, ap, ay and a are defined as in Section 6 so that 
v(e) =. Let 3 be the set of all roots of g with respect to a, which do not 
vanish identically on ay. Then it is obvious that 


| D (exp Æ) | = | TI (es? — es) | (He ay). 


Now every linear function A on H defines a linear function A’ on a by the 
rule ’(H) =A(v(#)) (Hea). Moreover since a N b =Q and (H) =H. 
for Hea; A and X coincide on aN}. Finally since y is an automorphism 
of g, it is obvious that A’ is a root of g with respect to a if and only if A 
‘js a root with respect to h. Hence if we identify linear functions on Ņ with 
‘those on a under the mapping AJ’, the two sets of roots coincide. .Then 
S is exactly the set of those roots « for which Hagar (in the notation of 
Section 6). Let Q be the set of those roots in P which are not identically 
zero on v({ay). Then it follows from Lemma 16 that Q is the disjoint union 
of C, Cy, Po, Pi, Py (1&1 <37 5&8). Moreover it is obvious that 


| D (exp H) |} = | Oo ae (He ay). 
New put | 
H = X (Xy t+ Xy) (eG). 


ce 
peni 
D3 
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“Then ` 
y(H) = > tH y, and therefore . 
i=l 


8 
a(H) =a(v(H)) = 2 tia (Hy) (a€ Q). 
. {zl 
Since yi(Hy,) =y (Sij &s) it is obvious (see Section 6) that 
a(H)=—t; if ael, 
a(H) == $; — by if a £ ij 
a(H) =i; if aer, 
a(H) = gob ti if ae Py (lsi<jsss). 


Put 
Q= U (CGU P, O2— U (CyU Py), 


1SixXs 1Si<jss 


Then in We notation of Section 6, 


| if (e0 — e00) | = JI 2°% | sinh ti [?rs, 


acQs 1Sisss 
| I (er) es IL | 4sinh 4 cosh ¢; |. 
aeP, 


Moreover since 
sinh (ti— ti) sinh (t; -+ ti) == (cosh t;)* — (cosh t)”, 
it follows that 
a (e%H) — ¢-a(H)) | = H, ka | (cosh t)? — (cosh t)? |r. 


ae Qa 
Hence 





| D (exp H) |i = JI 20D | sinh t | 27:1 | cosh t | 
15158 


X J 2u | (cosh t)? — (cosh t,)? |ru. 
LSLE 


Now suppose cosh 40 1S is and put? t/==log(cosh#;). Let 


=È tH, 
and consider the expression 
A(2H’) == JI (e2 — e-a#) 
aec” ; 
where C’ is the set of all positive compact roots which do not vanish 


identically on v(ay). It follows from Lemma 16 that C’ is the disjoint | 
union of C; and Cy, (1&1 <j & s). Therefore it is clear that 
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- A (2H’) = TT osh ti— (1/oosh t) TT (cosh t;/cosh t) — (cosh t;/cosh tj) rus 
- ==] {(sinh 4:)’"*/(cosh &)"'} it (cosh #;)? — (cosh t:)2} 9 / (cosh t cosh tyru. 
Hence 
| D(exp H) |? = | A(2H’)| { i 27rs+2 | cosh t; |rt | sinh t; |} 
x i | 4 cosh t; cosh t; |". 
But we. know from Lemma 18 that 


n+ Dh tyt d Ta= 2p,( Hi) —2 
a ET: 1&j<i 
Therefore 


{ [122+ | cosh t; |"**2} TI | 4 cosh t cosh ¢; |*+s 
i i<j 


2p+{Hyi)-1 





co Il 92p.(H yi) | cosh ti (eey) —= 2p TI | cosh A 
i 4 


where p= >, 2p,(H,,). Thus we have the following result. 


istize 


| D(exp H) |3 = 2? | A(2H’)| TI {| cosh é |?e+@#v)- | sinh é; |} 


We now introduce the partial order in the set Po = (y1,: °°, ye) as described 
at the end of Section 6. Let 6,,---,8, be all the (distinct) minimal 
elements in Po under this order. For any + (111) consider the set 
a, of all ye Py such that $(y—A;) is a root. Then y, y are two distinct 
elements of o; it follows from Lemma 17 that either y4<y or y <y. This 
shows that o; is simply ordered. Therefore we may write it in the form 


Bi== Bux Biz ia < Bisi» 


Moreover if 1547, oa c; are disjoint (15&&14, r). For otherwise suppose 
yeaa; Then 4(y—£:) and 4(y— £;) are both roots and therefore 
again from Lemma 17, 4(8:—8;) is a root. This however is impossible 
since both £; and 8; are minimal in Pe. Thus Pe is the disjoint union of 
o1,' orn We put ty==t if Py=y, (LStSr1lSsjss5,1Skss). 
Let b denote the subset of ay, consisting of all elements H = t Hy t:e 
+t,H.,, (t;e8) such that 


IS Sipe oie S ty, (1SisSr). 


Similarly let b* denote the subset of b consisting of those H which satisfy 
the additional condition ta, <3 (1Stt&r). Then we have the following 
result. 
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LEMMA 23. Put e(X)=—=exp(—1}X (Xeg) and 
A(H) = JI (2) — e-40(4)) (Heb). 
aco’ 
For any H =X u(y HX) in b let H’ denote the element’. 


H’ = log (cosh t) Hy, +: + -+ log (cosh ts) Hy, 
in h. Similarly for any H =$ ti(Xy +Z) m Ņ*, let H* denote the 


element 
H* = log (cos t) Hy +: - -+ log (cos ta) Hy, 
Then 
| D (exp H) |ë = 22A (2H’) JJ (cosh &) 10-7 T] sinh t; (Heb) 
and ' 
| D(e(H)) |} = (—1)r2rA (2H *) JJ (cos ty) 249 TI sint; (H eb*). 
i i 


If Heb, t;>0 (1<iss) and therefore sinht;>0. Hence in view 
of our earlier result, in this case it is ecough to prove that A(2H’) is real 
and positive. But we have already seen that 


A(2H’) = JJ {(sinh t;)?"*/(cosh &))"} 
X TI {(cosh t;)? — (cosh t;)?}"4/ (cosh t cosh tj)". 
i<j 


Since cosh? is a positive increasing function of ¢ for t>0, A(2H’) has: 
the same sign as 


n= [I (4— t)". 


ISi<jss 
Now if $(y;—yi) is not a root, we know from Lemma 19 that 1; is even. 
On the other hand if $(y;—y:) is a root, y;< y; and therefore, in view of 
the definition of b, ¢;—-¢;>0. This shows that A(2H’) =0 and so the 
first assertion of the lemma follows. 
Now we come to the second case when Heb*. Since cosh( (—1)4¢) 
= cost and sinh ((—1)4) = (—1)4sin¢ (te RB), it follows that 


A(2H*) = J] (—1)"'{(sin ¢;)?"*/(cos ¢;)"*} 
i 
X ITI {(eos ¢;)? — (cos t)? } u /(cos ti cos t)" 
i<j 
and therefore A{2H*) is real. Moreover since cost is a positive decreasing 
function of ¢ in the interval 0<t< F it follows that A(2H*) has -the 


same sign as 


{T(—1)" II (i—i) = (—1)% 


i<j 
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where q= Xiri + > ry. We have seen above that „= 0 on b and therefore 
i i<j ` 


also on: b* and from Lemma 18, 


8 
g= È (2p. (Hy) —2} = p— 2s. 


Hence (—1)?== (—1)?. On the other hand cost and sin?¢ are both positive 
on the interval 0 < t< 4 and so the second statement of the lemma is an 
immediate consequence of our earlier expression for | D |}. | 

Let B and B* be the images in Y and * of b and b* under the manning 
H- exp H and a — e(H) ee 


LEMMA o4. BN W is both open and closed in W. Similarly B* N MW’ 
as both open and closed in W7. 


Since b and b* are obviously open in ay, and since the mappings 
H —>expH and H—>e(H) are regular on ap, it follows that B and B* 
are open in A and %* respectively. Let b and b* respectively denote the 
closures of b and b* in the real Euclidean space Ay, Then b* is compact. 
Since H — exp H is a topological mapping of ay, onto W (see Section 12), 
the image expb of b under this mapping is closed in W. . Also e(b*). is 
compact and therefore closed in 2*. Hence it is enough to prove that 


(exph)NW=BOW, . e(b*) NU” —B*n y”. 


Now let H=DSt,(Xy,+Xy,) (eR) be a point in È. Then 0%, and 
if y< yp Eh On the other hand we have seen that 
| D(exp Z) |= JI 2° | sai ty |27 | cosh t; | 
x nt 22ru | (cosh t;)2 — (cosh &)? |". 
i<j 
Hence if D{exp H) 340, 4:40 and tit if ry>0 (ASi<jsSs). This 
proves that in this case Heb and therefore (expb)N W =BNYW. Now 


suppose H lies in b*. Then we have the additional conditions 05% =F 
(1—1,---+,8s). Moreover again we know that 


| D(e(H)) FI 





i [27 | cos t; | 
X TI 2274 | (eos ¢;)2 — (cos #;)2 |ru 
i<j 


and therefore if D(e(H)) 0, tiz£0, 9 and %& At, whenever ry > 0 
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(1<i<jss). This shows that Heb* in this case and therefore 
e(b)N 1 = Ben y. 


COROLLARY. very connected component of BNW or B* n W% is also 
a connected component of W or U*’ respectively. The number of connected 
components of BOW is the same as that of B* N Y”. 


The first statement is obvious from the above lemma. Now first we 
claim that the mapping H—-e(H) is univalent on b*. For suppose 
e(H,) =e(H.) (Hı, Ha£b*). Then it is obvious that if œ is any root in 3, 
a(Hı)—ea(H:) must be an integral multiple of 2m. Hence in particular 
yj(v(H1)) —y;(v(H2)) = 2nyr (17 Ss) where njis an integer. But since 
H, H,eb6*, 0 < y;(v(Hi)) <a t=—1,2 and therefore nj=0 (15758). 
This however implies that HM, == H.. Since we already know that the 
mapping H->e(H) of b* onto B* is open and continuous it follows that 
it is topological. 

Now let oa («e £) denote the hyperplane in ay, consisting of all points 
H such that «(H)==0. Let a’), denote the complement of U. Ca ID Apy 

ae 


Then it is. obvicus that D(expH) 340 (Heay,) if and only if Hea’y,. 
Since the exponential mapping of ay, onto Y is topological, BNW’ and 
DN ap have the same number of components. Let D, be a connected com- 
ponent of bN ape Then it is obvious that every root ge must keep constant 
sign on by. Therefore since 6 is obviously a convex set, the same holds 
for bo. Moreover if H ebo it is obvious that the half-line consisting of all 
points tH (4>0) hes entirely in bo. But if ¢ is sufficiently small and 
positive {Heb*. This implies that b, contains some connected component 
of b*¥ Na’), Also if H,, H, are two points in b* which both lie in by, the 
straight line-segment J joining them is also contained in by. Hence J C a’y,. 
But since b* is obviously convex, J C b* N pe This shows that by cannot 
contain two distinct connected components of b* a’), and therefore avery 
component of DN ap, contains exactly one component of b* N ape Con- 
versely it is obvious that every component of 6* N a’y, is contained in exactly 
one component of bN ap, Hence these two sets have the same number of 
components. 


On the other hand if H == > lil Xy + X_y,) lies in 6%, 
l i=1 
| D(e(H) ) | m I] 92(ri+1) | sin ki [arias | cos é; | 


TI 22° | (cos t;)?— (cos i)? |ru. 
i<j 
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Since 0< h< 5, D(e(H7)) =0 if and only if t= t; for some pair of indices 
4,9 (<3) with ry>0. But clearly this happens if and only if a(H)=0 
for some «eX. Hence D(e(H)) ~0 if and only if H e b* N a’y, and so the 
mapping H—e(H) maps b* N ap, topologically onto B* n W*’. Similarly 
H —>expH (HebN dp) maps DN p, topologically onto BN W. Therefore 
BAW, DNA dpo D* N dyha BY N W* all have the same number of components. 


9. Application to representations of G. Let G be the simply con- 
nected covering group of G and let K be the analytic subgroup of G 
corresponding to fo. Define the complex manifold W containing G as in 
[5(f), §3] and the mapping F of G into the center c of £ as in [5(f), § 6]. 
Then (tu) =T (ur) =T(u) +(e) (ue K,xeG) [5(f), Lemma 13] and 
if à is a real linear function on f) (see [5(e), §2]) A(T (u)) is pure imaginary 
[5(f), Lemma 23]. Let A be a real linear function on § such that A(H,) 
is a non-negative integer for every positive compact root « Consider a funda- 
mental system (@,,- - -,@) of positive roots and suppose that (@,-° ` `, am) 
are all the totally positive roots in this system. Let A, denote the linear 
function on given by Ao(Ha) =0 11m and Ao(Ha,) =A(Ha,) 
m< il. Then we can define (see [5(f), §6]) an irreducible complex 
representation o of G, on a finite-dimensional Hilbert space V such that o 
is unitary on U and its highest weight is As. Let ¢o be a unit vector in V 
belonging to the highest weight A, and put A= A— Ao. Then if r>% 
(ae G) denotes the natural mapping of G onto Ge, we consider the function — 


ya (£) = (po 6 (Z) po) AC) (ze G) 


on G. Since the center of G lies in K and A is real, | ya (x)| depends only 
on z. We propose to consider the integral (ct. [5(f), §9]) 


AZOK 


where dē is the Haar measure on Gp. For any ae% let loga denote the 
unique element Heay, such that a—expH. We put Tr(a) =T (exp loga) 
where X — exp’ X (Xeg,) is the exponential mapping of gy into G. Then 
if we normalize the various Haar measures in accordance with Lemma 22 
and take into account the fact that A(T (a)) is real for ae% [5(f), Lemma 
23], it follows that 


J. ya (z) 


2 dë = wN> f eK) | D(a)|è da f (bo, o (kak’)ġo)? ded’ 
B KX Ko 
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where B is defined® as in Lemma 24 and N is the number of connected 
components of BNW. Thus we are led to the integral 





f | (ġ*, o (kak')$o) |? dkdk’ (eB 
KoXK 


g 


Let H =S t(Xy + X-y)eb (eR) and let a—expH. Then we know 


from Lemma 20 that 


a= éh (e)é 


where ¿eBo, ée %.* (in the notation of Section 7) and 


h(a) == exp ( 5 log (cosh ¢;) H;). 
é=1 


If we denote the corresponding representation of g also by a, it is obvious 
that o(p,)¢ = 0 and therefore o(p)¢o = ġo for pet. Since kB k* = Pe, 
Pek = Bt (ke K,) and (Pe) = Het, it follows that 


(ho, o (kak’) bo) = (fo, 0 (kh (a) k’) ho). 


Let A, be the complex analytic subgroup of G, corresponding to }. Then 
h(a)eA, C K, and 


f E A |? ded’ — f | (os o (kh (a) F }$o) |? ded’. 
KoX Ko KoXKo 


On the other hand o(H)¢.==Ao(H)¢ (Heh) and o(Xa)oo—0 feor any 
positive root a. Since this holds in particular for every positive compact 
root, it follows from Lemma 2 of [5(e)] (applied to f) that the subspace 
Fa of V spanned by o(k)¢. (ke K.) is irreducible under Ke. Let oo denote ~ 
the corresponding representation of Ke (and k) on Vo. Then obviously Ao 
is the highest weight of op. Now if we make use of the Schur orthogonality 
relations for the irreducible representation of the compact group Ko on Vo, 
we find easily that 





Í | Chos o (yk!) bo) |? EdW — (dim Vo) f | o (yk) ġo |? dk 
/ KoxKo Ko 


= (dim Vo)’ Spao(6(y)y) 
if ye K,. Hence 





Srvc! 290 aH) |? Dem (im V0) * x00) 


° Here we have to make use of the obvious fact that the complement of WY in Q is 
of measure zero with respect to da. 
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where X,, is the character of sọ. But if Pr is the set of all compact a 
roots and pp==4 2 z we know (see Weyl [11(a)]) that 


dim Fa -t (Ha) + pr(Ha)/pr(Ha)} 
= Ta) +Her(Ha)/pr(Ha)} 


since A(H,) =0 (aeP:) from Lemma 13 of [5(e)]. 
We now claim that 


A(T(a)) = È log (cosh t;)\(H,) 


where (in accordance with our convention) log (cosh ģ) is real (1 S&i& s8). 
Since both sides are linear in A. it is enough to prove this under the assump- 
tion that. A(Ha,) 1SiSm are all non-negative integers and A(H«,) =0 
m <tssl (see the proof of Lemma 23 of [5(f)]). But then we can find 
an irreducible complex representation o’ of G, cn a finite-dimensional Hilbert 
space V” with the highest weight à and assume that o’ is unitary on U (see 
[5(f), §6]). Let ¢’ be a unit vector in V” belonging to the weight A. 
Then, as we have seen during the proof of Lemma 23 of [5(£)], 


(ro (2) g") = eo (zea) 
and a i the argument which we have already used above, 
| AT — (4,0 (a) $") = (8,0 (h(a) ) $") 
= exp ( > (log cosh #,)X(H,)) 
since $’ belongs to the weight A. Our assertion now follows from the fact 
that both A(T(a)) and > (log cosh t) à (Hy,) are real. 


If b and » are two real numbers and b is positive we define be in the 
usual way by b4—exp(ylogb). Then the above result shows that 


8 
eAT(@)) — II (cosh ti) 2\(Hy,) 


4=1 
8. 

For any point H = S u(Xy, + X-y,) (tie E) in ay, we regard (fn c, to o 
į=i 


as the coordinates of H and denote by dt the measure dt,dt,: - ` dis on Apy 
It is obvious that dH == cdt where c is a positive constant and dH is the 
element of volume corresponding to the Euclidean metric on Apa SEs Section 
8). Hence it follows from the above are that 
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im vale) |? 


== woN-*(dim Vo)? ; Xa (exp 21’) Il (cosh &) EY) | D(exp HY dt 
z i=l 


(dim Vo)* f” xao (A (a) )*)e | D(a) |è da 


where H = > i (Xy, + X-y,) and 
i=l 


IT’ aes (log cosh t;) Hy; (tie). 
j=1 

Let twr be the subgroup of the Weyl group (of g with respect to )) generated 
by the Weyl reflexions sa corresponding to ae P; For any sewr we define 
e(s)==1 or —1 according as the permutation «—>sa of the set cf all 
compact roots a, is even or odd. As in Lemma 16, let Cy denote the set of 
those positive compact roots which vanish identically on v(ay) and let C’ be 
the complement of C, in Pye Then if pp=-4 eI À and po =$ 2 a, we have 
the following result. sane 

LEMMA 25. Put A”o= Aot py Then if w, is the order of the sub- 
group WP of to, generated by Sa (aeC,), 


X4,(exp H) {I ( e4a(4) Wie e-40(F) ) 
aec 
= {wo II po(Ha)}* & e(s){ IL sA” (Ha) yet% 
a eCo sety ae Cho 
for all Hev(ay). 


For each «e C” we define a holomorphic linear differential operater Da 
of order one on the complex Euclidean space § such that Dau = p(Ha) for 
every linear function u on §. Then the operators Da obviously commute 
with each other. Put D == I Do. We know (see Weyl [11(a)]) that 


Xi (exp Hu I TE ) m g ALH )) II ( ee H) __ eB) ) 


aes 


== > €(s) ess") (Heh). 


sey 


Hence applying the differential operator D to both sides and evaluating the 
result at a point H in +(ay), we find that 


Xs (exp H) [I (ea) — e30) (DA) 
acc’ 


= F (s) { TT sA” (Ha) port H ev(ap)) 


setr acs 
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since ¢(H) 0 of «eC, and Hev(ay). Here 


Ay = TI (e/* eek ew?) 


uE Co 


and (DA,)x denotes the value of DA, at H. But it follows from well-known 
arguments (Weyl [11(a)]|) that® 
Ao == ` eol s) e8% 


sem? 


where eo(s) — + 1 and is determined by the rule 


JI (e484 — e7380) — e (8) åg (sem). 


aE Co 
Hence 


Day — 2 a (s) { I} Spo(Ha ) }e8?o, 
- geto a eCo 
But it is obvious that eo (s) == - 1) (semp) if q à is the number of negative 
roots among sa (a#eC,). Therefore 


H Spo (Ha) = €o ($) if po(Ha) 


a £ Co 


and 
(Do) n= wo TL po(Ha) (Hev(ay)) 


since po( H) =0. Moreover if 8B eCo, not all the roots sga(aeC,) are positive 
since ss8——f. This shows that X, sga < $ « and therefore sgoo < po. 


a £ Co ae 


Since this implies that po(Hg) > 0, the lemma now follows. 
Now again for any point H = SilI, + X_,,) (eh) in b put 
į=1 
H == Milog(cosht;)H,, Then if p—=¢ Ma and A’=—A-+p, N =A", 
i aef 


-}-A -++p Moreover since A(Ha) = 0 for every compact root « [5 (e), Lemma 
13], it follows that sà =A for all semp Similarly it follows from Lemma 10 
of [5(e)] that sp, =p, (sem) and therefore p,(H,)=0 if ae P;. Hence 
we conclude from Lemmas 23 and 25 that 

















Xi. (exp 2H’) Il (cosh t)” 
i=l 
= 2P{ w, [I po(Ha) Y L (sinh t:) 
a eCo 4 
X D e(r HA (H) H (cosh t)i Hypa, 
Tetor ae, 4 


°? We have to apply here Weyl’s result to the -gubsigebrs at + z (CX, + GX_,) 
of g which is obviously reductive [7]. . aelo 
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Put y; = (cosh 4). Then b corresponds to the region defined by 0< y: <1 
and y> y; if yik y; (Si <j Ss). Let us denote this region by by. 
Then if dy = dy,dy.- - - dys, it is clear that 


f yoo (exp BH’) Tew) | D (exp H) |è di 
D 





=R LT RA J (5 elr) (H rA (Ha) ) II yr’ Bye} dy. 


a € Ca y rety 


Put yy = (cosh i) (Sigri SS s) in the notation of Section 8. 
Then the region b, is defined by the inequalities 


1> tin > Ye >’ DY > 9 (lsS1S1r) 


and an clementary computation shows that if qi are positive real numbers 


Í, Uy dy= IT JL ( È g)> 


y ij ISiSsr iskSe,; kiss; 
We shall use this formula to determine the value of our integral. 


Let § denote the space of linear functions on §. By a rational function 
o on 9}, we mean an element of the quotient field of the rmg of polynomial 
functions on $ (see [5(b), p. 194]). We say that w is defined at a point 
peg, if it can be written in the form w = f/g where f and g are two poly- 
nomial functions on % and g(n) 0. It is obvious that in that case the 
ratio f(x}/g(~%) depends only on w (and not on the choice of f and g). 
This ratio is called the value of œ at p and denoted by w(y). We shall 
need the following simple lemma on rational functions. 


LeMMA 26. Let f and g0 be iwc polynomial functions on F and let 
w==f/g. Suppose there exists a base M,- + +,A1 for over C and an integer 
No with the following property. For any gwen integers map: +,m= No, 
w(mr,; +--+ +--+ ma) =0 provided g(mà +: +--+ mA) ~0. Then f=—0. 


For otherwise fg>40 and therefore we can choose integers m,- -= mı 
== No such that (mA, +--+ > + mAg (mA, +: ++ mA) 0 (see Lemma 
32 of [5(a)]). Then obviously w(m A; +: -+ mA) 40 and we get a 
contradiction. 


COROLLARY. Suppose w, ws are two rational functions on & such that 
w (Mary +e MÀ) = We (Mà eee ef Mı) 


for all integral values of mı, + +,m, 22 N, whenever both sides are defined. 
Then w, = Ua. 
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Let o,=f1/91, o2—=f[e/g2 where fi, fe, Ji, ge are polynomial functions 
and 9:0, g27£0. Then w,—o. = (gof:—9:f2)/Gige. Since o, and ow» 
are both defined at any point where gig. does not vanish, it follows from 
the above lemma that g.f,—9,;f.=-0 and therefore 1 = Wo. . 

For any polynomial function f and retr, we denote by f” the polynomial 
function p—>f(rtu) (ae). Now define a polynomial function F, as 
follows: 


F= WC} sale) ; (eB) 


ISi iSkSe; KEf= 


where qi(#) =»(H,,) tf By==y, (1S pSs) in the notation of Section 8, 
Similarly let fo gr and F, (retwy) be the polynomial functions given by 


fou) = {wo TT po(Ha)} TE (Ea) + o(Ha))/e(Ha)}* 
ga) = I {o(rHa) + p(+Ha)} 


F(u) — Fo(—2(u + p)) O (we8) 
and put a 
w= 2? D, c(t) 9r/fol’s 

Tey 


where p= 2 > p,(H,,,). Then it follows from what we have proved above 
that oa . Boss 


S 19E) az = Bowen (f(A)}* fC Bele) gr(A) Hyro) dy 
Go By rely 4 


Now let us suppose that A” (Hy) <0 for every totally positive root y. Then 
since any retor permutes totally positive roots among themselves [5(e), 
Lemma 10], it follows that rA’(H,).<0 (yeP,). Hence the above- 
mentioned formula is applicable to each term of the integral on, the right 
and we see that the rational function w is defined at A and 


f | ya (£) |? dé = weN o (A). 
Go ‘ 
Thus we have the following result. 


Lemma 27. Let Se(P) denote the set of all linear functions on A 
satisfying the following two conditions: 


(1) A is real and A(H,) ts a iil Sa integer for every positive 
compact root a. 


(2) A(H.,) + p(H,) <0 for every totally positwe root y. Then there 
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exists a uniquely determined rational function w on % which is defined every- 
where on. %a(P) and such that 


f,,| ¥a(@) dE = wel >a (A) 
for all Aeal(P). 


We have only to show that w is unique. Let (%,---,a,) be a funda- 
mental system of positive roots and suppose (@,° - -,@m) are all the totally 
positive roots in this system. Define J linear functions A; (11551) on § by 
the conditions A; (Hal =y 1S ISL Then if M= A H: ++ An, it 
follows from Lemma 18 of [5(e)] that à (Hy) > 0 for ye P, and M (Ha) = 0 
for «e P; Hence it is obvious that we can find an integer n= 2 such that 
Ai— na, egel P) (111). Therefore if M= A — nà, (Aut t *,A2) Is 
a base for 3 over C and mà, +`- +--+ màe gal P) for every set of positive 
integers (mı, © ' mı). The uniqueness of w now follows immediately from 
the Corollary to Lemma 26. 

We shall now determine w in another way. Let y denote the set of 
all real linear functions A on ý such that A(Hg) is a non-negative integer 
for every positive root 8. For a fixed Ae fz, let æ denote the irreducible 
complex representation (see [5(f), §6]) of Ge on a finite-dimensional Hilbert 
space V with the highest weight A. We assume that o is unitary on U. 
go, being a unit vector in V belonging to the weight A, we consider the 
function 


ya” (2) = (0, o (2%) bo) (ze Ge). 


Since V is irreducible under o (U), it follows from the Schur orthogcnality 
relations for the compact group U, that 


J, | ya” (u) 


On the other hand if we normalize the various Haar measures according to 
Lemma 22 and put A = A + p, we get 


? du = (dim F). 





f a du mwa f D(a) der) 
a7 UF g= 


° dkdk’ 





x f | D(a*) |è da* f | Ua (ka*k’) 
B* KoX Ko 


where B* is defined as in Lemma 24 and we make use of the fact (sze the 

Corollary to Lemma 24) that B* and B both have N connected components. 

Now let H = F u(y, + X_y,) ©b* (ten) and a*=e(H). Then if we put 
i 
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H*= 2 log ess ti) Hy 
and h(a*) =expH*eA,, we know from Lemma 20 that 
a* =h (a*)£ 


where ¿e By and ée%3,*. Therefore we conclude in the same way as before, 
that i 
(do, o (ka*k’) bo) = (ho, o (kh (a*) k’) bo) 


and therefore 


f | (do, o (ka*k’) bo) |? ddl’ = f | (dey o (kh(a*) k) ho)! dkak’. , 
Kox Kox Ko 


Ko 
On the other hand if V, is the subspace of V spanned by o(k)d (4e K,), . 
we prove exactly as before that the corresponding representation o, of K, 
on V, is irreducible and has the highest weight A. Then if xX, denotes the 
character of a) we have 


Í | (bo, o (ka*k’) ġo) |? dedi! = (dim Vo) xa ((h(a*) )2). 
KoXKo 


Therefore 


{| DC) aa fo | va (kat) |? araw 
BY KoXKo l 
— (dim Va) f xa (h(a) )?)] D(a") |è da" 


== (dim V,)~e ESC: 2H*)| D(e(H))|* dt 
where c and dé have the same meaning as before. But from Lemmas 23 and 
25 it follows that?° 
X, (exp 2H*)| D(e(H)) È 
= (—1)2?{wo IT p(Ha)}*{ II sin ts} 
us 1Siss 


xX >> {e(7)gr(A) AL (cos ti) PTE Hy) 


TeWy 





where A’=A-+p. Now put y= cost Then b* corresponds to the region 
b, defined as before by O<y,<1 and y:>y; if ysy ASti<jsSs). 


2° The proof of Lemma 25 made no use of the fact that Ao(H,) =0 for every totally 
positive root « lying in the fundamental system (a,° **,œ:) of positive roots. Hence 
this lemma is applicable also to x4. 
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Therefore if we use Weyl’s formula [11(a)] for dim V, and recall that 
p(Ha) =p1(Ha) (ae Pr), we get : 


(dim Vy)” f, xa (exp 2H*) | D(e(H) ) |è di 


= (—1){2/f (A) f d 2 e(rt)gr(A) II yet yd) dy, 
y Tells 1=iss 


We have seen that ret, permutes the totally positive roots among themselves 
and if yeP,, A (H) >0 since A(H,) 20 and p(H,) >0 (see Weyl 
[11(b)]).° Therefore 2rA’(H,,) >0 and it follows that the right hand 
‘side of the above equation is 


= (= B(x) ge(A) {Fo A) For 2A’) 


Put A* ==-— (A-+ 2p). Then it is obvious from the definition of Fo, fo, Fr 
and gr (rewy) that 


Fr (A*) = Fo (24°), fo(A*) = fo(A), gr(A*) = (—1) "gr (A) 


where 7, is the number of roots in Cy. Hence 


Jl ¥a® PP du ween( f° | D(a*) daya (—1) 704). 
: ji 
But on the other hand by Weyl’s formula [11(a)], 


f 190 du— (dim Vy — { TE A (Hip) /o(Ho) 7 


since A is the highest weight of o. This proves that 


w(A*) = (—1) Pot (N /ew*) J, D (a*) |è da* 
X (HL (A* (Hla) + p(s) )/p Ha) }> 


where m is the total number of positive roots. Let %y* denote the set of 
all linear functions of the form A*==—-(A+ 2p) (Aeg). Define the 
linear functions A; 1=+S3/7 as in the proof of Lemma 27, Then if 
Ay==— (Ai + 2p) and A=— A; 215], (p'et, A) is a base for $ and 
Midi +: -+ mde yo” for positive integers (mi, + -,m,). Therefore in 
view of the Corollary to Lemma 26, we can conclude that 


o(a) = (—1) Po" (N /cw*) J, D (a*) |è da* 


xX { il (u(Hs) + p(Hg))/p(Ha) y" 
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(ue), both sides being defined and equal whenever at least one of them 
is defined. Hence in particular if Ae %@(P), iż follows from Lemma 27 that 


f Iya da= (—1) (w/w) f | D(a) f da” 
Go u> 
X { IL A (He)/p (Hp) y> 
BeP 
where A’—=A--p. On the other hand if g is the number of totally positive 
roots, JI A’ (Hg) has obviously the same sign as (—1)% Therefore since 
BeP i 


the left side is positive and p( Hg) > 0 for every positive root 8, (— 1)Ptrom 
—({—1)% Thus we have obtained the following result. 


Lema 28. If AeSe(P), 


J lya@itde— (—1)(ujwt) {| D(a) dat 
Go ot* 
X { IL (Aa) +p (He) )/p (He) }* 


Although our definition of ay, depends on the order (which we have 
so far assumed to be fixed) on the space {xr of real linear functions on h, 
we know from Lemma 22 that the above normalization of the measure dē 


and the numbers w, w“, J, | D(a*)|4da* are actually independent of this 
D) kod 


order. Therefore if we normalize dē in such a way that 


f ive@) az= TL As) + (He) /oHa) |? 


‘for all Ae %a(P), this new normalization is also independent of the particular 
order in §r. However since the definition of the function y, depends on 
this order, we shall now denote it by y”. Then our result may be stated as 
follows. | 


THEOREM. 4. It is possible to normalize the Haar measure on dë on 

G, in such a way that the following condition is fulfilled. Let P be the set 

of all positive roots under any gwen order Sr and suppose every noncompact 

root in P is totally posite. Let p= 28 and let %a(P) denote the set 
€ 


of ail real linear functions A on ġ which satisfy the following two conditions: 
(1) A(H,) is a non-negative integer for every positive compact root a. 


(2) A(Hg) +p(Hp) <0 for noncompact positive root B. 
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Then 





f [ya (2) 
a7 Go 
for all Ae Se(P). 


Now we return again to our fixed order in x. Let A be a real linear 
function on Ņ such that A(Ha) is a non-negative integer for every compact 
positive root « Define y, (æ) (veG@) as in the beginning of this section. 


2 d= | ITA (Hs) p(H2)/p (Ha) | * 


LEMMA 29. f | ya (a) |2dé <% if and only if AeSo(P). 
Ge 


Define A, as in the proof of Lemma 27. Then, as we have seen, 

à (H7) > 0 for ye P, and (Ha) = 0 if ae Py Put 

macs {A(H,) + p(Hy) }/a. (Ay). 

Yers 

Then it is obvious that A—,e%e(P}) (te Ff) if and only if t> t, and 
therefore #0 if and only if A¢g%e(P). Moreover if A;==A—ZA,, it is 
clear that 

a(t) = pa (2) -TO | (cet). 


But if H= > ¢:(X,,+X_,,) (te) we have seen above that 
1 : 


is 


= 


à (T (exp H)) = 3 (log cosh ¢;)A,(H,,). 


Sixe 


Since coshé;=21 and à (Hy) 20, it follows that A.(T(a)) 20 (we). 
‘Therefore it is obvious from Lemma 22. that 


Ge Go Ge 


provided t=0. Now suppose Af#%a(P) so that t=0. Put t= t +e 
where e is positive. Then, in view of Theorem 4, we get 





J aora] TT (4 (s) + p (Hs) — (to + e), (Hs) )/e (H6) | 


But it follows from the definition of t, that as «+> 0 the right side tends to 
infinity. Therefore 


f |y, (£) |? dë = 0. 
Go 
Conversely if Ae e(P) we know from Theorem 4 that 


{ | ya (2) |? dé <. 
Go 


Thus the lemma is proved. 
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We shall now consider the question of the integrability of the function 
wa. Let us recall that p, = 4 PA b. 


Lemma 30. Let A be a HA function on ġ satisfying the following 
two conditions: 

(1) A(Ha) is a non-negative integer for every compact positive root a. 

(2) A(Hg) + p(Hg) <1— 2p (Hg) for every noncompact positive 
root B. 

Then 


Í | ya (z) |? dā <o. 
Go 


We ùse the notation which was introduced at the beginning of this 
section. In view of Lemma 22, it is enough te prove that 


f | D(a) |3da f | ($o, o (kak) bo) | NTO) dkdk’ <o. 
B KoXKo 


But it follows from the Schwartz inequality that 


f NGoo(lak’) go) | aeir f |(o,2 (kal!) ) | dkar} 
KeXKo KoX Ko 
== (dim Vo) *{Spoo( (h(a) )*) P 


as we have seen before. Since oo(h(a@)) is obviously a positive definite self- 
adjoint transformation on Vo, it is clear that 


Sp oo( (h(a) )?) S (Sp oo (h(a) ) }?. 
Therefore — 


So | (Ge.e (kak’)ġo) | ddk (Aim Vo)-* Xa (A (a)). 


So it would be sufficient to prove that 


Í ' x49( (a) JAT | D(a) |è da <o. 
B 
For any point 


H = > ly + £y) (eR) inb we put T= $, (logcosh 4) Hy 
114 Ses isi =g 


as before. Then if a ==exp H, h(a) = exp IF and therefore it follows from 
Lemmas 23 and 25 that 


Xao (A (a) )eMP | D(a) | 


A(2H’) 


= C1 aH | 4 > ae )gr(A) TI (cosh t) 7N Ovoreno >} EL (sinh t) 
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where A’—A-+p, & is a positive constant and gr is defined as before. 
Now | 


ACH’) E ry: 
adalat eae gaol”. 1 p-had?’) 
A(H ‘) H j ( + ) 


and therefore if i” is the number of roots in C’, it follows from Lemma 16 
that 


o < ACH) cgr Ty elar 


A(H’) = aert : 
a 
= 2" [] (cosh t)? JT] (cosh ¢,/cosh t,)84 


¢=1 1Zi<jssa 
in the notation of Section 6. (Here we have to make use of the fact that 
tj; >t on bif ry>0 (1St<jss)). But since 


m— 2 tyt X ry Ep (Hy) —2 
i<jSs 1Sj<i 


from Lemma 18, we conclude that 
0 < {A(2H’) /A(H’)} <2" TI (cosh ti) ayo- 
and therefore if c, = 2"'c,, = 
Xro(h (a) JAT | D(a) 
< cof POLLO IJ (cosh t1) 7A yoe ttvo-2) TT sinh t; 


2. 
a 





Now put y,== (cosht;), dy==dy,: - -dys and define b, as before. Then 
Í l TI (cosh t;) 74 Hyde Hyo-2 T] (sinh t) dt 


== JI yT Ay) y0) dy (rem). 


Dy ¢ 


But we have seen earlier that rp, = p, ard therefore 
TA (Hy) + 2p: (Hy) = V (Hy) + 2p, (Hy) 
where y==7r"y;. Hence it follows from our hypothesis on A that | 


` rN (By) —2p.(Hy,) +1>0 
and therefore l 


I] yg TA Cy)? (Hyi) dy < CO, 
¥ % 


This shows: that 
J Xo(le (0) ) MP | D(a) Pda <o 
B 


and so the lemma is proved. 
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10. Integrable and square-integrable representations. Suppose A is a 
real linear function on h which satisfies the first condition of Lemma 30. 
We define the Hilbert space Ø, as in Theorem 2 of [5(f)] corresponding 
to the function »—1 on Go We know from Lemma 14 of [5(f)] and 
Lemma 29 that a0 if and only if Ac%q(P). So now let us assume 
that Ae %e(P) and let m4 denote the representation of G on $4 (see [5(f) ; 
Theorem 2]). Then ~; is irreducible and unitary and 


(Ya ma (%)) = ya (£) || ya ll? (ze G) 


from the Corollary to Theorem 2 of [5(f)]. (Here we use the usual notation 
for the norm and the scalar product in §,). Since y4 540 and 


J lyat@) dE = | ya |? <o, 


this prove that wz, is square-integrable (see Section 3). Moreover if A 
satisfies the second condition of Lemma 30, we prove in the same way that 
ma is integrable. Combining these results with Lemma 19 of [5(e)], we get 
Theorem 3 of [5(e)] which was stated there without proof. 


It is clear from the definition of §, that every element pE% is com- 
peletly determined by its restriction on G and in fact 


I$ l= f ls @lrae 


Therefore since ye 9, and ~, is irreducible, 6, may be identified with 
the completion (under the above norm) of the space spanned by the right 
translates of the function y, under G. If we use the normalization of 
Theorem 4 for the Haar measure on Go and denote by da the formal degree 
of m, (corresponding to the kernel Z, of the mapping t—> Zz of G on Go 
(sce Section 3)), it follows from Theorem 1 that 


Lpy l= f [Yarns (2) ya) | dU ya l 
and therefore 
da = || ya | =H | (A (Hg) + p(Ha))/p(He)| 


from Theorem 4. This is the formula for the formal degree in terms of the 
highest weight A of the representation. It is substantially the same as the 
corresponding formula of Weyl [11(a)] for a compact semisimple group. 
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11. Similarity with finite-dimensional representations. In order to 
simplify matters let us suppose in this section that G is simple but not 
compact. Then if (@,,° © +,@:) is a fundamental system of positive roots, 
we know (Corollary 2 to Lemma 13 of [5(e)]) that it contains exactly one 
noncompact root, which we may assume to be a. Let A; OS i& L be the 
linear. functions on § given by A;(H,,) = 8; 01,71 end let o; be an 
irreducible complex representation of G, (see [5(f),§6]) on a finite-dimen- 
sional Hilbert space V; with the highest weight A; We assume that c; is 
unitary on V. Let ¢; be a unit vector in V; belonging to the weight A. 
Then if us(z) = (di, 01(2) di) (z€ Ge), it follows irom Lemmas 6 and 14 
of [5(f)] that y(t) =y (2) (0S1) and 


Wo(X) = ya (£) = exp (Ao (T(z) )) (ve). 


Hence in particular ya (x) is never zero. Now if A is any linear function 
on §, it is obvious that A—A,Ay+- - --+-A;A; where 4,~—A(H,,) OSES 
Therefore if Ae t}g(P), àp’ A are all non-negative integers while A, is 
a negative real number. Moreover it follews again from Lemma 6 of [5(f)] 
that 





pa (2) = MATEN (B) +» - yo (B) (ned). 


In particular if A, is also an imteger, y, (x) depends only on # and so if 
we regard y, as a function on Ge, we have 


Ya == poy > i E'DA 
On the other hand if Mmo, Mı, >+, mı are non-negative intezers, 


Y 2 poopy m ee yet 


is a holomorphic function on Gg and again we can conclude from Lemma 6 
of [5(f)] that 


¥(z) = ($,0(2)¢) (2 € Ge) 


where ø is the irreducible complex representation of G, on a ñnite-dimensional 
Hilbert space V with the highest weight m .A,+---+ mA; and ¢ is a 
unit vector in V belonging to this weight. (We assume of course that e is 
unitary on U). Then y(u) (weU) is a matrix ccefficient of an irreducible 
representation of U and therefore the space spanned by all tke right translates 
of ẹ under U is irreducible under the corresponding representation of U. 
Thus the similarity between this case and that of ys, Qa and ra discussed 
above is now quite obvious. 
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12. Proof of Lemma 22. Im order to prove Lemma 22, we shall use 
a method which has been extensively used before by Weyl [11(a)] and 
Cartan [2(a)]. It is no longer necessary to assume that bo is maximal abelian 
in Qo, since this assumption plays no role whatever in our proof. However we 
still consider g as a Hilbert space under the norm || XY |? ——-B(6(X),X) 
(XY eg) and denote by Ge a simply connected complex Lie group with the Lie 
algebra g. As before Go, Ko and U are the (real) analytic subgroups of Ge 


corresponding to go, fo and u—f, + (— 1)ipo. We assume that dk = 1. 
e Ko 


Let us introduce the followmg notation for the sake of convenience. 
Suppose u and yz’ are positive measures on two locally compact speces # and 
E’ respectively and f is an open continuous mapping of E into Æ’ which is 
locally one-one on E. Then we write du-~dp’ if there exists a positive 
constant c with the following preperty. Let U be an open set in # such 
that f is univalent on U. Then p(U) —cp’(f(U)). If it is clear from the 
context which mapping f we have in mind, we write simply dy ~ dy’. 


Lemma Y 31. (&,X)—-khkexaX (ke Ko,X ep.) is a one-one regular 
analytic mapping of Ko X py onto Go. 


Let @ denote this mapping. It is known (Cartan [2(b)], Mostow [9]) 
that @ is one-one and onto G,. Also it is obviously analytic. Let f be a 
function on @ which is defined and analytic around == kexp¥. Then if 
Yep. and Zef, 


| A fbexp(X+t¥)) | up = (PH) (0) 


4 (kexp iZ exp £) t io = (ZF) (2) (te E) 
where (see Chevalley [8, p. 157]) 
Y’ == { (1 —exn(—adX))) /adX}Y 
Z = exp(—acX)Z 


and (1—exp(—adX))/adX stands for the sum of the convergent series 


E (1) ™ ad) "/ (m+ 1)1, 


m=0 


11 The proofs of Lemmas 3] and 33, which we present here, are substantially the 
same as those of Cartan. However in view of later applications, we are interested not 
only in verifying that certain determinants are different from zero but also in com- 
puting their actual value. This compels us to reproduce the whole argument. 
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Let T be the linear transformation of g such that TY =Y’ and TZ =Z. 
Since (adX)p C Ë and (adX)*p C p, it follows that — 


exp(adX)Z’ == Z 
exp (ad X) Y’ == {sinh adX¥/adX}Y mod k 
where (sinhadX /adX) =s(X) is defined by the power series 
D (adX)?"/(2m +-1)1. 


m0 
Since only even powers of adX appear in this series s(X) leaves p invariant. 
Also (X) —— XY and therefore adX is self-adjoint. Hence s(X) is a 
positive definite self-adjoint transformation. Therefore the same holds for 
its restriction (s(X))» on p. On the other hand it is obvious from the 


above congruence that ; 

l det (exp («dX ) T) = det((s(X}))p). 

` Since Ge is semisimple det(exp(adX)) 1 and therefore 
det T = det(s(X))p. 


The right side is positive since (s(X)}» is positive definite. This proves 
that det T £0 and therefore ¢ is regular at (k, £). 

Let dX denote the element of volume in po corresponding to the Eu- 
clidean metric || X || (Yep,). 


COROLLARY. dx—~det(sinhadX/adX),dkdX (x—kexpX). 


This follows immediately from our calculation above. 
We now state a lemma which will be needed frequently. 


Lemma 32. Let M and N be two manifolds of class C> satisfying the 
countability axwoms. Then if f is a differentiable mapping of M into N, 
and Q ts a subset of M then dimf(Q) S dim Q. 


Here we use the Brouwer-Urysohn-Menger definition** of dimension 
(Hurewicz and Wallman [6]). Although this result must be regarded as 
known, no easily accessible published procf of it seems to be available. There- 
for we shall give a short proof in the Appendix (Section 13). 

Let ap be a maximal abelian subspace of pe Then we have the 
following result™ due to Cartan [2(a), p. 354]. 


12 In order to distinguish it from the vector dimension of a complex vector space, 
we denote the topological dimension by “Jim.” 
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LEMMA 33. po= LJ Ad(k)ay,. 
keKo 


Extend üp, to a maximal abelian subalgebra a, of go and let ay and a be 
the complexifications of ay, and a) respectively in g. Then a is a Cartan 
subalgebra of g. We consider the set 3 of all roots of g (with respect to a) 
which do not vanish identically cn ay,. For each @e% let og denote the 
hyperplane consisting of all points H £€ap, such that «(H) —0 and let a’ Yo 
denote the complement of U oa in dp, Moreover let M be the set of all 


k eK, such that Ad (k) H = H for every Heay, Obviously M is a closed sub- 
group of K,. Let k— $ (ke K,) denote the natural mapping of K, on the 
factor space K, = K/M consisting of the cosets of the form kM. Consider 
the mapping ¢ of Ky X ay, into po given by $(k, H) == H*—Ad(k)H where 
k is any element in the coset &. œ is obviously analytic. Let nta be the 
centralizer of dp, in fo, so that tm, is the Lie algebra of M. Let f be a 
function on Po defined and analytic around XY == H% (Hyedy, koe Ko). Then 
if Zef, and H € ay, 


| TOORED, H) } pa = f Zf(X—tAd (ke) (Ho 2) | 


£ Ce (Fay Ho + tH)) f = L A(X + t Ad (ko) I) ! t=0 


(tek). Now if Hyea’y, dim({Ho,f]) = dim ¥— dimm (where m is the 
complexification of nto). Also a, and (ad H,)f are mutually orthogonal. 
Hence 


dim (ap + (ad H,)f) == dim ay + dim f— dim m = dim p 
from Lemma 4 of [5(b)]. This proves thai 
Ad (ko) (ap + (ad Hy)f) =p. 
Since dim (dt, X üp) == dim f— dim m -+ dim ay = dim p = dimg Po, | it fol- 
lows that ¢ is regular on Ky Xa’, Let dk denote the invariant measure on 


K, such that |. dk==1. Similarly let dH denote the element of volume 
Ko | 


im dy, corresponding to the Euclidean metric | H |. Now introduce some 
(fixed) lexicographic order among roots and let 3° be the set of positive 
roots in X under this order. For each root « select an element Y,+0 in g 
such that [H, Xa] =a (H)Xa for all Hea. Let n* and n` respectively be 
the subspaces of g spanned by XY, and Xa («e3*). Then (see the proof of 
Lemma 4 of [5(b)]) 
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g==1 + dy +- m+n =f + ap + nt = p +m -+n 
where the sums are all direct. Hence 


t/m = g/ (m + ap + n+) = p/ay 
and 


g/ (m + ap + nt) = mw. 


Therefore we may identify f/m and p/ay with w in a natural way. Now if 
H eap, m is contained in the kernel of the mapping Z— [H,Z] (4ef) and 
therefore by going to the residue classes we get a mapping of f/m into p/ay. 
In view of the above identification, this gives a linear transformation Tyg 
in w. It is clear that Ty coincides with the restriction of ad H on tr. 
Therefore in view of our calculation above we can conclude that 


dX ~ | det Ty | dHd& = J] | 2(H)| dHadt (X == HE) 
aedt: 


H ew ke Ro). We shall need this result a little later. 
Po 


Let æ be a root in 3. Since « takes real values on ap, we can find an 
element X £0 in go such that [H, X] =«(H)X for all Heap. We claim 
X#po. For otherwise since [po, Po] C Éo we get [H,X]efNn po=0. This 
however is impossible since X 540 and a(H) +0 for a suitable H in ap 
Similarly we prove that X¢f,. Therefore ¥ = Y -+Z (Yep,Zef,) and 
Y0, Z0. Then comparing components in fọ and pọ of both sides of 
the equation [H, X]—«(H)X, we find that [H, Y¥]—«(H)Z and [R,Z] 
=—«(H)Y. Thus we have obtained the following result (see Cartan [%(a), 
p. 257] ). 


Lemma 34. For each «€X we can choose nonzero elements Yq, Za in 
Po and Ë, respectively such that 


‘(H,Y.]=«(H)Z,  [H, Za] =0(H)Ya 
for all Heay. 


Let Ma (ae3*) denote the set of all elements ke XK, such that 
Ad(k)H==H for every Heo, Then Mea is a compact subgroup of K, 
containing Jf. Moreover it is obvious that the element Z, of the above 
lemma does not lie in ma while it is certainly contained in the Lie algebra 
of Ma Hence din M,>dim M. Let ġa be the mapping of (K./M,) X a 
into Po defined by ¢,(4*,H) = Ad(h)H where ke Ko, Heog and k* = XMa. 


10 
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It is obvious that ġa is an analytic mapping and therefore it follows from 
Lemma 32 that 


dim pa ( (Ko/Ma) X og) S Bim ((Ko/Me) X oa) S dime Py — 2 
since dim (K;/Ma) < dim (K/M) and 
dim og = dima oa = dime Ay, — L. 
On the other hand it is clear that 
pal (Ko/ Ma) X oa) = $(Ko X oa) 


and therefore 
o( (Ko/AL) X ( U 2a)) = U bal (Ko/Ma) X oa). 


Hence if we denote this set by Ps, 
dim P; <= 01M Py — 2. 


Therefore the complement €p, of p, in po is connected (see Hurewicz and 
Wallman [6, p. 48, Theorem IV 4]). On the other hand let 


P'o = (Ko X Upa). 


Since ¢ is regular and therefore open on Ky X Apo Po is open in Po Let 
To = dim (üp + mo) and for any Xep, let r(X) denote the complex 
dimension of the centralizer of Y in g. Then it is obvious that r(X) =f, 
if Xep’, while r(X)> r, if Xep,. Hence p C p, Finally since Ko is 
compact, it follows immediately that p's is closed in °p, Therefore since 
°p, is connected and p'o is not empty (because a’y, C p'o) we conclude that 
pb’. ==°p,. Now let A be an indeterminate. Then it is clear that there exists 
a polynomial function F on p such that if Xep, F(X) is the coefficient of 
àre in the characteristic polynomial of ad X (in A). It is obvious that 
r(X)> rr, if and only if F(X¥)==0. Hence F is not identically zero and 
Ps is contained in the set of zeros of F on po. This shows that *p,==p’, is 
everywhere dense in Po But KH, is compact, and | H*|—|H|| (kek, 
Heap) and so it follows that (oX ap) is closed in po. Therefore 
p(o X üp) =Po This completes the proof of Lemma 33. 


Let W be the normalizer of ap in K. Then J/ is a closed subgroup 
of K, and M is a normal subgroup of M’. If Heay, adH is self-adjoint 
and therefore (ad H)?X —0 implies (ad H)X = 0 (X £g). From this it follows 
immediately that the Lie algebra of A” is also mọ and therefore W == M’/M 
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is discrete. But since it is also compact, W must be finite. It operates as a 
group of linear transformations on ay, as follows: 


sH == Ad(k)H (se WW) 
where & is any element in M belonging to the coset s. 


Lemma 35. Let H be an element in Oye Then tf keK, and 
Ad (k) cay, E must he in W. 


Since H Epo apy, is exactly the centralizer of H in Poe. Therefore 
Ad(k)ap is the centralizer of Ad(k)H in po. But since Ad(k)H ea,, and 
Qp, is abelian, ay, C Ad(k)ay, However ay, and Ad(k)a,, obviously have 
the same dimension over A. Therefore ap = Ad(k)ap and so kep. 

W also operates on Ky on the right as follows. Let ke K, and seW. 
Since M is a normal subgroup of W, ks =km M where k and m’ are any 
two elements of Ky and AL” respectively lying in the cosets k and s. It is 
obvious that ¢(ks,s'H) =¢ẹ(k, H) (Heap). Conversely if Hea’y, and 
(hk, H) ==¢(k,,H,) (#,k,e Ko, Hı €p), it follows from Lemma 35 that 
ki the M’. This shows that k, = ks and H, ==s^H for some se W. Then 
if wy is the order of the group W, it follows that every element in p's has 
exactly wo distinct pre-images in eX a'w under ¢. We have seen above 
that there exists a polynomial function #540 on pb, such that F(¥)=0 - 
(Yepo) if and only if Xpo. This shows that the complement of p's in Po 
is of Euclidean measure zero. Similarly it is obvious that the complement 
of a’), IN ay is of Euclidean measure zero. Moreover we have seen above that 


dX ~ JJ |a(H)| dHEdk (X = HF, H € py ke Ko), 
acit 
and so we have the following result. 


LEMMA 36. There exists a positive constant c with the following 


properly. If f is any continuous function on p, vanishing outside a com- 
pact set, 


d HEYAX me 1 f(H®) TI |a(H)| aka. 
Po U Ka 


XUpo ae d+ 


On the other hand we have the following lemma. 
LeMMA 37. Let b, be a connected component of a'e Then 


Op, = J SDp. 


se IY 


Let 6, denote the closure of by in ay, Since by is obviously closed 
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in Opo bs N a’ po =o. Consider (Ky X bo) C Po Since œ is regular on 
Ko X Upo $ (Ko X by) is open. Moreover since K, is compact it follows easily 
that (Ko X bo) is closed in po. Hence (Ko X by) = (Ko X bo) N p'o is 
closed in p'o- But we know that p'e is connected and therefore (Ko X Bo) 
== þe» Hence in particula? if Hea’y,, H = Ad(k)H, for some ke K, and 
H.ebo But then it follows from Lemma 35 that ke M’ and therefore 
H=sH, for some se W. This proves that a’y, C U Sby. Since the reverse 
inclusion is obvious we get the lemma. 


COROLLARY. Qp, has only a finite number of connected components. 


Now as we have seen tres 





* (H eap) is the determinant 


of the linear transformation in Ba Saale to (adH)*. From this 
it follows that the value of this expression does not change if we replace 
H by sH (se W). Therefore it is obvious from Lemma 3” that 


f f(Ad(k)H) IJ | «(H)| dkdH 
KoXUp, mest 
=w FAA)H) TI | a(H) | abate 
KoX 


where w is the number. of connected components of a’y,, Do is any such com- 
porent and f is a continuous function on Pe vanishing outside a compact set. 
Combining this with Lemma 31 and its corollary, we obtain the following 
result. 


Lemma 38. It is possible to normalize the Haar measure dx on Go 
in such a way that the following condition is fulfilled. If f is a continuous 
function on G, vanishing outside a compact set and by ts any connected 
component of Oyy 


| j(z)de— Í f(kexp X) det (sinh ad X/ad X) dkdX 
G3 KoX Po 
= cw | TI | est) — ee] az f f (l exp H k’) dkdk! 
KX Ko 


By aest 


where w is the number of connected components of a’), and c is a positive 
constant gwen by the relation 


f e-IXi? det (sinh ad¥/adX )p dX = ef elHI J] | ex@) — e-e] dH. 
Po Wp, aed 


For the proof we have only to notice the fact that 
det (sinh adH /adH) = JJ (sinha(#)/a(H)) (H Enp). 
geg 
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The following lemma is also due to Cartan [2(a)]. 
Lemma 39. Let ‘oy, be any maximal abelian subspace of po. Then 


“Ay, == Ad (t) Qy, 
for some ke Ko. 


Define a’y, as above and choose Hyea’,. Then ay, is exactly the cen- 
tralizer of H, in po. If we apply Lemma 33 to ’ay, (instead of ap), it 
follows that H,e Ad(k*)’ay, for some ke Ky. Since ‘ay, is abelian the same 
holds for Ad(4*)’ay, and therefore Ad(k*)’ay, Cap, or ‘ay, C Ad(k) ay,. 
But then since ‘ay, is maximal abelian in po it is obvious that “ay, = Ad (i) po- 

Let N be the analytic subgroup of Ge corresponding to ay, We conclude 
from Lemma 31 that X is closed and HÆ — exp H (Heay,,) is a topological 
mapping of ap onto W. Moreover as we have seen in Section 8, 


| D (exp H)| = JE | ee) — eat] 
acd 


= J] | ex) — oet]? (H £ ap) 


acZt 
Therefore if we define W as in Lemma 2%, it is clear that 2’ == exp (ap) and 
the number of connected component of W and a’,, is the same. Moreover 
it follows from Lemma 39 without difficulty that the numbers c and w of 
Lemma 38 are independent of the choice of ap, Therefore the second 
statement of Lemma 22 is now obvious. 
It remains to prove the first part of Lemma 22. Let 


e(X) =exp(—1)4¥2U (epo). 
LumMa 40. %* == e(ay,) is compact. 


Since U is compact it is enough to prove that 2* is closed in U. Let 
9 denote the closure of A* in U. Obviously %* and therefore M* is a 
connected Lie subgroup of U. Ge. being ‘simply connected, we “extend” 6 to 
a (complex) automorphism of G, so that 6(expX)—=expé(X) (Xeg). 
Since 6(H)==-—H (Heap), it is clear that 6(a) a for aeM* and 
therefore by continuity also for aeQM*, Hence if X is an element in u which 
lies in the Lie algebra of M*, 6(X) = — X and therefore YeuN p= (— 1)4pp. 
But since ay, is maximal abelian in po, it is obvious that X e (—1)4ay,. This 
proves that %* and * have the same Lie algebra and therefore 9* = Ñ”, 


Define 9 as in Lemma 22. Then e(H)e MN” (Heay,) if and only if 
II | sin @(H)| 340. 
aeZt 
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Put U. == U/Ko and uy =uK, (weU). We define an analytic mapping y 
of Xa XA” into U, as follows: 
W(k, &) == (ka) «. (ke K,acu*) 
where & is any element in the coset $. 
LEMMA 41. y is regular and open on Ky X U* and y(K X U*) =U. 


Let u be an element in U and f a function which is defined and analytic 
on some neighborhood of u in U. Suppose u == ka ae ke K, and ae. 
Then if He (—1)*ay, and Xe ko, 


sl (ka exp tH) o = (HF) (u) 


| gf (bexp tka) | a= (A) (w) 


where ¥' = Ad (a) X. Let T denote the linear mapping of f+ üp into g 
given by 
H-H (H € ay) 


X =- Ad(aty)X (Xet). 


Since m lies in the kernel of T, we get a linear mapping T of (E -+ ap)/m 
into g/f by going over to the factor spaces. Now suppose 7(H+ YX) ef 
(Heap Xet). Then H + Ad(at)Xef. But 


Ad (at) X == 4(Ad(a*) — Ad (a) )X mod f 
and (Ad(a?)—Ad(a))Xep. Hence 
H + 4(Ad(a™)—Ad(a)) X ef N p=0. 
However it is easy to check that (Ad(a*) — Ad(a))g and ay are orthogonal. 
Therefore H —0 and 4(Ad(a*)—Ad(a))X=0. Now if in particular 
ae WU’, this clearly implies that Xem. This shows that if a e YX*, the kernel 


of T is zero. Moreover as we have seen before 3 = Ë + ap + w = p -+ m ir 
and therefore 


(E+ ay) /mex g/(m +n) =p = g/t 


Hence (f-+-a,)/m and g/f have the same dimension. This proves that T 
is an isomorphism of (f+ a,)/m onto g/f and therefore y is open and 
regular on Ky X AM7. Let du, and dk denote the invariant measures on the 
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homogeneous spaces U and K, respectively. We assume that 


db. = = dk == 1. 
Us Ke - 
Since g = 17 -+ ay + m+n, l 
g/ (m+ n+) = ay for 


and therefore if we identify a+ ay) /m and g/f with ap+n under the 
isomorphism indicated above, 7 may be regarded as a linear mapping of 
dy fr into itself. If Zen, 
Ad (a>) (Z + 6({Z)) =} (Ad(a*) — Ad(a)) (2+ 6(4)) 
== Z’ — (Z) mod Ë 
where Z’==4(Ad(at)—Ad(a))Z. ror this it follows easily that 
T(H +2) =H + 4(Ad(a*) — Ad(a))Z (H cay, Zew) 
and therefore a 
| det 7 | = 2-¢| D(a) |è 
where q is the number of roots in 3°. This proves that 
dus ~ | D(a) |è dadke (us =y (k, @)) 


if ke K, and ae X” and da denotes the Haar measure on Y[*. We shall need 
this. result presently. 

For each «e 3" we consider as character &, of U&* given by &.(e(H)) 
= exp(({—1)4e(H)) (Heap). Then obviously a— (a?) (ae %*) is also 
a non-trivial character of 2*. Hence its kernel A*a is a closed subgroup 
of Y* and dim W*, = dim Y*—1. Let Ma be the subgroup of Ke consisting 
of all ke K, such that (ka), =a, for every ae N*a. Obviously Ma is closed 
and it .contains M. Now consider the elements Fa, Za of Lemma 34. If 
H Ep, it is obvious that 


.Ad(e(H))Za=cosa(H)Za + (—1y sing(H)Ya 
Moreover if e(H) e%*,, a(H)/ is an integer and therefore 
Ad (a)Za = + Za 


for ae N*a. From this we conclude immediately that Za lies in the Lie 
algebra of Ma Since Zag mo, dim Ma > dim M. But y (Ko X A*a) may be 
regarded as the image of (Ko/Ma)X U*, under an analytic mapping and 
therefore it follows from Lemma 32 that 
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dim y (Ko X A*a) S dim Ko/Ma + dim A*a 
<S dim K, + dim 9* — 2 = dim U,, — 2. 


Hence if V = |J ¥(Ky X A*a), V is compact and dim F = dim U — 2 and 
aedt 


therefore (see Hurewicz and Wallman [6, p. 48]) the complement °V of 
V in U, is connected. Moreover eV is a dense subset of U. Now consider 


= VOY (Bo XU). 


Since K, X A” is compact, U’ is closed in °V. On the other hand V and 
w (Ko &X U*’) cannot have any point in common (see Corollary 1 to Lemma 42 
below) and therefore 

U’ =y (K/A. 


Since y is open on Ky X A, U’, is a nonempty open subset of Up. There- 
fore eV being connected, we can conclude that U’,—°*V. This shows that 
the compact set y(Ky X A*) is dense in Up. Hence y (Eo X U*) = U,, and 


Lemma 41 is proved. 
For any aé%* and se W, define a= kak where k is some element 


of M’ lying in the coset s. Then ate %* and | D(a*)|= | D(a)|. Hence 
(QP t= QW. 


Lemos 42. Suppose (kar) = (to), (ke Koja,a.e%*). Then if 
a, ENE, k lies in W and as in W. l 


For k, = ak where k’ce K,. Applying the automorphism 8 to both 
sides we get ka,t==a,7k’ and therefore katk == a°. Since a, ¢%*’, ay, is 
exactly the set of all elements He}, such that Ad(a,°)H ==H. Therefore 
it follows from the above relation that Ad(k}ay,— ay, and so ke M’. Also 
it is now clear that ae Y”. 

COROLLARY 1. Suppose ae N and kheKy. Then if w, is the order 
of W, ¥(k,a) has exactly wo distinct preimages in Ky X U* namely (ks, at) 
(s e W ) ; 

Choose an element k in the coset &. Then if y (f, a1) =y (k,a) (hye Ky, 
a, eM *), it follows from Lemma 42 that kk, e W’ and therefore if s+ denotes 
the corresponding element of W, &, = ks? and a, =a’. 


COROLLARY 2. There exists a positive number c with the following 
property. If f is any continuous function on Uy, 


J iduso f | D(a) da f FOE aak 
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We have seen that duy ~ | D(a) |? dadh if us =y (k, a) and ke Ko, ae Y”. 
Now if we define V = |] w(K) X N*a) as before, it follows from Lemma 45 
aert 





(Section 13) that V is a null set on U, with respect to the measure duy. 


Similarly (J A*a isa null set on Y* with respect to the measure da. Since 
ae d+ 


W(Ko X UW") =V, our assertion follows from Corollary 1 above. 
Put J*=K,NU*. Since fo N (—1)èap = 0, J* is both discrete and 
compact and so it is finite. It is obvious that (J*)*@==J* (se W). 


LEMMA 48. Let B*, be any connected component of Y. Then 
A = U (B*,) JF. 
aee W 
Hence X has only a finite number of connected components. 


Let B*, denote the closure of B*, in W*. Since B*, is closed in W*, 
B*, = B* N WU". Now define F and °V as above. Then 


(Ko XxX B*,) = ep n w(K, xX B*,) 
is both open and closed in ¢V and therefore, eV being connected, 
eV == w(K, X B*,) and Us =y (E. X B*,). 


Now suppose ae 2*’. Then we can find elements b e B*, and ke K, such that 

ay, == (kb) , Hence (ka) = b and therefore ke MW’ from Lemma 42. This 

means that b, == (a°), for some se W and bas e Ko N U* = J*. Conversely 

if zeJ*, z+ —6(z) and so 22==1. Hence | D(az)|==|D(a)| for any ae W*. 

This shows that U (B*,)8J* is contained in 9” and so the lemma follows. 
se 


COROLLARY. Let w* be the number of connected components cf A”. 
Then tf f is any continuous function on U, 


f fdu f |Dida" J,[P Baa N seg f (hak) dkak’. 


0 o 


Let f* denote the function on Up given by 


7* (tg) = f f (uk)dk ET 
Then ° 


f f (Ua) dita = EOL 


Í, aae — f*( (ea) »). 


and 
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Therefore 
f f(kak’) dkdk! — f " F ( (kag) ck 
KoxKo Ko 


and so it follows from Corollary 2 to Lemma 42 that 


J iue f | D(a)|da ff (kak) dkar. 


Now we can replace the integral on 2* on the right by the corresponding 
integral on %[*’. We know that any component B* of Y% is of the form 
(B*,)# (se W,zeJ*). Therefore if m is any element of M’ in the coset 
s, it is clear that 


So. (D) 2 da Soon: f (kak?) A 


=f) PC 





sda f f(kmamzk’) dkdk’ 





f, f(kak’) dkak’ 
' KoXKo 
since | D (asz)| =] D(a)). This shows that 


f | D(a) |è da f f(kak’) dhdl’ — w* f | D(a) |ë da f f (kak’) dkak’. 
gr* KoX Ko Bo* 7 KoXKo 


In particular if we take the function f = 1, we get 


= f du=e f | D(a) |2 da 
U ay 


and this gives our result. 
Now if we normalize the Haar measure da on Y* in accordance with 


Lemma 22, it follows from Lemma 39 that the numbers w* and im D(a) |? da 


are independent of the choice of ay,. ‘This completes the proof of. Lemma 22. 


13. Appendix. We shall now give a proof of Lemma 32. Let m and 
n be the dimensions of M and N respectively and let (t1,---,tm) be a 
coordinate system on M which is valid on some open neighborhood V of a 
point zoe M. We assume ti(zo) =01—1,:--+,m. For any positive integer 
p let Re denote the Cartestian product of R with itself p times. It is obvious 
that we can chose a compact neighborhood W of x, and a positive number a 
such that W CV and the mapping «— (#¢,(2),-- -,¢m(v)) (we W) maps 
W topologically on the cube | t;| ain R”. Any set W defined in this way 
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is called a cubic set in M (with respect to the coordinate system (¢;,-+*, tm)). 
Cubic sets in N are defined similarly. 

Since M satisfies the countability axioms (see Chevalley [3]) we can 
find a countable family V; (t—1,2,- - -) of cubic sets in M such that the 
following conditions hold: (1) M == U F: and (2) for each t, f(V:) is con- 


tained in some cubic set in N. Therefore, in view of the sum theorem of 
dimension theory (Hurewicz and Wallman [6, p. 30]) it is enough to show 
that dim f (Vi) <m for each 1 This however is an immediate consequence 
of the lemma below. 

We regard R? as an additive group in the usual way and if 


a= (t," ` +, dy) ERP, we put ja] = ( = a). 


Let J be the unit interval 0 tS 1 in È and let f” be the Cartesian product 
of I with itself m times. Then I” C R”, 


Lemma 44. Let f be a mapping of I” mto R* such that 
| f(b) —f(a)|Sc|b—a| (a,b e1”) 


where c is a fixed number. Then dim f (I) Sm. 


It is enough to prove that the Hausdorff {m 4- 1)-measure of f(Z”) 
is zero (see Hurewicz and Wallman [6, ». 104]). But this follows at once 
from our hypothesis on f and the fact that the Hausdorff (m + 1)-measure 
of J” is zero (Hurewicz and Wallman [6, p. 103]). 

Let » be a Borel measure on V. We say that pu is locally euclidean if 
the following condition holds. For each x in N we can find a cubic set W 
in N with respect to a coordinate system (¢,,- + *, tn) such that (1) 2, lies 
in the interior of W and (2) » is completely continuous (on W) with respect 
to the Euclidean measure dt = dt, - -di, on W. 


Lemma 45. Let N be a manifold satisfying the countability axioms 
and let »'be a locally euclidean measure on N. Then if Q is any subset of 
N with dm Q < dim N, Q is a null set with respect to p. 


We can cover N by a countable family of cubic sets V; i= 1,82, =+. 
For any fixed 1, choose a coordinate system (én * :,¢,) valid on some open 
neighborhood of V; such that V; is a cubic set with respect to this system. 
Obviously it would be enough to prove that Q N V; is a. null set with respect 
to the measure dt = dti - -dt,. So we have to prove the following lemma. 
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Lemma 46. Let Q be a subset of I” such that mQ <n. Then Q is 
a null set with respect to the Huchdean measure on I". 


Since dim Q < n, the Hausdorff n-measure of Q is zero. Our assertion 
therefore follows immediately from the definition of the Hausdorff measure. 


THE INSTITUTE FOR ADVANCED STUDY, 
Princeton, N.J. 
CoLUMBIA UNIVERSITY, 
New York, N.Y. 


REFERENCES. 





[1] V. Bargmann, Ann. of Math., vol. 48 (1947), pp. 568-640. 
[2] E. Cartan, (a) Ann. École Norm. Kup., vol. 44 (1927), pp. 345-467. 
(b) J. Math. Pures Appl, vol. 8 (1929), pp. 1-33. 
(c) Abh. Math. Seminar Hamburg, vol. 11 (1925), pp. 116-162. 


[3] C. Chevalley, Theory of Lie groups, Princeton University Press, 1946. ; 
[4] R. Godement, C. R. Acad. Sci. Paris, vol. 225 (1947), (a) pp. 521-523, (D) pp. 


657-659. 
[i] Harish-Chandra. (a) Trans. Amer. Math. Kac., vol. 70 (1951), pp. 28-96. 
(b} vol. 75 (1953), pp. 185-243. 
{e) vol. 76 (1953), pp. 234-253. 


(d) Proc. Nat. Acad. Sci., vol. 41 (1955), pp. 314-317. 
(e) Amer. Jour. Math., vol. TT (1955), pp. 743-777. 
(£) Amer, Jour, Math., vol. 78 (1956), pp. 1-41. 
W. Hurewiez and H. Wallman, Dimension theory, Princeton University Press, 1948. 
[7] J. L. Koszul, Bull. Soe. Math., vol. 78 (1950), pp. 65-127. 
[8° F. I. Mautner, Ann. of Math., vol. 52 (1950), pp. 528-556. 
[9° G. D. Mostow, Bull. Amer. Math. Soc., vol. 55 (1948), pp. 969-980. 


{10° I. E. Segal, (a) Ann. of Math., vol. 52 (1950), pp. 272-292. 
(b) Proc. Amer. Math. Soc., vol. 3 (1952), pp. 18-15. 
[11] H. Weyl, (a) Math. Zeit., vol. 24 (1925), pp. 328-395. 
(b) The structure and representations of continuous groups, Princeton, 
The Institute for Advanced Study, 1935. 


LIE AND JORDAN SYSTEMS IN SIMPLE RINGS WITH 
INVOLUTION.* 


By I. N. HERSTEIN. 


In previous papers, ([3], [4], [5]), the author has recently considered 
the question of Lie and Jordan simplicity of simple, associative rings and 
of certain subseis thereof. Baxter [1] completed certain cases, namely 
characteristic 2 and 3. These considerations were motivated by the classical 
results (in the theory of simple Lie algebras) which yielded that total 
matrix algebras over fields of charateristic 0 gave rise, in a natural wey, to 
simple Lie algebras. l i 

However, in the total matrix ‘algebras over fields, adjoints (involutions) 
can be defined in a variety of ways, and it was also known classically that 
the skew elements under the adjoint alsc led to simple Lie algebras; more 
recently, it has been demonstrated that the self-adjoint elements yield simple 
Jordan algebras. With these examples as motivation, we proceed, in this 
paper, to study the general situation, namely the Lie and Jordan structure 
of the skew and self-adjoint elements of arbitrary simple rings possessing 
involutions. 

Tn the course of this study several other results, interesting in theiz own 
rights, fall our way. For instance we prove (Theorem 9) that the subring 
generated by the self-adjoint elements is 4 except in the 4-dimensional case ; 
this generalizes a result of Dieudonné [2]. We also show that under the 
same conditions, as above, the skew elements generate the full ring (Theorem 
15); this is considerably more difficult than the case of the self-adjoint | 
elements. ‘There are also some special results about representations in various 
forms of self-adjoint elements and also concerning the taking of commutators 
twice of the skew elements. 


1, Preliminaries. Let A be a simple ring of characteristic different 
from 2. We say a mapping, *, from A.so A is an adjoint or involution on 
A if 
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(1) a*a, (8) (a+b)* =a o, (8) (ab) * = bat, 
for all a, b in A. 


As usual, we define S, the set of self-adjoint elements of A, by 
S=={ceA|a*==2}. Clearly S is an additive subgroup of A. Moreover, 
if a,beS then ab+bace8. Thus § is a Jordan subring of A under the 
Jordan product which is defined in A by woy==ay-+yz for tye A. An 
additive subgroup, U, of S is said to be a Jordan ideal of 8 if whenever 
weU, «eS then ux+aueU. | 

We further define K, the set of skew elements of A, by K = {zeA | «* 
=v}. As is readily verified, K is an additive subgroup of A, and if 
x,yeK then vy—yeeK. Thus K is a Lie subring of A under the Lie 
product [z, y] defined in A by [2,y]=-2y—vye for all t,yeA. We say 
that an additive subgroup, U, of K is a Lie ideal of K if ce K, ue U implies 
that wu—uere U. 

Certain facts about adjoints are trivial and we shall make use of these 
throughout the body of this paper without proof, explanation or reference; 
such facts include, for instance, «*—aweK, s*-+- veð, seS8, ke K then 
sk -+ kse K , sk: -— ks e 8, ete. 


2. Jordan simplicity of S. The purpose of this section is to show 
that the results from matrix theory extend to general simple rings, that is, 
that S is a simple Jordan ring. Throughout this section U will denote a 
non-zero Jordan ideal of S. Our purpose is to show that U = 8S. 


Lemma 1. If 2,yeS and weU then (cu—uxr)y—y(cu—ue) eU. 


Proof. Since U is a Jordan ideal of 8 and since cy -+ yz eg, it follows 
that (ty -H ye)u-+u(ay-+ yr)eU. However, 


(xy + yx)u + u(ay + yz) 
= {z (yu + uy) + (yu + uy) 2} + { (ux + zu)y —y (us —au)}. 


Now yu-++uyeU since U is a Jordan ideal of S; thus, by the same token, 
suy -+ yu) + (uy+yu)xeU. That is, the first { } on the right-hand . 
side of the relation above is in U. Since the left-hand side of this identity 
is also in U, we are left with the fact that the second { } on the right-hand 
side must be in U. That is, (us —su)y—y(us—su) is in U, which is 
the required lemma. 
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Lemma 2. If weU, be K then bu? —wbeU. 
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For, ub—bueS, and so (ub—bu)u-+u(ub-— bu) eU; since 
(wb — buju -+ u(ub — bu) = u?b — bu? 
this completes the proof of the lemma. 
Lemma 3. If we U, weS then cuceU. 


Proof. vue = {x(au-+ ur) + (cu + ur)e}— {su + ur}. Since U 
is a Jordan ideal of 8, and since z*eS along with z, both { } on the 
right-hand side are in U, and so 2aureU. Thus 2(2eur)eU; that is 

2¢)u(2z)eU for all seg. Since the characteristic of A is not 2, it is 
easily seen that 2S =; hence (2¢)u(2z)eU for all ve implies vuv eU 
fer all zes. 


COROLLARY. If sye and ueU then vuy + yure U. 


For, linearizing the result of the lemma by replacing « by +-+-y the 
corollary follows immediately from the lemma. 

Our aim is to show that au*b + b¥u*a* is in U for all a,be A. We 
have, in the corollary above, disposed of the case a*—a, b* =b. We 
proceed in the next few lemmas to corsider the other special possibilities, 
Q* == — Q, b¥ == +b, a* = — a, b* == — b, and then to combine them for the 
result at the opening of this paragraph. We now show 


LEMMA 4. If weU, bes, ae kK then bu’a—awbeU. 


Proof. By Lemma 2, since ae K, u2a—au?eU. Then, U being a Jordan 
ideal of S, b(u°a— au?) + (wWa—av*)beU. Now 
(1) b(u?a — au?) + (wa — au?) b = bu?a — au*b — bau? + wab. 
Consider 
(2) a(u?b — bu?) +- (ub — bu?) a= au?b — bu?a — abu? +- uba. 
Adding (1) and (2), the right-hand sides add up to u?(ab + ba) — (ab + baju’ ; 
since a&b + bae K, by Lemma 2, u?(ab — ba) — (ab + baju? is in U. Thus 
the sum of.the right-hand sides of (1) and (2) is in U; consequently the 
sum of the left-hand sides is also in U. Since the left-hand side of (1) is 
already in U, we obtain that the left-hand side of (2) must also be in U. 
Thus, if we now subtract (1) from (2) we observe that the elements we get 


on each side of the resulting equation are in U. In particular, the difference 
of the right-hand sides is an element of U ; whence 


(3) 2(au?b — bu?a) + (ba—ab)u? + u?(ba—ab) eU. 
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Now 2u?=—=uu-+uueU, so Bws + su? = u? (2s) + (28)u2eU for all ses, 
and, since 26 == §, we have w*s-+su*eU. In particular, in (3), since 
ab—baeS, u?(ab— ba) + (ab—ba)weU; from which (8) reduces to 
2 (aub — bwa) = au? (2b) — (2b)waeU. Since 289—S8 this gives rise to 
au*b — bu’ae U for all ac K, beg, ue U, which is Lemma 4. 


Lemma 5. If ack, we U then autac U. 


Proof. By Lemma 2, au?—u’aeU. Thus 2(au?—vw*a)*e U, and so 
4 (aw? )w?—u?(2a))?eU. Since 2K =K, (as is easily seen ) 
we obtain that ane. a)*eU for allacK, weU. But 





(au? — ua)? = { (au?a)u? + w (awa) } — wau — auta. . 
Since au?a e S, as we saw in the proof of Lemma 4, (au?a)u? + u? (awa) e U. 
Also 
Qu? are? == { (Wa? F a?u?)u? + u? (uwa? + au*) } — (uta? + aut}, 
and since a?e8, both { } are in U, so 2u?a*u?eU, from which, as betar; 
wau’ eU. Thus we obtain that au‘ae U. 


Linearizing the lemma we have 

COROLLARY. If a, bek then for uweU, auth + butae U. 
We are now able to prove 

THEOREM 6. IfuecU,r,teA then rutt + Futr*e VU. 


Proof. Clearly r=7)-+7, where roes, mek (ra=4(r*+r), 
=4(r—7")), and t= t, -+ i, where tbe, trek. Thus 


rutt + tute == (ro -t rollo + th) + (te — ri ut to — ti) = (routto + touts) 
+ (rotttt, — HU To) + (rutto — toutri) + (ruth + éyutr,). 


ar 


By the corollary to Lemma 5, since r, te K, (rutt, -+ tutri) sU. Since 
2u” e U, ute U, and since 2S = S, by Lemma 3, (routto + touro} eU. Since 
2u°e U, and since 285 = S, by Lemma 4, (rutt, — tutto) U and likewise 
(7,u*t, —toutr,)e U. Thus each component piece in the expression for 
rutt + t*utr" is in U, so ruté + t*utr*e U for all r,te A. 


THEOREM 7. If U548 then we U implies that ut = 0. 


Proof. Suppose that ut0 for some ue U. Since A is a simple ring, 
AutA =A. Thusif ye A, y= X rutti where rp lie A. Hence y* = > tFutr;*. 
But then y + y* = D (rutti + ti“u*r*) and so in U since each rith + titur” 
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is in U by Theorem 6. That is yty*eU for every ye A. Since every 
element of S is so representable we obtain U = 3S, a contradiction. In this 
way we are forced to ut =0 for all ue Ù. 

We are now able to prove the principal theorem of this section. 


THEOREM 8. If A is a simple ring of characteristic 342 then E is a 
simple Jordan ring. 


Proof. Suppose U is a Jordan ideal of S and that U 8. If red, 
uel and r= rt +t meS, r1,eK then 


war bu? == Urs + ry) + o — r u? == (Uro + rou?) + Wr, — rw’), 


and so is m G by Lemma 2. Consequently by the previous theorem, 
` (wr + r*u?)t==0. Since u*= 0, multiplying (w°r -+ r*u*)*—=0 by u* from 
the right and r from the left we have 1(u?r + r*u?}*u? == 0; simplifying this 
we obtain (7u?)5==0. But then Au? is a left-ideal all of whose elements 
are nilpotent of index 5; by a theorem of Levitzki [9], Au? must be locally 
nilpotent. If Au? 40, by another theorem of Levitzki [10], A must possess 
a non-zero locally nilpotent two-sided ideal. The simplicity of A then forces 
A to be locally nilpotent; this is impossible in a simple ring [3]. Thus 
Au? = (0) and because A is simple, u? == 0 results. That is, u?-—0 for every 
we. Therefore for every u,veU, uv + vu == (utv)?*—wv—v’?—0. If 
zeS, v =zu +- uve U, and so u(au+ ux) + (tu-+ur)u—0. This reduces 
to 2uzu==0 since u?=0. A has characteristic +42, thus uzu= 0 for all 
ves. If aek, auaeS, so by the above uauau = u (aua)u == 0. If r is any 
element of A, r==1-+7,, where ro 8, r£ K; whence 


UTUTU = U (To +11) UM A- T1) U = UNUT U = 0. 


In this way Aw is a left-ideal in which every element is nilpotent of index 3. 
Using the argument as above we are led to Au = (0), and so u==0. That is 
U = (0). Thus the only proper Jordan ideal of S is (0), consequently S 
is a simple Jordan ring. 

The following theorem is a generalization to the case of an arbitrary 
simple ring of a result Dieudonné proved for division rings [2]. We shall 
need it for use later in this paper when we study the Lie ideal structure 
of K. . 

We first define: If B is a subset of A then B is the subring of A 
generated by B. 


THEOREM 9. If A ts a simple ring of characteristic 42 and if Z, the 
center of A, is (0) or if A ts more than 4-dimenstonal over Z, then = A. 


1 
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Proof. By its very definition § is a subring of A. We claim. that 5 is, 
in addition, a Lie ideal of A. For, if ae, se 8, clearly as —sae 8. On the 
other hand, if b aes, keg, then abk— kab = a(bk— kb) +- (ak—kaib 
and so is in § since [K, S] C 8; continuing in this way, we have ak —kaeS 
for all ae, ke K. Since-every re A can be written as r=s-+ k with seg 
and keK, we obtain that ar— raes for all ae and all reA. Thus 8 isa 
Lie ideal of A. By Theorem 3 of [3] either § -== A or S C Z, the center of A. 
Suppose §54A; then the other possibility, S C Z, must prevail. In particular 
SCZ. Given reA, r= k +A where àeg CZ, ke K. Thus (r—dA)* =k? eZ 
since k’eg. Therefore every element of A satisfies a quadratic equation 
over Z. In this discussion Z=4 (0) (otherwise S C Z is nonsensical), so A 
is a primitive ring, in which every element satisfies an equation of degree 2 
over the center. By the work of Jacobson [6] this implies that A is at most 
4-dimensional over Z. The proof of Theorem 9 is thereby completed. 


3. The Lie ideals of K. We now turn our attention to the problem of 
finding the possible Lie ideals of K. Let U be a Lie ideal of K; our aim is 
to show that either U C Z or U D[K,K]. Our starting point in these con- 
siderations is 


Lemma 10. If weU, veg then u2a—au?eU. 


Proof. Since weU C K, seg, it follows that vu -+ uze K. Conse- 
quently wa — au? == (wu + wr)u—u(au+ur)eU since U is a Lie ideal 
of K. 

In the case of Jordan ideals we had that u in the ideal implies that 2u? 
is also in that ideal. In the Lie case we have no such closure under 
squaring, but the next lemma provides a substitute, showing that although 
u? need not be in U although ueU, u? does have a close relation to U. 


Lemma 11. If uweU and xe K then we—auieU; that is [u’, K]C U. 


Proof. Since au + uveg, by Lemma 10, (zu + ua)u? — u? (zu + ua) e U. 
In other words, vu? — wee + uruw? —waueU. However, usus K, from which 
it follows that uæu?-—— utu = usu- u—u' uxue U. By the above we are 
left with su? —u’s completing the proof. 

For U a Lie ideal of K, we define T(U) by T(U) = {ve K |[2, K] Cc U}. 
We note some properties of T(U} in 

Lexma 12. T(U) is a Ine ideal of K; moreover U CT (VU). 


Proof. That U C.T(U) is, of course, nothing more than the definition 
of a Lie ideal of K. It is also clear that T(U) is an additive subgroup of U. 
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Ta prove the lemma there remains but to show that [T(U),K|CT(U). 
Since [T(U), K] CU By definition, and since U CT (U), this fact follows 
easily also. 

Although we U need not imply that wee U we note 

Lemma 13. teT(U) implies that ®eT(U). 


Proof. Suppose that te T(U),-«eK. We must show that #2— zi'e U. 
Now if seg, s-—st?—t(ts + st) — (és—st)t is in U since ts +- ste kK. 
In particular, for s = tx + at; 

Us (e+ xt) — (ix + at)? = Pe — el + t- tet — tett. 
Since tele K, tal-4—t-tateU; whence #v—at*eU and eT (U). 
Although we do not need the concept in this paper, we feel that it 


will prove useful in further considerations on the Lie structure -of ‘rings 
with involutions, so we define: . 


U is a strong Lie ideal of K if ueU implies that u'e U. 
We note the following corollary to Lemma 13: 


COROLLARY. If U D[K, K] is a Lie ideal of K then U can be imbedded 
an a proper, strong Lie ideal of K. 


For if UD [K,K], T(U) 4K. Since, by Lemma 13, T(V) is a strong 
Lie ideal of K and U C T(UV) the corollary follows. 

Let Kok be the additive subgroup generated by all sy+-yx where 
x and y range over K. Clearly Ko K C 8. 


LEMMA 14. S=[K,S]4 Kok. 


Proof. As noted above, Ko K C 8. It is equally trivial that [K, 8S] C S. 
We claim that [K,S]+ Ko is a Jordan ideal of S. It is obviously an 
additive subgroup of S. Suppose now that a,be K and seS. Thus 


(ab + ba)s + s(ab + ba) . 
= {a(bs — sb) — (bs — shja} + {Cas + sa)b + b{as + sa)}. 


The first { } is in [K,S] since bs—sbeS; since as-+saeK, the second. 
{ } isin Kok. Consequently (KoK)oS C[K,8]4+ Kok. 
On the other hand, if ae K, s,te 8 then 


(as — sa)t + t(as — sa) 
== {a(st— ts) + (st— tsja} + {(at + tajs— s(at -+ ta)}. 
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Since st — tse K, the first { } is in Ko; since at + tae K, the second { } 
is in [K,S]. Thus [K,S]oS C[K,8S]+ Kok. 

In other words, [K,S]-+- KoK is a Jordan ideal of S. By Theorem 8 it 
follows that S == [K, S] -H K ° K, (the desired result) or [K, 8] Ko K = (0). 
We wish to rule out the second possibility. If [K, 8] -+K oK —(0), then in 
particular, ke K implies that k?=0. Also, ke K and seS implies that 
ks = sk. Thus 0 = k?’s = ksk; that is kSk— (0). If, on the other hand, 
aege K, then ka--ak =0 since it is in Kok = (0); multiplying this on the 
right by k we obtain kak—0; hence kKk= (0). Since A=K +9, 
kAk =k(K + S)k=kkk+khSk= (0). kA is, in this way, a nilpotent 
right ideal, which is impossible in a simple ring unless k= 0. Since K ~(0) 
(otherwise A is a commutative field), [K, S] + Ko K= (0) is not a pos- 
sibility, and so it is equal to the only other possibility, namely S. 

We recall that K is the subring of A generated by K. Although the 
next theorem is of some independent interest, it is the essential key to all 
the results that follow. 


THEOREM 15. If A has a trivial center or if A is more than 4-dimen- 
sional over its center then R =A. | 


Proof. By definition, K C K. We now consider those cases for which 
© C K will be provable. 

Let a,beK, and let seS. Thus sa+aseK, and so (sa+as)bek. 
That is, sab-++-asbeK. Similarly sba + bsae K. Subtracting these two we 
obtain that s(ab— ba) + asb—bsae K. However, ash — bsa = asb — b*s*a* 
= asb — (asb)* and thus is in K, and so in K. Consequently we have 
demonstrated that s(ab—ba) eK. Rephrasing this, S(ab—ba)C kK. How- 
ever, since ab—baeK, K(ab—ba)CK, and since A = K -+ 8, we obtain 
that A (ab —ba) C K for alla,be K. Similarly, if c,de K, (cd—de)A C È. 
Since Ķ is a subring of A, and since both A(ab—ba) and (ed—dc)A are 
contained in K, A(ab—ba)(cd—dc)A CK. A is a simple ring and 
A(ab — ba)(cd — dc)A is a two-sided ideal of A, so either A (ab — ba)(cd — de) A 
= Á, in which case A C K, the desired result, or A(ab — ba) (cd — de) A = (0) 
for all a,b,c,deK. We consider when the second possibility can hold. In 
that case, by the simplicity of A, (ab — ba) (cd — dc) —0 for all a,b,c,deK. 
Since K(cd—dc)A CK, the same argument as used above leads to 
(ab — ba) K (cd—dce) = (0) for all a,b,c,deK. Suppose now that seS, 
e,de kK. Then 


s(cd + de) — (ed + de)s 
= { (sc + ces)d— d (sc + cs)} + {(ds + sd)c—ce(ds + sd)}. 


w 
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Since sc-+cseK, the first { } is in [K,K]; similarly the second { } is in 
[K,K]. Thus the left-hand side is in [K,K]. But then, since we know 
from the argument above that (ab —ba)[K,K] = (0) for a,be K, we have 
that (ab —ba){s(cd + dc) — (cd + de)s} = (0) for all a,b,c,dek and 
se 8. If we further suppose that d == ef—fe where e,fe K then (ab —ba)de 
== 0 and (ab —ba)cd =0 since it is contained in (ab — ba) Kd = (0); and so 
(ab— ba) (cd + de) =0. Thus (ab—ba){(ed+ de)s—s(cd + dej} =0 
reduces to (ab — ba)s(cd + de) = 0 for all se S, when d= ef —fe. That is, 
(ab — ba) S(c(ef —fe) + (ef—fe)e) = (0) for all a,b,c,e,feK. Since, 
in addition, (ab —ba)K (c(ef—fe) + (ef —fe)c) = (0) (since it is con- 
tained in (ab —ba)K(ef—fe) = (0)) and since A= K +5, we obtain 
(ab —ba)A(c(ef —fe) + (ef —fe)c) = (0) for all a,b,c,e,feK. We wish 
to show that ab = ba for all a,b K. If not, that is, if ab — ba s4 0 for some 
a,beK, then by the simplicity of A, e(ef-—fe) + (ef —fe)c = 0 for all c, e, f 
in K. If seS then c= (ef—fe)s+s(ef—fe) is in K and so c(ef—fe) 
-+ (ef —fe)c = 0 implies, since (ef — fe)? 0, that 2(ef —fe)s(ef—fe) =0; 
that is, (ef —fe)S(ef—fe) = (0). Since, from before, (ef — fe) K (ef —fe) 
= (0) we are led to (ef — fe) A (ef — fe) = (0), which forces ef — fe = 0 by 
the simplicity of A. So, A has resulted in ab = ba for all a,be XK. In 
particular, if ae K, a? commutes with all elements of K. Now if ae K, se8, 
then as-+ sae, and so a(as+ sa) = (as + sa)a; in simplifying this says 
that a’s = sa? for all seS. Since a? commutes with all elements of K and 
of S , and since K+ S—A, a? commutes with all elements of A. Conse- 
quently a*eZ, the center of A, for all ae K. Linearizing this we obtain 
that ab -+ ba is in Z for all abe K, and so KoK CZ. Since ab = ba, we 
have that 2ab—ab+ baceZ. Thus abe K implies that abeZ. Since 
_ Z= (0) or Z is a field, ab = 0 or a has an inverse in A for alla,be K. Ifa 
has an inverse for some ae K then so does b for every b 40 e K, for ab 0e Z 
and so has an inverse, whence b has an inverse in A. We rule out the 
possibility that no ae K has an inverse in A. For then, since a?eZ, a? =0 
results; also, since a&b eZ, ab==0 for all be K. Since b==as+saeK, for 
se S, a(as-+ sa) —0, and so a8a== (0); since aKa—a?K == (0), we obtain 
aAa == (0), and so a = 0 because A is a simple ring. Thus we must assume 
that every as40eK has an inverse in 4. If b0eK, ab—AcZ, X=, 
whence a:ab == àa, and since a?==p540eZ, we are left with 6==\’a where 
NeZ. Thus K = {àa} for appropriate 1s in Z. ) 

If se S then (as — sa)? = a: sas + sas: a— as*a— sa?a, and since sase K, 
a: sas-+-sas-aeZ; also as*a + sa?s == as*a + a’s? (since a? eZ) = alsa + as?) 
eZ since s'a -Haste K. Thus (as—sa)*eZ for all ses. ‘Since S = [K, S] 
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k 


+ Kok, and since K = {àa}, and since Kok C Z, we have that every 
elernent s of S can be written as s = Aat — ta) + p for å, ue Z and te S. Since 

every re A can be written as r==s + k we have that r= àA (at 4- ta) -+ p + za 
for A,n,aeZ, te. Thus 


(r— p) =A? (at — ta)? + wa + a{a (at — ta) + (at—ta)a}. 


Now, (at— ta) eZ, œ eZ and a(at—ta) + (at— ta)a = at — ta = 0, so 
(r—jp)?eZ. Thus every reA satisfies a quadratic equation over Z. As in 
the argument’ used in proving Theorem 9, A is at most 4-dimensional over Z. 
Theorem 15 is now completely proved. 

It will be useful to show 


Lemma 16.11 If uveU then wueT(U) and wu--iuwelT(U). 


Proof. To prove that uvue T (U) we need but verify that [uvu, KIGU. 
Let ce K. Thus 


uve — ruvu = {u (vux + ruv) — (vue + cuv)u} + {vuru —uruv}. 


But vus + suv = vus — (vuxr)*e K, so the first { } is in U since U is a 
Lie ideal of K. Since usue K and veU, the second { } is also in UV. Thus 
uvuz—zuvue U, and so wueT(U). Now 


À 


uy + vu? == {u (uv — vu) — (uv — vu)u} -+ 2uvU, 


and since uvueT(U) and since u(uv— vu) — (uv—vujueU CT(U), 
wv + vu? also is in T (U), proving the lemma. 
If U is a Lie ideal of K we define B(U) by: 


B(U) ={weS|eutureT(V) for all ue}. 
By Lemma 16, we U implies that wre B(U). 


Lemma 17. Let ce B(U); then (au—ua)y + y(au—ur)eT(U) for 
all ye kK. 


Proof. 
( eeii + y (xu — us) 
= {v (uy —yu) + (uy —yu)a} + { (ey + ysju—u(ry + yr)}. 


Since uy— yue U, and since te B(U), the first { } on the right-hand side 
is in T(U). Since cy+ yeek, and since weU, a Lie ideal of K, the 
second { } is in U, and so is in T(U) ; this proves the lemma. 


1 The proof is patterned after a suggestion of Willard E. Baxter. 
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The lemma motivates the following definition: for U a Lie ideal of K, 
C(U) ={xeS | ay+yreT(U) for all ye K}. 


By Lemma 17, [U,B(U)]C €(U). 

Let u,veU. This weB(U). Hence wee—vu?eC(U). Therefore 
(u?y—vu?)k + &(wo—vu?)eT(U) for all ke. On the other hand, 
if se JS, 

(uv — vu?) s —s(u?v — vu") 

= {u? (vs — sv) — (vs —sv)u?} + { (ws — su?) v — v(u?s — su?) }. 

Since vs—sveS, the first { } isin U by Lemma 10. Since w’s— sw eK, 
the second { } is also in UY. Thus the right-hand side is in U, consequently 
it is in T(U). Thus (u?»—vu?)s—s(u?v—vu?)eT(U) for all seS8. 
Given any element re A, r==7 +7, where roeS and re K. Computing 
(utv — vu?) — ((u?v —vu?)r)* in terms of 7) and 7, and using the above 
discussion we see that (u?v—vwu?)r— ((u?v—vu?)r)* is in T(U) for all 
reA. We summarize this in 

THEOREM 13. Let U be a Lie ideal of K, and let u,veU, reA; then 

(uo — vu? )r— ( (wo — vu? )r)F eT (TU). 
We now define for U a Lie ideal of K, G(U) by 
G(T) ={geA | gr—r*g*eT(U) for all re A}. 
By Theorem 18, u*v—vu?e G(U) for all u,veU. 


THEOREM 19. Let A be a simple ring of characteristic £2 and suppose 
that evther Z, the center of A is (0) or that A is more than 4-dimensional 


over Z. If U is a Lie ideal of K and if UD [K, K] then G(U) = (0). 
| Proof. Let gx40eG(U); thus for any re A 
(1) gr—r*g* eT (VU). 
Thus, if ke K, since T(U) is a Lie ideal of K, 
(gr —r*g*)k —k(gr—r¥g*) eT(U). 
However, 
(gr —r*g*)e — ke gr —r*g*) = g(rk) + (kr*)g* —r*g*k — kgr e T(U). 


Since gre +- kr*g™ == g (rk) —- (rk)*g*, it is in T(U) by (1). Thus we 
obtain 
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(2) r*gřk + kgreT(U) for all red, kek. 
Let kı, kae K. Since T(U) is a Lie ideal of K, by (2) we have that 


(r* 9*k, + kygr) ke — hea (1* 9*h, + higr) eT (VU). 
That is, 
kigrka — kter*g*ky + (rk.)*g*k,— kekagreT(U). 
However, 
kigrka — ker* g” k, = kig (rka) + (rka) *g*k; 


and so is in T (U) by (2). We thus are led to r*g*kikeo — (kika) *gre T (U). 
Continuing in this way we obtain r*g*k— (ky*greT(U) for all ke K and 
allred. By Theorem 15, K = A if the center of A is trivial or if A is more 
than 4-dimensional over Z, so in these cases we have that +*g*t* —tgreT(U) 
for all t,re A. Since A is simple, and since g +£0, A=AgA. Thus, given 
yeA,y=Drgt. Then y* = J, t*9*r;*, and so y— y* = È (rigt — ti g*r). 
Since each 1;gt,—t,;*g*7,*eT(U) by the discussion above, we obtain that 
y—y*eT(U) for all ye A. However, every element in K has such a 
representation in the form y—y*; we thus obtain T(U)==K. By the 
definition of T(U) this is equivalent with UD[K,K]. Since we assumed 
D— [K, K] we are led to a contradiction, and so G(U) = (0). 


We assume henceforth that Z== (0) or that A is more than 4-dimen- 
sional over Z. 


Since for U a Lie ideal of K, wv—vu e G(U) for all wveU. and 
since, by Theorem 19, if U P [K, K], G(U) = (0), we have 


THEOREM 20. If UD[K,K] is a Lie ideal of K, and if u,veU, 


then uv = vu’. 
We now prove 


THEOREM 21. Suppose U is a Lie ideal of K in which w? =Q for every 
weU. Then U = (0). 


Proof. We suppose that w? == 0 for every we U. LetueU,keK. Thus 
Ruku = (uk — kuju — u (uk — ku) e U. Since 2K == K, we obtain ukue U for 
all ke K and all ues U. If u,veU then uv + vu = (u + v)? — u — i = 0, 
so left-multiplying this by v we obtain vuv == 0 for all vue U. Since ukueU, 
we also have v(uku)v==0. That is, vukuv==0 for all u,veU and kek; 
since uv = —vu we can obtain vukvu=0 for all v,weU and all kek. 
Let we U and seS. Thus sw -+ wse K, whence vu(sw-+ws)vu=0. Left- 
multiplying this by w we obtain wvu(sw -+ ws)vu==0. However, since 


SIMPLE RINGS WITH INVOLUTION. 641 


weU, wvu=— vwu ==vuw, thus wvuwsvu = vuw svu ==0, and since 
0 == wvu (sw + ws)vu, this reduces to (wvu)s(wvu) =0; in other form this 
says wouSwou = (0). Since we have already established that wvuKwvu = (0), 
and since A = K -+ S, these combine to yield wvudwru = (0). The simplicity 
of A then leads to wvu = 0 for allw,v,ueU. Ti ke K, let w= ku—ukeU; 
hence (ku —uk)vu = 0, and since wou == 0, we arrive at ukvu = 0 for all ke K. 
Put k==sv-+ vs where se S. Then 0 ==wu(sv + vs) vu = uvsvu = uvsuv since 
v?== 0, uv =— vu. That is, wwSuv== (0). As we already have established 
that uvKuv = (0), we reach uvAuv== (0), and so ww=0 for all uvel. 
Put v==uk— ku where ke K. Since u?=0, uv=0 yields that uku—0 
fer all ke K. IfseS, suse K and so u(sus)u—0, by the above. Ifre A, then 
g==g+ik when seS, ke K and so ururu=—u(s + k)u(s + kju = ususu = 0 
since uku=0. Thus uA is a nil right-ideal of A in which each element is 
nilpotent of index 8. As we have previously shown in this paper this is 
impossible in a simple ring unless uA == (0); but then u=0. Thus we 
have shown that U == (0), proving Theorem 21. 


THEOREM 22. Let U be a Lie ideal of K and suppose that U PD [K,K}. 
Then wcU implies that už eZ, the center of A. 


Proof. Since w?v == vu? for all u,v in U, by Theorem 20, u? is in the 
center of U, the subring generated by U. Now, w’s—su sU CU by 
Lemma 10 for all seS. Also wk—ku? = (uk—ku)u + u(uk—ku) and 
since we U, uk—kueU, each of u(uk— ku) and (uk—ku)u is in U for 
“kek; thus wk— kue U. But then wa—au?eU for all ae A. Since u? 
is in the center of U, w (u?a—au?) = (u°a—au*)u? for all ae A, uel. 
The theorem will thus be proved when we prove 














SUBLEMMA. Let A be a simple ring of characteristic 2. Suppose 
te A ws such that t(ta—at) = (ta—at)t for all ac A. Then tez. 


This sublemma has some independent interest. To prove the sublemma 
we proceed as follows. 

We know that ¢(¢r—vrt) = (¢4r—rt)t for all red. Let pe A. Thus 
i(lrp—rpt) = (trp—rpt)t. But trp —rpt = (tr —rt)p + r(tp— pt). Thus 
é(irp—rpl) = t{ (tr—rt) p +r (tp — pt)} = (tr — ritp + tr(tp— pt) since 
tr—rt commutes with ¢ Similarly (¢rp—rpt)t = (tr —rt)pt + ri(ts — pt). 
Equating the two, transposing and simplifying we arrive at 2(tr —rt)(to — pt) 
== 0, and since the characteristic of A is not 2, we have that (tr _—rt)(t9 — pt) 
== 0 for allr,peA. In particular, for p = ar, 


(1) (tr —-rt) (tar —art) = 0 for all a,veA. 
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Since tar —art == (ta—at)r-+a(tr—vrt) and since (¢r —rt) (ta —at) —0, 
(1) yields that (tr—rt)a(tr—rt) = 0; that is, (¢r—rt)A(tr—rt) = (0). 
This is impossible in a simple ring unless tr—rt==0. Thus teZ and the 
sublemma is established. Since w?(u?a— aw?) = (u?a — àu? Ju? in the theorem, 
u’eZ follows, and the theorem is proved. 


COROLLARY. Let U be a Lie ideal of K and suppose that U D [K,K]. 
Then u,veU implies that uv + vue Z. 


We now are able to dispose of the situation in which Z = (0). Indeed 

THEOREM 23. Let A be a simple ring of characteristic 42 whose center 
Z= (0). If U (0) is a Lie ideal of K then UD[K,K}]. 

Proof. I£ UD [K, K] then by Theorem 22 ue U implies that u? £ Z = (0). 
Consequently u? == 0 for all ue U. By Theorem 21 this results in U = (0). 

Having, in this way, settled the case Z == (0) we henceforth assume that 


ZA (0). 
The * of A induces an automorphism on Z. ‘Two possibilities now 
confront us, namely 


(1) A* = for all Ae Z, an involution of the first kind, 
(2) ps4 for some we Z, an involution of the second kind. 


In the case of an involution of the second kind, A= yp*—,» 540 is in Z 
and is such that A*=——A. Thus (2) is equivalent to 


(2°) | p” = — p for some p 0eZ. 


Our discussion first turns to the case (2’) in which there is a skew 
element in the center of A. 

Let peZ, p*==—p0. Let U be a Lie ideal of K ane we further 
suppose that U D [K, K]. 

If seg then pse K, hence for all wed, E that is 
p(us—su)eU. Tf veU, by the corollary to Theorem 22, 


p(us—su)v -+ v(u(us—su))eZ. That is p((us— su)v +- v(us — su)) e Z. 


As a consequence, since p>£0eZ, (us—su)v-+v(us—su)eU for all seg 
and all u,ve U. In particular, if ke K, k? eS, whence 


z = (uk? — k?u)v + v (uk? — ku) 


is in Z. Since uk? — k'u = (uk —ku)k + k(uk—ku), it is readily verified 
that 
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discussion (uk — k'u) k (uk — ku) = 0, we are left with (uk — ku) K (uk — ku) 
= (0). If seS, s(uk—ku)se K, and so (uk — ku)s(uk — ku)s(uk — ku) = 0. 
IfreA,r=—=s+k where seS and k’e K. By the above discussion it follows 
that (uk — ku)(s -+ k’)(uk —ku)(s + ’)(uk —ku) =0. So (uk—ku)A is a 
right-ideal of A each of whose elements is nilpotent of index of nilpotence 3, 
and as we have seen before, this forces uk — ku = 0 for all ke K. Since É == A 
this places u in Z, violating Zn K= (0). Thus for some veU with 
uv +- vu = 0 it must be that v? = à 402Z. This proves our contention. 

So, we now have elements u,veU such that u? = M30, v? =A), 
MA EZ and uv -4 vu=0. A simple calculation verifies that (wv —— vu)? 
== — AA A. 

We claim that u, v and uv— vu are linearly independent over Z. For 
if w = Agu + Atu + àa (uv — vu) =0, MEZ, uw+wu—0 yields 2, == 0, 
vw + wv = 0 yields 2, = 0 and (uv—vu)w + w(uv— vu) =0 yields that 
2a = 0. Hence Ay = À- = à = 0, and so u, v, uv —vu are linearly indepen- 
dent over Z. 

Suppose now that we could find an ve U so that u, v, uv —vu and a 
are linearly independent over Z. Suppose that us -+ tu = AÀ, Vt + 0 =p 
where À, ue Z. Consider s’ == gv -+ au + Bv where « and 8 are in Z. Now, 
vut ur == A -4 2a, T0 -4 vr = p -+ 2Bàan Since £0, 0 we can 
solve these for «, 8 to force vu -+ ux = xv + vz =0. Note that 2’ is 
linearly independent of u, v and uv — vu and that it is in U, (since Z C 8). 
We drop the ’. Since su + us = sv + vor =}9, we have that x(uv—vuw) 
= (uv —vu)s. Since geU, uv— vue U, then (uv — vu) + (ww — vure Z, 
thus 2g(uv—vu)sZ. Since v0 and since uv— vu has an inverse, 
2g (uv — vu) =à 0e Z. Multiplying both sides by uv — vu, and using that 
(uv — vu)? = — 4A,A,, we obtain that t= à (uv — vu), X eZ, contradicting 
that @ was linearly independent over Z of u, v and uv—vu. Thus no æ 
linearly independent over Z with u, v, uv — vu can be found in U. Thus U 
is 3-dimensional over Z. Also, to be more exact, U has a basis over Z con- 
sisting of u, v and uv—vu where u? = à) 50, v =: 0, Ay,ALEZ and 
where uv + vu =Ù. 

Let N (u) == {ve K | su == uvr}, and we similarly define N (v). By the 
nature of the basis of U, it is clear that W =N (u) N N (v) is such that 
W = {ve K | [z, U] = (0)}. 

We claim that W is a Lie ideal of K; for se W, ke K, te U implies that 


(ak — kx) t — ti (rk — kr) . 
== {v (kt — tk) — (kt — thie} + {(zt— te)k— k (rt —tr)}, 
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since st — ts =— 0 because teU, the second { } is 0; since kt—tkeU, the 
first { } is also 0. Thus ztk—kxre W. Also W D [K, K] for uw—vue [K, K] 
but wo—vu¢é W. We should like to show that W + (0). l 

It seg, u and v as previously chosen in U then we claim that 
(us — su)v-+v(us—su)eW. This can be verified readily by noting that 
(us — su)v + v(us—su) = — {u(vs—sv) + (vs—sv)u} and that weZ 
and veZ. So, if W = (0) then (us—su)v+ v(us—su) = 0 for all ses. 
But then, since in particular vs—sveS when ses. 


{u(us—sv) — (vs —sv)u}u + v{u(vs—sv) — (vs —sv)u} =Í. 


Since v commutes with u (vs — sv) and with (vs —sv)u, the equation reduces 
to 2u(u(vs — sv) — (vs—sv)u) =0. Since v has an inverse in A we obtain 
that u(vs — sv) — (vs — sv )u = 0 for allseS. But u(vs—sv) + (vs—vs)u 
= 0 since it is in W. Thus u(vs— sv) == 0, and since u has an inverse in A, 
vs — sv = l for all seS. Therefore v is in the center of 8, the subring 
generated by S. Because A is more than 4-dimensional over Z, by Theorem 9 
== A. Thus veZ; that is veZ nN K= (0), forcing v==0, a contradiction. 
In this way we have proved that W + (0). 


Since W D [K,K] and W (0) and it is a Lie ideal of K, W must 
also be 3-dimensional over Z. Consider [W, K]. Since W is a Lie ideal of K, 
|W, K] C W, and is also a Lie ideal of K. It can not be that [W, K] = (0) 
for then [W, K] = (0), and since K = 4A, [W, A] = (0) which would imply 
that W C ZN K= (0). Thus [W,K] must also be 3-dimensional over Z; 
since it is contained in the 3-dimensional W, it follows that [W, K] =W. 
Thus WC [K, K]. Similarly U C [K,K]. As is seen by examining JU, 
UNW=(0). Now W+U is a Lie ideal of K and is contained in [K, K]. 
It is 6-dimensional over Z. If W+U4[K,K] then our previous discus- 
sion shows that its dimension over Z would be 3, which it is not. Thus 
W -+U =[K,K]. 


Suppose now that [K,K]54K: We claim that there exists an se 9 so 
that us + suf [K,K]. For, if us--su is in [K,K] for all seg, since 
uk—kues[K,K], for all ke K, we would have that ua—a*u*e[K,K] for 
allaeA. As in the proof of Theorem 19 this leads to [K, K] -=K. Thus, 
Uso + suf [K, K] for some se S. Let tı = Uso + sue K, r g [K, K]. Now 
vet, — Tw £ U, so ve, — tv = av + Bu + y (uv — vu) where a, 8, yeZ, since u, 
v and uv— vu form a basis of U over Z. Since (vr, — mw )v + v (vr, — gw) 
= 0, we see that «= 0. If B=0, then v(t, — yu) = (z, — yuv, and so 
tı — yue N (u) ANN(v) =W C[K,K], from which v,e [K,K], a contra- 
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diction. Ti, on the other hand, 8340, v 25") — (2S =u that. 
is, there is a te K, t [K,K] with ut = tu and u = vt— tv. Now 
(uv — vu )t — t (uv — vu) 
== (u (vt — tv) ie (vi— tv) u} E (ut —ut)v—v(ut—tu) } = () 


since _ T 0 and since vt—tv=u. Thus ¢ commutes with uv— vu 
— 2uv and with u. So, utv = tuv = uvt, thus since u has an inverse in A, 
tv = vt. But then te N (u) NN(v)=W C [K,K], a contradiction. Thus 
the assumption that [K,K] 4K leads to a contradiction. 

So we assume that [K,K]=—K. Therefore K is 6-dimensional over Z. 

Suppose that Sı 52," - -,S; in S are linearly independent over Z. Now 
su -+us;eK and commute with u for +—1,2,---,5. Thus it is easily 
seen that us; -H st = Anti + Aww + MW + AuwwWs Where the w,’s are a basis 
of W and where the Aj;eZ for +—1,2,---,5. Therefore, for some g;e Z, 


5 s ; 
not all 0, Sa(sw—+us;)—0. That is, (Sas,)u+u(d usi) =0, and 
įz1 ' : 


t = $ 4,5;540 since the s; are linearly independent over Z. ¢ is of course 
in S. Thus, given any 5 linearly independent elements in S we can pee 
from them an element t085 so that ut + tu—0. 

If the dimension of § over Z is larger than 124, we can find 25 groups 
of independent elements of S each group consisting of 5 members. From 
each group we gef an element f, 1=-1,2,---,25 in S with ut, -+ tu = 0 
and where the t; are linearly independent over Z. We split the ts into 5 
groups of 5 elements in each. As with u, we obtain 5 elements p,e 8, so that 
pw + vp, = 0 for i = 1, 2,---,5, and where the p; are linearly independent over 
Z. Since the ps are linéar combinations of the t’s, pw + up: = 0 for i==1, 
2,°°°,5. Thus puw = up, pwu = vup, and so pluv — vu) = (uv — vu) py. 
However, as we did with u and v, since there are 5 linearly independent p;,’s 
in Z, we can find an element g540eS which is a linear combination of the 
pis for which q(uv—vu) + (uv—vu)q=0. However, since q is a linear 
combination of the p,’s and since each p; commutes with uv — vu, we have 
that g(uv — vu) == (uv —vu)q. Therefore 2q(uv — vu) =0. Since’ 2(uv — vu) 
has an inverse in A, g==0 must follow, contradicting that g40. Thus we 
must assume that the dimension of S over Z is less than 125. But then, since 
A =S + K, the dimension of A over Z is at most 131. By the known results 
for finite-dimensional simple algebras [7,8], if A is not the 4X 4 matrices 
over a field Z, U must contain [K, K]. 

We have finally proved 
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THEOREM 25. Let A be a simple ring of characteristic 42, and suppose - 
that A is more than 16-dimensional over its center Z Æ (0). Suppose further 
that XeZ implies that A*¥ =à. If U (0) is a Lie ideal of K then U must 
contain [K, K]. E 


Combining Theorems 23, 24 and 25 we obtain the main theorem of this 
section, namely 


THEOREM 26. Let A be a simple ring of characteristic 42, with an 
involution and suppose that either Z = (0) or that A is more than 16-dimen- 
sional over Z, its center; if K is the set of skew elements of A then every 
Ine ideal, U, of K must satisfy 


(1) etther UCZ or (2) U > [K, kK}. 
We combined Theorems 23, 24 and 25 to get the general Theorem 26 ; 
however, the sum total of information contained in these three theorems 


separately exceeds that given in the statement of Theorem 26. 
We close the paper with 


THEOREM 27. Let A be as in Theorem 26. Then 


Proof. Let U —[|[K,K],[K,K]]. U is certainly a Lie ideal of K. 
Thus if U4[K,K], then it is strictly contained in [K, K], therefore by 
Theorem 26, U CZ. Letae[K,K], ke K. Thus 


b = (ak —ka)a—a(ak—ka)eU C Z. 


Since aka is in K along with k, if we replace & by aka in the expression for 
b, and simplify the expression, we have that abae Z. Since beZ, aba—a*beZ. 
If 6540 it has an inverse in Z, and so aeZ. If a? £Z, then b=0 for all 

keK, so a(ak—ka) = (ak—ka)a for all ke K. That is, . ) 


(1) : ark + ka? = 2aka for all ke K. 
Consider k =as 4 sae K where seS. For this & (1) yields 


0 = a*k + ka? — 2aka = a? (as — sa) — (as—sa)a?, 
thus | 
(2) a* (as — sa) = (as —sa)a* | for all se 5. 
Since a?(ak—ka) = (ak —ka)a*, we obtain. a?(ar—ra) = (ar—ra)a? for 
all re A. Now, since a°r— ra =a(ar— ra) + (ar—vra)a we have that 
a? (a?r — ra?) = (a?r —ra?)a? for all re A. By the sublemma of Theorem 22, 
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ate Z. Thus in any case a?e Z for all ae[K,K]. If œ =0 for ae[K,K], 
then since a(ak—ka) — (ak —ka)a=—2akaeU C Z, we obtain akae Z, 
and since a has no inverse in A, aka=O for all ke K. As we have shown 
several times earlier, this forces a= 0. 

Consequently a5>40e[K,K] implies that a —A-~0eZ. 

Now Z3a(ak — ka) — (ak —ka)a = 2a(ak — ka), whence alak — ka) e Z 
for all ae [K,K] and all ke K. Since a has an inverse in A, this implies that 
alak — ka) = (ak — kaja for all be K. However, since aeZ, afak — ka) 
+ (ak—ka)a=0, and so 2a(ak—hka) =0. Since a is regular, this forces 
ak—ka=0 for all ke Kk. Thus a is in the center of K==A. That is, 
[K, K] CZ. 

Repeating tne argument used above on K instead of [K, K] this time, 
we arrive at KCZ. But then [K,K] = (0) and so [[K,K],[K, K]] 
== |K,K] = (0), and the theorem is proved. 
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PARTIAL DIFFERENCE SETS.” 


By D. R. HUGHES.’ 


1. Introduction. The notion of a transitive projective plane and the 
resulting characterization of the plane by a group with a difference set have 
been the subject of much interest in recent years (see [5, 9]). In [10] a 
somewhat similar situation, a transitive affine plane, is studied, and in [11] 
another similar situation arose in the investigation of associative planar 
division neo-rings. In this paper we introduce a generalization of the above 
situations which includes quite a number of other types of projective planes. 
In each case the plane is characterized by a (collineation) group with a 
particular subgroup structure and a subset called a “ partial difference set.” 


2. Planar ternary rings. Some use will be made of the planar ternary 
rings developed by Hall ([8]), but with a different coordinatizing scheme 
and a different notation; in particular, the ternary function F and the 
coordinatizing scheme of [11] will be used. In [8] Hall has developed a 
number of equivalences between the algebraic structure of the planar ternary 
ring and the geometric structure of the plane, and in [13] more equivalences 
of this type will be found (indeed, [13] is a very good source for all of these 
equivalences). All of these results, with perhaps slight modifications to 
account for the different coordinatizing scheme, carry over to the scheme 
used here, and those that will be needed will be listed. First a brief sketch 
of the ternary ring will be given. 

The planar ternary ring (R,F) is a set A containing at least the two 
distinct elements 0 (zero) and 1 (one), together with a ternary function F 
(mapping ordered triples of R upon #) satisfying: 


(A) F(a,0,c) =F(0,b,c) =c, all a,b,c€ R; 
(B) F(a,1,0) =F (1,4,0) =a, all &€ R; 
* Received September 14, 1955; revised, April 20, 1956. 
1 This research was carried out while the author was a National Science Foundation 
Fellow. 
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(C) if a,b,c,d€ R, a40, then there is a unique +€ A suck that 
F(z, a, b) =F (z,c, d); 

(D) ifa, b,c€ R, then there is a unique xE E such that F(a, b, s} =c; 

(E) if a,b,c, dE R, ac, then there is a unique ordered pair v, y € R 
such that F(a, a, y) =b, F (c, 2, y) = d. 


For all a,b € R, a-b or ab is defined to be F(a, b, 0), and a + b is defined 
to be F(1,a,0). Then the set R* of non-zero elements of R is a loop under 
the operation (-) with identity 1, and R is a loop under the operation (+) 
with identity 0; these are the multiplicative and additive loops, respectively, 
of (R,F). If (a,b,c) =ab-+c for all a,b,c€ R then the ring is said to 
be linear. 

Jn the coordinate scheme of [11] the plane ~ is related to (R,F) as 
follows: points are (a,b), (a), (œ), for all a b€ R; lines are [mk], 
[co, (&,0)], La for all m,kE€ R. The rules of incidence are: (a,b) is on 
[m, k] if #(m,a,b) =k, and (a,b) is on [o, (¢,0)]; (m) is on [m, k] 
and Lae; (æ) is on [o, (k,0)| and Ly. Note that this scheme is different 
from the scheme in [13], as well as that in [8]. 

In any projective plane if P is a point and L is a line, then the plane 
is said to be (P, L) transitive (with group H) if there is a group H of 
collineations which fixes every point on L and every line through P and 
which is transitive and regular on the “non-fixed” points on any line 
through P. That is, if Q and F are points collinear with P, both distinct 
from P and neither on L, then there is a unique AE H such that Qh = R. 
For further details about (P, L) transitivity, see [2, 18]; we remark that a 
plane is (P, L) transitive if and only if Desargues’ Theorem is valid with 
P as the center of perspectivity and L as the line of perspectivity. 

Now assume that ~ is coordinatized by the planar ternary ring (R, F) 
with Y= (0), Y = (œ), 0O = (0,0). 


THEOREM 1. (R,F) is linear with associative addition if and only if 
m is (Y, XY) transilive with group H ;, furthermore, the additive loop of 
(R, F) is then isomorphic to H. 


THEOREM 2. (R,F) ts linear with associative multiplication if and 
only if m 12 (X,OY) transitive with group H ; furthermore, the Ree 
tive loop of (R,#) ts then tsomor phac to H. 


We define the left distributive law to be a(b + c) =ab-+ac, and say 
that (A, F) is left distributive if this law holds for all elements of R. The 
right distributive law is defined analogously, as is right distributivity. 
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THEOREM 3. (R,F) is linear, left distributwe, and has associative 
addition if and only if w is (P,XY) transitive for every point P on the 
line XY. 


THEOREM 4. (KR, F) is linear, left distributive (right distributive), and 
has associative multiplication if and only if m ts (X,OY) and (¥,OX) 
transtiwe ((X,OY) and (O,XY) transitive). 


The proofs of the above theorems can be found in [13], or can be 
obtained by modifying or extending the proofs slightly. A planar ternary 
ring satisfying the hypotheses of Theorem 3 will be called a left Veblen- 
Wedderburn system, or merely a left V-W system (and a right V-W system 
is defined similarly), and a left V-W system with associative multiplication 
will be called a left near-field. 


3. Partially transitive planes. Throughout the rest of this paper “ pro- 
jective plane” will always mean “finite projective plane.” Then if r is a 
projective plane there will be an integer n (called the order of m) such that 
every point (line) is incident with n+ 1 lines (points) and such that r 
contains a total of n?-+n-1 points (lines). 

Suppose v is a projective plane of order n, and Œ is a non-trivial group 
of collineations of a; let rọ be the set of points and lines of r that are fixed 
(element-wise) by every collmeation of ©. Let the points and lines of ro 
be called fixed points and fixed lines; let the points (lines) of w that are 
not in ro but are on lines (contain points) of mo be called tangent points 
(tangent lines); let the remaining points (lines) be called ordinary points 
(ordinary lines). Finally, suppose that Œ is transitive and regular on both 
the ordinary points and the ordinary lines; i.e., if X, Y is an ordered pair 
of ordinary points (or lines) then there is a unique g E€ & such that Xg =Y. 
Then we shall say that + is a partially transitive and regular plane with 
respect to ® and wo, or merely that a is partially transitive. 

Obviously vo is either a degenerate subplane or a (non-degenerate) sub- 
plane of w (see [8] for a list of all degenerate planes). Since @ is transi- 
tive and regular on both ordinary points and ordinary lines, the number of 
ordinary points equals the number of ordinary lines (and this common 
number is the order of ©) ; hence it is easy to see that mo contains the same 
number of points and lines. ‘Thus r, must be one of the following types:? 


? In the abstract of the paper “ Partial difference sets,” presented to the American 
Mathematical Society on Oct. 22, 1955, the author stated essentially that type (4, m) 
_ only occurs if m == 3, and that types (5,m), (6,m) never occur. This is incorrect, and 
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(0) ra is empty. 
(la) ~o consists of a point Qo and a line Ko, Qo on Ko. 
(1b) ~o consists of a point Q, and a line Ko, Qo not on Ko. 


(2) ~o consists of two points Q, and Q, and two lines Ko and K,, 
where K, = Q.Q, and Qo is on Ka. 


(3) o consists of three non-collinear points Q, t= 0,1,2, and the 
three lines Ko = Q-Q} Kı = QoQa K: = QoQ. 


(4,m) vo consists of m points (m = 3) Q, t=1,2,:--,m, on a line 
Ko, a point Qe not on Ko, and the m +- 1 lines Ko, Ki = Qo. 
(5,m) wo consists of m -4-1 points (m= 2) Q, +=0,1,--°,m on a 


line Ko, and m -+1 lines Ki, +=—0,1,---,m, each through Qo. 
(6,m) oo is a subplane (i.e, non-cegenerate) of order m, with points 
Q, lines Ky, t==0,1,- - -,m?-+m. 


Types (la), (1b), (2), (8) would be special cases of types (4,m) and 
(5,m) if we allowed m < 3 or m < 2; however, the analysis is quite different 
in case m = 3 or m = 2, respectively, so we separate these cases. The results 
in this section will apply to all of the types, and we do not distinguish them 
until subsequent sections. 


LEMMA 1. Every tangent line contains ordinary points. 


Proof. Suppose, if possible, that L is a tangent line containing the 
fixed point Q and n tangent points 4,,4.,---+:,A,. Through each point A; 
there is a fixed line K, and the intersection of two such fixed lines is a fixed 
point. If all the lines K; contain the single point B then (since BQ is 
certainly a fixed line) every line through B is a fixed line, and so there are 
no ordinary points in the plane. This contradicts the assumption thas @ is 
non-trivial. Note that if n= 2 then there is a point B on all these lines K, 
since there are only two such lines, So we can assume that all the K; do not 
pass through a single point, and that n > 2. Hence it is easy to see that ro 
contains a set of four points, no three of them collinear, and thus vo is a 
non-degenerate subplane of ~, of order m, say. If n= m°’, then every point 
of w+ is on a line of wo, and this would contradict the assumption that © is 
non-trivial. Thus (see, for instance, [5]} we know that n= m?-+-m. Since 
xo contains at least the n lines K p and since Q is on at least 4 lines of wo, 


an example of type (4,m) with m = 4 is given in Section 5; infinitely many examples 
of type (5, m) are given in Section 6. The author has no examples of type (6,m) but 
has no proof that they cannot occur. 
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To must contain at least n + 4 lines; so m +mw+12n+4. This contra- 
dicts n == m?” -+ m, and the lemma is proven. 

Now let Po be an arbitrarily chosen ordinary point, and let J, be an 
arbitrarily chosen ordinary line. Let D be the set of all d€ © such that 
Pod is on Jy. Let Ri==JoKi and Li = PoQi; let R; be the. subgroup of © 
which fixes the point R; and let & be the subgroup of © which fixes the 
line Li. Since R; consists exactly of those s€ © such that J x contains Ry 
R: has order equal to the number of ordinary lines through R;; similarly &; 
has order equal to the number of ordinary points on la. By Lemma 1 each 
tangent line through Q; contains an ordinary point and is thus an image Lyx 
of Li; so it is fixed by the group «*Nw. Similarly for the tangent points on 
K,: each is fixed by a conjugate of Ri. Also, it is clear that R: N Rj; = 2, Q 
= 1 if 1547; for otherwise there would be a non-identity element of © which 
would fix Po == Lil; or Jo = Rik. 


Lemma 2. If Qi is not on K; then & and Ry; are conjugates in G; thus 
if there is a line of mo which does not contain either Q; or Q; then Qi and Qj 
are conjugates in ©. 


Proof. It is only necessary to prove the first part of the lemma. Suppose 
Q: not on K;; then the line L= Q;R; is a tangent line, so L= Lx for some 
tE ©, by Lemma 1. Hence K; is fixed by both R; and rz, so R; = x Qin. 


. Tarorsm 5. (a) If g€@, g€& for any i, then g—d,d,* for a 
unique ordered paar di,d2.€D; if ge XR for some t,g541, then g d,d," 
for any dy, da € D. | 

(b) If g¢@, g¢M for any i, then g= d;d, for a unique ordered 
pair dı, da € D; tf gE Ri: for some 1,9 541, then gd, "1d, for any di, dz € D. 
(c) ÆN R= LN R = 1 if 1547. 


Proof. Let g€ @®,gÆ1, and consider the line Po:Pog == D. Either 
L= Jb for a unique b € @, or L= L; for a unique 7, and in the latter case 
(and only then) ge. If L=J,b, then Pob, Pogb are both on Jo, 
so 0 = d, € D, gb = d, € D, or g = didst. By a reversal of the above it 
is clear that d, and d, are unique and the cases of (a) are mutually exclusive. 
Similarly, (b) is proven using the point Jo'Jog, and (c) has already been 
demonstrated. 


Lemma 3. If © contains an element b of order two, then bE QN Ñ; 
for some t and 7. 


Proof. Suppose bé &; for any 7. Then by Theorem 5, b =d,d,~ for a 
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unique ordered pair d,,d.€.D. However, b = b7 = dd", whence d, = dz 
and b=1, a contradiction. Similarly, b € N; for any t is contradictory. 

Of the various types given in this section, we shall henceforth exclude 
type (0), as that is the type given by Bruck in [5] (and including as an 
important special case the cyclic difference sets of Hall; see [9]).. The 
remaining types will 3e analyzed in more detail, and we shall consistently 
use the terminology and notation introduced in this section. Noting Theorem 
5, we shall refer to D as a partial difference set for the group ©. Of course, 
a knowledge of the subgroups R; and &; is also needed for a complete descrip- 
tion of the situation. Indeed, the existence of a group © with a partial 
difference set D satisfying (a), (b), (c) of Theorem 5, together with certain 
conditions on the subgroups A; and &;, implies the existence of a projective 
plane of the appropriate type. These other conditions vary somewhat for 
the different types, and will be given as they arise. l 

The following table is the rešult of straightforward counting, which 
we omit: 


Order of Order of fı Number of 





Type’ Order of @ No and &o and&,740 elements in D 
(1a) n? n n 

(1b) n?— 1 n— 1 n 

(2) n? —n n n— 1 n—1 

(3) (n—1F n—l n——1 n—? 
(tm) (n—1X{n—m +1) n— 1 n—m+ i1 n— m 

(5, m) nfn -— m) n n—m n—m 
(Gim)  (n—m)(n— m?) n— m? n — m? n M? —— M 


Note that types (3) and (6,m) are “symmetric” in the sense that the 
subgroups for i==0 are not particularly distinguished from those for 1340. 


4, Types (la), (1b), (2), (8). These types are somewhat simpler 
than the others, and generally admit of many examples. With the exception 
of type (1b), there are both Desarguesian and non-Desarguesian examples 
of each type known. Furthermore, quite a bit of simplification occurs if G 
is abelian or if certain of the subgroups St; or &; are normal, a situation 
which cannot occur in the other types. We will first give some examples; 
in each case the example will be given in terms of a particular planar ternary 
ving of the plane under consideration. 

Type (la). Let (#,#) be a (not necessarily associative) division ring 
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(with identity). For each ordered pair a,b€ R, consider the mapping 
$= ġ(a,b) defined below: 


p: (x,y) > (e+ a,y 4+ ae + b) [m,k|—> [m —a, k +-ma-+b—a?] 
(m) -> (m—a) Leo, (k, 0y] > Leo, (k + a, 0)] 
(00) —> (00) | Lig? Lo. 


Then the set of all such mappings is a group © of collineations with respect 
to which the plane is of type (la), with Qo = (œ), Ko= Le. If we let 
Py) = (0,0), Jo= [0,0], then Ro == Q, = {¢(0,b)} is normal in @, and 
D=={$(a,0)}. 3 

Type (1b).° Examples of this type will be found in [4]. 

Type (2). Let (R, F) be a linear planar ternary. ring with associative 
addition and multiplication. For each ordered pair a,b € R, a540, consider 
the mapping ¢6—¢(a,b) defined below: 


$: (ay) > (az,y-+b) — [m,k] > [mak +5] 
| (mm) > (ma*) [ 00, (k,0)] => Loo, (ak, 0) | 
(00) —> (00) Lo > Lo. 


Then the set of all such mappings is a group Œ of collineations with respect 
to which the plane is of type (2), with Qo = (œ), Q: = (0), Ko = Lo, 
K, = [%,(0,0)]. If we let Po = (1, 0), Jo = [1,0], then Ro = & = {¢(1, b)} 
is normal in G, and R, = &, = {¢(4, 0)} is normal in @; D consists of all 
elements ġ (a, — a}. | 

Type (3). Let (#,F) be a linear planar ternary ring with the left 
distributive law and associative multiplication. For each ordered pair a,b € R, 
. £920, b40, consider the mapping ¢—¢(a,b) defined below: 


p: (x,y) > (ax, by) [m, k] > Lbma-, bk] 
(m) —> (bma) [ 00, (k, 0)] — [ oo, (ak, 0)] 
(co) — (00) Lao > La 


Then the set of all such mappings is a group © of collineations with respect 
to which the plane is of type (3), with Q.e = (œ), Q= (0), Q- = (0,0), 
K,= [0,0], Kı = [%, (0,0)], K: = La. I£ we let Po = (1,1), Jo = [1,1], 
and let e € R satisfy e -+ 1 = 0, then R, = & = {4 (1, dD), Ri = L, = (4, 1)}, 
R = {o(a 0)}, Qı == {h(a, eae)}. Each of these subgroups except the last 
two are normal in Œ; D consists of all ọ (a,b) such that a+- b=1. ` 

By an obvious modification, if “right distributive” is substituted for 
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“left distributive” in the above example of type (3), then the plane is still 
of type (3). Since there exist finite non-associative division rings (for type 
(la)) and finite near-fields which are not fields (for types (2) and (8)), 
it is clear that not only does every Desarguesian plane yield an example of 
the above types but also that there are non-Desarguesian examples. The 
examples of type (1b) given in [4] are all Desarguesian, and © is cyclic, 
and it is conjectured that all such finite cyclic examples are Desarguesian . 
(see [10]) ; the author does not know of any finite non-cyclic examples. 

From Lemma 2, the groups Jt, and Q, are conjugate in type (1b); R 
and 2, are conjugate in type (2); for each i, N; and &; are conjugate in 
type (8). Furthermore, by a proper choice of P, and J, it is easy to see 
that certain of the ft; and 2; can be made to coincide: for t= 0 in type (1b), 
+= ] im type (2), and any two values cf « in type (38). 


THEOREM 6. If either Ri or Q is normal in G, then Ri = Q. 


Proof. As noted above, this is a corollary of Lemma 2 for every case 
except t= 0 in types (la) and (2), so we restrict attention to these cases. 
If Re is normal and xE Jo, t341, then certainly zé Q, (in type (2)), since 
the orders of R, and &, are relatively prime. If also té Q, then z= ddot 
for some dı, da € D, whence drd = dy'd, E Ro, since N, is normal. This 
is impossible, by (b) of Theorem 5, so we must have sE &, whence Ro = Xo. 


THEOREM 7%. In types (la) and (2), of Ro is normal in G, then x is 
coordinatizable by a linear planar ternary ring with associative addition. 


Proof. If Re is normal, then every tangent point Ror on K, is fixed 
by Ro = s tRov, whence it is immediate that m is (Qo, Ko) transitive. Thus 
the theorem follows from Theorem 1. 


THEOREM 8. In type (1b) if R, is normal in Œ, or in type (2) if R, 
is normal in &, then r is coordinatizable by a linear planar ternary ring with 
associative multiplication. 


Proof. Analogous to the proof of Theorem 7, using Theorem 2 instead 
of Theorem 1. 


- THEOREM 9. In type (2), tf both of the R; are normal in Œ then r 
as coordinatizable by a linear planar ternary ring with associative addition 
and multiplication. 


Proof. Immediate from Theorems 7 and 8, noting that the same ternary 
ring can, be used in the conclusion of each of these theorems. o 
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Thus, referring to the example of type (2) given at the beginning of 
this section, Theorem 9 actually affords us a necessary and sufficient 
condition that a plane be coordinatizable by a linear ring with both opera- 
tions associative. 


THEOREM 10. In type (8), f Ro is normal in Œ then m is coordi- 
natizable by a linear planar ternary ring with associatwe multiplication. 
If R and R, are both normal in Œ then ~ is coordinatizable by a linear 
planar ternary ring with the left distributive law and associative multiplica- 
tion; furthermore, $ 1s isomorphic to the direct product of R, with itself, 
and all three of the R; are isomorphic to one another. If all three of the R; 
are normal in Œ then v is coordinatizable by a linear planar ternary ring 
with both distributive laws and associative, commutatwe multiplication (1. e., 
an abelian planar division neo-ring; see [11]). 


Proof. The first sentence and the first part of the second sentence in 
the theorem are immediate from Theorems 2 and 4. Assume that R, and R, 
are normal in ©; it is clear that © is their direct product. If r€ M., then 
v= ab, aE Ro, bE R,, and this representation is unique; furthermore, for 
any a@€ Ro there is exactly one bER, such that abe R,, since Re N Rə 
=, N Ra = 1. Thus every element of N, can be written in the form a(a7’) 
for some a € Ro, where T is a one-to-one mapping of R, upon R. If a,b E Mo, 
then [a(aT)][b(bT) ] = ab[ (aT) (bT)] € Ra, so (aT) (bT) = (ab) T. Hence 
Ro is isomorphic to Jt,, and obviously R, == {a (aT) } is also isomorphic to Ro. 

If also f is normal, let a,b€ No. Then a*[6(bT) a= atba(bT) € Ro, 
so bT = (a"ba)T or b=a"ba. Thus R, is commutative (and so is @). 
Since; from Theorem 2, ft, is isomorphic to the multiplicative group of the 
planar ternary ring under consideration, we are done (in view of Theorem 4 
and the first part of this theorem). 

From Theorem 10 and the example of type (3) given at the beginning 
of this section, we have a necessary and sufficient condition that + possess 
a linear coordinate ring with the left distributive law and associative multi- 
plication : + must be of type (3) with two of the R, normal in G. Following 
the remark at the end of the example, this is the same as the condition 
that it possess a linear ring with associative multiplication and the right 
distributive law -(note however, that these are different rings: the points 
(0,0) and (oo) are interchanged). In fact, if (R,F)} is a planar ternary 
ring which is linear, left distributive, and has associative multiplication, then 
the interchange of the roles of the points Y = (œ) and O= (0,0) gives 
rise to a new ring with the same properties, except that “right distributive ” 
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replaces “left distributive.” Thus suppose ~ is a plane coordinatized by a 
left near-field {which is not a field); performing the above interchange 
we arrive at a new system, which however cannot have associative addition. 
For if it did it would be a right near-field, and it is elementary to see that 
there would be a collineation moving the line at infinity (Le) of the original 
left near-field coordinate system. It is well-known (see, for instance, [8]) that 
this implies that the original left near-field is a field, which is contradictory. 

The above observations are of interest mainly because they indicate the 
existence of finite non-trivial examples of what might be called “right (or 
left) planar division neo-rings”: linear planar ternary rings with the right 
(or left) distributive law, whose addition is not necessarily associative. (In 
this connection, see [6, 11].) Although the examples given here do not lead 
to new projective planas, others might, and the lack of associative addition 
implies that we are not immediately restricted to cases where the order is a 
prime-power. 

We return to the general case of the section now. Jf ¢ is an auto- 
morphism of the group @ and if Dé== Db for some b€ ©, then, folowing 
Hall ([9]) we call ¢ a multiplier of the partial difference set (according to 
[5], @ would be a right multiplier). The concept of multipliers has been a 
powerful one in the treatment of cyclic difference sets (i.e., cyclic groups of 
type (0)) and has already been applied to partial difference sets by Hoffman 
({10]) and the author ([11]) for types (1b) and (3), respectively; using 
the techniques of [11], Hoffman’s results can be extended from the cyclic 
case to the abelian case, by the way. Specifically, all of these results are of 
the following nature: if © is abelian, of type (1b) or (3) (or even of type 
(0)), and if p is any prime divisor of n, then the mapping ¢: w— q? is a 
multiplier. Using this result, abelian examples of type (1b) or (3) appear 
very likely to be of prime-power order (i.e., n is a power of a prime). How- 
ever, the same mapping is not even one-to-one for abelian examples of type 
(la) or (2), and other difficulties present themselves: in the known proofs for 
the existence of multipliers, a key step is to show that the element A = ÑX d“, 
for all 4€ D, is a non-singular element of the group algebra of © over the 
rationals. For types (1a), and (2), A is definitely singular, and it does not 
seem unlikely that this should indicate some kind of fundamentally different 
situation. 

Now we investigate the conditions under which we can construct the 
plane from the group @. In each of the types all of the left cosets df, d € D, 
are distinct. For if d, = dəf, re€ Mi, dı, d2€ D, then r—d,"d, and by 
Theorem 5, this implies dı = d. Thus, referring to the table at the end of 
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Section 3, we see that every left coset of M; is of the form dR, dE D, for 
t= 0 in types (la) and (2), and that all but one left coset of R; is.of this 
form for the remaining values of + In each of these latter cases, let q E€ © 
be 30 chosen that qR: is the unique coset not of the form di; although q; 
is not unique, it is determined up to a right multiple by an element of R; 


THEOREM 11. Whenever qi is defined, qi = Rigi. 


Proof. Choose be @ such that R; is on Lb. Then b&b = NR; or 
Qb = bR; But Rb- is on Li, so the collection of lines J,3t;b-* all pass 
through #,b-+; they are all ordinary lines, so none of them contains Q, and 
hence none of them contains Po. Thus 1¢ D#,b7, or b ¢ DR; so bA is the 
(unique) left coset of R; which is not of the form df, d¢€ D. Thus 
DR — gt, and qi= br, re RN. So Qiqi = Qbr = bRir = OR; = gh. 

Indeed, Theorem 11 can be extended ta show that 2,9; is the unique right 
coset of Q; which is not representable as Rid, dE D. However, we do not 
need this in what follows. 


THEOREM 12. Besides (a), (b), (c) of Theorem 5, the following is 
alse satisfied: | 

(d) q@ti—Rigi where gt; ts defined as the unique left coset of Ni 
not representable as dR; dE D, of such a one exists; furthermore, all of the 
left cosets dRa dE D, are distinet. l 


Now if © is a group with a subet D and subgroups N; and &;, satisfying 
the numerical conditions of the table at the end of Section 3 for one of the 
types (1a), (1b), (2), or (8), and if furthermore (a), (b), (e), (d) of 
Theorems 5 and 12 are satisfied, then we shall say that (©, R, Q, D) is a 
parlial difference system (of the appropriate type). We will now show that 
the existence of a partial difference system implies the existence of a pro- 
jective plane of the appropriate type. Actually, we will define the plane 
for each type but only demonstrate that it is a projective plane for type (2), 
since this is fairly typical of each of the types; the demonstration for the 
other types is straightforward. 

We define a set v of points and lines, with an incidence relation as below. 

Points: (a), for each a€ ©; (Ria) for each right coset of Ri; Qi, where 
t runs over the appropriate integers. 

Lines: [Db], for each bE WG; [Qb], for cach right coset of Q; Ki 
where j runs over the appropriate integers. 


Tneidence: 
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(a) on [Db] if ac Db; (a) on [Q0] if a€ Qb; (a) never on K; 
(Ra) on [Db] if bE Ria; (Ma) on K; if i=j; (Ria) on [Qb] as below: 
Type (1a): never. 

Type (1b): if goa € Rob. 

Type (2): never, if i=-0 or j= 0; for i= j = 1, then if qa E Rb. 
Type (3): never, if i547; for t= j, then if qa E Qib. 

Q; never on [Db]; Q; on [Qb] if t—7; Q: on K; as demanded by ro. 


Now we consider type (2) and show that v, as defined above, forms a 
projective plane. 

Let (a) and (b) be distinct points ii. e., asb). Then either ab € Q, 
for some j, or ab == d,d, for a unique pair d, da € D. In the first case 
we have a,b € Qb, so both (a) and (b) are on [Q;b]. In the second case we 
have dta = dy 1b == ¢, whence a,b € Dc and both points are on [De]. The 
arguments are easily reversed to show uniqueness. 

Consider the points (a) and (Rb). If i=0, then ab is in a coset 
dRo, where dE D, so abt == dr, where r€ My. Let c—rb; then a€ De and 
cE Ro, so (a) ard (Rob) are on [Dc]. If i= 1 then either ab*¢€ dh, for 
some dE D, or abt € gift,. The first cese is handled exactly the same as 
when t=-0. In the second case we have ab*€ qR —.9:, and we let 
c= qb. Then a€ Qc and g,b€ Se, so both points are on the line [Ric]. 
Again the arguments are readily reversed to demonstrate uniqueness. 

Clearly the points (a) and Q; are on [Qa], and on no other. 

Let (Ria) and (R;b) be distinct poirts (i. e., Ria sR). Then if t=} 
both points are on the line Ki Let 1547, and note that RAR; = ©, since the 
two subgroups intersect in the identity; for the same reason, every element 
of © has a unique representation in the form ryn, where r;€ Ra 7: € Mi 
Let bat == rri; then ra= rb =c, whence cE Na, cE Rb, and so (My) 
and (R;b) are both on [De]. Again, the uniqueness is straightforward. 

Consider the points (Ri) and Q; If tj, then both points are on Ki, 
while if 1==j7==0, both points are on Ko. Jf t=} = 1, then let b= q,a; 
we have qa € Qb, so (Ria) is on [2,0] and certainly Q, is on [Qb]. Unique- 
ness is obvious. 

Finally, the points Q, and Q, are both on Ko. 

Since w is finite and every line clearly contains n+ 1 points, this is 
sufficient to prove that m is a projective plane (the nondegeneracy is trivial 
if n> 1). In order to show that m is of type (2), consider mappings of the 
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form (a) — (ar), (Ra) —> (Rias), ete., for each se Œ. The set of such 
mappings forms a group of collineations (isomorphic to G) with respect to 
which ~ is of type (2). 

Another kind of example of a partial difference system can be con- 
structed as follows. Let R be a finite field of order n= 2‘, and let p be 
any integer such that both p and p— 1 are prime to n—1I1 (e.g., p=2). 
Let & be the group whose elements are the ordered pairs (a,b), a, b € R, a30, 
with composition (a,b) (c,d) = (ac,be--d) (then in fact, © is isomorphic 
to the holomorph of the additive group of R with the automorphism group of 
multiplications). The identity of G is (1,0), and (a,b) = (a, ba). 
Let D be the subset of © consisting of all elements (z,2?), x40. Then, 
as both p-th and (p—1)-th roots exist and are unique in f#, it is easy 
to see that every element of ©, excepting the elements in the subgroups 
{(1,6)} =, = &o, and {(a,0)} =, = &Q,, can be represented uniquely as 
§,8.°! and as 8,-8,, where the 8; are in D. Further, (c) and (d) of Theorems 
5 and 12 are trivially satisfied. 

Thus we have a plane m of type (2), of order n—2*, with nonabelian 
©. Since N, is normal, ~ possesses a coordinate ring which is linear and 
has associative addition. However, for n = 2,4,8, m must be Desarguesian 
(since all planes of order <= 8 are known to be Desarguesian), although the 
author does not know if this is generally true. Also, this gives an example 
of type (2) in which not all of the subgroups $f; are normal (since i, is 
certainly not). 


5. Type (4,m). Throughout this section we asume that a is of type 
(4, m), where m= 3. Since J, can be chosen so that Ry, Po, Qo are collinear, 
we can assume that Ro = [&, and (unless stated to the contrary) we shall 
always make this assumption. From Lemma 2, all the N; and Q, for i540, 
are conjugates, and hence © is certainly not abelian, nor are any of the N; 
or &, t0, even normal in ©: for N R= RN Vj —=1 if t4, and R; or 
Q; do not have order one (see the table in Section 3). Let q = (n —1)/(m— 2); 
we shall show that q is an integer. 


THEOREM 13. If +40 and a€ G, then a Ra fives a subplane m, of r, 
of order m— 1; a Sta fives exactly m—2 tangent points on any line K; 
7540, and q is an integer. R; has exactly q distinct conjugates, any two of 
which intersect in the identity, and any two of which fix different subplanes 
of order m—1. 


Proof. Let m, be the set of points and lines that are fixed by every 
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element of a Ra. m, contains at least one tangent point on K, and so if 
7540, afta fixes at least one tangent point on K; because there is at least 
one point Q, on Ky which is not on K; or K; Thus ~, contains at least 
four points, no thrée of them collinear, since +, certainly contains the m 
points Q; j73£0; so m, is a non-degenerate subplane of x. But ~v, contains 
only the m points Q; 7340, from among the points on Ko, and so m, must 
contain m points on all of its lines: -thus its order is m— 1.” Besides Qo 
and Q; 77£0, =, contains then exactly m—2 tangent points on the line K,. 
If ji, then these m—2 points are just the points Ras, where v is in the 
normalizer of afta in ©. If a Rtas d7°Rb, but there is a non-identity — 
element in common to these conjugate subgroups, then this element must fix 
exactly m points on Ky, but more than m points on K; since it fixes the 
points that are fixed by aR and also the points fixed by 67,5, and these 
two sets of points (on K;) cannot be the same (for otherwise the two subgroups 
would be equal). 

Thus distinct conjugates of R, intersect in the identity, and in fact, 
fix sets of tangent points on K; which are distinct. So the n—1 tangent 
points on K; break up into sets of m-—2 points each, hence q is an integer. 
In fact, since there are q sets of such tangent points on K; and each corre- 
sponds to a different conjugate of R, q must be the index of the normalizer 
of Ni in B. 

If X is any subgroup of @, let N(NA) be the normalizer of M in ©. 
Using the new parameter q in place of n, © has order g(q—1) (m—2)?, 
Ro (and Qo) has order g(m— 2), R; and &, 1540, have order (q— 1) (m—2), 
N(R) and N(&,) have order (q—1)(m—2)*. Since a, of order n, pos- 
sesses a subplane of order m—1, we must have n==(m—1)? or 
n= (m—1)*?-+ (m—1)—m?—m. In the first case we have g=m and 
in the second case q Z (m%—m—1)/(m—2) =m+1+1/(m—2); so if 
gy&m, then gm-+ 2. 


TreoreM 14. Both m and n are odd, unless n= (m—1)?. 


Proof. If m is even, then n—1=m—2==0 (mod), so n is odd 
and n—m +1 is even. So Si, i540, possesses an element of order two, 
and so does each of its conjugates. Thus by Lemma 3, every conjugate of R; 
must be an Ry, where 7540, and so q = m and n== (m—1)?. 

Tf m is odd, then n—m-++-l=n (mod 2) so either R, or Mi, 1540, 


° For if a“}t,@ fixed a point S on Ke S ~ Q, for any i, then since a“ {R,a fixes a 
tangent point T on K,, aR a would fix the line L= ST; but L is an ordinary line, 
and this is contradictory. 
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has even order and possesses an element of order two. If n is even then 
it must be R; +540, that possesses this element, so as above, g==m and 
n= (m—1)?. l 

Now let § == N (Ri) N Ro- 


THEOREM 15. The order of © is m—2. 


Proof. Consider the m—2 points Ria, where a€ N(R). Let +5<0,1, 
and let S be the intersection of the lines Lẹ and #,Q; Each of the points 
Lo(Rıa: Qı), for a€ N(R), is a point Sb, where b€ My; but clearly, for 
each such b, we also have D€ N(R), so bE Q. Conversely, any element in 
§ must be one of the elements b defined in this way, so § has order m-~2. 


THROREM 16. If n (m—1)?, then- both § and Ry are normal in ©. 
Furthermore, every element of R, which is not in § has order two and q == 2? 
for some t. 


Proof. Suppose b€ I, bE H, and rE R, r1; suppose also thet 
brb =r. Then r fixes the point Rb, whereas (since bé N(R,)) Rib is 
not one of the m—2 tangent points on K, that are fixed by 8. This is 
impossible (see the proof of Theorem 13). So if x,y € R, and tbe = y ‘by, 
we have b-(ya7')b == yx, and thus =y. Hence all the (¢g—1)(m-—2) 
conjugates of b by elements of R, are distinct. Now if n54 (m—1)? then 
Ro has even order n-—1 while © has odd order m—2, by Theorem 14; 
so Ra possesses an element b of order two, and bé $. The (¢q—1)(m-—2) 
conjugates of b by elements of R, are all distinct and they all have order 
two, so by Lemma 3 they must all be in R, (for Ri, +40, has odd order}. 
So all the elements of R, not in § have order two, and there are no other 
elements of order two in ©. Then any two conjugates of R, must intersect 
in a group containing these (¢—1)(m—2) elements of order two; it is 
easy to see that this set of elements generate Ro, so Reo is normal in ©. 
The group § consists exactly of all the elements of N, which have odd order 
(plus the identity), so § is normal in Ro, and even in @, since § is in fact 
an invariant subgroup of No. Finally, 9/ has order q and must aleo 
be elementary abelian of exponent two; this finishes the proof. 

Now we prove a lemma about arbitrary groups which enables us to 
classify further our partial difference system. 


Lemma 4. If G is a (finite or infinite) group, and if H is the sub- 
group generated by all of the elements which do not have order two, then 
either H==1, H =— G, or H has index two in G. 
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Proof. Suppose H 1, HG. Ifac G,a¢ H, then a has order two; if 
furthermore, bE G, bé H, then if ab ¢ H, abab = 1, so ab=bta*=ba, If 
heH, then since ahé H, (ah)? =1, so aha=h*. Now suppose a,b € G, 
a,b,ab¢ HI. For any he H, 


h == (ab) h (ab) == (ba)h (ab) = b(aha)b = bhb =h ; 


i.e for any h¢ H, h?==1. Since H certainly contains elements (different 
from the identity) whose order is not two, this is contradictory, whence if 
a,b€ G, a,b g H, then ab€ H. Thus-H has index two in G. 


TneoreM 17. In type (4, m), if m8, then n= (m —1)°. 


Proof. From Theorem 16, © consists of all the elements of R, whose 
order is not two (plus the identity), if n34(m—1)*. So, by Lemma 4 
either = 1, which means m= 3, or § has index two in Re since § is 
certainly not equal to Ro. So if m £3, then g, which is the index of § 
in Ro, is two, and this is impossible, since q = m. 

Thus we have only two cases left. If n~(m-—1)*, then m==3 and 
n==2!-+-1, and a good deal more can be said about the group © and the 
plane m. For Re is an elementary abelian group of order 2¢ and is normal 
in ®; for 1540, R; defines a transitive and regular automorphism group of 
Ra Thus Reo is isomorphic to the additive group of a right near-field (which 
might be a field), Ra, say, is isomorphic to the multiplicative group of the 
same near-field, and © is isomorhpic to the holomorph of the additive group 
of the near-field with the automorphism group of right multiplications. 
Furthermore, since + contains subplanes of order m—-1=—2, and since r 
has odd order, m is never Desarguesian. We shall return to this case later 
to give a more complete description of Œ as the holomorph mentioned above.* 

Now we shall investigate the converse problem; i.e., find the “axioms” 
corresponding to Theorem 12, for type (4,m). It is apparent that part of 
(d) still holds: all of the cosets dj, d€ D, are distinct. Since we have 
chosen Æo on Ly, it is easy to prove that the unique left coset of R, which 
is not of the form dR, dE D, is- Re itself. In what follows, it is assumed 


‘Let H be a finite group, written additively, of order k, and H’ a group of auto- 
morphisms of H, transitive and regular on the non-zero elements of H (whence H’ has 
order k— 1). Let e 0 be any fixed elemens of H, and define a multiplication in H 
as follows: (i) #20 = 0, all a € H; (ii) if b = 0, then wb = ads, all æ € H, where Q, 
is the unique element of H’ satisfying ed, = b. Then it is easy to prove that H. under 
these two operations, is a right near-field. If G is a group of order k{k— 1) con- 
taining H and H’, such that each automorphism of H by an element of H’ is an inner 
automorphism in G, then G@ is necessarily the holomorph of H with W. 
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that 1, 7, k are all non-zero. If +47, choose gyu E€ © such that the point Fj 
is on- Ligy; then N= g Qigy. Then since Pe is on Lj Poga is on Ligjy 
and since Ñ; is also on Liga, Pogw is not on Jo; for if it were, it would have 
to be the point Ri Thus Pegar, for any rE fy, is on Ligar = Ljiga and is 
not on Jo. So Pogar =£ Pod for any d € D and any r€ Ri, and hence Jw ts s£ AN; 
for any d€ D. By a similar argument, it is easy to demonstrate that all of 
the ieft cosets gj Jt; (as j varies) are distinct. Then, by counting, it is 
evident that each left coset of R; which is not of the form dR, d€ D, is of the 
form gt; for a unique 7. Thus we have the result corresponding to (d) of 
Thecrem 12. But we need more here. 

Consider a pair of points #,b and R; +547, and let L be the line joining 
them: Then either L is a line Dyg; for a unique k (i.e, Qr Rib, E; are 
collinear), or L is a line Jot. In the first case, A; is on Lrgri, so Rb is on 
Lrgrb = LDygrjy; hence grej E€ Vagruib, or gri = gri Rib, where k is unique. In 
the second case, since Rib is on Jox, we have Rib = Riz, and similarly, Rye = R; 
So vE Rib N R;, and clearly x is the only element in this intersection. 


THEOREM 18. Besides (a), (b), (c) of Theorem 5, the following are 
satisfied : 

(e) There are elements gi;€ © for 1,7540, 1449, such that every left 
coset of Ri, 1540, can be represented uniquely as dR d€ D, or as gi, 
and also having the property gJti=—=Qgn. Every left coset of R, can be 
expressed uniquely as dR, dE D, excepting the coset R, rtself. 

(f) If aé G, then Rian Ro, +540, contains a single element. If 1,740, 
ii, then either Ran MR; contains a single element or gidIta—=gigh; for a 
unique k, but not both. 


Proof. Everything is proven, excepting the first sentence of (f). But 
this is trivial, since different element of N, cannot be in the same left coset 
of N. 

We are now in a position to define the projective plane from a partial 
difference system of type (4,m) (i.e. a system (G, R; &, D) satisfying the 
numerical conditions of the table at the end of Section 3 and the conditions 
(a), (b), (c), (e), (£) of Theorems 5 and 18). It is worth noting that all 
of these conditions are not independent; certainly (b) is not needed, for 
instance. The plane is defined to consist of points and lines exactly as in 
Section 4, and incidence is also exactly as in Section 4, excepting for the 
case (Ma) on [Qb], which is as follows: 

(i) if +—=7— 0, then if Ra = &b; (ii) never, if one of 7 or j is zero 
and the other is not zero; (iii) if 4,740, then if 1547 and gja € %,b. 
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We shall not carry out the proof that the set of points and lines defined 
in this fashion, with this incidence relazion, forms a projective plane of type 


- > (4,m), since it is very similar to the proof given for type (2) in Section 4. 


At this point two examples of planes of type (4,m) will be given, both 
of which have the property n = (m—1)?*. 


Example 1. Let m==3, n==4. Then ~is Desarguesian, and any planar 
ternary ring for z is isomorphic to GF(4). For each a€ GF(4), a0, 
define the mapping ¢, as follows: 


gai (@,y) > (ax, ay), pa: [m, k] > [m, ak], 
ga: [œ (k,0)]—> [0, (ak, 0) ], 


where ġa fixes the remaining elements of v. The set @, of such mappings is 
a collineation group of order three. Furthermore, define the mapping 0 as 
follows : 
0: (x,y) > (27,77) [m, k] [m° k?] 
(m) —> (m?) Læ, (0) ]— [%, (X°, 0) ], 


where again the remaining elements are fixed. Then @ is also a collineation 
and it is easy to see that group © generated by , and @ is non-abelian of 
order 6. Furthermore, each element of @ fixes the points (0,0), (0), (1), 
(co), and the lines joining these points: this is mẹ It is not hard to show 
that @ is transitive and regular on both ordinary points and ordinary lines. 
The subgroup Me is @,, and the various R; and &, 1540, are the conjugates 
of the group of order two generated by @. 


Lzample 2. Let m= 4, n==9. Let the planar ternary ring (R, F) be 
the left near-field of order 9. Then (see [15]), the center of R is a subfield 
of order 3, which we will call &; furthermore, the automorphism group G, 
of R is non-abelian, of order 6, and G, is transitive and regular on the 
elements of Æ which are not in S (and of course G, fixes every element of S). 
For each ¢€ Gu, let ¢ also denote the mapping of the plane given below: 


p: (2,y) > (26, yh) — [m, k] > [me, ko] 
where ¢ fixes (oo) and Le. Then obviously the set ©, of all such mappings 
¢ is a collineation group isomorphic to G,. For each a€ R, a40, define 
the mapping 6, as follows: 
Bq: (x,y) —> (ax, ay) [m, k] — Lama, ak] 
(m) — (ama*) Loc, (4,0) ]—[o, (ak, 0)], 
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where 6, fixes (%) and La. Then the set G, of all such mappings is a collinea- 
tion group of x. Let © be the group of collineations generated by ©, and ®.. 
Since Oah == $6.9, and since Œa has order 8, @ has order 48. The set of 
fixed elements of Œ are the points (0,0), (œ), (s), s€ 8, and the lines 
[co, (0,0)], Læ [s,0], se S. The point (zy) is on a fixed line if and 
only if x0 or se +y=—0 for some s € &; i.e, if and only if c=0 or 
stye 8. So the ordinary points are the points (x,y) for which +540 and 
oys. If (x,y), (u,v) are a pair of ordinary points, then (2,y) #6. 
= (a:t, a: yd) == (u,v) if and only if a-ap=u, a-yo=—v. This yields 
uty = (2-ty)¢, and since uv, «ty ¢ 8, there is exactly one #€ G, satisfying - 
this equation; then a is uniquely determined from a==u(2d)-'—=v(y¢). 
So & is transitive and regular on ordinary points, and similarly, is transitive 
and regular on ordinary lines. Suppose (r) is the point Ro; note that ré 8. 
Then R, consists of those elements 6,6 for which (ara*)d—r. If R, is 
normal in Œ then it is clear that Ne fixes every point on K, (== Le) and 
thus we would have (ava")¢@==a, all se R. But this implies that ¢ is an 
inner automorphism of the multiplicative group of the near-field, and since 
the right distributive law is not valid, this implies that ¢==-1. Then ara“ a, 
all vE F, so a€ S, and R, has order two; since R, must have order 8, this 
is a contradiction. Hence we have an example of a partial difference system 
of type (4,m) in which Re is not a normal subgroup of ©, and so Theorem 16 
cannot be extended to the case n == (m—-1)*. Interestingly, © does possess 
normal subgroups of order 8: ©, is an example (there is nothing contradic- 
tory in this of course, for a Sylow 2-group of © has order 16). 

If instead of a left near-field and the group Gs, we had used a right 
near-field and the group @, = {fa}, a540, where: 


Oas (x,y) > (aa, ya) [m, ke] —> [m, ka] 
(m) —> (m) Læ, (4,0) ]—> Læ, (ha, 0) J, 


where 6, fixes (co) and Le, then Ro == ©; would be normal in @. 

The case where m == 3, n 54 (m-—-1)? appears more interesting than the 
case n = (m—1)*, if only because n is not restricted to being a square. Some 
remarks can be made about the first few possible orders n==2'+1: 17 is a 
prime and no non-Desarguesian planes of prime order are known; 33 is not 
possible, since it is one of the orders rejected by the Bruck-Ryser result ([7]) ; 
65 is not a prime power, and has the further interesting property that 64 is 
the smallest number for which there is a near-field of characteristic two which 
is not a field (see [15]). 

As remarked previously, if n s4 (m — 1)”, m-==38, then © must be the 
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holomorph of the additive group of a right near-field with its group of right 
multiplications. Now we investigate this in more detail. In what follows, 
R is a right near-field of order 2* (not excluding the possibility that is a 
field). Then @ can be represented as the set of all couples (a,b), a,0€ R, 
a=£0, with the operation (a,b) (c,d) = (ac,be+d). Then (1,0) is the 
identity of ©, and (a,6)*= (a, ba). Re is the subgroup consisting of 
all elements (1,5), and R, say, is the subgroup consisting of all elements 
(a,0). Then Q, i540, is the conjugate of R, consisting of all elements 
(aya -+ y) and R, i540, is the conjugate consisting of all elements 
(a, zia -+ zi), where the y; and z; are fixed elements of R, satisfying y: yj, 
2;5£2;, if is4j. Then by the proper choice of the point Po and the line Jo 
(i.e, Ry on Le) we can assume that D consists of all elements (sv, sT), 
a=0,1, where T is a one-to-one mapping of the non-zero, non-identity 
elements of R into the non-zero elements of R. If we choose gi to be the 
element (1,y¥;-+2;), then our system will be a partial difference system of 
type (4,m) if we demand the following: 


(1) If ase 0, 1, and bya + yap then (ax) T +T — ba has a unique 
solution for z. 

(2) Ifi], then tT yp -+ 2; for any gE R. 

(3) For all r, y€ R, sT -y+ (cy) T ziy + %. 


From these conditions all of (a), (c), (e), (f) can be proven (we do 
not really need (b), as pointed out earlier, but it too can be proven from 
(1), (2), (8)). There is nothing complicated about the proof of these 
statements, and we omit it. 

The author does not know of any examples of mappings T (together 
with choices of the constants y; and z;) which satisfy the above conditions. 
If È is actually a field then T can be chosen to be a polynomial, which might 
simplify the search for such a mapping. 

One further remark about type (4,m). If n= (m—1)?® and if r is 
Desarguesian, then a coordinate ring kÆ for m (which must be a field) can 
be chosen so that one of the subplanes r, of Theorem 13 is coordinatized hy 
a subfield S of R, where S has order m — 1 and È has order n == (m—1)?. 
Then the points of wz» can be taken as the points (0,0), (œ), (s), sE. 
Every. collineation of + is given by a linear transformation, by an auto- 
morphism of R, or by a product of these two types (see [14]). Using 
classical homogeneous coordinates for a it is easy to show that at most 
2(%-—1) collineations of x fix the points of ro and so m ==3 is the only 
possibility. Perhaps the only point in the demonstration which is not com- 
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pletely obvious is that there are only two choices for an automorphism which 
fixes the points of ro. 


6. Type (5, m). Now we assume that + is of type (5,m). As in 
Section 5, we let N(X) represent the normalizer in $ of the subgroup 1 
of ©. We note that all of the R; and &;, i, J320, are conjugates in © ; finally, 


let q =n/m. 


THEOREM 19. Bach a Sta, i0, fixes a subplane of w, of order m, 
and q is the index of N(R) in ©. Any pair of the q distinct conjugates of 
R, intersects in the identity, and distinct conjugates of Ry fix different 
subplanes of x. 


Proof. Let w, be the set of points and lines of r that are fixed by every 
element of aN;a, and suppose 7, contains t points on the line K; 7540. 
Then since a-“9t,a fixes exactly m -+ 1 points on Ko, +, has order m (it is 
evident that +, is a non-degenerate subplane; see the proof of Theorem 13}, 
and {—1l==m. Since m, contains t—1 tangent points on K, it contains 
m tangent points on K, Following the proof of Theorem 13, it is easy to 
see that distinct conjugates of R; fix distinct sets of tangent points on K; 
so q is an integer; similarly, Jt; has q distinct conjugates, any two of which 
intersect in the identity, so N(R;) has index ọ in G. 


LEMMA 5. If nm’, then m is odd and n is even. 


Proof. If m is even, then since n==qm, n is also even, so Ri, +340, 
has even order n——m. Thus, using Lemma 3 and the same argument as 
in Theorem 14, each conjugate of R; is an Mj, 7540, 30 q==m and n = m’. 
If m and n are both odd, then again n— m is even, and the above argument 
leads to n==m’*. 


THEOREM 20. OS=N(RH)N R, has order m. 


Proof. The proof is almost exactly like that of Theorem 15, and we 
‘omit it. 


THEOREM 21. In type (5,m), n= m". 


Proof. If ns&4m?’, then as in Theorem 16, $ has odd order and Jt, has 
even order; all the conjugates of an element of R, which is not in §, by 
elements of R, ave distinct, and so they all have order two, and are all in Ro. 
Hence we prove that N, is normal in Œ, and that § is the subgroup of R, 
containing all elements of order not two (plus the identity). So by Lemma 4, 
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®© has index two in Ra whence q=2. But if næm’, then n =m” +m 
and g==m-+123. Thus we have a contradiction, so n = m”. 

Now suppose ~ is a projective plane coordinatized by the linear planar 
ternary ring (R, F) and suppose the following hold: (i) Æ has order n = m*, 
(ii) R has associative addition, (iii) Æ contains a subset S of order m and 
an automorphism group G, which fixes each element of S and is transitive 
and regular on the elements not in S. For each ¢€ G, define the mapping ¢ 
of x as follows: 


$: (£y) > (wb, yd)  [m, k] Lg, ke] 
(m) —> (mẹ) Læ, (4,0) | Lo, (kd, 0) | 


(2) (0) Ly Le 


Then the set of all such mappings is a group ©, (isomorphic to G,) of 
collineations of +, and ®&, has order n— m. 
Furthermore, for each a € R, define @, as follows: 


ba: (£y) > (a4, y +a) [m,k]— [mk +a] 
(m) —> (m) [c0, (k,0)]— [æ, (k,0)] 
(ste) aia 


Then the set of all such mappings is a group ©, of collineations of +, and 
@. has order n. 

Since Jap == phap, the group © generated by G, and @, has order 
n(n— m). © fixes the points (œ), (s), s€ 8, and the lines Le, [ 0, (s,0) ], 
s€S. (This is mo) It is easy to see that © is transitive and regular on 
the points of + which are not on lines of rọ and on the lines of x which do 
not contain points of wo. So m is of typa (5,m). 

In [8] Hall has described a technique for constructing a class of V-W 
systems, as follows. Let S be a field of order p's42, p any prime, let 
a*—az—, for a,b E 8, be an irreducible quadratic over S, and let E be 
the set of all elements Aw -+ y, for z,y€ S, where à is some indeterminant. 
Define addition in R by (Aas+ y) -+ Qutv)—dA(e+u)+ (y+), and 
multiplication by: | 


G) yaw v) =ayu + yo, 
(ìi) if s£0, then 
(xe + y) (Au + v) =A (au -+ 2v—yu) + stu (— y? + ay +5) + yo. 


Then È is a left V-W system, does not satisfy the right distributive law, 
and does not have associative multiplication unless p*—3, e= 0, b=2. 
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The automorphism group of Æ consists of all mappings T given by 
(At + 4) T =A(td-c) +26-d+ yd, where ¢ is any automorphism of S 
which fixes a, b, and where c, d are arbitrary in S, except c540. (These 
statements are easy enough to prove given (i) and (ii); (i) and (ii) can be 
derived from the directions given in [8].) 

If we let ¢=1, then we have a group G, of automorphisms, of order 
p*(pt—-1), fixing every element of S, transitive and regular on the elements 
not in §. Thus each V-W system of this class gives an example of a plane 
of type (5,m). For pt==2 (i.e. n—=4, m=?) it is easy to see that the 
mapping of GF'(4) given by z— 2? generates a group G, with the desired 
properties. So for every order n= p?', p a prime, there is a plane of type 
(5,m). Using the argument at the end of Section 5, it can be shown that 
the only Desarguesian example must have m ==2, n= 4. 

The problem of constructing the plane from the partial difference system 
is almost exactly lke that for type (4,m}. The gi are defined in exactly 
the same way, whenever Q; is not on K; (which is whenever 4 and 7 are both 
non-zero). Since every left coset of R, is of the form do, d€ D, the last 
sentence of (e) of Theorem 18 is deleted, and the rest remains. (And of 
course, (a), (b), (c) of Theorem 5 still hold.) 


7. Type (6,m). For this type we note that there is nothing “ special” 
about the subgroups Jt, and Qo and thus all of the R; and &; are conjugate 
in ©. Let q= (n—m)/(m?—m). 


THEOREM 22. The order of N(N:) is (m?—m)(n—-m’*), and q iş an 
integer. Any pair of the q distinct conjugates of R; intersect in the identity. 
For each conjugate of Ri there is a subplane of w, of order m?, containing wo, 
which is fixed (element-wise) by each element of the conjugate; distinct 
conjugates fix different subplanes. 


Proof. Consider the subgroup a", and suppose this subgroup fixes £ 
(where ¢ is necessarily positive) tangent points on K: Then, using the type 
of argument found in the proof of Theorem 18, it is clear that a“*3t,a fixes 
a subplane of 7, of order m -+ t, and this subplane contains mo. Also, as in 
Theorem 138, distinct conjugates fix different subplanes, each of which has 
the same order m-}-7, and each conjugate fixes a different set of ¿ tangent 
points on K;. Since each of these subplanes of order m + t has the property 
that every one of its points is on a line of ap, each subplane must have 
order m?, so t= m*-——-m. Since t must divide n— m, which is the number 
of tangent points on K;, q must be an integer; furthermore, ¢ is the index 
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of R; in its normalizer, so the order of N (Ri) is (m?—m)(n—m*). Again 
as in Theorem 13, distinct conjugates of R; intersect in the identity. 


THEOREM 23. In tupe (6,m), n= mt. 


Proof. From Theorem 22, q is an integer, so m=—=q(m?—m) +m=m 
(mod 2), since m?— m is even. But then n—m?, which is the order of R, 
is even, so Jt, contains an element of order two, and so does each conjugate 
of Ri. Then, by Lemma 3, every conjugate of ff; is an fj, so g =m +H m -+ 1. 
This immediately implies n = m*. 

The author does not know of any example of type (6,m). However, 
using the argument of the last paragraph of Section 5, it can be shown that 
no example can be Desarguesian. The problem of defining the plane from 
the abstractly given partial difference system is also similar to the situation 
for types (4,m) and (5,m). The gi are defined in the same way, and 
then the cor.ditions (besides (a), (b), (c) of Theorem 5) are exactly those 
of Theorem 18, excepting that the second sentence of (e), the first sentence 
of (£), and all references that would prevent t or 7 from being zero, are 
deleted. . 

In order to construct a plane of type (6,m), the plane rọ must be 
fully known. Since the only planes known at the present time have prime- 
power order, the use of such a known plane’ would result in a plane + which 
also had prime-power order. Thus this type does not seem to offer a very 
practical method of constructing planes of new orders. 


8. Remarks. As pointed out above, type (6,m) appears to be perhaps 
the least hopeful method of constructing planes of non-prime-power order. 
For somewhat similar reasons, type (5,m) and type (4,m) with n = (m—1)? 
do not appear particularly promising. But type (4,m), with m=3, looks 
quite interesting, and an investigation of the conditions (1), (2), (8) of 
Section 5 might lead to some new planes. The remaining types seem to 
call for further study, although new and deeper techniques will probably be 
necessary. . 

The existence of right or left planar division neo-rings that are not 
V-W systems, even though the examples given in this paper define well- 
known planes, might be investigated further. Without the assumption of 
associative multiplication, such systems need not lead to planes of type (3). 
But using the techniques of [11] (see also [6]), it can be shown that if R 
is a left planar division neo-ring then the right nucleus of the multiplicative 
loop of R, plus the zero element, forms a subsystem of the same type, with 
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associative multiplication (the right nucleus of a loop G consists of all b€ G 
such that (cy)b—«2(yb) for all z,y € Œ). Hence associative systems of 
this kind form a natural starting point for any investigation. 

Finally, it is worth noting that practically every type of finité projective 
plane known at the present time is included in at least one way in the class 
of partially transitive planes. 


THE OHIO STATE UNIVERSITY. 
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ON A THEOREM OF LAZARD.” 


By JEAN DISUDONNÉ. 


1. M. Lazard has proved, by an ingenious direct argument [3], that any 
formal Lie group of dimension 1 over a commutative ring K with unit element 
and without nilpotent elements, is necessarily abelian. When K is a field of 
characteristic 0, Lie theory yields a trivial proof of that result; and it was 
natural to expect that there should also be a simple proof using Lie theory 
when K is a field of characteristic p œ> 0. Up to now, however, I had only 
been able to give (in [2]) such a proof under the additional assumption 
that Y” 40. (I use the terminology and notations of [1] and [2]). The 
purpose of this note is to complete the proof by treating the remaining case 
X? =. 


2 We recall that the hyperalgebra © of the one-dimensional group 
under consideration has a basis over X consisting of the unit element J 
and of the monomials X, = X,%X,%: - -X,°, with 04; < p; the elements 
of that basis other than I generate a two-sided ideal ®©,. Our proof rests on 
the two following observations: 


a) for any pair of elements U,V in ©, [U, V] € ©; 


b) a relation of the form AX. + XU —0, where UE G, and AEK, 
implies A= 0: indeed, the product of XY, with any monomial Xa € &, is either 
0 or a monomial XY, of total degree = 2, due to the assumption X? = 0. 


We. have seer in [2, pp. 227-228] that X, commutes with every other X;. 
Using induction, we assume that Xo Xa: © -,X;. commute with all the Xj, 
and that Xma, Æna © Xea commute with Y,; all we need to do is to 
prove that X, also commutes with X,. 

Using Lemma 1 of [2, p. 224], we have 


(1) [Xa X,] =aX, with a€ K. 


From the definition of the Frobenius homomorphism p’ [1, p. 103], it 
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follows that the kernel of p’ is generated by all monomials XY, in which a > 0; 
from (1) we derive therefore 


(2) [Xoo Arre] = UX, + X aiU 5-1 “+ 4 2 -} XU, -+ XoU 5 


where the U; belong to ©. Similarly, from the assumption [Xi., Xr] == 0, 
it follows that, for every 1 = 0 . 


(3) [Xa X] = X.V: with V,€ G. 
As Y, commutes with Xo © -,Xs1, we derive from (2) and (1) 
(4) [[Xeo Xe], Xl 
= Xo + Xal Us- £] +° > > 4+ Xi (Ui, X] + Lolo, X] 
and from (3) and the identity [X, YFZ] = [Y, Y]Z+-Y[X, Z] it follows that 
(5) | [[ Xoo Xm], Xe] =a“ Xo + XW 


with We @,. But, by the Jacobi identity, the left-hand side of (5) is 
[Xos [Xeee Xr] ] — Enso [X2 Xr]]; using (3) and remark a), and remem- 
bering that X, commutes with everything, this expression has also the form 
XW’, with We ©, Remark b) then proves that a= 0, q.e.d. 


t 
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‘PRODUCTS IN A HALF-PLANE.* ! . oe aa l 
š k jx ne i 
By Epwin J. AKUTOWICZ. : a - 
Heth 
sen gra 
K 7. 5 = : 
1. Introduction. Let a,,a.,--- be a sequence of complex numbers 


with Ima, > 0 for all v, and such that 


(1) ¥ Im a,/(1 + | a |*) <o. 


This condition guarantees that the Blaschke product b(z) with the a, as its 
set of zeros converges uniformly in any bounded closed set contained in the 
half-plane Imz za, where a is any positive number, and independently of 
the order of the factors: 


(2) B@)—=(@—O/te +9)" IL (| ay — i |/ Ca — HN Oy + 6 |/ (dy + i) 
X (%@— a») /(2—&)), 
where n is a non-negative integer. We make the fixed assumption in Section 1 
and Section 2 that Ima, > 0 and that (1) holds. 
It is familier that | b(s-+iy)| <1 for y > 0, and that |b(e@+wi|-1 
for almost all z, —œ < z <%, as y->0+. We shall prove that 


(3) l f ebola ede 0 as y> 0 -+. 


(We write z=z-+iy). Furthermore, we shall prove in Section 3 that 
any function F(z), holomorphic in the half-plane y > 0, satisfying the con- 
ditions | F(z)| <1 and 


fig | P(z)|/(1+-2*)dr>0 asy> 0 +, 


is necessarily of the form F(z) = ġtketich (z2), where k, c are real conestants,, 
k= 0, and b(z) is the Blaschke product formed with the zeros of F(z). 
If one also assumes (1/1) log | F'(re#)|—0 as r—>~, for some 0,0 <9 < r, 


* Reeeived April 22, 1955; revised May 14, 1956. 
* This research was supported jointly by the Army, Navy, and Air Force under 
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then k= 0. This characterization of b(z) is thus in terms of a combination 
of general properties which have no explicit reference to the formula (2). 


_ 2. Proof of Necessity. The product b(z), given by (2), is convergent 
for y>0 and we can choose a positive real number A, which will be fixed 
once and for all, such that 6(tA) 0. Then b(ty) does not vanish for y in 
some closed interval & centered at A. We may take & such that the length of 
à is smaller than A. Let e be positive and such that A —e belongs to & (so that 
eS à/2), and map Imz>0 to |w/| <1 by w= (e—i(A—e))/(e +i(A—e)). 
Then the horizontal line y == e corresponds to the circle Ce with center (¢/A, 0) 
and radius (A—-e)/A.. The line element | dw: on Oe is related to the line 
element dz on y=e by the equation | dw | = {2(A—e)/(2?-+-A?)}dz. Now 

0<min(1,A") S (0? + 2*)/(1 4 2?) Smax(1,A?) for —w < t <% 


implies that, as y>0-+, 
J tog | (2) [/(1-+2?)de—0 if and only it f Tog |b (2)|/(2 +2?) de> 0. 


Therefore for Im z = y = e, we have? f ‘log |b(z)|/ (2? +27) da 


= MG -+ d7)-1 log II |(z —a,)/(z — fy) \dx 
=F f (+N) log |(2—a)/ (2—8) | do 


=eaA—9)I J. log {LA —e)(1 + w)/(1—w)] —ay} 
EA — (4 + w)/(1—w)] —G,} | | dw | 
= (2A e B rA €)/A) log [iA — ©) + a) / C(A — €) —)| 


+ Jo log | (w — k,)/(w — k’,)| | dw |}, 
where 
key = — (A — e) — dy) /(UA—) + 4), ' 
k’, = — (i(à — e) —ã,)/ (A — 6) + ão). 


Then |k, | <1 and | k’, | > 1, and if k, lies in the interior or on the boundary 
of Ce we can use Jensen’s formula [5] to obtain 





* We take n = 0 in (2), which is clearly permissible. 
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fog [Kw — hs) / wk) | dw 
=(a— 9/4) flog |{s— (br — (/))}/{8— (Hs — /))} d args 


jsf=(r~e)/A 
== (24(A— €)/A) log | (t(A— €) —ay)/(H(A + ©) + t)i. 


If k, lies outside Ce log |(w—k,)/(w—’,)| is harmonic in a neighborhood 
of the closed disk bounded by C, and the Gauss mean value theorem yields 


fe | (w — ky) /(w—k’,)| | dw | = 2ar((A — €)/A) log | ((6/A) — kr) /( (6/4) — FY) 
== 2a( (À — 0 /A) log | (G(A + e) — ay (tA — e) — ay) 
ZGA + €) + GA — e) + w). 


Hence 


J + ogb) do G@/a) Z( 10g Ga — ò + oia — d — a) 


i } log | ((A— «)—a,)/(4(A +) +4,)| iftim ze 
log | (i(A ++ €) — ay) (GA — €) — ay) (CA + €) + a) GCA — €) + a) | 


if Ima, <e ) 
(4) =A), I tog GAI +a) +9 +0) 


+ (7/ A) na 18 [EA + €) — a) / GA + €) + a)l- 


In order to prove that the first sum in (4), which we shall denote by A, 
tends to 0 as e—> 0 we write 0(z) = bı (z)b2(z)b3(z), where the zeros of ù: (z) 
lie in the rectangle 0<y <1, | a | <P, those of b.(z) in the half-plane 
y= 1, and those of bs(z) in the two infinite strips O<y<1, |z| ZP. 
Here P is at our disposal. 


The zeros of the product 0,(2) can be enumerated so that 


(5) YÈ YZ yZ -,limy, =C, 


where a, = €r + iyn |T| <P, O0<yYy <1. 

Then the first sum in (4) for b= b, contains a finite number of summands, 
and so is certainly finite. We now prove that it tends to 0 as e— 0 -+. 
Essential use is made of (5). We have 


ai= log] (Ae) +4)/GA+9 +4) 
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Then, for «= Yq q large, 
g ; 
2A = 2 log ({(A+ Yo — Yq)? + tr? }/L (A+ Yo + Ya)? + 27}) l 


q 
= 2 {(4y¢(A + yp) /(A+ Yo + Ya)? + T) 
times a uniformly bounded factor}, 


by the mean value theorem, plus the fact that ((A—«) + @,)/G@A -+ €) + a) 
is hounded away from 0, uniformly for all y and «=/2. Therefore, 


q q 
| 2A | S Mya x (4? + yy? + rr) + Mya 2s Yor + ye” + ty?) 7. 
pa p= 


The second sum obviously tends to 0 as q—> œ, and for q > N 


gq N a 
Ya 2 (A? -+ yy? F r) Ya 2 (A? + y Ha) 2 Ye +y 4+ 2,7)". 
p= y= poN+ : 


For N sufficiently large the last sum in the preceding line is arbitrarily 

small, and the rest tends to 0 since yz—>0 as goo. Therefore A,—>0 for 

any P>0. 
We now consider 6.(z), and take e < min (1,A/2). For this produet 


0<—2a= Blog (iAH e) +a)/GA— 9 +04) 
= Slog (t + 4el (G+) (2 + (Ha — e] 
<te D (eb A)/ te? + (e+ 0/2) 
< 4e (à +2) Yl (s + 9,7). 
Hines Kaas Gas case eee are ey TN 


For b,(2) with P =1 we have 


a a Yp/ (Ty -+ q is) r a, 


and hence if < > 0 we can fix P at a sufficiently large value, independent of «, 
so that 


> 2 2 , 
ocur Terap I Er Tyr) Le 


Then, writing $y == > , it follows that 
ELyy li, lsp P 


0 < — RAs < 4e BY (yp + A)/{2 + (Yo + (A/2))?} 
S 4e(1 +2) BY 1/ (2? + 4,7) 
SAHA) Xy (Hy) <4e (1-42), 


I 
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and this proves that A, is arbitrarily small. Therefore A— 0 as e—> 0 for 
any Blaschke product, since A = A, + A, + As. 


Turning now again to (4), it is easy to see that > tends to 0 as 
Imap<e 


e—>0- for any Blaschke product. (Here we again use the fact that 
b(ik) 0.) Thus (3) holds for any Blaschke product 6(z). Hence we 
have proved 


THEOREM 1. Let b(z) be a Blaschke product in the upper half-plane, 
Imz = Im (x@+ty)=y>0. Then 


f ae log | b(2)| do 0 as y> 0-4. 


COROLLARY. For any finite real’ numbers 1, and lh, i <ln and any 
Blaschke product b(z), 


la 
f log | b (sz + iy) | dr—>0 as y> 0+. 
h 4 


This has been established by W. Kryloff [2] by a rather complicated 
argument. It is a trivial consequence of Theorem 1 and the inequality 


(1+ (max(| he |, |3) f(A + 2*)*log | (2)| do f Tog |B(2)| de <0. 


3. Proof. of sufficiency. In this section we establish the following 
uniqueness theorem. 


THEOREM 2. Let F(z) be holomorphic for Imz==Im(2-+ tw) =y > 0, 
and such that | F(2)| <1 and 


(6) fj G+2) log | F(z)| dz —> 0 as y> 0+. 


Then F(z) == et***teh(z), where k and c are real constants, k = 0, and b(z) 
is the Blaschke product with the zeros of F(z) as its set of zeros. 


‘In the first place we claim that the Blaschke product 6(z) formed with 
the zeros of F(z) is convergent. For we can put f(w) = Fa + w)/(1—w)) 
to define a bounded holomorphic function f(w) in |w| <1, w= pe. The 
integral of log | f(pe#)| over 06 < 2a does not decrease when p increases, 
and since f(w) is bounded, it must increase to a finite limit as p—>1—. 
Therefore, by a theorem of A. Ostrowski [3] 3 the Blaschke product* in the 


* This result of Ostrowski is much stronger than what is necessary for our purposes. 
t This is given by w" q1(/ w, | /w,) { (w,—w)/(1— iw) ); {w} being the set of 


zeros of f which are diferent from 0, and n a non-negative integer. 
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unit circle, formed with the zeros of f(w), is convergent in |w| <1, and 
this is equivalent to b(z) formed with the zeros of F(z) being convergent 
in y > 0. Let us take the zeros of F(z) in any enumeration: d;,@2,: ‘+. Let 
bm({z) denote the m-th partial product of b(z). In modulus, the factors of 
bm (2) are |(z—a,)/(z—4,)|, v—=1,2,---+,m, and if 7 > 0 is given, there 
exists a positive number e9{m,7) such that 


| (a + te—a,) /(%-+ te —Gy)| > 1— (n/m), for 0<e<eo(m,n), 
sO L T LA, v= 1, 2,° + Ym. 
‘Therefore, | bm (2+ ie)| > (1— (n/m) )™ > (1—7), and 
| F(x + te) /dm (a+ ie)| < (1—7)? for 0<e<a(m,y), —w< aco. 
By the maximum principle, 


| F(z) /bm(z)| < (1—y)+ for 0<e<eq(m,), Imz zZ e. 


f 


This implies, successively, that 


| F(z)/bn(z)| < (1—7), |F) S 1—7, | Felel E1, 
for Imz> 0. 


Therefore, (2) =F (z)/b(z} is holomorphic,- bounded in modulus by 1, 
and nonvanishing in y>0. By (6) and Theorem 1, . 


mM f Oe) log | e(e+iy) [de 


=f G+ log | Peti] de— f (14e) log [b(e+iy) | de> 0 


as y>O-+. It is easy to see that log|¢(«-++ty)| can be written in the 
form 


(8) log | $(w-++iy)|=—ky—4 f YAE + (2—1)*) dB (8), 
y > 0, & Z0, 


where /(t) is a bounded increasing function on the closed infinite interval 
[—o, oo]. We normalize H(t) to be continuous from the right. This 
follows from a theorem of Herglotz [4] for |w|<1 by the transformation 
zg=xi(1—w)/(1+w). The term — ky arises by subtracting a possible 
jump at infinity, so that #(1) > H(w) as tœ, and H(t) > H(—o) as 
t—>—o. Let u(z,y) denote the non-negative harmonic function given by 
the integral on the right hand side of (8). Then, by (7), 
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fj “u(2,y)/( + 2*)dz—>0 asy>0-+4. 
But 


f u, y)/(1 -+ x? jds = 4 fa +- zt) de faa +- b?)(y* + Ca t)?)-*d E(t) 
= f K + #)dE(t) f ie + 2*)(y? + (z — t) jy da 


= f C+DA+ EMG +I +P AEH =o) 


where the interchange of the order of integration is valid on account of 
positivity. It follows that 


0=u(0,1) =$ | 4E) —HE(o)—E(—@)). 


Therefore, E(t) = constant, and log]|(s + iy)| = — ky, p(z) = ete, 
where c is a real constant. This proves that F(z) == ete} (z). 


Remark 1. It is known [1] that for any 6. > 0, log | b(z)|/[z| > © 
uniformly for fo < argz < m— ô, as |z|—>0o outside a certain set A= Alo) 
of finite logarithmic length. Therefore, if in addition to the conditions. 
stated in Theorem 2, one imposes the further requirement that for some 
6(0 <8 <r), (log | F(re*)|)/r> 0 as r—>o, then k = 0 and F(z) = etb (2). 


Remark 2. A propos the unit circle there is the following well-known 
and easily proved result: 


Any holomorphic function f(w) in |w| <1 satisfying the conditions 


G) [Fw] <4 
(ii) f Tog | (ret) dð -> 0, as r> 1—, 


ts of the form f(w) = e'°b(w), where s is a rear number and btw) is the 
Blaschke product formed with the zeros of f(w). 


Our uniqueness theorem is less precise than this in that the factor e'* 
can occur. Of course, this difference originates from the fact that (ii) does. 
not correspond to (6). 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 
* We use here the semi-group property of the kernel c(m; A, u) = 2A(A? + (@ — Y)’: 


O(S; Ais My) + O(S; Ag, Me) = C(@; M -F An, Hr + Ho), + denoting convolution in L(—- ©, 00). 
° The logarithmic length of a measurable subset A of (0,0) is defined as f ar/r. 
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SOLUTIONS OF SOME PROBLEMS OF DIVISION.*} 


Part III. Division in the Spaces, D’, A, Qa, ©. 


By Leon EHRENPREIS. 


1. Introduction. The main division problem is the following: Let D 
be a differential operator with constant coefficients and let T be a distribu- 
tion (see [12]); can we find a distribution S which satisfies 


(1) DS =T ? 


If T is a distribution of finite order, that is, if 7 can be written as a finite 
sum of derivatives of continuous functions, then the existence of an S 
satisfying (1) was preven by the author (see [2]) and, independently, by 
B. Malgrange in his thesis (see [11]). In the present paper we shall give 
the complete solution to the division problem. Moreover, we shall extend 
our results to the case where D is a partial differential-difference operator 
with constant coefficients. This general result is apparently new even in the 
case of ordinary differential-difference equations. 

The question naturally arises: Which spaces of distributions or func- 
tions have the propérty that f—- Df maps the space onto itself? Our main 
result is that the space D’ of all distributions has this property; previously 
we had shown that the space of distributions of finite order, and the space 
of indefinitely differentiable functions have this property. 

For the space X of entire functions (see [4]) even more is true: For 
any We &’, and any fE Y, we can find a g € Y such that 


(2) Wags]. 


(This result was discovered independently by Malgrange in his thesis [11]). 
What other spaces have this property in addition to the space #? 

We shall see that the solution of the two problems mentioned above can 
be translated into problems concerning the Fourier transform of the dual of 
the space in question. For example, the Fourier transform of the space D 
is the space of all entire functions of exponential type which lie in the space 


* Received August 28, 1955. 
t Work supported by National Science Foundation Grant NSF5-G1010. 
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& of Schwartz (see [2], [12]), while the Fourier transform of the space X’ 
is the space of all entire functions of exponential type. ‘The question arises, 
what is the topology of these spaces of Fourier transforms? Once this 
topology is written down explicitly, it is not difficult to apply our previous 
methods (see [2], [3]) to show that Dh—>h is a continuous linear map 
of DD into D (DD is the space of all Dh for he D with the topology 
induced by D) and that W U — Ọ is a continuous linear map of W * 2’ 
into W. Once this is established, we can use the Hahn-Banach theorem to 
show that, for any TE D’ or for any fE Y, equations (1) and (2) are 
solvable. 

From the above, we see that there are two important steps in solving 
our main problems for a space A: 


Problem 1. Characterize explicitly the Fourier transform of the dual 
A’ of A and its topology. 


Problem 2. Find a class of convolution maps h->W#h of A> A 
which have the property that W+h-—>h is a continuous map of WA’ 
into A’, 


Now, Problem 2 can usually be solved when Problem 1 can be solved 
and when the Fourier transform Q’ of A’ is a space of analytic functions. 
There are essentially two cases: 


Case 1. The space Q’ consists of functions defined only by regularity 
conditions or by growth conditions in the whole complex space. E.g. the 
space of all entire functions of exponential type, the space of all entire 
functions, the space of all entire functions of finite order. For these spaces 
we can use the minimum modulus results of [4] to show that, in most cases, 
if A’ is a ring under convolution, then for every WE A’, We hh is a 
continuous linear map of Ws A’ A’. 


Case 2. The space Q’ consists of functions defined by growth conditions 
in the whole complex space and additional conditions imposed on the real 
subspace. E.g. the Fourier transform of D or &’ (see [5]), or many of 
the spaces which arise in the theory of infinite derivatives (see [7]). For 
these spaces, in order to prove that W *h—>h is a continuous linear map 
of W + A’—> A’, we have to know that the Fourier transform of W does not 
decrease too rapidly on the real subspace. That is why, for these spaces, 
we can usually prove the continuity only for W a differential-difference 
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operator, where we can use the theory of mean-periodic functions (see [3], 
[4]) to get lower bounds on the real subspace.* 

For -many of the spaces we encounter, the solution of Problem 1 can 
be obtained by methods which are inspired by results in my paper on the 
theory of infinite derivatives (see [7]}. This is not the case with the 
space D ; the characterization of the topology of the Fourier transfcrm D 
of D is extremely difficult because the space © cannot be defined by the 
methods of the theory of infinite derivatives. This is the reason why the 
solution of the division problem for D’ was so difficult to obtain. 

Some of the results of this paper regarding the spaces D and &# were 
announced in [8]. In addition, we shall show how to solve the division 
problems for the spaces 


1. 92., of entire functions of order =A; 
2. © of formal power series; 

3. B of convergent power series ; 

4. E of indefinitely differentiable functions. 


Of course, our methods apply to many other spaces (see Section 7 below). 


The notations of this paper will be that of Part I (see [2], Section 2) 
and the results of Parts I and II will be used here in an essential way 


(see [2], [8]). 


2. Solution of the main division problem. As mentioned in the intro- 
duction, the first step in the solution of the division problem for D’ is the 
characterization of the topology of D. Now, the characterization of the 
topology of Dr (see [2]) (for n==1) was obtained by means of giving 
bounds on functions of Dr on a sequence of lines parallel to the real axis. 
That we cannot define the topology of D in terms of bounds on horizontal 
lines is a consequence of a Phragmén-Lindeliéf theorem (see [2], Lemma 1, 
p. 887) . For, this shows that, if F€ D, then a bound on ZF on any 
horizontal line implies a bound on the real axis. Thus, if a neighborhood 
N of zero in D is to be defined in terms cf bounds of ZIF on horizontal lines, 
only a finite number of 7 can occur. (For otherwise, we could find a Ge D 
s0 that, for no a>0 is aGe N.) Thus, we can only get neighborhoods of 
zero in Dp by means of bounds on horizontal lines. 


2 We can even ask the question of finding all W for which W*h->a is a con- 
tinuous linear map of A’ into A’. In case A = @’, this-question has been solved by 
the author (see “ Completely inversible operators,” Proceedings of the National Academy 
of Science, vol. 41 (1955), pp. 945-946). The case A = € is also handled there. 
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Thus, if a “good” description of the topology of D is possible, it must 
be given in terms of bounds on something else. This “something else” 
which replaces horizontal lines is a sequence of curves: 


THEOREM 1. The topology of D can be described as follows: We choose 
first positive numbers c, q. Neat, for each integer 1= 0, we choose 


(a) Two non-negative integers a, di with {a}, {di} strictly increasing 
to infinity, with ao = dy) = 0, and dir. Zat cet 1. 


(b) <A positive integer b = 5 such that {bj} is monotonically increasing. 
We consider the set N of all GED which satisfy, for each L, 
(3) max | exp(3idp,-z)2° G(z)| Sa, where zE TË 


for s=0,1,2,:° °,B, J= 1,2, + +,2", k=1,2,: - -,2", where To* ts, for 
each k, the set of z such that | À (z;)| <c for all j, and T¥ for 1>0 are 
defined as follows: For each z€ C, let yı be defined by yo=0 and, for 1 > 0, 


0 for (|= 
(4) exp (den) =) Ee i 


where £—= (R(#),R(z2),° < °, R(en)) and |; —S| GI, that is, 


(5) ee for | 2|221 
0 - for 2) £1. 
Then T is the set consisting of all z€ OF for which 
(6)  zi= bj + Pr; + Petit, —e<ci<e, j= 1,2, > +50. 


ASSERTION. The sets N described above form a fundamental system of 
neighborhoods of zero in D. 


Proof. The sets N described above are obviously convex. Let FED; 
then for some « > 0, FE D,. Assume at first that Z is chosen so large that 
d,= a. Then, by a generalized Phragmén-Lindelot theorem (see [2], Lemma 
1, p. 887) for each k we know that exp (idıpp:z) F (z2) is bounded for z€ C* 
by the bound M of F on R. It follows that, whenever dı = a, we have 


(7) max | exp(Sidip,-2)2 F(z)| SM 
zel',* 
for s— 0,1,2,- 3,05 9— 1,2, > n, and k= 1,2," **, 2”, because on TY, 


| exp (id,p,°2)2;°|1 for s=0,1,2,---,6; and for j—1,2,:--,n, as 
follows easily from the definitions. 
. Next we consider the finite number of l for which d; < «@. 
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Let 8# be the set of z € C* of the form 2;== ¢; + 1y1De, + tape, for all 7; 
then for any /==1, on êôř we have 


(8) | exp(—idip,* 2) | S exp (dim) (1-Day |"). 
From (8) it follows that, on 3,*, 
(9) | exp(—iape-z)| S qu(1 + È | z |P) 


if 8, and q; are chosen sufficiently large. Hence, for any z € Ty’, if 2’ denotes 
the point on $% such that R (z;) = R (z/) for all j, we have by (9), 


. (10) |ezp(— iepr: z)| 5 exp (a) | exp(—iap,:2’)| 
S qu(t +B |z |?) exp(ca) £ gf (1+ Ef zj|*) for some qi’ > 0. 


Now, let 8/ be an integer and let MW be a bound for | 2" F(z)|, | F(z)| 
on R for j-=-1,2,---,n. By the Phragmén-Lindeléf theorem, M’ is also a 
bound for | exp(iep,-2)z" F(z)| and |exp(iap,-2)F(z)| in O*, a fortiori 
in ry. Using (10) we deduce that, if @/ is large enough, we can find an 
a> 0 so that aF satisfies (3) for this particular J. Since there are only a 
finite number of | for which dı < a, we can even choose a independent of I. 
Summing up what we have done so far, we see: 


(a) For each FED we can find an a@>0 so that aFe N. 


(b) For each a>0 there exist positwe numbers B” and M” so that 
the conditions F€ Da, 


max| F(2)| SH”, max| 2?” F(z)| SM” for j—=1,2,---,n 
ze zeR 
imply FEN. 


By (a) it follows that the sets N define a locally convex topology A on 
the set of functions in D. By (b) together with Theorem 1 of [2] (see 
p. 887) it follows that for any «> 0 the topology induced by A on the set 
of functions of D, is weaker than (or the same as) the topology of the 
space Da; trivial considerations show that this topology is the same as that of 
Da This proves (see [2]) that the topology A is weaker than (or the 
same as) the tepology of D. In order +o conclude the proof of Theorem 1, 
we must show that every neighborhood of zero in D contains some N. 
For this purpose, we shall need the following | 


Lemma 1. Let 8* be the real n-chains defined as above. Then for any 
k, l, and any FED, we have 


(11) J ror- Ped 
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where the integral on the left side of (11) converges absolutely. (We also 
set §8.*=—=F for all k.) Moreover, for each l we can find a posttwe number 6; 
which is independent of a so that for any continuous function H on C, 
the conditions 


(12) max |2/H(z)|Se 
zeg” 


for any k, and for } = 1,2, >- n, s= 0, 1,2, > +, 2n, tmply 


(13) J EO kzi. 


Let us assume Lemma 1 for the present, and complete the proof of 
Theorem 1. Let Q be any neighkorhood of zero in D, and denote by Q the 
set of inverse Fourier transforms of tbe functions of Q. By well-known 
properties of the topology of D, we may assume that Q is given as follows: 
For each integer r==0, we are given a positive integer u, and a positive 
number v, where we may assume Ur © up and v, Sv, for all r. Ọ consists 
of all fe D which satisfy 
(14) max |({8°/0a;)f) (2) | £ v 


z ¢ Kyerinep 


for all r and for j==1,2,--+,n, s=0,1,2,- + -,u,, and also 


(15) max | ( (8/82) f) (£) | 5 vo 
ze 
for j==1,2,---, and s==0,1,2,- ` +, uo- 


We define the set N as follows: Let c = n = 1 ; set d; = l; let by == 2n+- uy; 
next choose a= 1 so that e*:<= 46, and so that {a} is monotonically 
increasing to infinity. 

We claim that N C Q. First, it is clear that for any G€ N, the inverse 
Fourier transform g of G satisfies (15). Let s€ R, sé Kizin) Let k be 
chosen so that sgn pp, = sgn z; for 7—=1,2,---,n. By Lemma 1 we may 
write, for s’==0,1,2,- > <, up j==1,2,-:° -,%, 


(16) (0° /ox'g) (x) = f i'a G (2) exp (iz) dz 


= Í ‘it'ag"@ (2) exp (§(iz-2)) exp (4 (iz) da. 


Since sé Kinna) (we assume 1221), for at least one j, we have 
|2;|>12(n+1)l. Thus, for z2 8f, (40-2) Z6(n-4+-1)larzZ= a. This 
means that, for z € ôt, we have 


(17) | exp (4 (iz: 2))| S et S pw. 
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On the other hand, for z € 8, if s” = 0,1,- - -,u+2n, == 1,2, `, n 
we have 
| 28” @(2) exp(4(ie-2))| 
== | F(z) exp (3ilp,-z) exp (4 (iz) -2z—3ilp,: z)2,*" |. 
For zE 8, s”’==0,1,2,- + ,u+2n, 7—=1,2,-- +n, we have 
| G(z) exp (Silp,-2)2,"" | S1, 
by the definition of N. On the other hand, for vé Kisinisy, for some jf, 
| c;| 2121(n-+1), so that, for z€ 8, 
| X (32:2 —3lpr 2) | Z 61(m +1) {3 (z;)| —8ln | (z)| > 0 
because, for any point z on 8*, and any 7’, 7”, | X(2~)| = | à (zp) |. Thus, 
(18) | 2°" (z) exp (fia-z)| S1. 
Now, using (16), (17), (18) and Lemma 1, we deduce that, for 
F == 0,1, 2,: 7 ty Un J= 1, 2,° "yt, zE Eyotuns1) 
(19) | ( (8 foes") g) (x) | So. 
This means that g € Q so that GEQ. This completes the proof that N C Q. 


Proof of Lemma 1. We assume 4 =-1, and we write & for 37; the 
case k41 is handled similarly. & is (for z large) the set of z€ C* such 
that &(z;)—a+y, where y= constant log |f|, and where ¿= (#(z,), 

-,R(z,)). It follows easily that the element of surface area on 8) is 
< constant df where dé denotes the element of area on R (for |¢| large). 
The existence of 6; now results immediately. 

In order to complete the proof of Lemma 1, we must show the following: 
For any y > 0, call Vy the real n-chain in C? consisting of all z€ C* such 
that | ¿|= y, and OST (2,) =I (22) = < -=I (en) Sy: for all j; we want 


to prove that, for any F € D, i F(z)}dz— 0 as yo. eee that F'€ Da, 
and that y:==a-+plog|¢| for "izl large, where p is some constant. Then 
we know that f; dz == py" (log y +a) for y large, where p’ is another 
constant. : 


We also know that we can find an M > 0 so that, for all rE R, j = 1,2, 
-,n, we have |g prle P(g)| <M where [ap] is the greatest integer 
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& xp. Thus, by the Phragmén-Lindelof theorem, for all z€ Vy, we have, for 
p==1,2,---,n, | 


| ePrrlool? PP (z)| < M exp (ay:) SM’ ly |e 


for some M’. It follows immediately that f | F(z) | dz — 0 which completes 
VY 
y 


the proof of Lemma 1, and hence completes the proof of Theorem 1. 

We have thus completed step (a) for the space D’ as explained in the 
introduction. We shall now pass to step (b). Since the functions of D 
are defined by both growth conditions in all of C and additional conditions 
on Æ, we should not expect that. every distribution W which satisfies 
Ws CD should also satisfy W*D’==-D’. Indeed, if WED, then 
Wx D’CE, (see [12]) so that certainly, W + D’34D’. In this case it is not 
dificult to see that W*€54E€ (see [11]). From this it follows that 
WWD’ C WEE. (We have not been able to prove that W* D’ €, 
although this seems to be certainly true.) On the other hand, if D is a 
punctual distribution (see [3]), i.e. D is a partial differential difference 
operator, then we can prove that Dt D’ =D’. 


THEOREM 2. Let P be an exponential polynomial, P£0. Then 
PGG is a continuous linear map of PD— D. 


(PD is the space of all PG, Ge D with the topology induced by Ð. 
The properties of exponential polynomials which we shall use are derived 


in [3].) 


Proof. We shall usé induction on the number q of letters which occur 
in P. For g==0, P is a non-zero constant and the result is obvious. Suppose 
g>0 and that the theorem is proven for all exponential polynomials in 
fewer than g letters. Without loss in generality, we may assume that we 
“may write 


P(z) = | Po (425° `- ty By) 2" 
+ Py (Zo,° > i, Zp) 4" * + + + + Pm( So," > >, Zp) exp (ta121) 
+ Qa (21: © `, %p)exp(taezi) +- +--+ Qr (zy - ' , 2p) exp (10,21) 


where the P; and the Q; are exponential polynomials (the exponentials which 
occur in the Q; being independent of z,) with P)s<0, and where a, <a, 
<::*<a,. The proof of Theorem 2 will be completed if we can show 
that, for some positive integer d, PG—> P,*G is a continuous linear map of 
PD into PD. 
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Let L=a,—a,. Let Z} ` -,%, be fixed and denote by P’ the exponen- 
tial polynomial in one variable: 2’—> P(2’,%2,° + -,2»). Let J be any interval 
of length 2(£-+1) in the complex plane which is parallel to the real axis. 
By Lemma 1 of [3] we can find a point 2, € J and constant K depending only 
on P such that | P’(z.)| = K exp(— | a:I(0)|)| Po’ |, where Po’ = Po(2e,°* +, 2p). 
By Lemma 2 of [8] and the proof of Theorem 1 of [8] (see p. 288), we 
can describe about z a circle of radius 7” with 2(2+-1) Sr S4(L+1) 
such that, for all z” on this circle, 


(20) PR SKA + | 2" |)? | Po’ |7 exp(— a’ | al (2’) |) 


where B, d and K’ are constants which depend only on P, and d is a 
positive integer. We set d= d. 

Let N be a neighborhood of zero in D; let m = 3 + d’ | a, |. By Theorem 
1 we may assume that WV is defined by sequences {a;}, {bi}, {dı} and positive 
numbers c, y such that N consists of all Ge D which satisfy, for each 1, 


(21) max | exp(mid,p,-z)2 G(2)| Sy, where 2€ Ty, 


for k=1,2,- - -,2", j= 1,2, >- n, and for s—0,1,2,--°,b, (Theorem 
1 is actually applicable only in case that m is replaced by 3, but it is clear 
from the proof of Theorem 1 that any number = 3 will do.) We may also 
assume that c= 8(L-+1). 

For each 1, k, let ©,;* be the region consisting of all z€ C of the form 


(22) aa +i, werk, |g |S8(L+1). 
We consider the set N’ of all Ge D which satisfy, for each l, 
(23) max | exp(3id:p,-2)2; G(z)| S71’, where z€ OF, 


for k==1,2,- - -,2", j= 1,2, n, s=0,1,2,:--,6:+[--B] +1, where 
of == min (y/n, k’n/2n) (14+ 2-8) and where K’, B are as in inequality (20). 
(If B>0, then we can replace [— B] +1 by 0.) Exactly as in the proof 
of Theorem 1 we can show that N’ is a neighborhood of zero in D. 

We claim that the conditions Ge D, PGE N’ imply P,?Ge N. Lat k,l 
be chosen ; let z be any point in T;*. Let I be the interval in the complex plane, 
center 2,, length 2(2+1). We can find a point z € F and a number 7 
with 2(£2+4+1)=7 $4(£-+1) such that every point 2 on the cirele O, 
center 2), radius 7” satisfies (20). It is obvious from the definitions that, 
for any ZEO, (2',22,23,'° °,2n) lies in @,*. Thus, for any 2’€0, if 
s==0,1,2,---,8, 7==1,2,---,n, we have by (20), 
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(24) | Py fg | zj G (z, 23 g 2r) exp (midiPy ' (2, Žas Za" "s Zn) ) | 
SS (1/K’)| exp (Bidipy: (2, Za © +, 2n)) -2/* | 
X | P(e, 2a i n) A | 2’ E 4 (2, 22,° i "inl Sy 


because PG € N’, where we have written z/ = z, for j > 1, and z,/==2’. Since 
the point z, is contained in O we also have, by the maximum modulus theorem, - 


(25) | Po’ 8 |28 G (21, 22,° > +, Zu) exp (midi, 2)| Sy. 


This proves that Po’Ge NV. 

We have shown that PG— P,*G@ is a continuous map of PD —> P,4D at 
zero and hence, by linearity, everywhere. Since Po? is obviously an exponential 
polynomial in fewer than çq letters, it follows from our induction assumption 
that PŒ -> G is a continuous linear map of PD into D which is the desired 
result. 

By means of Fourier transfcrm we deduce immediately 


COROLLARY. For any partial differential-difference operator D0, 
Dg— g is a continuous linear map of DD into D. 


THEOREM 3. With D as above, for aii TE D’ we can find an SE D’ 
such that DS=T. 


Proof. Df—T-f is a continuous linear function § on DD because it. 
is the composition of the two continuous maps Df->f and f—>T-f. By the 
Hahn-Banach theorem, § can be extended to a continuous linear function 
on D, that is, § can be extended to an SE D’. For any f€ DM we have 


DS-f=S-Df=&- Df=T f. 


This shows that DS == T which is the desired result. 

The question naturally arises as to what is the class of W € €’ which 
have the property that W = D’—®’. Theorem 3 shows that any punctual 
distribution has this property. By reasoning in a slightly more complicated 
manner than that used in the proof of Theorem 2, we can deduce 


THEOREM 2’. Let W be any distribution in € of the form W=D-+h 
where D is a non-zero punciual distribution and h is a function of compact 
carrier which is sufficiently often differentiable’ Then W*g—->g is a con- 
tinuous linear map of W*= D+. 


THEOREM 3’. With W as above, given. any TED’ we can find an 
SED’ which satisfies Ws S =T. 


2 We have not determined the best possible result. 
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3. Division in the space €. We showed in a previous paper (see [13]) 
that every partial differential-difference operator maps € onto €. We want 
to give a proof of this fact which is in keeping with the outline proposed in 
the introduction. For this purpose we must compute explicity the topology 
of the space E (see [5]) which is the Fourier transform of the space €’ 
of Schwartz; the characterization of this topology is itself of interest. (We 
write |z|—max(| 2; |.) 


THEOREM 4. Let H be any continuous posilwe function on C such 
that, for any k=1,2,: - -,2" and for any t>0 


(26) (1-+ | 2|*) exp (—itpp- 2) = 0 (H(z)). 

Let N be the set of FEE such that, for any z€ C, 

(21) |F(2)| SH (2). 

Then the sets N form a fundamental system of neighborhoods of zero in E’. 


Proof. Wet B be a bounded set in E’. It is proven in [5] that we can 
find a positive number ¢’ such that every F'€ B satisfies 


|F(2)| Se (A+ [2 |") exp (—it’p,- 2) 


for z€ C%, k==1,2,---,2%. Thus, given any set N as described in the 
statement of Theorem 4, we can find a positive number a such that aB C N, 
that is, NV swallows every bounded set in Æ’ (see [5]). Since the space E’ 
is bornologic (see [7]) it follows that N is a neighborhood of zero in F. 

Conversely, let Q be any neighborhood of zero in BE’. Now, (see [5]) 
the topology of Æ’ can be described as follows: We consider each element of 
E’ as defining, by multiplication, a continuous linear map of Dr into De; 
then the topology of Æ” is that obtained by giving this set of maps the compact- 
open topology. We want to produce a neighhorhood of zero N in E’ of the 
type described in the statement of Theorem 4 such that NCQ. By the 
above, it is sufficient to show that, if B is any bounded set in D, and if M- 
is a neighborhood of zero in Dr, we can find a neighborhood of zero N in 
E’, as above, such that the conditions F€ B, GEN imply FG€ M. 

Now, M may be described as follows (see [7]; the result may also be 
deduced without much difficulty from Theorem 7 of [2], p. 893): Let M, 
be a continuous function on R with the property: For each ¢ > 0, exp(¢| |) 
== O(H,(«)); let m be a given integer. Then M contains in the set of all 
Fe Dy for which 
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(28) max | z; F(2)| S H,(y), where 
d (21) = Yi d (z2) = Ja, à (Zn) == Yn» 
with y = (Yis Y2" © Yn), for s==0,1,- --,m and for 7==1,2,° - +n. 


B may be described as follows (the proof is essentially the same as the 
proof of Theorem 1 of [2], p. 887): For each integer s we are given a positive 
number A,=s!; we are also given a positive number A. B is contained in 
the set of all F € Dy which are of exponential type =A and satisfy, for all s, 


(29) max | 2 F (x)| S Ás; nL? oe ee 
2eH 
Now, any F€ B satisfies (29) and so also satisfies, by the Phragmén- 
Lindelöf theorem, 
(30) max | 2° (2) exp (tAp,:z)| SA; 
2€ Ck 
for 4 = 1,2,---,n, k==1,2,:° -,2", and all s. 
Define the function H, on R by 
| a. 
(31) Hals) = 3 S| a; |7/2r*nA,. 
g=0 j=l 
Since A,2=7r!, this series converges for all r. Then (31) and (29) imply 
that, for any z€ R, F€ B, we have | F(t) H.2(x)| S1. We set 
(32) H (2) = H, (x) H, (y) | exp (tApy-z)|/(1 + |2 |”) 
for any 2€ C*, k= 1,2, + -,2", where . 
w= (R (21),° c, R (2n)), y = (à (2); i +, È (Za) )- 


It is clear from (30), (81), and (82) that, for any z € C, for any 4 = 1,2, on, 
and for any F€ B, we have l | 


(98) i | 2° H(z) F(2)| £H, (9) 


for s= 0,1, > “ym. Using (83) we deduce that the set N of GE Dr which 
satisfy | @(z)|S H(z) for all z€ C has the property that NB€M. Since 
H clearly satisfies the relation (25), this completes the proof of Theorem 4. 


THEOREM 5. Let WEE be of the form W—D-+f where D ts a non- 
zero partial differential-difference operator with constant coefficients (punctual 
distribution) -and fE Cis a sufictently often differentiable function* Then 
WU —U ws a continuous linear: map of Ws €' mto E. 


t The same remarks apply as in footnote 2. 
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The proof of Theorem 5 proceeds along essentially the same lines as the 
proof of Theorem 2 (and is, in fact, somewhat easier); we shall omit. the 
details. 

By the methods of er of Theorem 3 we can now deduce (see [3]) 


THEOREM 6. With W as above, for any “fek there is a ge MH such 
that W*qg—f. i 


4, Division in the space H. By X. we denote the space of entire func- 
tions on C with its usual topology (see [4]). Each element of &’ can be 
represented as a distribution of compact carrier on C. The Fourier transform 
H’ of 9’ is the space of all entire functions of exponential type on C with 
no extra conditions on R. As mentioned in the introduction, we should 
therefore expect that every We’ has the property that W +U —>YỌ is a 


continuous linear map of W* 9’ into Y’. That this is actually the case 


sf 


will be seen later (see the corollary to Theorem 8 below). First we shall 
have to describe the topology of W explictly: 


THeorem Y. Let H be any continuous positive function on C such 
that, for any t > 0, 


(34) o o exp(t |2|) =0(H(2)). 


We consider the set N of FE H’ such that |F(z)| H(z). Then these seis 
N form a fundamental system of neighborhoods of zero in H. 


Proof. First, let N be a set satisfying the hypotheses of Theorem 7. 
Then N is clearly convex. If B is any bounded set in H’ then (the proof 
is similar to that of Proposition 2 of [4], p. 296) we can find positive- 
numbers b, c so that all FEB satisfy | F(z){Sbexp(c{z!). Thus, by 
(34), we can, find an @>0 such that aB CN, that is, M swallows every 
bounded set in W (see [5]). Now, H’ is pornoleer (see [9]); this means 
that N is a neighborhood of zero in H’. . 

(We can also prove that N is a neighborhood of zero in H by using 
the method of proof of Theorem 14 below, without using the results of 
Grothendieck. This method is of use when we do not know in advance that 
the space in question is bornologic.. Actually, we could deduce in this 
manner that H’ is bornologic.) | 

Conversely, let M be a neighborhood of zero in H’; we want to produce 
a neighborhood of zero N. of the type described- in the statement of Theorem 7 
such that N C M; Call Q the set of inverse Fourier transforms of the func- 
tions of Af (see [4]). By the definition of the topology of a dual space; we 
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_ can find a bounded set K in & so that the conditions U € X’, |U- F| 1 for 
all fe K imply VEQ. 
Now (see [4], Proposition 1 and Equation (1) on p. 296), if we write 
G€ H’ in the form 
G (2) == > (akithat n/T pr i kla) Cirko kpa Z: z Zp" 


and if we write f€& in the Zorm f(z) == © frrr t2122 © -Snkm then 
we have 


(35) FG 7 f T >, Giara Kin Pees kn" 


Since K is bounded in &, for each system of positive integers ? we can 
find a positive number Cpe- sucn that every fE K satisfies 
c 


(36) max |f(z)| S Cnu- where |2 | Sh, Sly APESS 








Za 
From (36) and Cauchy’s formula we deduce that the inequality 
(37) | fika ty | SS Cne a/ he - la" 
holds for all f€ K and for all integers kı kate -,kny lily: csta We 
may clearly assume that ¢.,-..==1 and that cne- a S Cyw if 
bey she ha ya ra 
Let {y;} be a strictly increasing sequence of numbers with y. ==0. 


Let {d;} be a sequence of non-negetive numbers with d. = 0, d; > 0 for j > 0. 
We require further that 


(a) dy -F y S Yin 
for any 7. We call a,,j,...;, the region consisting of all y€ C for which 
dy, + ya S| yx|S View 
(b) exp[4 (ja | ya | + je | Y| > t+ jn | Yn |) JC +, duet 
= expl$((j:—1)] y| + Ge—1)| y| +: + G1) ye |) 1, 


whenever j; = 1, je Z 1, > +, ja Z 1, and whenever | y,| 2 di + y;, for all k. 





(c) There is no point of the form l/m in the interval y; S £ S y+ dj for 
any 7, where m, | are integers and m & 2 (7 -+ 1). 


The existence of the sequences {y;}, {d;} is obvious. Moreover, it is 
clear that the regions @,,;,-,4, do not overlap. 
We set 


(88) Cimi jer jet A(z) =exp (4 (ji |z] + jelz] +> jalen), 
ý zE Kija jn 
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and H,is defined so as to be continuous and monotonic (i.e. H(z) = H(2’) 
if [galaz] for j=1,2,---,n). It is obvious from (88) and. (b) 
above that H satisfies (34). 

Denote by N the set of all Ge W for which | G(z)| = A(z) for all 
zE. Let GEN and let (h,,ha,:°+,k,) be an n-tuple of non-negative ` 
‘integers. It is not dificult to see by (c) that we can find an n-tuple of 
integers (llat ° csin) and an n-tuple of positive numbers (a1, Qz > *,@n) 
such that 


(89) h,/h 2a Zk./, +1, 
kafla Z t: Z ko/la > + +, lenin Oy Z kn/ln + 1 


and such that the n-chain Z in C defined by |z; | = dr, | Za | = aa + +; | Zn! 
== @p lies IN Qun tp 


-By Cauchys formula we may write 
Grka e, = — Wey lhe! > waf G (2) /2yBttz katt. + gpi dg, 
Now, on =, we have . " l 
| G(z)| S H(z) =exp($ (ail, -+ Gal, +: + nln) ) /Ctysrs tet, +, ttt 
by (388). Thus, on making use of (39) we find 
© Chee tert, o, eles alge ~~ Ten | Casta te | 
S kalkal - + ent exp(B(len + ke + + H kn) (la + DEC 1+ (Ig 1) 
By Stirling’s formula, we can find a constant 6 such that 
(40) -Cisrteea, tar | Fregtig kn | 
S 6 exp(— (ler ba ++ > + bey) Ua -+ Ue + 1 + + (pL 1). 


Using (35), (87), and (40) it is obvious that we can find a 6’ > 0 such that 
every ŒE N satisfies 


(41) F °G fs for all fEK. 
This proves that (1/9) N C M which completes the proof of Theorem 7. 


THEOREM §& Let JEH, JÆ0; then JGOG is a continuous linear 
map of JH’ inte H. 


* We normalize the measure in such a manner that the usual factor (27)* does not 
appear. 


700 LEON EHRENPREIS. 


Proof. The idea of the proof is to use the following minimum modulus 
theorem for entire functions of exponential type (see [4], Theorem 5, p. 317): 
Suppose k is an entire function of exponential type of one complex variable 
and that |%(z)|<Mexp(A|z|) for all z Then for any r>0 there is 
an 7 with r&r S 2r such that 


(42) an | &(z)| = | (0) |texp (B log M + c41) 


where B and c are certain constants and d is a positive integer. 

We shall prove Theorem 8 by induction on the number g of variables 
on which J depends. For g—0, J is a non-zero constant and the result is 
obvious; we assume q > 0 and that the result is known for entire functions 
of exponential type in fewer than g variables. We may clearly assume that 
J depends on Z,,%5,---+,Zq. For any complex numbers 22,- + *,%g, set 
J, (Za © *,%q) =J (0,41,° * *,%q). It is sufficient to show that J/G—J°G 
is a continuous linear map of JW — J W. 

By linearity, we must show the following: Given any neighborhood of 
zero N in H there exists a neighborhood of zero N, in W such that the 
conditions ŒE H’, JG¢ N, imply J,4Ge N. By Theorem 6 we may assume 
that N consists of all F e€ H’ for which | F(z)| = H(z) for all z€ C, where 
H is a function satisfying (84). We may clearly assume that H is mono- 
tonic, 1. e. 


(43) H(#’) SH(z) if fa’ |Zjalle’|= 





tals ola |B fral: 
Now, we can clearly find positive numbers A, M such that | J(z)] 
<= Mexp (A |z |) for all z€ ©. We define the function H, on C by 


(44) H,(2z) = MP exp (2cA | 2, | -+ BA | ze| +---+ BA | za |)H (Ar, 22, + +, Sn) 


where B and c are the constants that appear in (42). It is clear that HM, 
satisfies (84). Denote by N, the neighborhocd of zero in H’ consisting of 
all GEH for which | @(z)| H(z)’ for all ze0. We claim that the 
conditions JG E€ N, implies Jfa EN. | 

For, given any z€ C, we can find by (42) a number 2’ with |a | <7’ 
S2|2,| and l 


min J (2y’, Bucs ae) r 


= | Ji (ža ` +, 2q) |M exp (cAr + BA |z 


ees ge li: 
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Therefore, if |2 | =17, and JGE N,, we have 
| Ja (225° i Bq) |? | G (21’, Za > +, 2n)| 
<= M- exp(— cAr’ — BA —:+-+-—BA | z4 |) 
x | J ( 24", Zas” ý nta G( (A Ba," - "s Za) | 
< M8 exp(—cAr’ — BA - ++ BA | za |) Ha (21’; a2," ° a Bas 








29 








Z2 





Since | z,| <7’ <2 |z, | we have, by the maximum modulus theorem, 
| J (2a: : FAIA G (Z1, 225° f "y Zn) | 
< M- exp(—-2cA |z, | — BA -++— BA gl) 
X A, (Rz, AZo, ° +, 22n) == H (23, Zo i ee) 











Be 


because (see (43) and (44)) H, is monotonic, and ¢<0. This completes 
the proof of Theorem 8. 
By taking the Fourier transform we deduce 


COROLLARY. For any WE #’, W340, Wx UU is a continuous linear 
map of WB’ into W. 
THEOREM 9. For any WEW, fW =f maps Y onto & continuously. 


Theorem 9 follows from the corollary to Theorem 8 exactly in the 
same manner as Theorem 3 is deduced from the Corollary to Theorem 2. 


5. Entire functions of finite order. Let f be an entire function, and 
let A Z1. We say that f is of order =A if, for every « > 0, we have 
(45) f(z) = O (exp | z |4*). 


The greatest lower bound of A for which (45) holds is called the order of f. 
By 2.4 we denote the space of all entire functions of order <A; it is clear 
that 24 is a ring under multiplication. We define a topology in 24 by 
means of the semi-norms 


(46) ve(f) = sup exp(— | z |4) | 7(2)| 
for any fE 2a. 


PROrosITIoN 1. 24 is a complete metrizable locally convex topological 
vector space, i.e. 24 is a Frechet space. Q4 is not a Banach space. 9a is 
a Montel space, so that 24 is reflexiwe. 2a is also a Schwartz space.® 


‘The theory of Schwartz spaces has been developed by Grothendieck in [9]. 
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Proof. It is obvious that 24 is a locally convex topological vector space. 
Moreover, we may clearly define the topology of 24 by means of the semi- 
NOTMS Vıym for m integral; thus, 24 is metrizable. In order to show 
completeness, we may therefore restrict ourselves to sequences. If {fj} is a 
Cauchy sequence in 2,4, we know, from the fact that Y% is a Frechet space 
(see [4]), that {f;} converges to a function g€ & on the topology of H. 
It is clear that, for every e> 0, giz) = 0 (exp(]| z |4) so that g€ 24. It is 
readily verified that {f;} converges to g in the topology of 24. It is clear 
that no neighborhood of zero in 24 is bounded, so 24 is not a Banach space. 

We shall show now that 2,4 is a Montel space, that is, the closed bounded. 
sets of 2, are compact. We shall show even more: For each e>0 the 
set Ne of f€ Q4 which satisfy ve(f) <1 is precompact for the topology 
induced by ve whenever € > ec; this implies that 24 is a Schwartz space. 
Let {f;} be a sequence in Ne; we can extract a subsequence {f;} which con- 
verges in &, say f;,—f in 2, because Y is a Montel space and Ne is clearly 
bounded in &; it is obvious that fe N,. Since each fpE NV. we deduce 
immediately that ve (f;,—-f) 20. This completes the proof of Proposition 1. 


Proposition 2. For any fE H, write f(z) = Dy fika t212 o Spl. 
Then fE Q4 tf and only if : 


(47) lim inflog(1/] frr- rn |) / {Cher log ki) (ee log he) + © > (len log ky)} = 1/4., 


In case n= 1 this Proposition is well-known (see [13], p. 253); the 
proof for »>1 can be accomplished by a similar method. 

By 2.’ we denote the dual of 2, with the topology of uniform con- 
vergence on the compact (bounded) sets of 24. For any 7¢€ 9,4’ and any 
integers fy, ko © +, kn we set 


(48) seer ka ~ U , 2152 ok ee See fon VA 
It is not dificult to show 


Proposition 3. For any f€ Qa, $ finko kbi Zae - Zen converges 
to f in the topology of Qa. Thus, for any UE 24’, 


(49) Uf = DU kakao ten Peake Br 
where the series on the right side of (49) converges absolutely. 


For any U€ 24’, we can find an e>0 so that U is bounded on the 
set of fE 2,4 for which »,.(f) 1. By the Hahn-Banach theorem, U can 


* For each j, Z; is the function on C: 2 2). 
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be extended to a continuous linear function on the space Va, of all con- 
tinuous functions on O which. are o(exp(|z |4). Thus, we have 


PROPOSITION 4. For each UE Qa’ we can find an «>0 so that U can 
be represented by a measure which we again aenote by U which falls off 
like exp(—|z|4**), that is, 


(50) - Sf | U@| =O (exp (r). 


If B is a bounded set in 24’, then the « and symbol “O” in (50) can be 
chosen uniformly for U €B. 


For any U€ 2,, we define the Fourier transform of U as the function 
on C: 


(51) foU-exp(iz-) = f exp(iz-t)dU (1) = (F(U)) (2). 

It follows immediately from Proposition 4 that F(U) is an entire function. 
We define A’ by 1/4 + 1/A’=1, that is, A’ is the conjugate exponent 

of A (see [15]). We wish to recall Hélder’s inequality (see [13], p. 383 

inequality (5)): For any complex numbers x, y we have 

(52) ja |A/A + |y |A/A’ = | ay |. 

Using the fact that for any z, t€ C we have |z-¢/<[2![¢|, we deduce 

from (52) 

(52’) j2|*/A + | t|4/A’ = jz: t| for any z,t€ C. 


t 


Provosition 5. For any U€ Ì4’, we can find an e `> O such that F(U) ` 
is an entire function of order S A’—é® If B is a bounded set in 24’ 
we can choose é uniformly for UE B. We may write: 


(53) (EOE = 5 (Pesk kal bnl) (Unm paza + p), 
Proof. We apply Proposition 3 to equation (51), using the fact that 
exp (iz -) = > (qhrthsts+hn / e, Ugo! yo oes kn!) (2:Z,)* (2222): P: (2nZn)* 


and we deduce (53) immediately. The first part of Proposition 5 can now 
be deduced from the fact that the numbers U;,.x,...,, render the right side 
of (49) convergent whenever fE 24 if and only if, for some ¢ > 0, 


> (akithat- +n / foa Meo! . e « len!) U kike En Z Zak: . æ « Lye 


8 In case A = 1, A’ = œ, and A’—e’ is to be interpreted as some (finite) number. 
A similar convention is to be employed throughout the rest of this paper. 
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defines an entire function of order = A’—e’. (This fact can be proved by 
the methods of [7].) The part of Proposition 5 referring to the bounded 
set B can be handled similarly. 

Another proof of the first part of Proposition 5 can be obtained from 
Hélder’s inequality (52’), and Proposition 4. Thus, if €e is determined 
by the condition 1/(A -+ e) + 1/(A’—¢’) =1, then we have, for any z2€ C, 


(54) (F(U)) (2) = f expliz-)d0() f eple tla T) 
Sf expla EAA — e) H A +9] TH) 
= oxp(t t /(4'—e)) | exp(t4e/(A +0) | TO= O(exp(e4"*)). 


Similarly, if U lies in a bounded set b in 24’, the symbol “O” in (54) can 
be chosen uniformly for U € B. This completes the proof of Proposition 5. 


By means of Hölder’s inequality (52) we can also establish easily 


PROPOSITION 6. For each «`> O there exists a constant Ce `> 0 such that, 
for all 2€ C, 
(55) velexp{iz:)) S ce | z |4 


where, 1/(A + €) + (4L — e) =1. 


Remark. Proposition 6 furnishes us with another proof of the first part 
of Proposition 5. i 


We now want to derive the converse of Proposition 4, that is, 
Q.’ =F (24’) consists of all entire functions cf order <A’. We also want 
to describe completely the topology of Q,’ in order to study the division 
problem in the space 94. (Qu’ is given the topology to make F a topological 
isomorphism. ) 


Proposition Y. Let B be a set in Qu’; then B is bounded in Q4’ if and 
only if, for some & > 0 we can find an M > 0 such that 


| G(2) S M exp(|z |4-e) for all z€ C, GEB. 


Proof. ` The necessity of the condition was established in Proposition 5. 
Suppose then that B satisfies the stated condition; let e be defined by 
1/(A +c) + 1/(4'—’)=1. (We assume, as we may, that A’ —/ > 1.) 
We claim that, for some W >09, | F°G- f| S1 for all fe Me. This is, 
in fact, an easy consequence of Proposition 3 and Cauchy’s formula. ~~ 


e@- 
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Proposrrion 8. Let {Gi} be a sequence in Q4’. A necessary and 


sufficient condition that Gi— 0 in Q4’ is that there exist an € >0 such that 


(56) max exp(— |z |4" Gi(z)) > 0. 
ze 


For each j, denote by Ui the inverse Fourier transform of Gi. Then if (56) 
is satisfied, we even have Ui- f—>0 uniformly on the set of f€ Nezz 


Proof. Suppose first that Gi->0 in Qy. Then it follows from 
Proposition 1 that, for some « >0, US-f—>0 uniformly for f€ Ne (See 
[9]; see also [12], vol. I, p. 91, where a similar result is proven for the 
space € of Schwartz.) By use of Proposition 6 we can now deduce (54). 

The converse is established by the method of proof of Proposition 7. 

From Proposition 8 we deduce immediately 


COROLLARY. Let {Gi} be a sequence in Qu’ and let M, € be positive 
numbers such that, for all 3, 


(57) | Gi(z)| Sbexp(|2|4-*) for any z€ C. 


Suppose also that Gi->0 in the topology of H. Then also Gi—0 in the 
topology of Qx. 


THEOREM 10. Qu’ consists of all entire functions of order < A’. 


Proof. The fact that every function in Q4’ is an entire function of 
order < A’ was established in Proposition 5, so we proceed to the converse. 
Denote by K the vector space of all entire functions of order < A’; we have 
Q CK, and we want to show Qu’=K. Clearly, every polynomial lies 
in Qu’; we shall show that, for any QEK we can find a sequence of poly- 
nomials Gj which converges to G in the topology of Qa’. Since the space 
Q,’ is known to be complete, this will show that G € Q7’. 

Let us write G(z) = >) Ghri- e, 21022" > ay. Then we set 


Gi == D kitkat +S) Gets ZZ of - i Ann, 


It is clear that Gi—>G in the topology of &. Moreover, it follows from 
the Corollary to Proposition 8 that {G7} is a Cauchy sequence in Q4’; thus, 
we can find a G,€ Qu’ such that G/— G, in the topology of Qu’. New, for 
each z€ C, and each 7, 


Gi (z) = F> (Gi) -exp(iz-) > F*(G,) -exp(tz:) = G (2). 
Thus, G, = G which completes the proof of Theorem 10. 
For any f€ 94, 2€C, we denote by +,f the function on C: (rf) (4) 
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= f(t——z); it is clear that 7,f€Q2,. For any f€ 24, UE Qu’, we define 
the convolution Uf by (U*f) (2) =U-r.f for any 2€C. According to 
Proposition 4 we may write 


(58) (UP) = f ft+aav 


where, for some «œ> 0, the measure U falls off like exp(—|¢[4t*). It 
follows easily from (58) that U*fé 2a. 


Provosition 9. If B is any bounded set in 2a, then U —>U =f are, 
for 7 € B, equicontinuous linear maps of 24—24. If K is any bounded 
set in 94’, then f—U =f are, for UE K, equicontinuous linear maps :of 


9417. 


Proof. By bilinearity, we need verify continuity only at zero. Let m 
be a fixed positive integer; since B is bounded in 2,4, for each integer j= m 
we can find a positive number M; such that vıy (f) S&M; for all fe B. 
Call B’ the set of f€ 2,4 such that »,,,(f) SM? for all jm, where 
Mj — M;exp(24*/™), Let N be the neighborhood of zero in 2,’ con- 
sisting of all U € 2,’ such that | U- f| <1 for all f€ B’; we claim that, for 
UEN, FEB, we have U*feé Nim- 

Let us note that ¢—> ¢4“/™ is a convex function on C. Thus, for any 
t,z€ 0, any fE B, and any 7 > 0, we have 


(59) | (ref) (E) |= |f (2 + t) S Myexp(| z -+ é |4) 

< M; exp (2441/7 (| z [a + | t |4173) ), 
Thus, exp(— |z |4) (rf) (t) S Mj exp(| |44), which implies that 
exp(— |z |4*/™)7_f € B’ for all z€ C. Hence, for all UE N, fe B, 2€0, 


we have 


| (7 *f) (2)| = | U ` r-af | S exp (| z |4), 


that is, U*f€ Nim This completes the proof of the first part of 


Proposition 9. 

Let e > 0 be fixed. Let N’ be the set of all f€ 24 such that |U f| S1 
for all U € K; by the reflexivity cf 24 (Proposition 1), N’ is a neighborhood 
of zero in 24. Thus, we can find an e > 0 and an a > 0 such that N’ C aN a; 
call ee = min(e). We claim that, for fE exp(—24*#)aN,,, UEK, we 
have Uxfe Ne 

As in (59) above, if z,t€ C, f€ exp(— 24re) aN en 


| (r-2f) (t)| Saexp(| g [4e + | t 14+) 


"®. 


>< 
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so that exp(—|z|4*®)sf¢€ aN. CN’; a fortiori, exp(—|z |4**)r_.f€ N. 
Thus, for any U € K, f€ exp(—24*)aN.,, we have U*f¢ Ne which com- 
pletes the proof of Proposition 9. 

For any U,V€24’, the convolution U*V is defined by U*V'f 
=U- V =f for any f€24. Ux«V is in 24’ by Proposition 9. 

From Proposition 9 above and the method of proof of Propositions 7 
and 8 and Theorem 2 of [4] (see pp. 300-302), we can deduce 


Prorosition 10. (U, VY) >~U#V is a continuous bilinear map of 
94’ X94. Moreover, Vs V =V +U. 


PROPOSITION 11. For any U€ 2x, f€ Qa, and any integers ky, ko, > . En 
we have 


(60) (U * f) ika hin = de Uub tn fkn lerke e, ntkn 


where the sum on the right is extended over all integers lh, la © ',ln and 
where the series on the right converges absolutely. 


Proposition 12. For any U, VE 23, 
(61) F(U =V) =F(U)E(V). 


COROLLARY. For U,V,WE 24’, Vs (V«xW)=(U*«V)*W, that is, 
convolution is associative. 


We are now in a position to study the division problem in the space 
9.4. Since Qx’ is defined by growth conditions in C only (with no additional 
conditions on R) we should expect that for every WE 24’, W*2,—=Qs. 
That this is actually the case will be seen later (Theorem 13 below). First, 
we shall characterize completely the topology of the space Qx. 


THEOREM 11. Let H be a continuous function on C such that, for 
every d <0, "eG 
(62) ' exp(|2|4-*) = O(H(z)). 


Call N the set of GE QK such that | G(2)| S H(z) for all z€ C. Then these 


- sets N form a fundamental system of neighborhoods of zero in Qa’. 


Proof. Let N be a set satisfying the above hypotheses. By Proposition 
7 and (62), if B is any bounded set in Q,’ we can find a positive number b 
such that bB C N, that is, N swallows every bounded set in Q,’. It follows 
from Proposition 1 and the results of [9]. that Q.’ is bornologic. Thus, since 
N is clearly convex, N is a neighborhood of zero in Qz’. 

A direct proof of the fact that N is a neighborhood of zero in Qu’ 
(without using the fact that Q4’ is bornologic) may also be obtained by the 
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same methods as those used in the proof of Theorem 14 below; this method 
also provides us with another proof that Q,’ is bornologic. 

Conversely, let M be a neighborhood of.zero in Qu’ and denote by Af the 
set of inverse Fourier transforms of the functions in M. By the definition 
of the topology of 24’, we may assume that there is a bounded set K in 24 
such that M consists of all W€ 9,’ with |W-f|<1 for all fe K. Since 
K is bounded in Q4, for each 2-tuple of integers (llat - <ln) we can find 
a positive number Cna- such that every fE K satisfies 
(63) | f(2) |S cun- m exp (| #1 [Ea | ae [AH + + | ty JA), 
Using Cauchy’s formula we can deduce easily that every fE K satisfies 


(64) | fiare rn | (ea/(A + 1/11) EAD © + (hg /(A +F L/leg) ) EA): 
S Cne- p exp (k/ (4 + 1/h)) + eo /(A IU/L) +> 
+ (hen/(A + 1/h,)) J 
for all integers kı ka’ >'k, llo *,In (We may clearly assume that 


Coo- g = 1 and that Chile Iy Se Ch'e Ty? if A < re L= Lo i stn = Ly.) 


Let {y;} be a strictly increasing sequence of numbers with ye —0; let 
{d;} be a sequence of numbers with d. = 0, d; > O for7>0. We require that 


(a) d; + y SE yin for any j. 

We define @jj--jn a8 the region consisting of all y€ C with 
ds, +n | Ye |S rien 

for all k. We require further that 

(b)  exp(]y [E + | ya [AH et | Yn [E7 ) AC jut 








Ya 





= exp ( Yr |AG + | Yo A-a) feet ob | Yn | A’-Gn-t)’) 
whenever lyn | Z dant Yr for all k and whenever 7,2 1,-- +, 7,21, where 
for any integer 7, A’ —l’ is defined by 
(65) 1/(A4+1/l)) -1/(4’ 1) = 1—1 


where d < 0 will be chosen later. 
(e) There is no point of the form [1/(A’— m) p t-m) 


in the interval y;S eS y; + d; for any 7, where m, l are integers and 
m ÆR (j+ 1). 
The existences of sequences {y;}, {d;} satisfying (a), (b), and (c) is 


So 
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not difficult to see. > Moreover, it is clear that the regions «,,...;, do not 
overlap. 
We set 


(66) H(z) = exp (| By [E + | Za [Ada +--+. 2, [4-98 Ojos, just, 5, jati 


for z in napj The definition of H is completed by requiring that H be 
continuous and monotonic, i.e. H(z) = H(z’) if |z| = | 2r |,---| ee | = | en’ |. 
It is obvious from (66) and (b) above that H satisfies (62). 

Call NV the set of all Ge QX for which | G(z)| = H(z) for all 2€C; 
we claim bN C M for some 6>0. Let GEN and let (hy, ka - -,hn) be 
an n-tuple of non-negative integers. It is not difficult to see that we can 
find an n-tuple of integers (1,,1.,- - -,J,) and an l-tuple of positive numbers 
(@1,@2,° ° *,@,) such that, for h=1,---,n, 


(67) [hn/ (A! — i!) (AW?) & ay & [In / (A! — (4, +1)) A 
and such that the n-chain = on C defined by 
| 2. | = dy, | Z2 | Ge, © >, | 2n | = Qp lies in Quy- tu 


By Cauchy’s formula we have> 


(Finnin me — ile lkal ++ Ml f G (2) atteka. o gpt dg, 
Now, on 2 we have” | 
| @(2)| S H (z2) = exp (| z, [4-8 + | za |4 ob | tn A) Jere tent, os tae 
because of (66). Using (67) we find 
| (FG) rike ten | Satara, Inet ea / (A? — (Ly, + 1) a4) 

K o e [a/ (A — (n Ay) pat 
S kalkal- - - ken! exp (kı / (4 — hY) F e -k,/(A’—1,)). 

By Stirling’s formula and (65) we can find a constant 0 `> 0 such that 
(68) (Piaje o oh 


S p exp (— hi /(A + 1/4) — ka/{(4A + 1/l)—: : < — kn/(4 + 1/1) 
SC bela AIh) p KoA). o o Jo Ka /(A+1/ 1n) 
X exp (— kı — ka ote, Net D a kg JA TANA- thal (A-1) tkn/ (A-1). 


Now, use (49), (64), (65) and (68); it is clear that we can find d < 0 
so small that, for some 6’, for all GE N, we have 
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(69) . |F@-f| S0 for all FEK. 


This proves that (1/0’)N C Af which is the desired result. 
We can now use the method of proof of Theorem 8 (except that we 
use Theorem 2 of [4], p. 823 in place of Thecrem 5, p. 317) to deduce 


Turorrm 12. Let J€ Qi’, J 340; then JG—G is a continuous linear 
map of IQs’ > Qx. 
From this we deduce easily 


Conottary. For any WE 24’, W540, Ws UT is a continuous linear 
‘map of W*Q4 into 24’. 


THEOREM 13. For any WE 94’, W*92,s—23. 


Remark. Theorem 18 can also be derived from Theorem 4 of [4], p. 323 
by use of certain onto theorems for Frechet spaces (see [1]). However, this 
method uses strongly the fact that 24 is metrizable and so does not apply 
to more general situations. 


6. The ring of formal power series. Let © denote the ring of formal 
power series in n variables; that is, each f¢€ © may be written in the form 
DiS his n212 + > Zate The topology of © is that of convergence of each 
coefficient. It is readily verified that © is a complete, Montel, bornologic, 
reflexive, topological vector space which is metrizable, but © is not a Schwartz 
space. The dual ©’ of © (with the topology of uniform convergence on the 
bounded sets of ©) may be idertified with the space of partial differential 
operators; for each U € © we write 


U = > (Ja! Ti Ín!) OF 5,205,009” *in OZ I so OZ)" 
(finite sum). Then we have 
(70) Of = E ijn in Pini ie 


The convolutions U«f, Ux W for U, We ©’, f€© are defined by 
requiring that the analog of Proposition 11 should hold for ©; we have 
continuity properties similar to those in Propositions 9, 10 above. 

The Fourier transform on (Y is defined as for the spaces 9’, Q4’. 
O’ = FY may be identified with the space of polynomials in n variables. 
For any U € (Y, we have 


(71) F(U) =X pj. j ZZ + + Dyin. 
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The topology of O’ is of interest because it is a “natural ” topology 
for the space of polynomials. 


THEOREM 14. Let H be any continuous function on C such that, for 
any j, p, we hare l 


(72) |z; |= O(H(2)). 


Call N the set of polynomials P such that | P(z)| =H (z) for all 2€ C i 
the sets N form a fundamental system of neighborhoods of zero in Q”. 


Proof. Let H and N satisfy the hypotheses of Theorem 14; we want 
` to show that N is a neighborhood of zero in O’. For each n-tuple of non- 


negative integers (ki, ka ©, Kn), let Grts-ka be any positive number such 
that : ` 
(73) Bika kn | Z1 [| Za [Fe + + | Za [PSS OA a H (2) 2r 


for all z€ C. Let B be the set of all f€ © for which 


(74) | Tia Kn = Akika In 


for all kı, ka> © <, kn. Call M the set of U¢€ for which |U- -f| S1 for 
all fE B; we claim that Ọ € M implies F(U) EN. 
For, given any ky, la,* © +, kn, we have 


VAVAE = Zr E Cie ey mae 2 SO that | Ukir] E laka in 
or, for any z€ C, 
| 0 (2)| SS | Unsa || 20 [| za e | f 
SD Gage kn | 2a | | Za |- + | 2a |S Ore ee (2) 2 < H (z2). 


Thus, F(U) € N which proves that N is a neighborhood of zero in O”. 

Call à the topology induced by the sets N satisfying the hypotheses of 
Theorem 14 on the set of functions of O”. Then it is clear that A is a 
locally convex topology; by the above, A is weaker than the topology of O”. 
Now, it is readily verified that the bounded sets of A and O’ are the same, 
namely, the sets B of polynomials for which we can find a constant A > 0 
such that every PE B satisfies | P(z)| SS A(1i+|2|4) for all 2€C. Thus, 
in order to show that the topology A is the same as that of O’, it is sufficient 
to show that » defines a bornologic space. (Because it is clear that, among 
all locally’ convex topologies that can be assigned to a given vector space 
such that a given family of sets shall be the bounded sets, the bornologic 
topology is the strongest.) | 

Let JM be any convex set in O’ which swallows every bounded set in 
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O’; we have to show that M is a neighborhood of zero for 4. For each 
key, kat + +, ky, the set . 


(75) Spy eer oe {eZ Fe ; Zi} jejsi 
is bounded in O’; thus, we can find a brr- r, > 0 with 
(76). a a Dees C M. 


Let us define the function H on C as follows: We choose a strictly 
increasing sequence fy of non-negative numbers, with 8. =— 0, and a sequence 
of non-negative numbers dy such that d. —0, d; > 0 for k > 0, dr t+ Br < Brn | 
for all k, and 


(72) [yga + yal ™Bistea-ten | SS | YTY > > yatata panara mn | 


whenever | y;| = d; + 8; for all 7. We call ax,.,---z, the region defined by 
the relations 


(78) Okka Tin? Bra + dm S |21 | S bron © to Bin + ig S | 2n | S Bans 
Next, set 
(79) (2) == Qkrkr -len | A [ža | Zo [že aes | Ln |En Beige 1D E E 


The definition of H is completed by requiring that H be continuous and 
monotonic. N 

It is clear from (77) and (78) that H satisfies (72). Thus, the set 
N of PEO for which | P(z)! S H(z) is a neighborhood of zero for à; 
we claim N C M. For, write PEN in the form 


(80) P =D Pump ZZ + + Zp, 
Given any n-tuple of non-negative integers (11,12: ' in), we can find 
positive numbers 41,d,,°°°,@, such that the n-chain = defined by: 





| 21] = diy | 22 | = diy’ + >y | Zn | = a lies in oy, By Cauchy’s formula 


we may write” 
Pyu- =t f P (2) /2,%*1¢_'s*" - : -Z,tntt dz. 
rt 
a 


Thus, since | P(2)| = H(z) for all z, 
| Proen | S H (Gu; tiw © * On) (Oy l > + Oy, = Day p 2 a n 
by (79). Thus, bv (75) and (76), we have 
Puno pZahZa > -Zat € Dte -ta M, 
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Since M is convex, we have PEM ; thus, NW C M which shows that A is 
bornologie. 
In the course of the proof of Theorem 14 we have shown 


Proposition 18. O’ is bornologie. 


By the method of proof of Theorem 8 (except that we use Lemma 3 
of [2], p. 890 instead of Theorem 5 of [4], p. 317%) we deduce 


THEOREM 15. For any polynomial P, PG—>G is a continuous linear 
map of PO" onto O. 


We obtain easily 


CornoLtnary. For each WE OO, W+U— U is a continuous linear map 


of WO! onto (Y. 
THEOREM 16. For any W €O, W= O =O. 


Remark. Theorem 16 may also be derived easily from Theorem 1 of 
[4], p. 322 by use of certain onto-theorems for Frechet spaces (see [1]). 


7. General remarks. 


1. The methods used in Section 5 may be extended to other spaces 
for which the Fourier transform gives rise to entire functions. Suppose 
that A is a set and, for each A€ A we are given a pair of functions p yr 
which are conjugate in the sense of Young (see [15]). Then, under suitable 
conditions, if we define the space 2s as consisting of all entire functions f 
on C such that 


(81) f(z) =Olexp(¢d,(z))] for ail AE A 

with the topology defined by means of the semi-norms | 

(82) va (f) == sup | exp(— da (2) )f (2) 

then we find that the space of all entire functions G on C such that 
(83) G(z) = O[exp(y(z))] for some AE A 


turns out to be the space Qs’ which is the Fourier transform of the dual 
of 2. The topology of Qs’ may be studied by means of the methods of 
Sections 4, 5, and 6, and we may also study the division problem in Qs. 
The methods of Sections 4, 5, 6 may also be extended to other kinds 
of spaces, e. g. the space @ of functions analytic at the origin. (The topology 
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of @ is defined in a natural manner in [7].) In this case, the Fourier 
transform B’ of the dual space is the space cf all entire functions G such 
that l 

(84) G (2) = O[exp(e|2|)] for every «> 0. 


We can establish the analog of the theorems of Sections 4, 5, 6 for B. 

By taking other subspaces of © we obtain interesting classes of spaces 
of entire functions of order <1. These spaces are, in general, not Frechet 
spaces, so we cannot use the onto-theorems of [1] to prove the analog of 
Theorems 9, 13, and 16, but we must use the methods of proof of these’ 
theorems as given in this paper. 


2. The results of Sections 2 and 3 can also be extended to other spaces. 
For example, the space Dx which is the space of continuous linear maps 
of D’ into D with the compact-open topology (see my paper, “On the 
theory of kernels of Schwartz,” to appear in Proceedings of the American 
Mathematical Society). The elements of Dy are the indefinitely differen- 
tiable functions of compact carrier on E X R; the topology of Dy is described 
as follows: For each integer /=0 we choose a finite sequence of differential 
operators Q,',Q2',- > -,Q4, on È and a number b;>0. Then we consider 
the set N of all f€ Dx such that, if (x,y) E€ RXR, |x| Zh, |y| Zh, 


(85) | (Or2*Qu.o"*f) (z, y) | = bubi 


for k= 1,2, + -,hyj, kh’ =1,2,- - +,1,;, where Qkı^ means that the operator 
Qr operates on v, and Qx-,2" is defined similarly for y. 

The topology of the Fourier transform Dx of Dx may be described in 
a manner similar to that in Theorem 1, except that the regions [T which 
appeared there have to be replaced by regions of the form Ty X Ty. 


3. The question remains as to what is the most general distribution 
of compact carrier W for which W + D’ =D’, or W E&E. We are led to 
a class of distributions whose Fourier transform is “slowly decreasing.” 
This question will be dealt with in a future paper. (See “ Completely - 
inversible operators,” Proceedings of the National Academy of Science, vol. 41 
(1955), pp. 945-946.) 


4. We have, in this paper, been concerned solely with complex-valued 
functions. It is also possible to define analogues of the spaces considered in 
this paper for vector-valued functions. The Fourier transform is defined 
as in [5]. There is no essential difficulty in describing the Fourier transform 
of the dual spaces in any case except for the analog of the space D. A 
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description of the Fourier transform of this space in general, and even in 
certain particular cases seems to be extremely difficult. 


5. The question naturally arises as to what extent the results of this 
paper can be extended to an arbitrary Lie group G in place of R or C: Jf 
G is compact, the results are very simple to obtain. The next “attackable” 
case is for G semi-simple. The methods of the author and F. I. Mautner 
(see “Some properties of the Fourier transform on semi-simple Lie groups I,” 
Annals of Mathematics, vol. 61 (1955), pp. 406-439; see also the sequel to 
that paper which is forthcoming) together with the methods of this paper 
apply to certain semi-simple Lie groups. The case of the general, or solvable, 
Lie group seems to be very difficult. 


THE INSTITUTE FOR ADVANCED STUDY. ' 
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CHARACTERISTIC LINEAR SYSTEMS OF COMPLETE 
CONTINUOUS SYSTEMS.* 


By K. Koparra.? 


Let V be a non-singular projective variety and let Mm be a complete 
continuous system i.e, a.maximal algebraic system of effective divisors D 
on V. Then, letting M be the parameter variety of Mm, we have a one-to-one 
algebraic correspondence A> D = D, between M and m. Suppose that a 
member C =D, of Mm is a non-singular prime divisor and that the corre- 
sponding point o is a simple point of M. Then the characteristic linear 
system of M on C can be defined in a well known manner.’ Roughly speaking. 
the characteristic linear system of n on C is the set of all divisors D,-C on 
C cut out by divisors D) belonging to m which are infinitely near to C = De. 
The main purpose of the present paper is to establish the completeness of the 
characteristic linear system? of Mm on C wnder.an additional restriction ë 
on C. Let 2(C) be the sheaf over V of germs of meromorphic functions 
which are multiples of — C and denote by H1(V,Q(C)) the first cohomology 
group of V with coefficients in Q(C). Then our main results can be stated 
as follows: 


THEOREM.* Let C be a non-singular prime dwisor belonging to a com- 
plete continuous system M of effective divisors on a non-singular projective 
variety V. If C satisfies the condition 


(a) H(V,9(C)) =0, 


* Received February 14, 1956. 

f This work was supported by a research project at Princeton University sponsored 
by the Office of Ordnance Research, U. S. Army. 

1 See Zariski [19], p. 78. 

2 For classical results concerning complete continuous systems of curves on algebraic 
surfaces, see Zariski [19], Chap. V. 

3 Zappa has exhibited an example of a complete continuous system of curves on an 
algebraic surface whose characteristic linear system on its general member is incomplete. 
It is therefore necessary to impose some additional restrictions on C in order to exclude 
such exceptional cases. See Zappa [20]. 

‘In case V is an algebraic surface, this theorem reduces to a special case of a 
theorem of Severi to the effect that the characteristic linear system of Jp on C is 


complete if | C | is “semi-regular.” See Severi [17]. 
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then C corresponds to a simple point of the canonical parameter variety M 
of M and the characteristic linear system of In on C is complete. Moreover, 
the complete continuous system M coniaining O is uniquely determined by C. 


Let K be the canonical divisor on V. Then it can be shown that C 
satisfies the condition (a) if 


(c) |m(C—E)| is ample” for sufficiently large integer m. 


Hence it is a corollary of the above theorem that the characteristic linear 
system of the ccmplete continuous system M on its member C is complete 
if C belongs to the adjoint system | K + E | of a system | Æ | whose multiple 
| mH | is ample for a sufficiently large. integer? m. 

We note that we are concerned with the classical case i.e. the case in 
which the varieties are defined over the field of complex numbers. In case 
the ground field is of characteristic p540, the theorem of the completeness 
of the characteristic linear systems of complete continuous systems is false, 
as was shown recently by J. Igusa.’ 


1. Preliminaries. Let V be a non-singular algebraic variety of com- 
plex dimension n.imbedded in a projective space. By a complex line bundle 
F over V we shall mean an analytic fibre bundle over V whose fibre is a 
complex line € and whose structure group is the multiplicative group C* of 
complex numbers acting on C. The bundle F may be described as follows: 
Let {U;} be a sufficiently fine finite covering of V and let r be the canonical 
projection of F onto V. Then the inverse image 71(U,;) has. a prod- 
uct structure: w2(U;)==U;xC, and (2,¢)€U;xC€ is identical with 
(z, éx) € Un X C if and only if & = f(z) ér, where fj,(z) is a non-vanishing 
holomorphic function defined in UQ Up. Under these circumstances, we 
say that the bundle F is defined by the system {fj} of the transition functions 
fix == fp (2), and we call & the fibre coordinate of the point (z,£;) on F over 
the neighborhood U; We identify two complex line bundles which are 


¥ 

" We say that a complete linear system | E| on V is ample if | Æ | coincides with 
the system of section of V cut out by hyperplanes in one of its ambient projective spaces. 

° This special case of our main theorem has been announced by the author at the 
International Congress of Mathematicians 1954. Under the stronger assumption that 
| C | is sufficiently ample, the author has proved the completeness of 9 on C by means 
of the theory of harmonic integrals. See Kodaira [8], $11. 

7Tgusa [Ta]. 

° In this Section we give a brief summary cf some known results concerning complex 
line bundles and analytic sheaves. Cf. Kodaira [9], [10], Kodaira and Spencer [12], | 
[13]. 
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analytically equivalent. For any pair of bundles Æ, F determined respec- 
tively by {em}, {fie}, we define the sum E -+ F to be the bundle determined 
by {efi}. Then the set §—{F} of all complex line bundles over V 
forms an additiwe group. 

For any divisor D on V defined in each U; by a local meromorphic 
function R; (D) = R;(z;D), we denote by [D] the line bundle over V defined 
by the system {fj.(D)} of the functions fy.(D)=—28,(D)/R,(D). It is 
obvious that [D] coincides with [D] if and only if D is linearly equivalent 
to D’. Given a bundle FEJ, the set of all effectwe divisors D satisfying 
[D] =F forms therefore a complete linear system on V. We denote this 
complete linear system by the symbol |F|. Obviously |[D]| coincides 
with |D]. In view of this, we write moreover | D+ Fj for |[D] +F]. 

We denote by [(#’) the linear space consisting of all holomorphic 
sections of FP over V. A holomorphic section ¢ € T(F') is, by definition, a 
holomorphic mapping z->(z) of V into F satisfying r6(z) =z. Letting 
ġ;(2) be the fibre coordinate of (2) over U; we infer from ¢,(z) = fi.(z)¢x(z) 
thas the divisor (¢;) of the holomorphic function ¢;(z) coincides with the 
divisor (dx) of ¢,(2) in U;N Ur. Hence we may define the divisor (p) of 
the section œ by setting (¢) == (d;) on each U;, provided that #340. As 
one readily infers, the complete linear system |F| consists of all divisors 
D= ($); $Er(F): 

(1.1) |P |= {($)| $ € T(F), 0}. 


Obviously (y) coincides with ($) if and only if y ==c:ġ, c€ C*. Conse- 
quently we obtain 
(1.2) 3 dim | F | = dim F (F) —1. 


By the characteristic class c(F) of a complex line bundle F over V 
we shall mean the characteristic class of the principal bundle associated. 
with F. The characteristic class c(F} is an element of the second cohomology 
group H?(V,Z) of V with coefficients in the integers Z. Let R be the 
reals. For any element c€ H?(V,Z) we denote by cr the element of H?(V,R) 
corresponding to c under the homomorphism H?(V,Z)— H?(V,R) induced. 
by the inclusion map Z—> R. In view of deRham’s theorem, ce can be 
regarded as a class of closed real 2-forms on F. 


THEOREM 1.1.° Let F be the complex line bundle over V defined by 
a system {fp} of transition functions fy, with respect to a covering {U;},. 


°? Kodaira [10], p. 1271, Lemma. 
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and let {a;} be a system of positive functions a; defined respectively on U; 
satisfying aj = | fi |a in U; Uy. Then y= (+ ) 00 log a; 1s a closed real 
(1,1)-form on V belonging to the characteristic class cr(F) of the bundle F. 


We say that a real (1,1)-form y =t Ù, yag(2,Z)dzadz%g on V is positiwe 
and write y>0O if the Hermitian form X, yag(%,2)Uaiig in n variables 
Ux," * -Un is positive definite at each point z on V. Moreover, we say that 
a cohomology class c€ H?(V,2Z) is positive and write c >O if cr contains 
a closed real (1,1)-form y>0. By the canonical bundle K over V we 
shall mean the complex line bundle of (n,0)-forms over V, where n is the 
dimension of V. Now we denote by Q(#) the sheaf of germs of holomorphic 
sections of the bundle F. Then we have | 


THEOREM 1.2.10 The cohomology group Ha(V,Q(F)) vanishes for q Z1 
if the characteristic class c(F— K) of F—K 1s positwe. 


We say that a complete linear system | D | on V is ample if there exists 
an ambient projective space © of V such that |D | coincides with the system 
of all sections of V cut out by the hyperplanes in ©- 


THEOREM 1.8. There exists on V a real (1,1)-form y, such that the 
complete linear system |F| is ample for any complex line bundle F whose 
characteristic class cr(F) contains a closed real (1,1)-form y > yo. 


Combining this with the obvious fact that c(F) is positive if : F | is 
ample, we infer that the characteristic class c(F) of F is posttwe tf and only 
if the complete linear system | mF | is ample for sufficiently large positive 
integer m. 

Let % be the linear space over C consisting of all simple differentials 
o2 the first kind on V. The first cohomology group H*(V,Z) is free abelian. 
Let {b1 > °, bmt © +, beg} be a base of H*(V,Z). Then, for each b,, there 
exists one and only one element 8, of 9 such that 


(1.8) onib,[Z] — f, (B-— B) 


for any integral I-cycle Z on V. Clearly {€1,---+,B8,,° © *,B2q} forms a 
base of Y with respect to the reals R. We denote by b the discrete subgroup 
ot Y generated by Bı: ° `, Br ° °,Beq Now let P be the subgroup of 3 


10 Kodaira [11], Theorem 3. 
11 Kodaira [11], Theorem 3. 
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consisting of all complex lines bundles P with e(P)==0. Then we have 
the exact sequence *° 


(1.4) ) 0-5 J-> 0, 


where ¢ denotes the inclusion map. The homomorphism p is described 
explicitly as follows: For @€ 9, the image P—p(d) is the complex line 
bundle over V defined with respect to the covering {U,;} by the system {xj} 
of the constants 


zik} 
(1.5) Kjk = €Xp &, 
(9) 
* . . » a(x) » 
where 2(j) is a point in U; and denotes the integral along a smooth 


z(j) 
curve in U;U Up combining 2(7) with z(k). The canonical complex struc- 
ture on $ is obtained by identifying $ with the complex torus 9/) by means 
of the isomorphism 1/5 =H induced by p. The complex manifold % — N/d 
is called the Picard variety attached to V. It is well known that the Picard 


variety Bis an algebraic variety tmbedded in a projective space 


2. Construction of a complex line bundle. We form the product variety 
VX% and denote for any point PE% the mapping z— (z,P) of V into 
V XP by rp. In this Section we construct a complex line bundle = over 
VX $$ such that, for each complex line bundle P€ $8, the bundle re* (Z) 
over V induced by the mapping rp coincides with P: rp* (2) =P. 

Let M be a compact complex manifold, Af the universal covering of M, 
and let A be the covering transformation group of M with respect to M. 
Moreover, let f(Z,7), 2€ M, TEA, be a non-vanishing complex-valued func- 
tion which is holomorphic in Z and satisfies 


(2.1) F, or) == f(r2.0) -f (8,7), o, TEA. 

Then, defining for each 7€ A an analytic automorphism T(r) of the product 

variety M X C by 

(2.2) P(t): (80) > i)i), 

we infer readily that T (ort) ==T(o)T (t) for o,7€ A. Thus 
T(A)={T(r)| TEA} 


12 Kodaira and Spencer [12], p. 871. 
18 Lefschetz [15], pp. 364-370; see also Kodaira [11], p. 40. 
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forms a discontinuous group of analytic automorphisms of M X € which is 
isomorphic to A, and the factor space F— MX C/T (A) is a complex mani- 
fold (without singularities). Obviously each automorphism T(r) commutes 
with the canonical projection 7: (2,¢)—>2 of MXC onto M. Hence = 
induces a holomorphic mapping ~ of F onto M — M/A, and moreover, for a 
sufficiently small open subset U C M, the inverse image w*(U) has a 
canonical product structure m (U) =U XC. Thus we infer that F is a 
complex line bundle** over M. 

We remark that a system {f;,} of transition functions defining the bundle 
F can be obtained in the following manner: Denote by œ the canonical pro- 
jection of Ñ onto M. Letting {U,;} be a finite covering of M by sufficiently 
small “spherical” neighborhoods U;, we take, for each U;, a spherical neigh- 
borhood U; on M which is mapped by w homeomorphically onto U; and 
denote by w; the restriction of œw to U;. Then, for each pair (j,k) such 
that U;N U, is not empty, the mapping wjp defined on UN w1(U;) 
coincides with an element 7; of A: 


Wi" Wr = Tjk; on Ur Now (U;) ; 
Now, setting 
(2. 3) fin (Z) = f (Tp (2), Ti); for z€ U; N Ux, 
we infer readily that {fj,(z)} is a system of transition functions defining 
the complex line bundle F—MXC/T(A). In fact, denote by [2,£] the 
point on F corresponding to (2,£)€ MXC. Then each point y on the fibre 
w*(z), 2€ U}, can be written uniquely in the form q = [w7 (z), ¢;]. Thus 


we may use č; as the fibre coordinate of y over U; Now, in view of (2.2), 
we have 


[T (z), Ex] ae [rwn (2), f (w> (2), Tjik) Cr] 
and therefore, by (2. 3), 
La" (2), Es] = [or (2); fin (2) E] for 2€ U; N Uy. 


This proves that the law of transition of fibre coordinates is given by 


Es = fin (2) En 
LEMMA 2.1. Let a(2) be a positive function of class O” on M satisfying 
(2.4) a(r8) = | f (2,7) |? -a(2),° FEA. 


14 For the general theory of invariant complex line bundles over complex manifolds 
with discontinuous groups of analytic automorphisms, see Baily [1], [2]. 
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Then the closed real (1,1)-form y== (4) 00 log a(2) ws invariant under A 
Moreover, considered as a closed real (1, 1) -form on M — M/A, y belongs to 
the characteristic class cr( F) of the bundle F. 


Proof. It is obvious that y is invariant under A. Now setting 
u(z) =a(a;(2)), zeU; 
we infer from (2.3) and (2.4) that 
a (2) = | fa (2) |? ar (2), z€ U; N Ur, 


while we have y= ( +) log a;(z). Hence, by Theorem 1.1, y belongs to 
Cr(f), q.e. d. 

In order to construct the complex line bundle Z, we apply the above 
procedure to the product manifold == V XH. Denote by V the universal 
covering of V, by G the covering transformation group of V with respect to 
V, and by w the canonical projection of V onto V. Then, since = 9/5, the 
universal covering IM of M = V X $ is given by Ñ = Ŷ X Ñ and the covering 
transformation group A of M is given by A=@X 5. Letting ô be a point 
on V fixed once and for all and denoting by O (6,2) an oriented continuous 
curve combining 6 with 2, where 2 is a point on V, we associate with each 
element 7 € G the closed continuous curve C(g) =.wC(6,g6) on V. As is 
well known, g->C(g) induces an isomorphism of G onto the fundamental 
group of V. Now we set 


f(2.439,5) expt J (@+8) + f° 0%), 


where (2,4) € X= M, (g NEGX ò = A and where w*8 is the holo- 
morphic 1-form on V induced by 8=8. The non-vanishing function 
f(% &:9,3) is obviously holomorphic in (2,@). Moreover f (2, &; 9,8) satisfies 
the relation (2.1). In fact, we have 


f(h2,@+€39,8)-f (4, 45h, é) 
* oz hz z < : 2 i 
== exp{ J t+ + f w*8 + fa E+ +f w*e} 
= ET ee ee One OF os 
exp f (+345 + f v0 +0 ft J. oS), 


where hE G, EE b, while, since § has the form è == $ m,f,, m,€ Z, we get, 
using (1.3), 
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hz 
fi -f w’ a= f G—)=Em, f (Br — Br) = ri E m,b,[0 (h)], 
C(A) 
where }m-b,[C(h) | is a rational integer. Hence we obtain. 
f (hê, &@-- 29,8) -f (2, Gh, ë) =f (Ê, å; gh,3 + 8). 


Letting T'(g,8) be the analytic automorphism of MXC=VXUXC defined 
by 
T (g,8) : (2, & é) > (92,4-+ 8, F (4, 453 9,8): £), 


we infer therefore that T(G X 5) = {T (9, 5) | g€ G,S€ Ò} is a discontinuous 
group of analytic automorphisms of P XXX C and that the factor space 


B= VKUXC/T(GX 5) 
A a complex line bundle over 4 < P = V x X/ GX 5. 


In order to show that the induced bundle rp* (2) over V coincides with 
P, we take an element «€ Y such that p(¢)=—P. Then we have 


re* (BH) = VX aX C/T(GX 0). 


By the canonical identification VxX&xC=VX<C, each automorphism 
T(g,9) is reduced to 


T'(g): (4,6) > (92, f (49) °$), 


where f (2,9) =f (4, ã;g,0) —exp f & Thus the bundle rp*¥ (=) is repre- 
C(9) 


sented in the form rp*(Z) = VX C/T (G). Now take a finite covering {U;} 
of V by sufficiently small spherical neighborhoods U;. To find a system 
{fæ(2)} of transition functions defining the bundle rp*(%) with respect to 
{U;}, we apply the formula (2.3) to rp*(Z), Then, letting w; have the 
same meaning as In (2.3), we get 


fin(4) = exp a, z€ U; N Ur, 
C(g¢x) 


where gi = @;'@, on wg (Ug). Take a point <(7) in each U; and set 
(7) =wy'(z(7)). Then we have 


. Gra #{k) 2(3) ee 
Fail Tk Saat tea tag 
C (Gar) Enr z) rn (2) a PE 
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where Np”, II", i* denote the homomorphisms induced by Np, I, 1, respec- 
tively. In this diagram (3.7), Np* and IL* are both tsomorphisms onto. 
In fact, it is obvious by (8.6) that Il* maps T(E -+ P) isomorphically onto 
T(Prxs). Np” is clearly an isomorphism of T(F) into r(F). Take an arbi- 
trary section y € T(F'). Then, since Np is a biregular map of V X B—V X 8S 
onto V X P—F XP, there exists a holomorphic section ¢’ of F over 
VX 8—V P such that Np*¢’ =y on VXP—VXS. By virtue of a 
theorem of Hartogs, ¢’ can be extended to ¢€T(#). This extension ¢ 
satisfies obviously Np” =y on V X$. Thus we see that Np* maps T(F) 
isomorhpically onto E To prove our lemma, it is therefore sufficient to 
show that 

(3.8) rT(F) =T (Fyxs). 


We observe the exact sequence 
0>2(F—[V X 8])>2(F) wots Q(Fyxs) > 0. 


The exact cohomology sequence corresponding to this can be written in the 
form 


rË) r (Pra) > HY xh aP [VX 8])) >- 


since the homomorphism r*yxg: TF) > r(Frxs) coincides with i*. In order 
to show (3.8), it is therefore sufficient to prove that 


(3.9) H'(Y X 8,0(F—[V X 8])) =0. 


For simplicity’s sake we use the following abbreviations: Let M, N be 
complex manifolds. Given a complex line bundle B [or a form y] on M, 
we denote by the same symbol B [or y] simultaneously the bundle [cr the 
form] on the product space M X N induced by B [or y] in an obvious manner. 
For example we mean by the bundle K over V X $ the bundle over V XB 
induced by the canonical bundle K over V. Now we prove (3.9) with the 
help of Theorem 1.2. Since the canonical bundle over $8 is trivial, the 
canonical bundle over By is equal** to (g—-1)[8]. Hence the canonical 
bundle & over VX is given by &=K + (q—1)[V XS]. We have 
therefore 


(3.10) F—[VX 8] —R=F—K+2+6—<d[VxS], 


where == Np*(=), © = Np*(E). Setting m= m +m”, we decompose Œ 
in the right hand side of (3.10) into two parts: 


= E + E”, where ©’ = mE, ©” =m’. 


= Kodaira [11], p. 31. 
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By hypothesis cr(f7—K) contains a closed positive (1,1)-form y on F. 
We have therefore 


cr(E—K +246’) 3y+é+ mo, on VX, 
where é is the form defined by (2.6) belonging to cr(Z). Clearly the 
restriction éyxo of é to V X Q vanishes for each point QE %, while œ is 
positive on $$. Hence we get | 

y+té&+ mo > 0. on VX SB, 
provided that m’ is sufficiently large. On the other hand, cr(€”—g[S]) 
contains a closed positive (1, 1)-form?? p” on $, provided that m” is suffi- 
ciently large, where ©” = op(€”) is the bundle over P induced by €” = mE. 
Setting p=y+£&-+m’o on V XP, we therefore infer from (3.10) that 


en(F —[V XS] —8) 39 +0", © ax% 
where p= Np* (p). To show that p-+-p” is positive on V XB, we observe 
that _ ž 
t: (z, Q) —> (20,0); Q =op (Q), 
is a bi-regular map of V X$ into VXPXP, where (z, Q) denotes a 
“variable” point on V XP. Since p or p” is positive on V XP or $, the 


sum p+p” is positive on V XP X $, while p-+p”’=—W*(p+p”). Conse- 
quently p+ p” is positive on V XP. Thus we see that 


cr(F— [Y X 8] —®)> 0, on VX. 
and therefore, by using Theorem 1.2, we obtain (3.9), q.e.d. 


Lemma 3.2. Let B be an arbitrary complex line bundle over V and 
let Q be a member of H. Then we have 


(3.11) lim sup dim T (B + P) =diml(B+ Q) as PQ, 
where P is a “variable” member of $. 


Proof. Take a sufficiently fine covering {U;} of V. Then the complex 
line bundle P is defined by the system {x} of the constants 


2%) 
H jx, = EXP f 2, 
a7 2(5) 


#2 Kodaira [11}, p. 31, Lemma 1. 

2 This lemma is reduced to a special case of a theorem of Kodaira and Spencer 
concerning semi-continuity of the dimensions of cohomologies. See Kodaira and Spencer 
[14], p 15. We give here a simplified version of their proof for this special case. 
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where & is an element of % such that p({@)—P (see (1.5)). The system 
{Kir} defines an analytically trivial bundle, since 


zr = fil) fel), where fj(2) exp fo 


Hence we may replace {x;y} by the system {0} of constants O; — xj./j, with 
| bj |=1. Now let {bj.(z)} be the system of transition functions defining 
the bundle B and let {a;(z)} be the system of functions a;(z)> 0 of class 
C” on U; such that a(z) =| by.(z)|?a.(z) in U;N U, For any section 

‘6: 2—> (2) belonging to T(B -+ P), the fibre coordinates ¢,;(z) of ${(2) 
satisfy 





; (2) = ba (2) Oye hle), in U; N Ur, 


and therefore a;(z)- | ġ;(z)! |2 = 0, (2) | dy 
inner product 


($',¢) = Í, a; (2%) pj (2) 6; (2) dV, for #, pE P(B +P), 





Hence we may define the 


where dV denotes the invariant volume element on V. Now let 
I =— lim sup dim r(B +P) as P>Q. 


Then there exists a sequence Pi, Pot c, Pm ee with lim Pm =Q such 
that dimT(B-+Pmna)=] for m=1,2,--°. We take Gm@s€%X with 
p (õm) = Pm, p(Go) =Q in such a way that &m—> ão for m—>co, and denote ` 
by 0 the 6, corresponding to žm. Moreover we form a base 


TAGI zi s : by, ere gi} 
of each T(B+ Pm) satisfying (¢\™, 6,0) = òy We have 


f a5(2)* | yy 
U; 


There exists therefore a subsequence ** of {yj™, pr, © +, py ™, + +} which 
converges uniformly on each compact subset of CG; Consequently, by a suit- 
able choice of the sequence {Pn}, we may assume that, as m—>», the limit 
y;(z) = lim 4), (z) exists and represents a holomorphic function on Uj. 
Since 





2 dv = (o,, dy) ) = ], 


dy (2) = bj (2) Opd™ » box (2), | in UN Ux 
we have 


pvi (2) = Din (2) 0a: dyn (2%), in U;N Ur 


*4 Bochner and Martin [3], pp. 116-118. 
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where O ®) = lim 6; is the 6; corresponding to đe This shows that 
dyj(z) represents the fibre coordinate over U, of a section ¢ E T(B +Q). 
Moreover we have 


(pr, pr) = lim (pa, py) = dyp. 


Thus we infer that T(B+@) contains 7 linearly independent elements 
$u’ Pr’ * *,¢, and therefore we obtain (8.11). 


LEMMA 3.3. The dimension of r(E +P) is independent of PE, 
provided that c(E— K} ts positive on V. 


Proof. Take an arbitrary point QE% and set dim T(E +4- Q) =d +1. 
We readily infer from the above Lemma 3.1 that 


(3.12) liminfdiml(#+P)=d+1 as P>@Q. 


In fact, since every element ¢ of T(E -+ Q) can be written in the form 
$ = roy, wET(F), there exist d+ 1 elements Yo Wi,° typa of T(F) such 
that re*yo, ToYi" ©" ro*žya are linearly independent. It follows that d -+ 1 
elements rp*Wo, rp*¥,° °°, rpřya of T(E -4 P) are linearly independent if 
P les in a sufficiently small neighborhood of Q. Hence we obtain the 
inequality (3.12). Now, comparing (3.12) with (3.11), we infer imme- 
diately that the integer-valued function dimf(#-+-P) in P reduces to a 
constant, q.e.d. 

By means of the above Lemmas 3.1 and 3.3 we define an analytic bundle 
structure on the set @ =e + P) in the following manner: First we 

€ 


define the projection m: BP by r(¢) =P for pEr(E +P). Given 
a point QEP, we take d-+-1 elements yo,¥.,°° c yaET(F) such that 
To* os TeV,’ °°, Toya form a base of T(E +Q), where d+1==dimr(/+ Q). 
This is possible because of Lemma 3.1. Obviously rp*Wo,- + °, te* a E T(E +P) 
are linearly independent if P les in a sufficiently small neighborhood U(Q) 
of Q, while, by Lemma 3.3, dim T(E +- P)=—d+1. Hence rp*ho,- © -, Tp * wba 
form a base of r(E +P) for each PEU(Q). An arbitrary element 
pEr (U(Q)) can therefore be written in the form 


d 
(3. 13) o= È by rey, GEC. 
In case pE r™(U(QNAU(Q)), we have two representations 


d d 
p= p> ty’ TP Wy = > gy Tp Wy’, 
pad prt : 
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where Yo’, -yg are elements. of T(F) such that reyo, * -,1e*Ya form 
a base of T(E -4+ Q). Obviously we have 


A ANS ` g » S 
(3.14) tp yy = 2 Ou (P) Top 
u= 
and therefore 
d 
(3. 15) Eu = È Our (P) brs 
pz 


where the coefficients @,,(P) are holomorphic functions of P €11(Q)N 1(Q’) 
and dét (@,,(P))+40. Now we define the bundle structure on @ by 
assigning, for each Q € P, the product structure on 7 +(11(Q)) induced by the 
one-to-one e comenpendonce 


d 
(P, Eo; Er e éa) > ġġ = È br ` Te" Wy 


between U(Q)X Can and r#(U(Q)). It follows from (3.13) and (3.15) 
that the bundle @ thus defined is an analytic fibre bundle over P whose fibre 
is the complex vector space Ca and whose structure group is the eee 
linear group GL(d+-1,€). 

Now replacing each fibre Canı of @ by the corresponding projective space 
©a we derive from @ a projective bundle A over W. More precisely, we first: 
from the product space 11(Q) x Ga for each point Q € $, and then we derive 
the bundle A from the collection of the product spaces 1(Q)X Ga Q EŞ, 
by identifying (P,¢) €1(Q@) X Ga with (P, 0’) €U(Q’) X Ga if and only if 


d : ; 

(3. 16) : «Gi! =S Opy(P)E, K0, 
p=0 

where (f° --,€a) and (f',- - -,&’) denote the homogeneous coordinates. 


of ¢ and ¢’, respectively. The projective bundle A over $ is a non-singular 
projective variety,” since the base space $ is a non-singular projective variety. 
Let ®B* be the subspace of @ obtained by deleting the origin (0,- - -,0) of 
each fibre Can of @. Then we have the canonical mapping ; 


= (P, $o: ` +> ba) > A($) = (P, £) 
of @* onto A, where ¢ is the point in Gg with the homogeneous coordinate 
(fo, 6:5: + tsa). Since the divisor D == (¢) of $ = 2 Cy"p*p, is determined. 
uniquely by A(d) = (P,¢), we set ʻ _ 4 | 
(3.17) D, = ($), for A=A(4). 


25 Kodaira [11], p. 42, Theorem 8. 


™~ 
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In view of (3.1), the mapping ¢—> D = (¢) maps @* onto 6 = U |E +P], 
Pe 


and moreover we have (¢’) == (¢) if and only if A(¢’) =A(¢). Consequently 
à—> D, gives a one-to-one correspondence between A and @. Moreover the 
correspondence AD, is algebraic, i.e., there exists an effective divisor D 
on the product variety V X A such that 


(3.18) Dy X A= (V KA) D, for all AE A. 


This can be verified as follows: For any section 4: (z,P)-—>y(z,P) belonging 
to (F), we denote by yjo(z, P) the fibre coordinate of y(z, P) over U; X U(Q). 
Moreover we denote by {fjaxq-(z, P)} the system of transition functions defining 
the bundle F with respect to the covering {U; X U(Q)} of VX. We note 
that, for P€1(Q), the induced bundle # + P =rp*F over V is defined by 
the system {fjoxo(z,P)} with respect to the covering {U;} and that the 
mapping y— rp*y is simply given by 


(3.19) (rey) (2) = ylz P). 
Therefore it follows from (3.14) that 
(8.20) dio (Z, P) = 2: Ow (P) Y nia 2, P). 


Now let ©, be the open subset {¢ | £540} of Gz. Then 


(3.21) Ryan 2,2) =È (6o/ta)vrs0(@P) where A= (P,£), 
is a holomorphic function of (2, A) defined on the open set 
Uju =U X U(Q) XK Dy CV KA; 

Moreover, since, by (3.20), 

Yria (2, P) = fiona’ (2, P) 2 Ous (PW uso (2, P) 
for z€ U;N Ur, PEN(Q) AA(Q'), we infer from (8.16) that 
(3.22) — Byqu (2,2) /Rray (2, A) = fjara (2, P) 2 Orr (P) (S:/bu) 

in Uju N Urner. 


The right hand side of (3.22) is obviously a non-vanishing holomorphic 
function on Wega O Urey. Hence we can define an effective divisor D on 
VX A by 

D = (Lyon), on each Woz. 
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Clearly the fibre coordinate ¢;(z) of ¢ = X &,-rp*y, is written in the form 
¥ 


pi(2) = bu Byqu(% À), for A= (P,£) E€ U(Q) X Dz. 


Hence the divisor Dy == (ẹ) is given by Dy == (Bjiga( ,A)), on U; This 
proves (3.18). Thus we obtain the following 


THEOREM 3.1. Let Dy be a divisor on V such that | D, | is not empty 
and let @ be the set consisting of all effective divisors: D-~ D, on V, where 
~ denotes the homology with coeficients in the integers. Assume that 


(2) e({D.]—K)> 0, on V, 


where K is the canonical bundle over V. Then the set @ forms an irreducible 
algebraic system of effective divisors parametrized by a non-singular pro- 
jective vairety A in the sense that there exists a one-to-one analytic map 
A> D, of A onto G. The parameter variety A of @ is an analytic fibre 
bundle over. the Picard variety R attached to V whose fibre is a projective 
space Gq of dimension d= dim |De] and whose structure group is the 
projective transformation group acting on Gq. Moreover the canonical pro- 
jection p of A onto $ is gwen by 


p: A> p(aA) = [D,— Di]. 
We note that the condition (c) in the above theorem is equivalent to 
(c) | m(Də—K)| is ample for sufficiently large integer m. 


The complex line bundle [©] over V X A associated with the divisor D 
can be interpreted in the following manner: The subspace B* of @ is 
obviously a principal bundle over A whose structure group is C*. By replacing 
each fibre C* of @* by C, we obtain from @* a complex line bundle B 
over A. B is defined with respect to the covering {11(Q) X O,}.o2 A by 
the system {bgzoy(A)} of the functions 


banar (À) = bal È Ovr (P) Er, À = (P, Ç): 


Hence it follows from (3.22) that 
(3.23) [D] =F— B, 


where F in the right hand side denotes the complex line bundle over V X A 
induced by the bundle F over V X $ in a canonical manner. 

By a continuous system of divisors on V we shall mean an irreducible 
algebraic system of effective divisors on V. We say that two effective divisors 
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D and D’ on V are algebratcaliy equivalent in the restricted -sense**® and 
write D ||| D’ if D and D’ belong to the same continuous system. Moreover, 
for two (not necessarily effective) divisors D, D’, we say that D and D’ 
are algebraically equivalent if there exists a divisor X on V such that 
D+X||| D +Z. It is not difficult to show that D ||| D’ implies D~D’. 
Conversely, if D~ D’, then the strict algebraic equivalence D +X ||| D -+X 
holds for any divisor X with sufficiently positwe characteristic class c(X), 
as one readily infers from Theorem 3.1. Thus we obtain a well known 
theorem 2" to the effect that the algebraic equivalence for divisors on a non- 
singular projectwe variety coincides with the homology equivalence. A con- 
tinuous system is said to be complete if it is not contained in a larger 
continuous system. A given effective divisor does not always determine 
uniquely the complete continuous system containing it. The continuous 
system’ @ introduced in Theorem 3.1 is obviously complete. Moreover, @ 
is the only complete continuous system containing the given divisor De. 


4, Characteristic linear systems of complete continuous systems. Let 
C be an effective divisor on V and let Mn be the set of all effective divisors 
X-~C on V. A “canonical parametrization” of this set Mm can be intro- 
duced in the following manner**: Take a general hypersurface section L 
of V (in one of its ambient projective spaces) such that 


(41) | e((C+L]—K)>0. .. 


Then, by Theorem 3.1, the set @ of all effective divisors D ~C -+L on V 
forms a complete continuous system parametrized by a projective bundle A 
over the Picard variety P attached to V: | 


6 = {D)|A€ A}, 


2 if ` 


‘where the canonical projection p of A onto $ is given by 
p: A—> p(aA) = [D — Dol, D =C 4- L. 


Now, letting M = {à | Dy > L}, we set Ox= Dy — L for AEM. Then we 
infer readily that 
(4. 2) Mm = {C,|rA€ M}, 


while M is a (possibly reducible) algebraic subvariety of A. Thus the one- 
e Zariski [19], p. 79. 


2? Lefschetz [16], Chap. IV; see also Igusa [7], p. 16. 
28 Weil [18], p. 887. l 
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to-one mapping A—» C, of M onto Mm gives a parametrization of Mm, which 
we call the canonical parametrization of Mm. In what follows we denote a 
point on Af by p instead of A and write p= p(X) if X = Cp 
Lemma 4.1. If Co, o€ M, satisfies the condition 

(a) H*(V,9(C.)) =9, 

then o= p(Ce) is a simple point of M. Moreover, for a sufficiently small 
neighborhood U of p(o) on R, Mp *(U) is an analytic sub-bundle of 
AN p(t) in the sense that, for PEU, MO pt(P) ts a lingar sub-variety 


of the fibre Gap (P) depending holomorphicaily on P. The dimension 
h of the fibre MM p>(P) is equal to dim | 0, |. 


Proof. Letting B=[C,] and f= [Dol, Do = Co +L, we observe the 
exact sequence 


0 0(B-+P) > 0(B +P) —>9(tE+P):) 0, 


where P € $$ and fg denotes the restriction map to L. From the corresponding 
exact cohomology sequence 


0—>T(B + P)- E+ P)> (E + P)1) > HEV, Q(B + P)) -> 
it follows that 
0 < dim T(B -+ P) + dim P((E + P) — a— 1S dim H!(V, Q(B + P)), 


where d +i=diml(+P). By hypothesis dim H7(V,0(B))—0, while d 
is independent of P. Hence we get . 
dim P(B + P) + dim T((E + P),) = dim [(B) + dim P(#;). 


On the other hand, dim Tr(B + P) and dim r((E + Pz) are both upper semi- 
continuous functions in P, as Lemma 3.2 shows. Consequently, letting 
h == dim | Ce |, we infer that there exists a neighborhood U of 0 == p(0) on 
V such that 


(4.8).. dim | 0, + P | =h, -for PEU. 
It follows from (3.13) and (8.17) that, for any point 
A= (P, £) € p> U) =U X Sa, 
ihe divisor D, is given by Da = (¢$), ¢= 2 Enf (P),. where y (P) = r* pyr: 
For each point P E U, we have therefore 
MO p*(P) =u | a= (PO, Eip(P)—=0), 
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where y,(P)z denotes the restriction of ¥,(P) to L. Since 

P = p(n) = [Da — Do] = [0a — 00]; for pe M, 
we have |0, +P |= {0| nE MNA p>(P)}. Combined with (4.3) this 
shows that dim [M N p> (P}] =, for PEU. Therefore we may assume that 
Yna lP) c’ yalP)n are linearly independent and that 


d 


(4. 4) Y (P)r—= 2 Ar (P)y(P)e, (v==0,1,- ` -,h), 


Toh+ 
for PeU, provided that 1 is sufficiently small. It follows that the linear 


d | . 
equation > f,4,(P?),—0 is equivalent to the simultaneous equations 
y=0 
h 
frp È Aor (P) be = 0, ` (r=h-+1,- . ‘,d). 
y= 


Consequently M N p*(11) is the subset of p*(U) =U X ©, consisting of 
all points of the form 


h 
(4.5) p= (E, É), Er =— È An (P) tr, PEN, 


while it is easy to see that the coefficients A,r(P) determined by (4.4) are 
holomorphic functions of P. Thus M N p1(11) is an analytic sub-bundle of 
p=), q.e.d. 

The canonical parametrization of M is unique, i.e., it is independent 
of the choice of the auxiliary hypersurface section L of V. In fact, take any 
general hypersurface section L* (in an arbitrary ambient projective space 
of V) satisfying (4.1) and construct the corresponding parametrization 





Mm = (Cys | p* € M*}, ALY CAF 
Then the one-to-one mapping 
u(X) > p*(X), xem 


of M onto M= is bi-regular in the sense that there exists a non-singular 
algebraic variety 3 and bi-regular mappings 


p: A>Z, PF: A*¥ 3S 


of A, A* into 3 such that @(p(X)) = 6*(p*(X)), XE In. This fact can 
be verified as follows: Consider the complete continuous system 


g1” ase { D** | D** ~~ C +. $ 4. L*, D** > 0}. 


k 
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Since, by hypothesis, c([(C-+2+L*]—K) >c([C+L]—K) >0, the 


system @** is parametrized by a non-singular algebraic variety 3: 
G** = {Do** | o € 3}. 


Letting «(D**) =o for D** —D,**, we define a one-to-one mapping ® 
of A into X by 
p: A> (A) =a (P+ L*). 


Clearly we have @(A) = {ø | Do** > L*}. Moreover, for each c= (A), 
Dy = Do** —L* satisfies’ c([D,]—K) =c([C + 2] —K)>0, and there- 
fore, by Theorem 1.2, H1(V,Q2(D,)) 0. Hence we infer from the above 
Lemma 4.1‘that (A) is a non-singular subvariety of 3. On the other hand, 
the one-to-one mapping @ of A onto, @(A)C 3 is analytic.” Consequently 
@ is a bi-regular mapping *° of A into 3. Similarly the mapping 


pt: NY O*(A*) =o (Dx* + L) 
is a bi-regular mapping of A* into 3. Moreover we have 
&(u(X)) =o (X +I* +L) —o*(u*(X)), for Xe Mn, 
We decompose the parameter variety M into the sum 
M=MUM’U---UMM@U..-- 
of irreducible components M’, M”, - - and set mO — {0, | pE MO}. Ob- 
viously we have the corresponding decomposition 
| M=M U MU: UMDU- +>, 


Each component M®Y is a complete continuous system, i.e., an irreducible 
algebraic system parametrized by M®. By the dimension of the complete 
continuous system M(H we mean the dimension cf the parameter variety M®. 

Suppose that C == C, is a non-singular prime divisor belonging to M’ 
and that o==yu(C) is a simple point ot M’. Then the one-to-one mapping 
u—> C, is analytic in a neighborhood VU,’ of o on M’ in the sense that there 
exists a divisor © on the open manifold V X ©,’ such that 


(4.6) V- (V Xp) =O. Xz, uE Uo 


In fact, letting {U;} be a sufficiently fine finite covering of V and letting UU, 
be a neighborhood of o on A, we denote by &;(z,A) the holomorphic function 
on U; X U, defining the divisor D which determines the mapping A-> Dy 


29 Weil [18], p. 883. 
8° See footnotes 18 and 19. 
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of A onto @. Moreover, let w;(z) be the holomorphic function on U; 
defining the divisor L. Then, using the fact that L is a non-singular prime 
divisor, we infer readily that 


(4.7). S5(2, a) = R;(z, p) /w;(2) 


is a holomorphic function on Uj; WU,’ and that bjx(z, p) = S;(z, 2) /Sz(2, wi 
is a non-vanishing holomorphic function on U; X U,’M Uz X U’, provided 
that VU,’ C Uo. Hence D = (S;(z,%)) is a well defined divisor on V X U,’. 
Moreover (4.7) shows that for each uE U,’, the function §;(z,u) in z has 
the divisor D,— L=C,. Consequently we obtain (4.6). We note that the 
parameter variety U,” of the subset {0, | pE Uo} of M’ is unique in the 
following sense: Let U* be.an open complex manifold and let p*—> Cy» be a 
one-to-one analytic map of U* onto {C, | pE 7}. Then p*¥>p—=p(Cys) 
is a bi-regular map of U* onto "U. This is an immediate consequence of 
the fact that the one-to-one mapping p*—>p=p(C,+) of U* onto WU,’ is 
analytic.” | 

Now the characteristic linear system of the complete continuous system 
M on C may be defined as follows: We denote by (p1,2,° * `, pm) a system 
of local coordinates on M’ with the center o and, for any “tangent vector” 
U == (ty, Ua’ © °, um) of W at o, we set 


ni 
Oy = X uy (8/Apy). 
pr1 
Since the functions 8;(z,0) vanish on C == C, we have 


(OS; (2, 0) c =a Dix (2, O)e ° (OS, (2, 0) Je, 


where ( )g denotes restriction to O. On the cther hand, the complex line 
bundle B=[C]—[C,] is defined by the system {bj,(z,0)}. Hence 


put 2—> bu(%) = (2, O,8;(2%, 0) ¢) 


is a holomorphic section of the complex line bundle Bg over C, where 
0,9;(2,0)¢ stands for (0,S;(2,0))¢. Obviously we have 


bu == D, urpu, Where $y(2) = (z, (09; (2, 0) /duy) e) ; 


thus ¢, depends linearly on u. We associate with each tangent vector u such 
that ¢,5£0 the effective divisor C,—(¢,) on C. Then the set {0,} con- 
sisting of all such divisors Č, forms a linear system contained in | Bol. This 


31 See footnotes 18 and 19. 
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linear system {G,} is called the characteristic linear system ™ of M on C. 
The characteristic linear system {C,} is uniquely determined by M’ and C. 
In fact, it is obvious that {G,} is uniquely determined by the divisor D’ and 
is independent of the choice of the system of local coordinates (j1,° ` *, pm) 
and of the system {8;(z,u)}, while ©’ is determined uniquely by the mapping 
pC, of U’ into M. Hence the uniqueness of {C,} follows from the 
uniqueness of the parameter variety “U; mentioned above. 


THEOREM 4.1. Let C be an effective divisor on V satisfying 
(a) H (V, 9(0)) =0. 


Then C belongs to only one complete continuous system M = {C, | pE M’} 
and p(C) is a simple point of the canonical parameter variety W of W. 
The dimension of the complete continuous system M’ is given by 


(4. 8) | dim In’ = dim | C| +q, 


where q is the dimension of the Picard variety P attached te V. The system 
M contains all effective divisors X ~C on V satisfying H1(V,Q(X)) =0. 
If, moreover, C is a non-singular prime divisor, then the characteristic linear 
system of In’ on O is complete. 


Proof. Let @, A, p M, M have the same meaning as above and let 
C=C, o—p(C). By Lemma 4.1, there exists a neighborhood U of p(o) 
‘on $ such that M N p“*(U1) is an analytic sub-bundle of p~ (U) whose fibre 
is a linear variety of dimension A—dim|C|. It follows that there exists 
only one irreducible component, say M’ of M which meets with p*(1l) and 
that 


(4.9) WN pu) = ALN prt). 


Hence C = C, is contained in M’ but not in M®, 1= 2, and o=p(C) is a 
simple point of MW. Moreover M'N p*(11) is an open manifold of dimension 
h-+-q and therefore we obtain (4.8). Clearly the projection p(M™) of 
each component M(® is an algebraic subvariety of W. Hence it follows from 
(4.9) that p(M’) =$ and that p(M®), 1= 2, are proper subvarieties of $. 
Now, given an effective divisor X ~C satisfying H*(V,0Q(X)) 0, we write 
X = Cpu EM. The above argument shows that the component M™ 3p has 


the projection »(Af)—. Hence M™ coincides with M’. and therefore 
Xe M. | | 


-72 It is easy to see that our definition of characteristic linear systems coincides with 
the classical one. See Zariski [19], p. 78. 
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Now, assuming that'C is a non-singular prime divisor satisfying (a), 
we prove that the dimension of the characterstic linear system {C,} of Mm 
on C is given by 
(4.10) - dim{C,} =h+q—1, h==dim | 0 |. 


Obviously we may assume that 
o==p(C) ai (0, 1, 0,- - ~,9) 


in p (U) =U X Ga, where U—11(0), 0— p(o). It follows from (4.5) 
that a point pE U’ C W NU, is written in the form 


u= (Plim: " "5 Nhs Nhi’ ’ "5 na), 
where 


| 
mr =— Aor(P) — X Aur (P) my, (r=h+1,---,d). 


Letting P = p(t8ı -H <- taða), for PEU, we use 


(m " "> as Paris’ ” y pgn) = (ti, ' s igp q` d ona) 


as the system of local coordinates on the neighborhood U; of o on M. 
The fibre coordinate ¥,j;(z,P) of the section ¥,(P)—rp*, is given by 
Yy (2, P) =uyjo(2,P), as (8.19) shows. Letting fioro (z, P) have the same 
meaning as in Section 3, we have therefore 


(4.11) o pafz P) = fioro (2, P Jyri (4, P). 
We infer from (4.4) that, for each v==0,1,---,h, 


Xvi (2, P) = w; (2) {yx (2, P) — Š An(P)ynls P)} 


is a holomorphic function on U; U. Moreover it follows from (4.11) that 


(4.12) Xy (2, P) = biz (2, P) "Xyz (2, P}, 
where 
(4.13) bjn (2, P) = fioro (2, P) ` wr (2)/w;(2). 


Thus, for each PEU, 
X» (P): á (2, Xvj(2)), v==0,1,-- rh 


are holomorphic sections of B + P; obviously these sections Xo; X1,° © *,Xn are 
linearly independent and therefore form a base of the linear space T(B -+ P) 
of dimension h+1. Now, using the explicit form (8.21) of the functions 
R;(2,r), we obtain 


{ 
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(4. 14) nen EUEN al EEEN P) + Beste @P) 


Clearly we have &;(z, p) = talz P)-8;,(2, as - For an arbitrary tangent 


_ vector U == (U, °°, Ug Uga’ ` Ug) Of M at o, we get, by (4. ve 
(4.15) uS; (2, 0) id ca + Sten 20) 
where 


q 
ĉuXoz (2, 0) = È UL OXo3(2, P) /atu ltz 
In order to prove (4.10) it is sufficient to show that the holomorphic section 


du: 2> by(Z) = (2, 0,8;(2, 0) ¢) 


of Be vanishes only if u= 0. Assume that 0,8;{2,0)¢==0. Then, since C 
is the divisor of S;(z,0) on U; each ratio 


8;(%) = 6,8;(2, 0) /S;(2, ¢) 


is a holomorphic function on U; On the other hand, it follows from (4. me 
that 


(4. 16) | fu(2) = Si tass (z, 0) /Xo; (2,0) 


is a well defined meromorphic function on V. Dividing (4.15) by 8;(2,0) 
=X; (2,0), we get therefore 

(4.17) 5;(2) — ĝu log Xo; (2, 0) = fu(2), in U;. 
Applying (2.3) to the function f(%,4%;9,8) defining the bundle =, we infer, 
in the same manner as in the proof of (2.5), that 

a(k) 

fioro (2, P) — ezp (2) reg ™: exp e 

ZJ 
where {¢,(z)} is the system of tr ansition functions defining the bundle 
E= B -4+- [L] and where 

2(j) 
Kj = eXp f wa. 
6 


Inserting this into (4.13), we obtain 


(k) 
b ix (2, P) = big (2, 0) «iq exp (_ &. 
a7 <(f) 
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Using (4.12) we get therefore 


z(k) 


Ay log Xoz (2, 0) — ĝu log Xor (2, 0) = y — te + fo 
kaS] 
q zj) 
where & = X uz, and where y= | wa, Combining this with (4.17) 
k=1 6 
we obtain 
z : (7 _ 
s;(s) —u— f iu =s (2) —u— j Cy. 
e/ 29) z(k) 
z 
Thus p(z) = s;(2)—u— } 4a is a well defined function of class C” on V 


«7 2(3) 
and dp(z) = ds;(z) —@,. This implies that ds; == ds), is a well defined holo- 


morphic 1-form on V. Consequently, we have ds;(z) =0 and @,—0. The 
equality @,—0O implies that u, = u: =: : :=u=0. Hence we get 
0, log Xoj(2,0) =0 and therefore, by (4.17), djy(z) = ds;(z)=0. Thus 
{u(2) = co is a constant on F and consequently by (4.16), 


h 
CoXoj (2,0) + È thqryXvj (z, 0) == 0. 
pal : 


This implies that Uga = Uga ==" ` ` = Ugen = 0. Thus we see that ¢, vanishes 
only if w=0. This completes the proof of (4.10). 

The characteristic linear system {C,} of Ih’ on C is a subsystem of the 
complete linear system | Bo. In order to prove that {O,} coincides with 
| Bo |, we observe the exact sequence 


p 
0-> 9 > Q(B) — Q(B) >0. 


The corresponding exact cohomology sequence 
0—>C—>T(B)>T(Bo) PW HV,2) 3: - 
shows that l 
dim | Bo | S dim | B | — 1 + dim Æ (Y, Q), 
while we have H7(V,Q) = M, and so dim H*(V,Q) =dim Y =q. Conse- 
quently we obtain the inequality 
(4.18) dim | Bo | S dim | C | + g— 1. 
Comparing this with (4.10), we infer immediately that {04} = | Bo |. Thus 
the characteristic linear system {C,} of n’ on C is complete. 
We note that a divisor C on V satisfies the above condition (a) if 
(c) | e([C] —K)>0 
holds. This is an immediate consequence of Theorem 1.2. Moreover it 
follows from a remark in Section 1 that the condition (c) is equivalent to 
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(c) |m(C—K)| is ample for sufficiently large integer m. 


Another remark is that the condition (a) is actually weaker than (e). This 
can be easily seen by observing the simplest case where V is an algebraic curve 
of genus p. In fact, a general effective divisor C of degree d= p on y 
satisfies (a), while (c) holds for C if and only if d > 2p—2. 


THEOREM 4.2. Let M = {C, | uE M’} be a complete continuous system 
canonically parametrized by MW. Assume that 


H°(V,2(C,)) =0, for all C,€ W. 


Then the parameter variety MW is an analytic fibre bundle over the Picard 
variety B of V whose fibre is the projective space ©, of dimension h=dim | Ca | 
and whose structure group is the projective transformation group. The 
canonical projection of MW onto $ is given by 


pi p> p(p) =(C,—Co], o E€ W. 
Moreover In’ consists of all effective divisors X ~ Co, Co€ M’, on V. 


Proof. Let @, A, p, M, M have the same meaning as above. We infer 
from Lemma 4.1 that, for each point P= p(p), pE W, there exists a 
neighborhood U(P) of P on $ such that M N p?*(11(P)) is an analytic sub- 
bundle of p*(11(P)) whose fibre is a linear variety of dimension h = dim | C, |. 
Tt follows that 

MO pt Qu(P)) = an pt ((P)) 


and therefore :p(Al’/)D U(P), PE p(t’), while p(W is a compact subset 
of H. Hence p(M') coincides with $$ and consequently JZ’ is an analytic 
fibre bundle over H whose fibre is ©, and whose structure group is the pro- 
jective transformation group. Moreover df’ coincides with M and therefore 
Mm’ coincides with M, q.e.d. 

In the special case where V is an algebraic curve of genus p, the index 
of speciality i| Ca | = dim H+(V,Q(C,)}) vanishes if the degree of the divisor 
Cy, is greater than 2p— 2. Therefore cur result reduces in this case to a 
theorem of Chow? to the effect that the continuous system of all effective 
divisors of degree d > 29—-2 on the curve V is a projective bundle over the 
Jacobian variety attached to V. Thus our Theorem 4.2 may be regarded as 
a generalization of the above theorem of Chow to higher dimensional varieties. 


PRINCETON UNIVERSITY AND THE INSTITUTE FOR ADVANCED STUDY, 
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of Fo + Fa, we have only to adc a suitable hypersurface to Po noe so that 
we get a hypersurface F of order m. 

Now, coming back to our original problem, we shall prove the following 
assertion: - S 


Lemma 1. Let G be a commutative group variety which is defined, 
together with its group law, over a field K; let t be a point of G. Then, 
e-y==e2+ty+t is a group law in G over K if and only if t is rational 
over K. Moreover, if Gis an Abehan variety, eony gr ony law am G over K 
can be so obtained. 


Proof. The first assertion is trivial. Assume that G is an Abelian 
variety over K. Let ¢ be a new group law in G over K. Then, we can 
find an automorphism A of G over K with respect to the old group law in G, 
and a rational point t of G over K such that (z,y) =A(*#+y) -+t for x 
and y on G@ [6, p. 34]. The associativity of the law implies A? == à, whence 
à= 8g, the identity automorphism of G. q.e.d. 

We pick an arbitrary rational point t of J over k(u); let v’ be the 
specialization of ¢ over the specialization w->a with reference to k. Then, 
by Theorem 1 and by Lemma 1 we can introduce group laws in J and in 
(J’), over k(u) and over k, respectively, such that —¢ and —?’ become 
new neutral elements. Henceforzh, we shall denote — t by 0 and —? by 0”. 
We note that the group laws arə compatible with specialization [2]. 

Let n be a positive integer which is not divisible by the characteristic p 
of the universal domain. Then, 5 being the identity automorphism of J, 
we denote by T the graph of n-é in the product J X J. As we know, if z is 
an arbitrary point of J, the cycle inverse (n:5)- (2) =p [T (J X £)] is 
defined, and consists of n°? distinct points. In fact, this is a general theorem 
which holds for any Abelian variety [5, p. 127]. Similarly, let 8 be the 
identity automorphism of (J^)e and let (7”’), be the graph of n y in 
(J’)o x (J’)o. With these notations, we shall prove the following lemma: 


Lemma 2. As- an abstract group (J)o splits over Gm, ie, (J’)o 
== Gm X((J’)o/Gm). Moreover, the cycle inverse 
(n8) (e) = prl (To: (7) X #)] 
is defined for every point v of (To and consists of nè- distinct points. 


Proof. The first assertion is a consequence of a general theorem ‘on 
Abelian groups, because Gm is “infinitely divisible.” ” Then, the facts that 


2 A precise statement of the thecrem is the following: Let G be an Abelian group, 
and let H be it subgroup which is infinitely divisible. Then, the extension G of H 
splits over H. 
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the cycle inverse (n:8')* (x) is defined for every point v of (J’), and that 
the number of distinct points in it is equal to ns- follow from the corre- 
sponding properties of the factors of J’). It is, therefore, sufficient to 
show that the homomorphism 1-8 is separable. A usual proof of this for 
any commutative group variety G, anc for its n-times the identity auto- 
morphism se is the following: We know that the ring of endomorphisms of 
G has a representation on th space of forms of Maurer-Cartan. The endo- 
morphism 2°3¢ is represented by the n-times the unit matrix, and none of 
the forms of Maurer-Cartan becomes zero by multiplication of n. Since 
these forms generate the space of linear differential forms over the function- 
field, if æ is a generic point of @ over one of its fields of definition, say K, 
there is no derivation of K(#) over K(n's) except, of course, the trivial 
one, Hence K(x) is separably algebraic over K (n:s). q.e.d. 

Now, let T” be the closure of (7”’), with respect to the Zariski topology. 
Then, from Lemma 2 we get pra (T) =n- J”. On the other hand, by 
our previous remark we have pre(7’) ==279-J. Therefore, if we specialize T 
over the specialization u—>a with reference to k, we get 7” and something 
more. The next lemma concerns about this: 


Lema 3. The specialization, say T, of T over the specialization u->a 
with reference to k is of the form T =T + T”. Here, T” ts a positive cycle 
of the product PY X PN each component of which has a singular subvariety 
of J’ as ils projection on the first factor. 


Proof. Let 2 X y be a generic point over k of some component, say W, 
of T. - Then, we can find a generic point « X n:s of T over k(u) such that 
a Xy’ is a specialization of zX n-e over the specialization ua with 
reference to k. If 2’ is a simple point of J’, since the group laws are com- 
patible with specialization, we have y/==n-2’. In other words, if the pro- 
jection of IV or the first factor is not contained in the singular locus of J’, 
then, IV coincides with T’. Since pr,(7”)=J’ is the specialization of 
pri(T) =J over the specialization u—>a with reference to k, we see that £ 
does contain T”, and in fact only once. q.e.d. 

It is a simple matter to determine all components of 7”. We get just 
what is expected. However, since we shall not make use of such information, 
we do not discuss it here. 

Now, let + be a rational point of J over k(u), and let 1” be the specializa- 
tion of + over the specialization w—>a with reference to k. Then, by Theorem 
1 the point 7” is simple on J”. We shal- denote the 0-cycles (n-8)-+(r) and 
(2-8) (r) by w and w. We remark that w is rational over (uw), hence 
it has a unique specialization over the specialization u— a with reference to k. 
With this in mind, we shall prove the following theorem: 


=z 
Ot 
O 
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THEOREM 2. The specialization, say Ù, of w over the specialization 
u>a with reference to k is of the form =w +w”.. Here, wis a 
positive cycle of PN each component of which is a multiple point of J’. 


Proof. We first’ note that w and w’ are defined, respectively, as ` 
pri[%- (J x 7) ] and pr[ (To: ((J")o K 277) ]. Let s be an arbitrary simple 
point of J’. Then, < X17 is not contained in any component of T” of 
Lemma 3. Since (P -+ T”, J’, r} is the specialization of (T,J,r) over the 
specialization u—>a with reference to k, by the “principle of conservation 
of number” * g X1” appears in @ X 17 and in T”: (J X17”) exactly the same 
number of times. However, we have T- (P X1) == (To: ((J’)o Xr), the 
intersection-products being taken on J’ K J’ and on (J’)o XK (J)o This is 
nothing but wX r. q.e.d. 

Let k| [u—a]] be the completion of the specialization-ring of -a in k (u), 
and let k((w—a)) be its quotient-field. We note that k| [u—a]] is a ring 
of formal power-series in one letter over k. In the following, we consider 
(u) as a subfield of the “abstract field” k((w—a)). Let I be an iso- 
morphism over k({u) of the algebraic closure of k(u) into some, but fixed, 
algebraic closure of k((w—a)). Let (w) be an ordered set of points in w, 
and let I(w) be the transform of (w) by I. Then, the specialization of 
I(w) at the center of k[[u—a]] is an ordered set of points in ®, because 
it is a specialization of (w) over the specialiaztion u-—>a with reference to k. 
In particular, (w) contains 74+ points, say (S:,52,°* +), such that the 
specialization of I(s,,%0,- > +) at the center of &[[w—a]] is an ordered set 
of points of w’. Then, by generalized “ Hensel’s lemma” each I(s;) is rational 
over k((uw—«a)) (cf. [5], Theorem 2, p. 57). We note that the set (s1, 8Sa) 
is uniquely determined up to a permutation of elements by J. Now, assume 
that r and 7” are the neutral elements 0 and 0’ of J and (J’)>. Then, the 
points S,,S2,° ° + form an Abelian group, which is a direct product of 2g — 1 
cyclic groups of order n. We call it the group of invariant points of order n 
along I. In fact, each Z(s:) is “invariant” by any automorphism of the , 
algebraic closure of k((w—a)) over k((u—a)). On the other hand, this. 
group contains a particular set of n points, say t, ta - +, such that I(t) is 
specialized to a point of Ga at the center of k[[w—a]]. We note that the 


* This famous principle has various formulations. Here, it is used with the fol- 
lowing content: Let X and Y be two positive cycles on a variety V in a projective space 
such that dim(X) + dim (Y) = dim(V); let (V’, X’, Y’) be a specialization of (V, X,Y) 
over a field k, and assume that V’ is a variety. If the wmtersection-products X: Y and 
X’: Y’ are defined on V and on V’, a simple point P’ of V’ appears i(X’: Y', P; V’)- 
times in any specialization of X> Y over the specialization (V, X, Y) > (V’, X. Y’) with. 


x 


reference to k. 
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points t; 12, - - form a cyclic group of order n, and we call it the group of 
vanishing points of order n along I. In fact, Gm is the set of those points, 
of (J’)y which “vanish” by projection to the Jacobian variety J*! 


3. Non-invariant points. In the previous section, we introduced invar- 
iant and vanishing points. We shall now examine “non-invariant” points; 
the following is our main theorem: 


THEOREM 3. Let r be a rational point of J over k(u); let æ and y be 
two points of J such that n-e=n-y—=r, and such that I(x) and I(y) are 
conjugate over k((u—«a)). Then, c—y is a vanishing point of order n 
along I. 


Proof. Since the theorem is trivial for «== y, we shall exclude this case 
from the beginning. Then, by Theorem 2 the specialization, say 2, of I (e) 
at the center of k[[u—a]] is a multiple point of J’. Also, by Hensel’s 
lemma (2’, 2’) is the specialization of (7(z),I(y)) at the center of &[[u—a] ]. 
Now, take an integer m such that the trace Qm on C of the complete linear 
system of hypersurfaces of order m in’ the ambient space is complete, and of 
dimension equal to *—=ord(C):m—g. We also assume that the trace Qum’ 
on C” of the same linear system of hypersurfaces is of dimension r [8]. If 
m satisfies these conditions, we call it to be sufficiently large. We pick rational 
divisors a and 8 of C of degree d over k(u) which correspond to 0 and r as 
remarked next to Theorem 1; put a = Ao — a; and § = 8 ,—3,. We then take 
a hypersurface of a sufficiently large order, say m, for 8,-+ (n—-1)-ao as 
stated in the Supplement of Theorem 1. If r, is the sum of 8, + (n—1)-q 
and the residual intersection on C, then, r, is rational over k(u), and the 
specialization, say ri’, of r, over the specialization w—> a with reference to k 
is free from Q. Consider the residual linear system Qm— rı. The set of 
positive divisors of degree d on C such that their n-times belong to Qn — tı 
splits into n”? distinct complete linear systems on C, and these linear svstems 
correspond in a one-to-one way to points of J such as x and y. Let |m] be 
the complete linear system which corresponds to «œ. We may assume that m 
is algebraic over k(w), and such that the specializations of m over the 
specialization (u, 2) — (a,x) with reference to k contain Q once and only 
once. In fact, let WM and WY be the varieties which have s and z’ as their 
Chow points. Then, we can find a subspace of co-dimension d——g, in the 
ambient space of P: and WM, which intersects properly with Mt and W. In 
addition, we can assume that the subspace is defined over k, and also that it 
does not intersect with the closed subset of YY whose points represent those 
cycles which contain Q at least twice [2]. If m is one of the divisors of C 
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which correspond to the intersection of Wè and the subspace, m satisfies our 
requirements. Now, there are many hypersurfaces of order m which inter- 
sect C at n:m-+r,. However, since C. and C’ have the same arithmetic 
genus, we can pick one, say Fi, which is algebraic over k(u), and such that 
F, has a unique specialization over any specialization (u,m)— (a,m’) with 
reference to k, and such that this specialization does not contain C’. In fact, 
the complete linear system of hypersurfaces of order m in the ambient space 
of C and C” gives rise a regular rational map of this projective space into 
another projective space, say P. Let Pr and P“ be the smallest subspaces of 
P which contain the images of C and O’, respectively. Take a subspace P’ 
of P of co-dimension +-+-1 which spans P with P", and also with P. Since 
P is defined over the prime field, we can assume Pt to be algebraic over the 
prime field. On the other hand, since »-m-+-r, is rational over k(u,m), 
the hyperplane Pr- of Pr, which corresponds to n-m- tra is purely insepar- 
able over &(u,m). If F, is the hypersurface of the original projective space 
which is represented by the join of P" and P*, then, F, satisfies our demands. 
Let F” be the specialization of I(F,) at the center of k[[u—a]]. We note 
that Z (F) has a meaning, because F, is algebraic over k(w). Let (I (y), iit, #1) 
be a conjugate of (I(x), I (m), I(F;)) over k((u—a)). Then, we can find 
a positive divisor n of degree d cn C and a hypersurface F, of order m such 
that it—J(n) and F,=I(F.). Since (n, F2) is a conjugate of (m, F1) 
over k(u), we see that F, intersects C at m-n-+1r,. Since (y,n) is a con- 
jugate of (x,m) over k(w), we see that n corresponds to y. Also, by Hensel’s 
lemma (im’,m’), say, and (F’,¥’)are the specializations of (I(m),I(n)) 
and (1(F,),I(#.)) at the center of &[[w—a]]. This will become a key 
point in our later argument. Now, take a hypersurface, say Gi, of a suf- 
ciently large order m’, which passes through m +a We take G, to be 
algebraic over k(u), and such that the specialization, say Gi’, of I(G,) at 
the center of &[[u—a]] does not contain O”. Also, we assume that G,’ 
contains Q only twice. In fact, these can be managed, more or less, by similar 
considerations as before. Let rə be the sum of a; and the residual inter- 
section of G, on O. Then, the residual linear system Qm — (n -+ te) exists, 
and it is the complete linear system which corresponds to «—-y. We shall 
show that the specialization, say (*—vy)’, of I(«—y) at the center of 
k{[w—a]] is a simple point of J’. Otherwise, we can pick p from 
Qw — (ttre) such that p is algebraic over k(u), and such that the 
specialization p’ of I(p) at the center of k[[w—a]] contains Q once and 
only once. Let @, be a hypersurface of order m’ which is algebraic over 
k(u), and which intersects C at pnt ra We may assume that the 
specialization, say Gy’, of I(G.) at the center of k[[u—a]] does not contain 
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©. Finally, let H, be a hypersurface of a sufficiently large order, say m”, 
for n-a as stated in the Supplement of Theorem 1. If ra is the sum of 
n'a, and the residual intersection on C, then, ta is rational over k(u), and 
the specialization, say rs’, of r, over, the specialization u—>a with reference 
to k is free from Q. Let H, be a hypersurface of order m” which is algebraic 
over k(u), and which intersects C at n:p-+ r: We may assume that the 
specialization, say H.’, of I(H,) at the center of k[[u—a]] does not con- 
tain C’. Then, by our construction two hypersurfaces F,-+n-G.-+ H, and 
F, +n: G + H, have the same intersection with C. Therefore, the specializa- 
tions #’i+in-G,’-+H, and f’-+n-G’+H,' have the same intersection 
with C’. More precisely, if G* is the normalization of C’ over k, and if 
f is the corresponding regular rational map of C* into the ambient space 
of C, we have FF(E +n: Gr +H) =f (F’-+n-G/+H,’), and hence 
nf (G) + f(A, =n: f (G7) +P (H,’). Let Q,* and Q,* be the 
points of C* which correspond to Q. Let cı and c be the coefficients of 
Qi* and Q.* in the reduced expression of the divisor of C™ just obtained. 
Since H, does not pass through Q, if we use the first expression, we conclude 
that both s, and c+ are multiples of n. On the other hand, H; intersects O” 
at n-p’-1-1,’, and p’ contains Q once and only once, while r% is free from Q. 
Since f> (H7) must contain both Q,* and Q.*, we conclude from the second 
expression that neither c, nor c, is divisible by n. Thus, we get a contra- 
diction, and this contradiction is derived from the assumption that (t—y)’ 
is a. multiple point of J’. In other worcs, we have shown that («—y)’ is a 
simple point of J’. Then, our previous argument goes through under the 
modification that p’ is free from Q. Since m contains Q only once and G,’ 
does only twice, we -conclude that f-+(G.’) —f+(G,’) =p*—a*. Here, 
p* and a* correspond to p’ and the specialization, say a’ of a over the 
specialization u —> a with reference to k. Since the left side is linearly equi- 
valent to zero on C*, so is also the right side, i.e., (c—y)’ belongs to Gm. 
Therefore, by definition s—y is a vanishing point of order n along J. q.e.d. 


= Remark. If the linear equivalence class of Q," — Q," on C* is of order 
at least equal to n, we can prove the following assertion: Let æ and y be two 
points of J such that n:x==n:y =r, and such that (2’, 2’), say, 18 @ 
specialization of (x,y) over the specialization u—>a with reference to k. 
Then, any specialization of «—-y over this specialization is a point of Gm- 
A proof of this assertion can be extracted from the proof we gave for 
Theorem 3. 


4. A bilinear relation. In this section, we shall show that invariant 
points and vanishing points are connected by a bilinear relation. Let U be, 
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for a moment, an arbitrary compiete curve. Then, for any numerical function 
f on U, we can define a divisor (f), and a divisor in the sense of valuation 
theory. The latter is defined as the regular image on U of the divisor of 
the function induced by f on the non-singular model of U. On the other 
hand, if S &a'Pa is ‘a reduced expression of a divisor a on U, and if (f) 


does not contain any Pa, we define f(a) by [] f(Pa)*. If, moreover, f(b) is 


defined for a divisor D of U, then, f(a-+b) is defined, and we have 
f(a+b) —f(a)-f(b). These being remarked, we shall prove the following 
lemma: 


Lemma 4. Lel f and h be two functions on U such that their divisors 
in the sense of valuation theory coincide, respectwely, with (f) and (h). IF, 
moreover, either f((h)) or h((f)) is defined, so is the other, and they are 
equal. 


Proof. We- first note that nothing is changed by passing to the non- 
singular model of U. Therefore, we can assume from the beginning that U 
is non-singular. Also, the first assertion of the lemma is trivial. Let K be 
a field over which U, f and h are defined; let ¿ be a variable over K. We 
shall denote by Ty the graph of f in the product U X D; similarly for 
F}. Here, D is, of course, a projective straight line. We define (A), by 
Ta: (U X(t)) = (h): X(t), and then (hyi is prime rational over K (t). | 
Hence, f((h):) is rational over K (t), and we can find a function 0 on D, 
which is defined over K, such that f((%):)==9(t). Then, the divisor of 8 
is given by (8) —pr.[T,: ((f)X D)] [5, p. 281]. More explicitly, if we 
write (f) in the form $ &a`Pa we get (0) == >dia.'h(P.). Therefore, 6(¢) 


is of the form c- J] (t—h(Pa))® with a certain element c in K, not equal 
i 


to 0. If we specialize ¢ to 0 and œ, we get f((k)o) —=c-h((f)) and 
f h)a) =c, hence f((h)) =A((f)). ged. 

Now, let a and b be two divisors on the non-singular curve C such that 
n:a and n:b are, respectively, divisors of functions f and A on C. Then, 
if either f(b) or A(a) is defined, so is the other, and the expression 


(a,b;n) =h (a) f(b) 


is an n-th root of unity by Lemma 4. Furthermore, the same lemma implies 
that (a, D; n) depends only on the linear equivalence classes of a and b on C. 
Since any linear equivalence class contains a divisor whose components are 
all generic over a given field, (a,b;) induces a multiplication of the group 
of divisor classes of order n on C with itself. 

On the other hand, let @ be a canonical funetion of C which is defined 
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over k(u). Let ¢ be an arbitrary point of the Jacobian variety J of C, 
and let M, +, Mpa be independent generic points of C over k(u,t). 


g-1 
Then, ©, is defined as the locus over k(u,t) of the point X$ ¢(M;) + t, and 
$=1 
@, is denoted simply by ©. Also, if b = = ba: Qg is an arbitrary divisor of C, 
the point ~ bg: (Qg) of J is denoted i S[é(6)]. Put t= S[¢(b)]. Then, 


we have n° Ta 0 if and only if n-b is linearly equivalent to zero on Č. In 
this case, if X is a divisor of J which is linearly equivalent to ©;—©, we 
can find a function ¢ on J such that (p) =n: X. Moreover, if v is a generic 
point of J over a field of definition K of ¢, there exists a function ẹ on J, 
which is defined over K, such that d(2-x) =w(x)* [6, p. 150]. Now, let 
s be another point of J of order n. Then, y(w-+s)-w(a)~* is an n-th root 
of unity, which is denoted by en(s, t): 


W (a +8) = en(s,t) H(z). 
As we can see, é,(s,t) is independent of the choice of X in the linear equi- 
valence class of ®;—-®. The two n-th roots of unity so obtained are related 
as follows: 


Proposition (Weil). Let a and b be two dwisors of C, and put 
s==S[d(a)] and t=-S[¢(b)}. If both s and t are of order n, and if 
(a,b;”) is defined, we have (a,b; n) =e, (s, t). 


Proof.* Since 2-6 is linearly equivalent to zero on C, we can find a 
function A on C such that (h) =n-b. Pick a divisor me of degree g on C 
which has no point in common with b. We take an extension K of k(u) 
over which b, m, and s are all rational. Let M,,- --,M, be independent 

g 
generic points of C over K, and put m: =X, M; and «=—S|[¢(m.— mp) J. 
įi=1 
Then, (m, — mo) is defined, and it is rational over K (m) =K (z). There- 
fore, we can find a function ẹ on J, which is defined over K, such that 
@(t) =h(m:— m). I£ $ bg: Qg is the reduced expression of b, and if we 
B 


put X =$ bg: Opa, we have (p) =n: X (cf. [6], pp. 115-116). More- 
B 


over, X is linearly equivalent to ©,— © [6, pp. 105-106]. On the other hand, 
by Riemann-Roch theorem the linear equivalence class of no + n’ (mı — Mo) 
contains at least one positive divisor, say mtn. Since S]¢(m,—m)] =n: 
is a generic point of / over K, we conclude that the components of m, are 


+ This proof was communicated to us by Professor André Weil on February 6, 1956, 
The proposition.is interesting, and it simplifies the proof of Theorem 4. In fact, our 
original proof was direct, and it was much longer than the present one. 
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g independent generic points of C over K. In particular, m, is unique, and 
hence it is rational over K(s). Therefore, we can find a function F on C, 
which is defined over K (s), such that (F) == Ma — Mmo — n: (mı — Mo). Let 
(nm: F} be the transform of (im, F) by the automorphism of K(x) over 
K(n-a) mapping z to «+s. Then, we have S[¢(m,.’—m.)]=—2-+s, i.e., 
S[o(m,’—m,)]=—s. In other words, m? — m, is linearly equivalent to a. 
Moreover, we have (F) = Ma — rio — n: (m; —neo). Therefore, if we define 
a function f on C by f—F-[F’]", it is defined over K(x), and we have 
(F) =n: (m — m). Furthermore, (s) == h(m,— tt) is transformed into 
(z-s) =h(m;/ — mo). Similarly, if we consider the generic specialization 
(ma ©) > (my, n z) over K, we get ọ(n- z) = h(m — mo). Now, R(uta— mo) 
can be written as A(n- (mı — mo) )-A((F)), and this is equal to ($ (z) - F(b))* 
by Lemma 4. Since F(b) is an element of K(x), there exists a function y 
on J, which is detined over K, such that v(v)=¢(7)-F(b). Then, 
w(c+s)-y(r)-? can be written as (¢(a-+s):$(e)*)- (F’(b)-#F(5)*), 
and this is equal to h(m,’—1m.)-f(b)7. However, y(a+s)-y(2)-* is 
nothing .but e,(s.£), while h(m,’-——m,)-f/(6)~? is equal to (m — m, 537) 
= (a, b;n). q.e.d. o3 

With these preparations, the proof of the following theorem is a matter 
of technique: 


THEOREM 4. Let sand t be, respectively, invariant point and vanishing 
point of order n along I. Then, we have e,(s,t) =1. 


Proof. As in the proof of Theorem 3, we can find a positive divisor r 
of C, which is rational over &(w), such that its specialization r’ over the 
specialization u — a with reference to & is free from Q, and, moreover, such 
that the complete linear system &,,—-r is of degree nd. Pick two positive 
divisors m, and ny of C such that n'm, and n'no both belong to &,,—vr. 
We can assume that m, and no are algebraic over k(u), and such that the 
specializations mo’ and nọ of I(mo) and I(1) at the center of &[[u—a]] 
have no point in common with r’ -+ Q, and have no point in common with 
each other. Pick another two positive divisors m and n of C of degree d 
such that S[¢(m— mo) ] =s and S[¢(n— 1) ] = ¢t. Again, we can assume 
that m and n are algebraic over k(u), and such that the specializations. m’ 
and n’ of Z(m) and I(n) at the center of k[[u—a]] have no point in 
common with my)’ -+ nọ -+r -+ Q, and have no point in common with each 
other. Finally, we can find four hypersurfaces Fy, F, H, and H in the 
ambient space of C, all algebraic over k(u), such that they intersect ©, 
respectively, at n-m +r, m-m+uz, n-to-r and n-n-+r. We can assume 
that the specializations Fo, F, Ho’ and W of (Fy), I(F), I(H.) and I( 4) 
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t 


at the center of k[[u—a]] do not contain C’. Let Fo(X), F(X), Ho(X) 
and H(X) be homogeneous polynomials of order m, respectively associated 
with F, F, H, and H; similarly for Fe (X), F'(X), H’ (Z) and H’(X). 
Then, the ratios F(X) -F)(X)-* and H(X)-Ho(X)~ define numerical func- 
tions f and h on C.- Similarly, the ratios F'(X) - Fd (Xy* and H’(X)-Hy'(X)7 
define functions f’ and h’ on C’. Here, as we can see, we have (f) = n+ (m — mo), 
(h) =n: (n— n), F) =n: (w — m) and (K) =n: (1’—n,’). , Also, by 
the construction (f) and (h’) are the divisors of f and h’ in the sense of 
valuation theory. Now, by the previous proposition (m— mo) :f(n— n)” 
is equal to e„(s, t). However, W (m — m) and F (w — n’) are the unique 
specialization of k(m—m,) and f(n— no) over the specialization 


(u, Fo, F, Ho, H) — (a, Fo’, F’, Hy’, A’) 


with reference to k. Since e,(s,t) is an n-th root of unity, it is invariant 
under any specialization over k. Therefore, we get 

én(S, t) a h (m — Mo’ ) s Pit -=16 5: 
Since ¢ is a vanishing point along J, there exists a function h” on ©’ such | 
that n’— 19’ is the divisor of h” in the sense of valuation theory. This does 
not mean, of course, that h” is defined by a ratio of homogeneous polynomials 


which.do not vanish at Q. Any way, we get h’=c- (h”)” with a certain 
constant c, and hence 


Kn — m): Pn — n =h” (n (t — mW’) Fa — 1’), 
and this is equal to 1 by Lemma 4. q.e.d. 


We recall, here, that ¢,(s,¢) is a skew-symmetric bilinear form on ‘the 
group of points of order n on J [6, p. 153]. The Theorem 4 asserts that the 
groups of invariant points and vanishing points of order n along J are the 
groups of annihilators of each other. In particular, each one of them deter- 
mines the other uniquely. 


5. Passage to inductive limits. We shall now consider the limit n> œ.. 
Here, n runs over positive integers which are not divisible by the characteristic 
p, and which “finally” contain powers of any prime / different from p. 
More conveniently, we consider the limits ->œ for all } different from v. 
We fix one such 7 in the following. 

Let tw, be the additive group of points of J of order 7”, and let tw be 
the union of Wo,ti,---. If we adjoin all elements of w to k(u), we 
get an algebraic extension K of k(u). Similarly, an algebraic extension 
k((uw—a)) (I(m)) of k((u—a)) is defined, and it is the compositum of 
I(K) and k((u—a)). Let © and f be the Galois groups of K over k(u) 
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and k((u—a))(I(m)) over &((u—a)), respectively, with Krull’s topologies. 
Tf ¢ is in g, then v = I>- G-I is in ©. Moreover, the correspondence ¢—> o 
is a continuous isomorphism of g into ©, and we get a compact image group 
g- The group g is generally called the decomposition group of K over k(u) 
along I. Here, since k is algebraically closed, g coincides with the inertia 
group of K over k(u) along I. Since the group law in J is defined over 
k(w), the group ©, hence in particular the group g, operates on w. On 
the other hand, if we denote by Z, the ring of l-adie integers, and by Q, 
its quotient-field, tw is isomorphic to a 2g-fold direct product of the additive 
group Qı modulo 1. This isomorphism is called an l-adic coordinate system 
in the group w. With reference to a fixed lJ-adic coordinate system, @ is 
represented by a group of matrices of degree 2g with coefficients in Z, 
We call this matric group the abstract monodromy group of the fibre system 
{u XJ} at l, while the abstract local monodromy group of the fibre system 
along I at lis defined by using g instead of ©. At present, we are interested . 
in the structure of abstract local monodromy groups. We shall prove the 
following theorem: 


THEOREM 5. We can choose an l-adic coordinate system in w such that 
any element o of the inertia group g is represented by a matrix of the form ® 


ON , 


1 e 
0O i 





| 
| 
i |e 
| Logs 
| 





Here, the correspondence o—>c is a continuous isomorphism of g into the 
additive group Zi 


Proof. We fix, once for all, an isomorphism ig of the multiplicative 
group of /’-th roots of unity for v= 0,1,:- - onto the additive group Qı 
modulo 1. Also, let b, be the group of vanishing points of order /” along I, 
and let p be the union of Do, Dit © +. Then, we can tind an isomorphism 7 
of p onto Qı modulo 1. According to Lemma 2, we can extend the iso- 
morphism 7 to an isomorphism of the group of invariant points of order 1’ 
for v= 0,1,: - - along I onto a (2g—1)-fold direct product of Qı modulo 1. 
Here, we agree to take the image of b as the first factor of the product. Also, 
we keep the notation + for the extension. Now, let v be an arbitrary non- 
negative integer, and let t, be an element of b, such that t(t,) = (1 0- > -0) 
mod. 1. Then, we have /-¢,,,==¢, for y==0,1,---. If we denote e,(*,*), 


8 The symbol 1,,., denotes a unit matrix of degree 2g — 2; two blanks are zero 
matrices. 
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temporarily, by e,(*,*) for n=l”, we can find an element, say s,, of w, 
such that 1g(e,(s,,t,)) =l” mod. 1. If we impose the further condition that 
e,(Sy,$)==-1 for all invariant points s of order ” along I satisfying 
i(s) = (0*---#)mod.1, then, s, is unique modulo bp, In fact, if s; is 
another element with similar properties, Sy — $y is annihilated by all invariant 
points of order I” along I. Hence, by Theorem 4 this is an element of b,. 
Since the converse is also true, the number or distinct s, is equal to V. 
Since 7-S,,, is one of the s,, we can find a sequence So, $1," © © satisfying 
l: Sm == Sp for v=0,1,---. Now, let s be an arbitrary element of iw, say 
in toy; put ig(e,(s, t,))==n-l’mod.1 with some integer n. Then, by the 
same reason as above, s—-n:s, is an invariant point of order 1” along I. 
Hence, we can extend the isomorphism + to an /-adic coordinate system @ 
in w by 
G(s) == (n: i(s—n-s,)) med. i. 


In fact, #(s) is independent of the choice of v, and @ gives an. isomorphism 

of m onto the 2g-fold direct product of Q: modulo 1. Finally, let o be an 

arbitrary element of g, and let y be a non-negative integer. Then, by 

Theorem 3 we can find an integer c, such that o(s,) ==s,-+-c,-t, Since 

we have /-s,,,==s, and /-t,,,—t,, we have Cpi’ tp == Cv' ty, le. Cy. == Cy 

mod. 1”, Therefore, the sequence ¢o,c,: - - has a limit, say c, in Z, such that 

c=s=c, mod. P for y==0,1,---. On the other hand, since s, generates tv, 

modulo invariant points of order I” along I, we conclude that &((u—a))(Z(w,)) 

coincides with k((w—a))((s,)). Therefore, the correspondence o— c gives a 

continuous isomorphism of g into Z; Let Mf (oc) be the matrix in the theorem 

with the above defined c as its (1,2)-coefficient. Then, for any element s 

in mw, we have 6(o(s)) =6(s)-Af(e) mod. 1. q.e.d. 

As we know in general, there exists a skew-symmetric matrix F of degree 

2g with coefficients in Z, such that lg(e,(s,t)) =P -0(s)-E-t0(t) mod. 1 

for s and $ in w, for y—0,1,---. We know also that H+ exists, and has 

coefficients in Z, [6, p. 156]. Now, in the present case, the proof of Theorem 
5 shows that Æ has the following special form: | 

BEEJ 
|=: 0] 

aS res 

ea 

| | 

Here, of course, # is a similar matrix as £E. 








We shall discuss some supplements of Theorem 5. We first note that 
the image of g in Z, is compact, hence it is a closed additive subgroup of Z, 


760 JUN-ICHI IGUSA. 


However, any closed additive subgroup of Z, is an ideal of the ring Z. 
Therefore, the image in question is of the form V: Zı with Ops. Here, 
we consider l° as 0 for p==00. We shall show that p is an invariant of the 
fibre system in the following sense: 


SUPPLEMENT 1. The number p depends neither on the isomorphism I 
nor on the l-adic coordinate system 9. 


In fact, let & be a coordinate system in w which gives rise to a similar 
representation of g as the one steted in Theorem 5. Let o he an element of g, 
and let Al’(o) be the corresponding matrix with respect to the new system. 
Then, we can find a non-singular matrix L of degree 2g such that 
M’(o) =L+-M(o)-L. Here, both L and L> have their coefficients in Zi 
Therefore, if c and c’ are the (1, 2)-coefficients of M (o) and Af’ (o), respec- 
tively, we can verify that c and ¢ differ only by a unit of Z Also the 
change of J amounts to replace g by a conjugate in @, and the argument 
is simular. 

We note that the invariant p does not depend, by Lemma 1, on the 
choice of the group law of J. Now, in the case of p==0, we can show that 
p==0 for all prime } (cf. [3]). In the modular case, we are satisfied, tem- 
porarily, with stating the following remark: 


SUPPLEMENT 2. There exists a linear pencil on the surface V such that 
the invariant p of the associated fibre system of Jacobian varieties along any 
degenerate fibre is always finite, and also such that p=0 for almost all 
prime I. 


Since our proof of this supplement is not local, we shall reserve it for 
our global theory. 


THE JOHNS HOPKINS UNIVERSITY. 
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SIMULTANEOUS RESOLUTION FOR ALGEBRAIC SURFACES.” 


By SHREERAM ABHYANKAR. 


In MEMORY of MY LATE FRIEND PROFESSOR Irvin S. COHEN (1917-1955). 


1. Introduction. Now that one has the resolution theorem for algebraic 
surfaces? one may naturally ask the following question concerning simul- 
taneous resolvability: Given a two dimensional algebraic function field K 
and a finite algebraic extension K* of K does there exist a non-singular pro- 
jective model of K whose K*-normalization is also non-singular? This and 
related weaker (global as well as local) questions were raised by us in part 
B of Section 6 of [4]. The purpose of the present paper is to answer some 
of these questions. The main results of this paper are equally novel for 
fields of zero characteristic (in particular for the complex ground field) or 
for modular fields. From a pair of projective normal models V and V*. 
respectively of K and K* such that the transformation between V and V* 
is free from fundamental points on both (i.e. V* is a K*-normalization of V), 
instead of requiring that both be non-singular one may require that at least 
one of them be non-singular. Since requiring V to be non-singular is simply 
equivalent to the resolution theorem for K it is of no added content; how- 
ever requiring V* to be non-singular asks much more about the pair (K, K*) 
than the mere resolution theorem for K* and hence we could call this the 
question of weak simultaneous resolvability for the pair (K,kK*). If we 
restrict our attention to a zero dimensional valuation of K* and its K- 
restriction then we get the problems of local simultaneous resoluticn and 
. local weak simultaneous resolution respectively. The results of this paper 
are quite in conformity with the conjectured statements concerning these 
questions made in Section 6 of [4]. It is obvious that these simultaneous 
resolvability questions are related to the problem: Given an involution T on 
a variety V to remove the fundamental points of these involutions (i.e. the 
points on V which are fundamental for the rational map of V onto the Chow 
variety of the involution T). We intend to study this involution problem 
at some future opportunity. 


* Received March 15, 1956. 

1 For. characteristic zero see Zariski [8], for non-zero characteristic with alge- 
braiecally closed ground fieelds see Abhyankar [3] and for generalization to perfect 
ground fields see Abhyankar [4]. 
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Now to describe the results of this paper in greater detail, let K be a 
two dimensional algebraic function field over ground field k of characteristic 
p and let K* be a finite algebraic extension of K. Let v“ be a zero dimer- 
sional valuation of K* and let v be the K-restriction of v*. 

In Section 2 we settle the question of local weak simultaneous resolution 
in the affirmative; i.e., we prove that if v* can be uniformized (this condition 
is certainly satisfied if & is perfect, see [4]), then v* can be uniformized on 
a K*-normalization of a projective normal model of K. This result will 
then eliminate the use of the Zariski factorization theorem for an antiregular 
transformation between two surfaces into local quadratic transformation (see 
Theorem 3 of [2]) from our proof of the local uniformization for algebraic 
surfaces over algebraically closed modular ground fields [3] and its generaliza- 

tion to perfect ground fields [4]; more explicit references to these points 
= will be made in Section 2. Since generalization of such a precise factoriza- 
tion theorem for higher dimensional varieties is not possible, this elimination 
of the factorization theorem was essential before attempting uniformization 
for higher varieties (over modular ground fields). In Section 3 we prove 
that if & is algebraically closed, p—0O and v is rational, then local simul- 
taneous resolution holds, i.e., there exists a projective normal model V af 
K on which v has a simple center and such that on the K*-normalization of 
V the center of v* is simple. In Section 4 we give an affirmative answer 
to the (global) weak simultaneous resolvability question in case & is alge- 
braically closed, p==0 and K*/K is galois. 

The more novel part of the paper (Sections 7 and 8) dealing with 
(global) simultaneous resolution is preceded by a few words on the branch 
locus (Section 5) and some theorems on kummer extensions of unique 
factorization domains (Section 6). In Section 7, assuming k to be perfect, 
we prove that either if K*/K is a quadratic extension and p=£2 or if K*/K 
is a cubic cyclic extension, p s4 8 and k contains primitive cube roots of unity 
then there exists a non-singular projective model V of K whose K*-normaliza- 
tion is also non-singular and the branch locus on V ts a non-singular (in 
general reducible) curve. It is expected that this result should be helpful 
towards a comparison of the various structural properties and associated 
invariants of the fields K and K*. In Section 8, we prove that the answer 
to the simultaneous resolution question, although positive for quadratic and 
-cubic cyclic extensions, is negative in general. More precisely we prove that 
if K possesses minimal models (1.¢., if K is not the function field of a ruled 
surface) and if ¢g is an arbitrary prime number with gs<p and q > 3 then 
there exist (lots of) g-cyclic extensions K’ of K such that for any non- 
singular projective model of K the K’-normalization is necessarily singular. 


RESOLUTION FOR ALGEBRAIC SURFACES. "63 


Finally in Section 9 we give partial generalizations to higher dimensional 
varieties of the results of Sections 2, 3 and 7. These considerations might 
throw some light on Zariski’s proposed method of resolution of singularities 
for higher varieties [13]. 

The notations in this paper will be the same as those used in [1], [3] 
and [4]. 


2. Uniformization on a derived normal model. In our proof of the 
local uniformization theorem for algebraic surfaces over algebraically closed 
modular ground fields ([3], see proof of Theorem 3 in Section 6 on “ Cyclic 
extensions of prime degree q 4»; coming down”) and also in its generaliza- 
tion to perfect ground fields ([4], see Theorem 3 of Section 2) we had to 
deal with the following situation: Given a galois extension K* of a two 
dimensional algebraic function field K and a zero dimensional valuation v 
of K having a unique extension v* to K*, knowing that v* can be uniformized 
the problem was to uniformize v* on a K*-normalization of some projective 
normal model of K. This was achieved by using the Zariski factorization 
theorem of antiregular transformations between algebraic surfaces into local 
quadratic transformations (Theorem 3 of [2]). A second instance where 
we faced a similar situation in our uniformization proof was as follows 
(Theorem 1 of Section 4 of [3] and Theorem 2 of Section 2 of [4]): K* is 
a finite separable algebraic extension of a two dimensional algebraic function 
field K, v” a zero dimensional valuation of K* and v the K-restriction of v*, 
such that for a projective normal model V of K and its K*-normalization V* 
we have d(#*:#) =1 where #* and R are the quotient rings of the centers 
of v* and v respectively on V* and V. Given that v* can be uniformized 
the problem was to uniformize v* on a K*-normalization of some projective 
normal model of K which dominates F. 

Both of these are obviously special cases of the weak local simultaneous: 
resolution theorem for algebraic surfaces, 1. e., Theorem 1 below. The proof 
of Theorem 1 in case v is of rational rank greater than one (this is the easy 
case) is essentially the same as of Theorem 2 of [4] while for the case when 
v is rational we have to use one new trick. Consequently the only deep 
property of quadratic transformations of two dimensional regular local 
domains which is used in the proof of Theorem 1 is Theorem 2 of [2] (which 
may be called weak local uniformization theorem). Since both the instances 
of the use of the Zariski factorization theorem in our proof of the local 
uniformization theorem for algebraic surfaces are special cases of Theorem 1 
below, we have now eliminated the use of the factorization theorem. This 
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is important for the uniformization problem for higher varieties (over modular 
ground fields), since to generalize the factorization theorem, in any form, 
to higher varieties is a very difficult problem at all events (even in the classical 
case). On the other hand the weak local uniformization theorem is true for 
higher varieties at least over algebraically closed ground fields of characteristic 
zero (see Section 9}. Besides these applications the following theorem on 
local weak simultaneous is of importance in itself. 


THEOREM 1. (Local weak simultaneous resolution). Let K/k be a 
two dimensional algebraic function field and let K* be a finite algebraic 
extension of K. Let v* be a zero dimensional valuation of K*/k and let v 
be the K-restriction of v*. Assume that vë can be unsformized. Then v* 
can be untformized on the K*-normalization of a projective normal model 
of K/k. [More precisely if #* is the quotient ring of a simple center on ' 
some projective normal model of K/k then we can find a quadratic transform 
of &* along v* which is a quotient ring on a K*-normalization of a projective 
normal model of K/k.] 


Proof. (In general we shall follow the proof of Theorem 2 of [4] or 
rather we shall sharpen that proof). Let (£*, M*) be the quotient rmg of 
a simple center- of v* on some projective normal model of K*/k. Let 
S=R* NK, Q=M*NK and P=@QR*. Now if e is an element of K 
which is integral over S then e is integral over #*, i.e. e is in R* and 
hence e is in R* N K= S. Therefore S is integrally closed in K. Hence 
K = the quotient field of S if and only if tr.deg. (transcendence degree of) 
S/k == tr.deg.K/k. We proceed to arrange matters so that tr.deg. S/k 
== tr. deg. K/k. Let gi, ge be a transcendence basis of K/k. Replacing qi 
by 1/q: if necessary, we may assume that qi,g2.¢ Ee. Replacing R* by a 
quadratic transform (see Definition 3 of [2]) along v* we may assume that 
qı q2 E€ R* (Lemma 12 of [2]), i.e. that K is the quotient field of S. 

Now fix a non-zero element z in M,. Again replacing &* by a quadratic 
transform along v* we may assume that (Theorem 2 of [2]): 


z = zyd 


where (2, y) is a basis of Jf*, a and b are non-negative integers, d is a unit 
in R* and where we have either that b—0 and a@>0 or that v*(#) and 
v*(y) are rationally independent. We proceed to show that in either case P 
is primary for M*; and that will then, in view of Proposition 1 of [4], 
complete the proof. 


Case 1,a@>0 and b=0. Now K is the quotient field of § = R* N K 
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3. Simultaneous uniformization of rational valuations. The aim of 
this section is to prove 


THEOREM 2. (Local simultaneous resolution for rational valuations). 
Let K be a two dimensional algebrate function field over an algebraically 
closed ground field k of characteristic zero and let v be œa zero dimensional 
rational valuation of K/k. Let K* be a finite algebraic extension of K and 
let v* be an extension of v to K*. Then there exists a projective normal (in 
fact non-singular) model V of K/k on which the center of v is at a simple 
point and such that the center of v* on a K*-normalization of V is also a 
simple point. 


Before proving this theorem we must make the ramification theoretic 
preparation for it. The following proposition on rational groups was con- 
jectured by us and a proof of it was kindly provided by Professor Iwasawa. 


Proposition 1. Let G be a torsion free abelian group of rational rani 
one and let H be a subgroup of G of finite index. Then G/H is cyclic. 


Proof. We may arrange matters so that G is a subgroup of the additive 
group & of rational numbers and so that the subgroup Z of integers is 
contained in H. Let R*=#/Z, G*=—G/Z and H* == H/Z. Then G/H is 
isomorphic to G*/H* and hence it is enough to show that G*/H* is cyclic. 
Now the elements of R* can be considered to be rational numbers r with 
0O&r <1, and the addition in R* then being addition modulo 1. Given 


n 

integers r and s with O&r <s, we write s== [| p, where Pı, Pa’ * ", Pa 
t=1 

are distinct prime numbers and U, Uz,’ ` *,U, are positive integers. There 


exist, by partial fraction theory, unique integers r; with OSS 7; < p: such that 
r/s = > ri/p**. Thus R* has the direct sum representation: R* — @p, ep S(p) 


į=1 
where P is the set of all prime numbers and 


S (pi) = Sa (pi) = U S;(p:) 
where S;(p;) is the subgroup of elements ¢ of #* for which p;ft is an integer. 
Now let t be any given non-zero element of G*. We can write t= r/s where 
r and s are coprime integers such that O<r<s. Let s= [[ p" where 
j=l 


Diy Pos’ © °, Pu are distinct prime numbers and Ui, Ue, °°, Un, are positive 
integers. Then there exist unique integers r; with 0 <r; < pt such that 
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b= P r/pë. If n= 1 then obviously tE G* N S{p,). Now suppose n > 1. 
i=1 
Then we can find integers a and b such that 
n . n , 
bp -+a [l pët: = 1; so that (a [pri = r + ep, 
i=? a2 
where c is the integer (— br). Hence 
R t 
(a JI p") i= rnp" + et È arid, 
4¢=2 i=2 
where d; is the integer ([] p )pr* so that rp“ € G* O S(p). Similarly 
j=2 
rp E€ G*O S(p:) for +=2,38,:--,n. Therefore G* = @p ep” N S(p) 
and similarly H* = @ pep H* N S(p). Now G* N 8(p:) = Sv (pi) where v; 
is either a non-negative integer or the symbol œ and similarly H* C S(p;) 


= Su (p)- We have that w; Sv; and G*/H* = p, ep L8vi (pi) Sr, (p:)]. 
Since QG*/H* is finite we must have v; = w; except for a finite number of 


subscripts Cı, @2,° * *, €n for which Ve, < We, < © (for q =1,2,: --,m). Since 
Soi (pi)/Sie. (pi) is eyelic of order pti’! for t= 24, @2,° ` *, €m; Wwe conclude 
that G*/H* is cyclic of order JT peon., 


JH€4) Cas <tr Om 


PROPOSITION 2. Let K be an algebraic function field over an alge- 
braically closed ground field k of characteristic zero and let K* be a galois 
extension of K. Let v* be a zero dimensional rational valuation of K*/k 
and let v be the K-restriction of v*. Then the splitting group of vë over v 
as cyclic. 


Proof. The proof follows from Proposition 1 above and Satz 3 of Krull 
[5], in view of the fact that the residue field of v is the algebraically closed 
field & of characteristic zero. 


Proposition 3. Let K be a two dimensional algebraic function field 
over an algebraically closed ground field k and let K* be a galows extension 
of K. Let (R, Al) be the quotient ring of a simple point on some projective 
model of K/k. Let v be a real zero dimensional valuation of K/k having 
center M in R and let vë be.an extension of v to K*. Let R, be the n-th 
quadratic transform (Definition 3 of [2]) of R along v and let (R,y*,My*) 
be the local ring in K* lying above Ry such that v* has center M,* in Ra". 
Then there exists an wmteger m such that for all n= m the splitting jield of 
E,* over Rn is the same as the splitting field of v* over v. 


The proof of this proposition is contained in the proof of Proposition 4 
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of Section 4 of [3]. That proof was based among other things on the fact 
that ÚJ Ra— R, (Lemma 10, Section 3 of [3]). Another proof based on 


nat 

the weak local uniformization theorem (Proposition 3, Section 3 of [3}) 
will be given Section 9 (Proposition 3A) and this proof will be applicable 
to higher dimensional varieties over ground fields of characteristic zero which 
are algebraically closed. In [8], the weak local uniformization was deduced 


from the theorem: |] En = Re However, in Section 9 the weak uniformiza- 
n-i 


tion theorem will be proved for higher varieties (real valuations, characteristic 


zero) and in particular for surfaces without the use of the theorem: {J En = Ry. 
n=l 


This last theorem has no known generalization to higher varieties. 


Proof of Theorem 2. (We shall freely use the results of Section 2 of [3] 
without making specific references.) By the local uniformization theorem, 
we can find a projective normal model of K/k on which the center of v is 
a simple point. Let (R, 12) be the quotient ring of this simple point. Let 
K’ be a galois extension of K containing K* and let v’ be an extension of v* 
to K’. Let K,’ be the splitting field of v’ over v and let K,* be the compositum 
of K* and K,’. By Proposition 2, K'/K is cyclic and hence K,*/K,’ is also 
cyclic. Let (K, M’) be the local ring in K’ lying above R such that v’ has 
center W in W. Let Ry, R”, R* and Ms, M,*, M* be the respective inter- 
sections of R’ and W with K,’, K,* and K*. By Proposition 3 we may assume 
that K,’ is the splitting field of RB’ over R. Then K,* is the splitting field 
of R’ over R*. Let (x,y) be a basis of M. Then (2z,y) is a basis also of M,’. 
We can find a primitive element z of K,*/K,’ with minimal polynomial X= —¢ 
where ¢ is in Es. I£ n==1 there would be nothing to prove; so assume that 
a >1. By the weak uniformization theorem (Lemma 10 of [8]), after 
replacing Ry by a quadratic transform (S, N) along the K,’-restriction of v’, 
we may arrange matters so that t= f#d where (f,g) is a basis of N, u is a 
non-negative integer and d is a unit in S. Since k is algebraically closed, 
and (x,y) is a basis of Mg as well as of M, it is clear that after replacing R 
by its corresponding quadratic transform along v we may assume that S = Rg. 

Suppose, if possible, that u and n have a common factor m>.1. Since k 
is algebraically closed of characteristic zero, ¥"—-f“d factors in k|[f,g]][X] 
into m pairwise coprime fatcors. Since &[[f,g]] is the completion of Ré 
we have that &,’ splits in K,” into more than one local ring; this is a con- 
tradiction. Therefore u is prime to n. Hence by the argument used in the 
proof of Theorem 2 of Section 5 of [3] we conclude that R,* is regular. 
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Since K,* is the splitting field of R’ over R*, the degree of f,” over R™ is 


one and hence #* is also regular. 
i 


4. Resolution on a derived normal model. The purpose of this section 
is to prove 


THEOREM 3. Let K be a two dimensional algebraic function field over 
an. algebraically closed ground field k of characteristic zero and let K* be a 
galois extension of K. Then there exists a projective normal model of K/k 
whose K*-normalization is non-singular. 


The proof of this theorem will consist of several remarks. 


(1) (This remark is valid for an arbitrary finite algebraic extension K* 
of any dimensional algebraic function field K over an arbitrary ground field k). 
Let V* be a projective model of K*/k and let T be the rational transforma- 
tion from V* onto the Chow variety V of sets of points of the involution 
on V* defined by the subfield K of K*. Let W* be a normalization of V* 
and let U be the rational transformation from W™* onto the Chow variety W 
of sets of points of the involution on W* defined by the subfield K of K=. 
Finally let W, be a normalization (in K) of W. Then we have that 


(a) T has no fundamental point on V* if and only if U has no funda- 
mental points on W*. 


(b) U has no fundamental points on W* if and only if W* is a K*- 
normaliaztion of some projective normal model of K/k. In fact if U has no 
fundamental points on W* then W* is a K*-normalization of W,. 


(2) Let V be a projective normal model of K/k and let Q = (P,, Poa, 
(++ e, Pa) be a finite set of (distinct) points of F. Let V@ be the surface 
obtained by applying a local quadratic transformation to V centered at P, 
and followed by normalization. Let P.% be the point on V® which corre- 
sponds to P,. Let V@ be the surface obtained by applying a local quadratic 
transformation to V® centered at P.™ and followed by normalization. And 
so on until we obtain a normal model V™ of K/%. It is clear V™ depends 
(up to a well defined biregular transformation) only on the set Q end not 
on the order in which the points P; are taken. We shall say that V™ is 
obtained from V by applying a quadratic transformation centered at the set 
of points @ and followed by normalization. 


(3) Let V* be a K*-normalization of some projective normal model of 
K/t. Then the singular points of V* (which are finite in number) arrange 
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themselves in complete K-conjugate sets of points (since K*/K is galois). 
Let Pi, Pat © +, Pa be such a complete K-conjugate set of singular points of 
V* and let W* be the surface obtained from V* by applying a quadratic 
transformation centered at (Pa, Pa: © °, Pa) and followed by normalization. 
Then it follows by (1) that 1V* is K*-normalization of a projective normal 
model of K/k. 


(4) Let again V* be a K*-normalization of some projective normal 
model of K/k and let Pia, Pat - +, Py be the set of all the singularities of V*. 
Let V,* be the surface obtained from V* by applying a quadratic trans- 
formation centered at (P1,P:,:--,Py) and followed by normalization. 
Then (2) and (8) tells us that V,” is a K*-normalization of some projective 
normal model of K Jke. 


(5) Let the notation be as in (4). Let g(P;) be the character of P; 
as defined in Part VI of Zariski [8]. Let A — max (g (P1), g (P2); -g (Px}. 
Let V.* be the surface obtained from V,* as V,* was obtained from V™*. 
So on until we have obtained a projective normal model V;,* of K*/k which 
[by (4)] is a K*-normalization of some projective normal model of K/k. 
In view of (2), it follows from the proof given by Zariski in Part VI of [8] 
that V,” is non-singular. 


5. Preliminaries on the branch locus. In Lemmas 1 and 2 of [1] 
we had collected well known facts concerning the notion of derived normal 
model of an algebraic variety in a finite algebraic extension of its function 
- field due to Zariski; there we unnecessarily restricted the extension to be 

separable and the ground field to be algebraically closed. For completeness 
we restate : 


Lemma 1. Let K be an r-dimensional algebraic function field and K* 
a finite algebraic extension of K. Let V and V* be normal projective models 
respectively of K and K* such that the rational transformation from V* 
onto V and tts inverse map T> are both free from fundamental points. For 
a fixed irreducible subvariety W of V let Wi*,W.*,---,Ws* be the irre- 
ducible subvarieties of V* corresponding to W. Let R and R;* be the quotient 
rings respectively of W and W,* on V and V™. Then R,*,R,",- © -,R,* are 
exactly the local rings in K* lying above R. 


Proof. Let A be an affine coordinate ring of V contained in Æ. Let 
V’ be a projective model of K* having the integral closure A* of A in K* 
as an affine coordinate ring. Then to W there correspond on V’ a finite 
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number of irreducible subvarieties W,’,W.’,---,Wi'; V’ is normal at 
Wy, W.’,---, Wy and their quotient rings on V’ are exactly the local rings 
in K* lying above R. Furthermore it is clear that the birational trans- 
formation from V’ to V* is biregular at W7, W.’.- © °, Ws and maps these 
onto W,*, W.*,-- +, W". Hence st and after a suitable rearrangement 
we have R; = Q(W;*. V*) =Q (Wr, V’) for t=1,2, >t. 


Lemma 2. Given K, K* and V as in Lemma 1, V* exists as in Lemma 1 
and is unique up to a biregular transformation. 


Proof. Unicity follows from Lemma 1. Existence is proved on pages 
68-70 of [12] or also in [6]. 

We call V* a derived normal model of V in K* or a K*-normalization 
of V. By the branch locus B(T) on V of the rational transformation T 
from V* onto V we shall mean the set of all (algebraic) points P of V such 
that P is on some irreducible subvariety of V which is a branch subvariety 
for T. 


LEMMA 8. An irreducible subvariety W of V is a branch subvartety for 
T if and only of W C B(T). Furthermore, B(T) = V or B(T) ts a proper 
subvariety of V according as K*/K is inseparable or separable. 


Proof. The proof is the same as that of Lemma 3 of [1] except that 
in the alternative proof given there in terms of symmetric product, any 
reference to “rational points” should be replaced by “algebraic points.” 


Remark 3. Let K/k be an r-dimensional algebraic function field and 
K* a finite separable algebraic extension of-K. Let V be a non-singular 
projective model of K/k and let V* be K*-normalization of V. Let D be 
the branch locus on V. If & is algebraically closed, then Zariski’s theorem 
(Theorem 1 of [1]) tells us that D is pure r-—1 dimensional. The proof 
of this theorem is based on Zariski’s Jacobian Criterion and hence it is 
expected that this theorem could be generalized to the case when. k is perfect, 
but if & is imperfect then one would have to replace the Jacobian Criterion 
by Zariski’s Mixed Jacobian Criterion and that would a priori necessitate 
replacing the Jacobian determinant J in the proof of Theorem 1 of [1] by 
the various mX m subdeterminants of a certain m X M Jacobian matrix 
with M œm; hence one cannot predict whether the purity of the branch 
locus holds true for imperfect ground fields and this point should be looked 
into. However, it will be a consequence of Theorem 4 proved in the next 
section that if K* is cyclic extension of prime degree q which is different 
from the characteristic of the arbitrary ground field k and if k contains a 
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primitive g-th root then D is pure r— 1 dimensional (see Theorem 7 of the ` 
next section). 


6. Kummer extensions of unique factorization domains. ‘The following 
is the main theorem of this section. 


THEOREM 4. Let R be a unique factorization domain with quotient 
field K of characteristic p (which may or may not be zero). Let K* be a 
cyclic extension of K of prime degree g3£p, (g¢>>1). Assume that K con- 
tains a primitive g-th root of unity. Let R* be the integral closure of R 
in K*, Let z be a primitive element of K*/K for which 22=-x€ R (such 


i 8 
elements z do exist). Let x= dyt] a" where YER; Lr, Ea’ °°, 2, are 
g=1 . 


distinct (i.e. pairwise coprime) irreducible non-units in R, 0< n: <q, and 
d iş a unit in R. Let Puma T with integers ti; and my such that 
tj 20 and O< my <q for j==1,2,:++:,q—I1. Let 


8 . 
g= ey? TT arty for j==1,2,- >+, g — 1. 
i=l 


Then: 


(I) R*=R+g,Rh4-9.R+-+-4+-ggik where the sum is R-direct; 
and * 


(IT) D(1, 915 92° °°» gaa) = (—-1)/q9dt* (arte: + tg), 
where J = mane uf g>2 and J=0 tf q=; and hence 


D(B*/R) = (Te). 


Proof. Primitive elements z of K */K for which 22=a€ K exist since 
K contains primitive q-th roots of unity [z* € K* is another primitive element 
of K*/K for which z*1€ K if and only if z*¥=—=-uzi with 0Os4ué K and 
0<i< q]. Since K is the quotient field of R we may arrange matters so 
that tE R. 

Obviously K* = K + gı K + gK +: -`+ gaaK, (direct K-sum). Now 


8 8 8 
gf =r zity-3a II erta ae zidy-3a ( If gp tims) ( II rym ts) 
E © i isl 


== a ie ( IL vyt) ( i arts) == (2%/dy% I r)i di Il eri di It amie Rh. 


4=1 gal 


* We are using the following notation: D(R*/R) = the discriminant ideal of R* 
over R = the ideal eae in R by all the K-discriminants D (Uy, ug’ ° *,%g) of the 
various K-bages (th, tt,‘ ` ', ùg) of K* consisting of elements in R*. 
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Therefore g;€ R* for j=1,2, :-,q— 1, and hence (E+ gR -4 92h 
+--+--+9,,R)C R* where the sum is #-direct. Thus to complete the 
proof of (I)‘we have to show that R* C (R49: R +9:R +: --+ Gq). 

Let h==2z/y. Then h is a primitive element of K*/K with minimal 


& 
monic polynomial X?—-f where f=d][] z; € R. Since q is prime and 
i=1 


since 0<ni<q, there exist integers M, N: such that 0<M,;<q and 
Mm; + Nig =1. Let hı =h. Then h; is a primitive element of K*/K 
with minimal monic polynomial X4 — f; with f; = 2"; where F; is an element 
of R not divisible by z; Let v; be the real discrete valuation of K which is 
given by the condition that for r in R we have v;(7) =the exponent of the 
highest power cf 2; which divides r in R. Then v:(2) =1 and hence v; 
has a unique extension w; to K*. We normalize w; so that w: (h) = 1. Then 
wi(k) = qui(k) for any k in K. 

Now discriminant (X1— f) = (—1)/q%f*?. Therefore (see pages 79-80 
of [%]), given 0~a*€ R* we can find elements a; in K such that 


(1) a* =a) + tih + ah? +--+ o agah and fae R. 


Suppose, if possible, that w:(a;hł) = w;(a,h*) for some 7 Æ k with a;540 ay. 
Then 2)(7—k) = w;(h?-*) = w;(ax/a;) = qui (a,/a;) =0 (mod q) which is a 
contradiction since n; and (7—#) are both prime to g. Therefore no two 
non-zero terms on the right hand side of (1) are of equal w; value. Since 
a¥*¥ € R*, wi(a*) Z0 and hence w;(a,h7) 20 for 7—1,2,---,¢g—1, (if 


a;==0 then w,;(ajh7) =o). Let b= a TT at. Then 


(2) a — bo + b1g1 + Doge ++ ` + baagan and ft*b;ek 
for 7=1,2,---,q—l. 


Now wi(h?) = (1/q) wi(hY) = v;i (h3) = vi (fi) = tyg + mi. Therefore 
q¥i(aj;) = wi (a) 2 — tyg — my, ie, vila) = — ty — (mi/Q). 


Since 0 < (mij/q) <1 we must have v;(a;) Z— ty. Hence v;4(b;) = v: (a;) 
+ ty Z0, i.e., 2; does not occur in the denominator of b; This is true for 
‘t—=1,2,---+,8. Since (da,™a"- - - xs") 1b;€ R; we must have that bje R 
for 7—0,1,---,g—1. Hence in view of the equation (2) we have that 
R* C (R+gR+g.R+:--+Gq1R) and hence that R*=(R+4 9,R 
ig Biter > H Gy ak), 


8 
Since zi = yf ( [J x')g; and since X%—z is the minimal monic poly- 
4-1 i f ' 


. nomial of z over K we have that 
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(—1)/q%ett = Discriminant of. (X1 — æ) = D(1,2z,2?,- + +, 20+) 


= iI tw Tato] DO, Ju Jo". Gea) 


t=1 


q-1 8 
== yalat) (II Fra) D0, Ix» Jz” ° 5 9q-1) 


j=1 ¿il 
Therefore D (1, gu ga’ ` °, gaa) = (nyigar fa where 
e= (q— i)n —? Zizo. 

Let d, be a unit in'R; Yu an element in R; and Gai, Cys ts Ous WILD 
Ty, = Tu be distinct (i.e. pairwise coprime) irreducible non-units in R. Let 
ien = dufal TI ru where. nw are integers such that 0 < nui Z q. Then 

gal 
Nyy = 1. Let tui and My; be integers with by ZO and 0 < Muz <q such 
that Inai = bag + Maj for j=l, A qt. Let Juj = hy? u A Taw ts, 


Replacing z by hu we coiclude that R* — (R4 + Quilt + gJuok +- - ae JanB) 
and 


T oe > 8u 
D (1, Guis Juz’ © `; Ju(q-1) ) = A 1 qd YW Lyi" 


where ly = (q— 1) tty; — 2 > tui = 0. Since Ny = 1 we must have burg 0. 


for j=1,2,:--,q—1. ‘Therefore Cu = Dre g—i1. Since 
(L GisGat =, i and (1, gu Gus’ © ` Guta) ) are both R-bases of R* we 
must have D(A, Guay Jury" © `s Juten) ) = da” DUA, 91, Jay" * *3 9a) Where d,* 
is a unit in Æ. Therefore for u—1,2,-- -,s,.we have that 


Cu = Va (D (1, Jay Jas” © © Jaa) ) = Va (D (1, Jins Jury © * 2 Juta) = Cu =q — 1. 
Q. E. D. 


COROLLARY. The above proof yields the arithmetical result: 
. 7 7 
(g—1)m—2 > bij = g—l. 
. f=1 


A direct proof of this corollary: Since q is prime and since 0 < nj < q, 
it follows that (ma, Min’ - *, Mitgr)) must be a permutation GP (LRA & 
g—1). Hence if we let all the summations & be taken over f = 1, ,-- -,g—1, 
we obtain: 

ae Xtyq + Im; = qžty + q(q—1)/2. 
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Therefore 
gata == — [¢q(q—1)/2] + (37) = Lg (g — 1)/2] (— 1 -+ n). 


T'herefore 
23biy == (q — 1) (%—1) = (¢—1)m— (4—1). 
Therefore 
(q — 1ni — 234, = q—i. 


~ 


THEOREM 5. In the notation of Theorem 4 assume that R is a local 
domain with maximal ideal M and that sÈ 1. Then R* is also a local 
domain. Let B be a basis of M. Then (B, 91, 92,° °, Jaa) B* = M* where 
by M* we are denoting the maximal ideal in R*. 

Proof. We shall use the notation of the proof of Theorem 4., Since v; 
has a unique extension to K*, there exists a unique local domain in K™* lying 
above R and it must be R*. Now for t= 1,2,: - -,q—1 we have that 
gıEM and hence g€ M*. Therefore (B, 91, 92,° + *,9gi)h* C M*. Let 
m* € M*, Then m* € R* and hence m* == mo + Migi -+ Mage +--+ > + M919 ¢-1 
with m€ R. Since g€ M* we have 

My = MË — M191 —— Mag —` ` © — MgaJg E M* N E= BR 


and hence m* €E (B, guga gga) R*. 


THEOREM 6. In the notation of Theorem 5 assume that R is noetherian 
and regular and that s=2. Then R* is non-regular. 


Proof. We shall use the notation of the proof of Theorem 4. Let 
Ay, Å © +; Ág te a minimal basis of M. Suppose, if possible, that there 


exist elements @1,@2,' © ',@H, bubat © baa in R* such that 
H q-1 

(1) Ao = X, tiki + X bigi- 
zi {zi 


Let ay, by be elements in FR such that 
q-1 q-1 
(2) m= die + 2439; and bim dio + 2 bigi. 
$= Ti 
Now hihi =h®i if i+} <q and hihi == hit af if i43 =q. Therefore- 


gigi = Ging LL artes If Hg 
k= 
and 


S 8 paar i r 
9:91 = Juja, L apte teit a) f = dgiig( [Ð amttnttrtiictns), if e+ j= 9. 
kel k=1 
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q~-1 
Therefore tA: = AmA; -+ 2 QyjA:g; and 


bigi = z db, PETEN | tL gy tutte, p-tk, tbh, a-44P ) Op 
-+ = brpa iat ath e-t,t-tee-t) ga; [We take tro = 0 and go == 1]. 
k=t 


Hence by (1) we get 
(3) Ao = > dip A; + a z bi, q-i( i Lyp KÉR, t~-tk, +) 


Now in, = trig + Mpi and (¢—t) = trgi] + Mg gi Imply that 
Gna = (test ira) 1 + Mri + Ma, qi 


and hence myi- Mpeg = q and this in turn implies that ng — tri — tpg = 1. 
Therefore by (3) we get 


q-1 
= San4s+ d( TI sr) 2 brei 
q=1 =1 
Comparing leading forms, we conclude that this is a contradiction since s = 2. 


Similarly for t= 1,2,- --,H, there do not exist elements a; b; in RB 


for which A; = ` aA; 5 bigi- 


#20,1,---,¢-1, itl,- H dzl 
. Now suppose, if possible, that there exist elements a, b; in A* such that 


es ail. + Suge Using expressions (2) for a; b; we get 
4=0 
2 


(4) Jas S a,A; + d b> b; gii ( it Pp rik t-te, atin) , 


4=0 
Now inr = trag + My and (¢g—t-+1)m%— teeing eE Mr g-i and hence 
Gnn + nr = (trit begin) q + Mk: -H Mg,g-iri Therefore 
(5) q (ny — tri + tr q-i1) =— Np F Mg i F Mg gist 


Replacing, if necessary, z by hi, we may assume that n, = 1. Then m,;—1 
and Miq- =GY—t+1 so that — n, + Mii F Mirgi =—1+1+9q—1+1 
== 0. -Hence by (5), t1—tri— tie-ins = 1. Hence by (4) we conclude that 
1 € M*. which is a contradiction. 

Therefore the elements Ao 4u: © °, Anm, h=gı, of M* are linearly 
independent modulo M** and hence 


dim (Al*/Al**) > H + 1 = dim R = dim R*, 
Therefore #* is non-regular. 
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Turoprem 7%. Let V be a projective normal model of an r-dimensional 
algebraic function field K/k of characteristic p. Let K* be a cyche extension 
of K of prime degree gs4p, (q> 1) and let V* be a K*-derived normal 
model of V and assume that k contains a primitive q-th root of unity. Let 
D be the branch locus on V of the rational transformation from V* onto V. 
Let P be a simple point of V. Then the component of D passing through P 
is pure (r—1)-dimensional (or empty). If V is non-singular then D is 
pure (r— 1) dimensional (or empty). 


Proof. Let R be the quotient ring of P on V. Then È is a unique 
factorization domain. Let R* be the integral closure of A in K*. Then 
the discriminant ideal D(R*/R) of R* over R detines the component of D 
passing through P. By Theorem 4, D(R*/h) is either the unit ideal or is 
a principal ideal other than the unit ideal. Hence the result. 


7. Simultaneous resolution for quadratic and cubic cyclic extensions. 
The purpose of this section is to prove 


THEOREM 8. Let K be a two dimensional algebraic function field over 
a perfect ground field k of characteristic p and let K* be a finite algebraic 
extension of K. Assume that either K*/K ws quadratic and p42 or that 
K*/K is cubic cyclic, 9543 and k contains a primitive cube root of unity. 
Then there exists a non-singular projective model V of K/k whose K*- 
normalization is also non-singular and the branch locus on V is a non- 
singular curve (or is empty). 


Since & is verfect, K/k has non-singular models [4]; we remark that 
this the only thing for which the assumption of perfectness of & will be used 
and hence that the theorem remains true if the assumption of perfectness of 
k is replaced by the assumption that K/k has non-singular models. 

Now let V be a non-singular projective model of K/k, and let V* be a 
K*-normalization of V. By Theorem 6, the branch locus on V is a curve D. 
Let Di,D2,--+,D, be the irreducible components of D. Let P be a 
singular point of D, and let V” be the surface obtained from V by applying 
a local quadratic transformation centered at P. Let Dj be the curve on Y’ 
which corresponds to D; and let L be the (non-singular fundamental) curve 
on V” which is the total image of P. Let V’* be a K*-normalization of V’. 
Then the branch locus on V” (for the transformation between V’ and V’*) 
consists either of Dy’, D.’,- + +, D or of Dy’, D2, + +, Dy’, L. In an obvious 
sense L\intersects any of the curves D;’ normally. 
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Let Pi, Pot © +, Py be the set of singularities of D,,D,.---,D,. Let 
V, be the surface obtained from V by applying a quadratic transformation 
centered at (Pa, Pat © +, Px) Let V, be the surface obtained from F, as V, 
is obtained from V. Let Vi, V2, V2,° > « be the sequence of surfaces defined in 
this manner. In view of Theorem, 4 of Part II of Zariski [11], it follows 
from the above remarks that for some ¢, all the irreducible components of the 
branch curve on V; (for the transformation between V; and its K*-normaliza- 
tion) are non-singular. We may assume that this is so already for V, i.e. 
that the curves D; are all non-singular. 
~ Now let Qı Qs," + <, Qu be the points of V which are common to more 
than one component of D, (i.e., the singular points of D). Let V® be the 
surface obtained from V by applying a quadratic transformation centered at 
(Q1,Q@2,:° °,Qa). Let V@ be the surface obtained from V@ as V is 
obtained from V. Let VO, VO, V@,- -- be the sequence of surfaces thus 
defined. Now suppose for instance that Q€ Dı; let & be the quotient ring 
of Q, on F, let w be the rank two valuation of K/k having center at Q: 
composed with the real discrete valuation given by D, (w is unique since Q 
is'simple for D,). Let R; be the i-th quadratic transform of R along w. 


By Lemma 12 of [2], UJ R,== Bw. In view of this, it is clear that we have 
i31 


proved the following proposition. 


PROPOSITION 4. In the notation of Theorem 8, let V be a non-singular 
projective model of K/k, let Pı, Pot © °, Py be the singular points of the 
branch curve D on V (of the transformation between V and its K*-nor- 
malization). Let V, be the surface obtained from V by applying a quadratic 
transformation centered at (Pı, Pat © ,Py). Let Va be the surface obtained 
from V, as V, is obtained from V. Let Vi, Va Vat © + be the sequence of 
surfaces thus defined. Let D; be the branch curve on V, for the trans- 
formation between V; and its K*-normalization, Then there existis an integer 
n such that for any iÈ n, the only singularities of D; are two-fold normal 
crossings ) Definition 4 of [1]). 


Proposition 5. Let (R, M) be an r-dimenstonal regular noetherian local 
domain, with quotient field K and let (£1, £2, © +,2,) be a basis of M. Let 
K* == K (2) with 2i= dz,” where q is a prime number, n is a positive integer 
not divisible by q and d is a unit in E. Then there is only one local ring 
R* in K* lying above R and R* is regular. 


*See part (2) of the proof of Theorem 3 of Section 4. 
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Proof. The proof follows from the argument given in the proof of 
Theorem 2 of [3]. 


In view of Proposition 4 the proof of Theorem 8 in the quadratic and 
the cubic cases follows respectively from Theorems 9 and Theorems 10 below, 


THEOREM 9. Let V be a non-singular surface with quotient field K/k 
of characteristic 42 and K* a quadratic extension of K. Let V* be a K*- 
normalization of V and assume that all the singularities Pa, Pat © °, Pa of 
the branch curve D on V for the transformation between V and V* are 
ordinary double points. Let V’ be the surface obtained from V by applying 
a quadratic transformation centered at (P1,P2,:-+,Pn) and let D’ be the 
branch curve on V’ for the transformation between V’ and its K*-normaliza- 
tion V’*. Then V’, V’* and D’ are all non-singular. 


Proof. Let P be one of the singular points of D and let (R, M) be 
the quotient ring of P on V. By Theorem 4 there exists a primitive element. 
z of K*/K such that z? == day where (z,y) is a. basis of M, d is a unit in Æ 
and «yO is the local equation of D at P. We may replace x by dz and 
assume that z? = vy. Let (2,, Mı) be an immediate two dimensional quadratic 
transform (Definition 3 of[2]) of R and let v be a valuation of K/k having 
center M, in &,. We shall now show that there exists a primitive element 2, 
of K*/K such that either z,2—d, or z,2==2, where d, is a unit in R, and 
(Y1) is a basis of W, and in view of Theorem 4 and Proposition 5, the 
proof of the present theorem will then follow from this. Case 1, v(x) > v(y). 
Let yı =y and t, = g/y. Letz =2/y. Then (2, y,) is a basis of M,, z, is 
a primitive element of K*/K and z? =v, Case 2, v(x) <v(y). Because 
of symmetry in v and y the proof in this case follows from Case 1. Case 3, 
u(z)==o(y). Let d,==2/y and zı =z/y. Then d, is a unit in Ka, 4 isa 
primitive element of K*/K and z? = d}. 


TUEOREM 10. Let the notation be as in Theorem 9, except assume that. 
K*/K is cubic cyclic, k is of characteristic 43 and contains a primitive cube 
root of unity. Let V” be the surface obtained from V’ as V’ was obtained 
from V. Let- D” be the branch curve on V” for the transformation between 
V” and its K*-normalization V”*. Then V”, V”* and D” are all non-singular. 


Proof. Let P” be an arbitrary point of D”, let P’ be the point of V” 
which corresponds to P” and let P be the point of V which corresponds to P’. 
Then PED and PED. Let (Re, WM.) and (Ry, M,) be the quotient rings 
of P” and P on V’ and V” respective and let v be a valuation of K/k 
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having center M, in R, In view of Theorem 4 and Proposition 5, it is 
enough to show that P” is a simple point of D”. 

If P’ is a simple point of D’ then R == R, and P” is a simple point 
of D”. Now assume that P’ is singular for D’. Then P’ and P are ordinary 
double points of D’ and D respectively. By Theorem 4, we can find a 
primitive element z of K*/K such that either (Case 1) 22 =— dzy? or (Case 2) 
z? == dx’y or (Case 8) z2? == dzy where d is a unit in & and (@,y) is a basis 
of M. 

Suppose, if possible, that we have Case 1, i.e., 22—day?. We have the 
following three subcases. Subcase 1.1: o(s) u(y). Let 2,—2/a, 2, =T, 
and yı =y4/x. Then z, is a primitive element of K*/K, (2,41) is a basis 
of M, and z,? = dy,? and hence by Theorem 4, P’ is a simple point of D’ 
which is a contradiction. Subcase 1.2: v(e) >v(y). Let z = z2/4, 2, =2/y 
and yı =y. Then z, is a primitive element of K*/K, (ıyı) is a basis of 
M, and z, = dx, and hence by Theorem 4, P” is a simple point of D’ which 
is a contradiction. Subcase 1.3: v(x) =a(y). Then z,—2/y is a primitive 
element of K*/K and 2,3==e where e=dz/y is a unit in R; hence P’ is 
not a point of D’ which is a contradiction. 

Thus Case 1 is not possible and similarly Case 2 is not possible either. 
Thus we are left with Case 3, i.e., we have z==dazy. Suppose, if possible, 
that v(x) =v(y). + Let tı, =x and d, = dy/x. Then z, is part of a basis 
(2,41) of M,, d, is a unit in R, and 2? = d,2,?; hence by Theorem 4, P’ is 
a simple point of D’ which is a contradiction. Therefore v(x) s<u(y). 
Because of symmetry in v and y, it is enough to complete the argument in 
case v(x) > u(y). Let y, =y and z, = z/y. Then (%,4,) is a basis of M, 
and z?==dz,y,7.. The argument which implied the impossibility of Case 1 
now tells us that z? == da,y," implies that P” is a simple point of D”. 


8. Simultaneous nonresolvability for cyclic extensions of minimal 
models, 


DEFINITION. Let K/k be an algebraic function field and let K* be a 
finite algebraic extension of K. If there does not exist any non-singular 
projective model of K/k with a non-singular K*-normalization then we shall 
say that (K, K*) is simultaneously non-resolvadle. 


Now let (2, M) be a regular two dimensional (nostherian) local domain 
with quotient field K. Let (£o, Yo) be a basis of M. Let a be a fixed positive 
integer and let b==a-+1. Let 
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wy m= Tof Yo: l Yi or Yo; 


Be = U1 / Yi, Yo Y; 
Lp = Ty-2/ Yt- Yo-1 = Yo-2 5 
To = pis ` Yo = Yo-a/Tb-1; 
(1) Torr = Tof Yv You = Yv; 
` Th, = To+1/ Ybris Ype == Yours 
Cop = Lep-o/ Yop-25 Yzb- == Yop-e2 3 
Lap == Top-3; Yor = Yop-1/Lop-1- 
i.e. for n ==0, 1,2, - - we have set 
(2) Tnd = Crvsia/Undsi-ry Undst = Yndi for t= 1, 2, cS b— i 
and Lapis = Tndid—1y Yndab == Yndsd—1/ Cadvd-1 5 
in other words 
(3) nbi == End/Ynd 5 Ynni == Yno for t= 1; 2, aini s0 m 1; 
and Tinti) b == Gaal Un Y (n+1)b == Uno I Cni 


Then there is a unique two dimensional h-th quadratic transform (Definition 


4 


3 of [2]) (En Mn) of (R, M) such that Ma == (£n, Yn)Ena. More explicitly 
we can define (En Ma) either by induction as: 
For n==0,1,2:--:- let 


Suvi smm iraa [trsil, NV bai = (Tini Yndsi) Sabai for = i 2, es b T i 
‘and - 
‘Sadd pee Enya [Yno] N nbb = (Tabit Yndsd) Bnd; 
and then | 
Pawi ee (Saita) Yan M abri z N nbailenbyi for = 1; 2, E b. 
Or directly as: 

} A 
S,* = Bla, Yil, N= (2p Y) 8, Rem (Se*)y,+ and M; = N * R". 


Anyway, Re is an immediate quadratic transform of R; for t= 0,1,2,- 
where Ry == R. i 


By Lemma 12 of [2], Ù Rı= E, where v is a valuation of K having 


1 


center Al; in Ri It follows from the definition of the sequence (21, Y1), 
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be, 


(Te, ¥2),' >- that v(x) and v(y) are comparable [i.e., there exist positive 
integers A and B such that Av(x) >v(y) and Bu(y) >v(xr)] and that 
(the real number) Q=v(2)/v(y) is an irrational number given by the 
periodic continued fraction expansion (of pericd two): 


Q=a +1 (141/0 1/01/04: >. 


Hence, in view of the results of [2], v is a real valuation of rational rank 
two and R/M, = R/M = R/M, for any +. If we set v(y) == 1 and v (z) =Q, 
then the value group of v consists of the real numbers of the form m + nQ 
where m and m are arbitrary integers. 


THEOREM 11. Let (R, M) be a two dimensional regular (noetherian) 
local domain with quotient field K of characteristic p and let (x,y) be a 
basis of M. Let q be a prime number such that q> 3 and qÆp.. Let 
a =q — 4, b =a + 1 = q— 3, m=—2« and y—=y. Let v be the valuation 
of K as constructed above. Let K* be the root field over K of the polynomial 
Zı—xy’. Let (S,N) be any two dimensional regular (noetherian) local 
domain with quotient field K such that R, D8 DR, MQN 8N and 
M ==RN N. Then there is only one local ring S* in K* lying above 8S 
and S* is not regular. 


Proof. We shall use the notation introduced above in the construction 
of v. By Theorem 3 of [2] there exists an integer h such that 8 = Er and 
N == Ma. Thus we have to prove that for any integer #, there is only one 
local ring R,* in K* lying above and &,* is non-regular. 


Let H be a root of Z¢—ay?=-0. Then H is a primitive element of 
K*/K and K*/K is cyclic of degree q. Let P==zy*. Let us rewrite 
equations (3) as: l 


For n= 0,1,2,- -- and t= 1,2,- -,b— 1, 


(4) Lny = (Pit) (Yndi)! ag (Eni) (Ua) Uno == Yndsi = Uns oy nisb; 
Unded-1 ~ nbb Ynbtb-i == Unh+blfnb+b. 
Let F;=F and Hi =H for i=0,1,---,6. Then for t= 1,2, --,b— 1 
we have FPi= ey = (ay) (y) = ry with 0<i+42 5 (b—1) +2 
=b -H 1 <q, and Fe = (Ey) (Eoy)? = ytt with 0< b2 < q and 
0<b-pHIi<g. : 
For i= A i 2, ats Sg b—1 let F pyi = F, (Yori) *4 and H yy m= Hy (Yai) 
Then Hp is a primitive element of K*/K and 
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(Hoi) 1 = Fyni B Fy (Yoni) -4a a= alas i ii (Yon) -ig 
= (BoY oi)? (Yon) (You) 
== (Lose) ?*? (Yon) HPD — (Tpi) (Yon) t 


and O0<b+2<9,0<b+1—1< 4, 
In particular, substituting 1==b—1 we get 
(Hasa) = Fogg == (Z2p-1) Hs (You-1) =: 


Let Poy = Foy. (@on) € and Has = Haralz)”. Then Hæ is a primitive 
element of K*/K and 


(Hop) 1 = Fap = Fop (Top) Ta m (E201) di (yon-1) j (Tap) t 
= (aon)? (Layan)? (E20) = (aay) 0 (Yon)? = Ta (V20)? 
Le., 
(5) | (Han)! = Bay = Loy (Yor)? 


Let Forni Foo, Loni Hoy for t= 1,2,--°°,05 Feon Pen (Yawri) 
Haya Ty CY saa)? for ¢== E 2, wee Z b— 1 > and Fy, == Hy (24) -%, Ay 
== Hao- (24) Then in view of (5), the above considerations at once tell 
us that Hepu is a primitive element of K*/K for i=1,2,- - -,2b; and 


(Hosa) 4 = Fonsi oe Lobi (Yoosi) ne for = I, 2, Tr ty b — 1 ; 
(Hawi) = Foin = (230) (Yanu) for t= 0,1, - -,0—1: 
(Hay)? = Fio = ay (Yan) i 


And so on ` - -, i.e., by induction we define for n = 0,1,2, > - 


L onpet — Pane; Honba ~ Hany for t= I; 2, EA b 3 
Pontitrt = Fontan (Yon bsb+i) u, Hondstsi = Honir (Younsdsi) `i 
for i=1,2, - -,b—1; 
and 


Ponviod = Fonvsad-1 (Venvien) $, Honnez = Honds2v-1(Zanniav)*3 and we conclude 
that for any non-negative t, H; is a primitive element of K*/K and 

He = F= rity with 0<A;<q and 0<B;<q. [Observe that 
Aanpuir=Ai, Bongi = Bi for n= 0,1,2, -- and +=-1,2,-++,2b]. Hence 
by Theorems 4 and 6 it follows that there is only one local ring &,* in lying 
above R; and R,” is not regular. Q.E.D. 

Now let K/k be a two dimensional algebraic function field and recall 
that .a non-singular projective model V of K/k is called a minimal model 
of K/k if W is a non-singular projective model of K/k implies that the 
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(uniquely determined) birational transformation from W onto V is every- 
where regular on W. In [14] Zariski has proved (at least when & is alge- 
bracically closed) that K/k has a, minimal model if and only if there does 
not exist any intermediate field between k and K of which K is a simple 
transcendental extension. 


THEOREM 12. Let K/k be a two dimensional algebraic function field 
of characteristic p and assume that K/k has a minimal model. Let q bea 
prime number such ihat q> 3 and qzp. Assume that k contains a primitive 
q-th root of unity. Then there esist q-cyclic extensions (lots of them) K* 
of K such that (K,K*) 1s sumultaneously non-resolvable. 


Proof. Let V be the minimal model of K/k. Let (R,M) be the 
quotient ring of a point of V. Let (z,y) be a basis of M. Let K* be a 
root field over K of the polynomial Z24—zy*. It then follows by Theorem 11 
that (K,&*) is simultaneously non-resolvable. 


9. Partial generalizations to higher varieties. In this section we plan 
to give partial generalizations to higher varieties of the theorems proved in 
Sections 2, 8 and 7 for surfaces. We start off by deducing the following 
consequence (which is the weak local uniformization theorem for real valua- 
tions for an algebraically closed ground field of characteristic zero) of a result 
proved by Zariski in his uniformization paper [9]. 


THEOREM 13. Let P be a simple point on an r-dimensional algebraic 
variety V with function field K/k where the ground field k is algebraically 
closed of characteristic zero. Let (&,M) be the quotient ring of P on FV. 
Let v be a zero dimensional real valuation of K/k having center P on V 
and let u be a non-zero element of R. Then there exists an anti-regular 
transform V* of V obtained from V by a sequence of monoidal transformations 
such that there is a minimal basis (T1*, £2*,* + -,a,*) of the maximal ideal 
M* of the quotient ring R* of the center P* of v on V* for which 
u = T ng" - +4," where a, 2," ` +, a, are non-negative integers, d is 
a unit in R* and v(21), v (£2), © +, 0(a,) are rationally independent. 

It is clear that this theorem will follow from the following slightly 
more general proposition. 


Proposirion 6. Let (R,M) be an r-dimensional (r>1) regular 
(noethertan) local domain with quotient field K. Assume that R contains 
a subfield k which is mapped tsomorphically onto the residue field R/M by 
the canonical homomorphism and assume that k is algebraically closed of 
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characteristic sero. Let (tı, £a" *`,Tr) be a basis of M. Let v be a real 
valuation of K/k having center M in R and of R-dimension zero, (i.e. 
== R,/M,). Let u be a non-zero element in M. Then there exists a 
regular r-dimensional local domain (R*, M*) obtained from. E by a sequence 
of monoidal transformations with respect to the basis (Tı, Te,' ` *, €r) and 
the field k (see definition below) and a basis (a,*,a2",- ` -,2,*) of M* such 
that u = dg, * 5g, "2. - +g," where d is a unit m R*5 G1, 40,°° +, a, are 
positive integers and v(x,),v(&2),° ` +, u(e,) are rationally independent. 


Proof. For t=1,2,---,r let fi(X1,X2,:--+,X,r) be elements of 
k[X,,X2,--+,X,] of leading degree one such that if gi¥i+ geX.+° °° 
4 gi,X, with gy in k is the leading form of f; then the r by r determinant 
(giz) £0. Let y= fi(£u Ta’ ` -,%). Then (Yu Yz° °;Yr) is a basis 
of M. Assume that v(y) SAUN for i==2,3, -4 with fi&r. Let 


2i == Yi, = yi/y, fot t= 2,3,-- -t and z= y; for +—t+1,t+2,---,r 
Let S == R[z; 2a" ° +2], N = SoM, and R, == Sy and M, = NR, Then 
(R, Mı) is a regular r-dimensional local domain, (Z1, Z»* **,2r) 18 a basis 


of M,, R, D Ri DR, M,N Rı=M, and Min R=M. We shall say that 
(Rọ Mı) is a first for an immediate) monoidal transform of # along v 
with respect to the basis (%,,%2,- --,@,) and the field k. Let (R, Ma) be 
an immediate monoidal transform of R, along v with respect to the basis 
(21,22, * *,2-y) and the field k. Then we shall say that A, is a second 
monoidal transform of R along v with respect to the basis (21> Py wam) 
and the field % and so on. 

Now let A = k[t; 2a: +--+, Tr], Q == (81, tot EAA, E [= Ag, W = QF, 
and let v’ be the restriction of v to &(2,,%2,° **,@&r). It is a direct conse- 
quence of what Zariski has proved in parts B, CI and CII of [9] that the 
present proposition Lolds for (R, M’); this special case of the proposition 
will be referred to as Z. 

Let E = min (v (21), v (£2), © < v (2)) and let v(u) =D. Fix a positive 
integer ¢ such that tE >D. We can write u =u, 4u where t is a 
polynomial in k[2,,22,:--,2,| of degree less than ¢ and «w€ Mt. Then 
v(u,) =v(u) =D and u =u, + bts -+° > ++ brup where bE R and us, 
Ug,’ © *, Up are monomials of degree ¢ in Tı, £a’, Applying Z to the 
product Urts' - -urp we conclude that there exists an n-th monoidal trans- 
form (R’*, M’*) of R’ along v with respect to the basis (21, £a + *, £) and 
the field Æ such that u; == dywv,*¢ng,*4i2- - -eyun for t= 1,2,- -, T where ` 
the a;; are non-negative integers, d; is a unit in R’*, (£1¥, £,- -,z,-*) isa 
basis of M’* and v’{a,*),v’(a*),- © +, V (£u*) are rationally independent. 
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Since v’(u;) >v (w) for += 2,3,---,7; invoking Theorem 2 of [9] we 
may arrange matters so that a; < ay for j-=1,2,---,H andi=2,3,---,T. 
Let 8 = Bl a,*, 224, > >, 2,* |, N = (a1*,00",: - +, 0,*), R” =— Sy and M* = N RF, 
Then evidently (2*,M*) is an n-th monoidal transform of R along v with 
respect to the basis (2, %a,' + +,2,) and the field k and (2,*,2.*,: © -,2,*) 
is a basis of AZ*. Also it is clear ‘that 


2k: +E = 
u == dt Ea amga. + Ly nua 


where d is a unit in #*. Rearrange the v,",%",- © -,a@y* so that a,540 
for 1 =1,2,; : -h and tu = 0 for t> h. Setting au = a; for i= 1,2, - -,h 
we obtain the required result. 


Proposition 7. Let the notation be as in Proposition 6 and let w be 
an element of R,. Then there exists R* as described in Proposition 6 such 
that we R*. 


Proof. Let w = w,/Ww, with w, w€ &*. Applying Proposition 6 to the 
product ww, and invoking Theorem 2 of Zariski [9] we obtain the result. 

Now we give a partial generalization of Theorem 1 (Section 2) to 
higher varieties. 


THEOREM 1A, Let K be an n-dimensional algebraic function field 
over an algebraically closed ground field k of characteristic zero. Let K* 
be a finite algebraic extension of K and let vë be a zero dimensional real 
valuation of K*/k. Let r be the rational rank of v™, Then there exists a 
regular local ring (R*,M*) which is the quotient ring of the center of 
v* on a projeciwe model V* of K*/k such that if we set S=R*N K, 
Q = ({M*N K) and Q* =QRh* then we have the following: (1) S is normal 
domam with quotient field K and Q is the umque maximal ideal in 8; 
(2) yo r= 1 then rank Q* = 2; (8) of r>1 then rank O* =r; (4) if r=n 
then V* is a K*-normalization of a prejectwe normal model of K/k. 


Proof. Since v can be uniformized [9], there exists a regular’ local 
ring (#*, M*) which is the quotient ring of the center of v* on a projective 
normal model of K*/k. To arrange matters so that the transcendence degree 
of S over k is n we may either use the argument used in Theorem 1 together 
with Proposition 7 or we may invoke the fact that Zariski has proved the 
local uniformization theorem for v in projective form [9]. The rest of (1) 
is obvious. In view of Theorem 13, (2) follows by the argument used 
in Case 1'in the proof of Theorem 1. 

Now assume that r>1. Then r is also the rational rank of the K- 
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restriction of V*. Fix elements 21, 223° * *,Zr in K such that v* (2), v* (zə), 

-,v*(z,) are rationally independent and positive. Hither by Proposition 
7 or by the projective form of the uniformization theorem [9], we may 
assume that the elements z; are in R*. Applying Theorem 13 to the product 
ZZ." © -Zp We may assume that z; = djr,*0,%2- - -gpt where (21, %2,°* *,2n) 
is a basis of M*, d; is a unit in R*, ay is a non-negative integer, and 
v™ (a), 0* (£2), > +, 0" (a) are rationally independent. Since v*(2,), t” (ze), 

-,v*(z,) are rationally independent we must have h ==r and for the r by 
+ determinants D = (ay) we have D=40. Hence there exist integers ni 
and units e; in R* such that ejf = 4,"zo"- -oger for j= 1,2, > >,r 
Therefore the elements 21, £2,* - +,%, belong to the radical of Q* and hence 
rank Q* =r. This proves (3) and (4) follows from (3) and Proposition 1 
of [4]. 

Proposition 3 of Section 3 can be generalized as follows: 


Proposition 3A. Let K be an r-dimensional algebraic function field 
of characteristic zero and K* a galois extension of K. Let vë be a zero 
dimensional real valuation of K* and let v be the K-restriction of v*. Then 
there exists a regular local ring R which is the quotient ring of the center 
of v ona projective normal model V of K such that if R* denotes the quotient 
ring of the center of v* on a K*-normalization of V then the splitting field 
of R* over R coincides with the splitting field of v* over v. 


Proof. The argument used in the proof of Theorem 1 of [4] tells us 
that in order that what is required should happen, it is sufficient that a ` 
certain finite number of elements of R, be contained in R. Now this can 
be arranged either by using Proposition 7 or simply by invoking the fact 
that Zariski has preved the local uniformization theorem for v in projec 
form [9]. 

Now we generalize Theorem 2 (local simultaneous resolution for rational 
valuations) to higher varieties. 


THEOREM 2A. This is the same as Theorem 2 except let the dimension 
of K/k be arbitrary. 


Proof. In view of Proposition 3A and Theorem 13 the ro is the 
same as that of Theorem 2. 

The results of Sections 7 and 8 (simultaneous resolvability or non-resolv- 
ability) and the. partial generalizations of. the results of Section 7 to higher 
varieties seems to be somewhat related to (and hence they might throw 
some light on) the possible approach to the problem of resolution of singu- 
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larities for higher varieties (over an algebraically closed ground field of 
characteristic zero) which has been proposed by Zariski in [13]. Hence 
before giving these generalizations of the results of Section 7, we wish to 
make a remark concerning this proposed method of Zariski. This method 
calls for proving the following stronger conjectural form of the resolution 
problem. 


THEOREM Z. (Theoréme de Réduction of pages 4-5 of [13]). If V, 
is a pure r-dimensional variety regularly immersed in the direct product 
Frm of r-+1 projective lines (over the field of complex numbers), then there 
exists an anti-regular transformation f of Fm, such that f(Fr.) is non- 
singular ana such that all the singularities of the total transform f[V,] of 
V, are 2-fola normal crossings (for the definition of an s-fold normal crossings 
see [1]; what we call a “2-fold normal crossing” is in Zariski’s terminology 
simply a “normal crossing’). 


We shall prove below that for any r there exists a V, satisfying the 
conditions o? Theorem Z such that if f is an enti-regular transformation of 
F, with the properties: (1) f(#'4.) is non-singular and (2) all the singu- 
larities of f[V¥,] are normal crossings; then f[V,] has a singularity which 
is an (r-+1)-fold normal crossing. 

Let ¢—r-+1 and let a,,2.,---,2% be ¢ algebraically independent 
elements over an algebraically closed ground ñeld & of characteristic zero. 
Let yı =P where p is a prime number. Let K =k(y,,y2,: + °+,y:) and 
let K* == h(a, Ta > -,%). Let qu ga`’ +, 9 be rationally independent 
positive real numbers. Now there is a unique zero dimensional valuation v* 
of K*/k suca that v* (7;) = q; for i= 1,2,- > -,t. Let v be the K-restriction 
of w*. Let G be the galois group of K*/K. Then G@ is the direct product 
of ¢ cyclic groups of order p and hence G is not a direct product of s cyclic 
groups for any s<t. It is clear that the ramification index of v* over v is 
(pt) and hence G is also the splitting group of v* over v. 

In a natural way we can consider K/k.to be the function field of the 
direct product F, of t projective lines over k. Let #* be a K*-normalization 
of F, and consider the branch locus on F; of the transformation between F; 
and F*, By a Theorem. of Zariski (Theorem 1 of [1]) this branch locus is 
a pure r-dimensional variety and we let it be our V, The conditions of 
immersion are readily adjusted (for instance: roughly speaking, take a line 
not on YY ` `ye=0 as a factor line of F; ete.). Let f be an anti-regular 
transformation of F, satisfying conditions (1) and (2) above. Let F =f (F:) 
and F’* be a K*-normalization of F”. Let D be the branch locus on F” of 
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the transformation between F and F’* and let V’=f[V,]. Then DC V’ 
and hence all the singularities of D aye normal crossings. Let P be the 
center of v on W and let P* be the center of v* on W*. Then G D G(P*:P)2D 
(the splitting group ot v* over v), see [8]. Therefore G(P*:P)=G. There- 
' fore P is on D and hence P is an s-fold normal crossing of D for some s. By 
Theorem 2 of [1], s= t. .Therefore P is a t-fold normal crossing also of V”. 
Q. E. D. 

This shows that Theorem Z is not true in its present form. Also we 
have that, Theorem Z must be weakened at least to the point as to read: 

. every singularity of f[v,] is an s-fold normal crossing with s&r-4 1 
{s depending on the singularity). 

Now we proceed to generalize Theorems 9 and 10 of Section 7 to higher 
varieties and we shall closely follow the proofs of these theorems. 


THEOREM 9A. Let K be an r-dimensional algebraic function field of 
characteristic £2 and K™ a quadratic extension of K. Let V be a non- 
singular projective model of K and let V* be K*-normalization of V. Let 
D be the branch locus on V for the transformation between V and V*. By 
Theorem Y we have that D ts pure r—1 dimensional. Assume that the only 
singularities of D are s-fold normal crossings with s& r (s depends on the 
singularity). Then there exists a non-singular model V, of K obtained 
from V by a sequence of monoidal transformations such that the K*- 
normalization V,* of V, and the branch locus D, cn V, are both non-singular. 


Proof. (We only give the additional considerations to supplement the 
proof of Theorem 9.) If PED is an s-fold normal crossing of D then we 
shall denote the integer s by s(P). Let ¢=-max[s(P)]. If ¢—1 there is 

PED 


nothing to prove, so assume that ¢>1. Fix PED with s(P)=t. Let 
(ft, A) be the quotient ring of P on V and let (2,,2.2,: - -,2,) be a basis 
of Af such that titz: + +%2=0 is a local equation of D at P. There exists a 
primitive element z of K*/K such that 2? == daza” - -a where d is a unit 
in Æ. Let v be a zero dimensional valuation of K/k having center P on V 
and let (Æ, A) be the quotient ring of the center P’ of v on the variety 
V obtained from V by a monoidal transformation centered at the (*—2)- 
dimensional subvariety W with local P-equation %,—O—a. Let y= ti 
for t= 1,2,: > -, 4—2. If v(x) Ava), let Yei = 21/4, and 4 = 2/2, 
In case V(t) <Cu(a%), and let Yri = T/T; and 2,==2/a, in case 
v(t) <V (t); then 2, is a primitive element K*/K with 23 == dyYY2" © - Yta 
and (41, Y»' ` Yt) is part of a minimal basis of M. I£ v(t) = 0 (2:), 
then letting z, =z2/z; we have that 2? = d,yiyo° © `Yo where d, is a unit 
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in Æ and (41, Y2,° °°; Yt-2) is part of a minimal basis of W’. Thus in either 
case s(P’) <t. Similar things happen to any other point on the subvariety W. 
Hence if there is still a point Q on V’ with s(Q) = # then Q does not lie on 
the total transform of W on V’. Now we treat Q on V’ as we treated P on V 
and soon. Eventually we achieve a reduction in ¢ We continue till £ reduces 
to 1. 


THEOREM 10A. Let the assumption be as in Theorem 9A except assume 
that K is of characteristic 343, K* ts a cubic cyclic extension of K and that 
K contains a primitive cube root of unity. Then we have the same conclusion 
as in Theorem 9A. 


Proof. Combine the arguments used in the proofs of Theorems 10 


and 9A. 
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SOME ALGEBRAIC NUMBER THEORY ESTIMATES BASED | 
ON THE DEDEKIND ETA-FUNCTION.* 


By Harvey COHN. 


1. Introduction. Recent papers in this Journal [1], [2] attest to the 
continued interést in bounds on class number, regulator, ete., of algebraic 
fields. One special type, known as the pure cubic field (see Section 2 below) 
has the advantage that the zeta-function residue reduces to a finite expression 
involving the Dedekind eta-function. From this expression, by using the 
modular sub-diivsion, we can obtain the estimate (see Section 3 below). 


(1,4) hlog e== O(| d |? log | d | log log | d |}, 


where d is the field discriminant, A is the class number, and «(> 1) is the 
fundamental unit. The estimate (1.1) is a slight improvement over Landan’s 
estimate [8], O(|d|3log?|d|) under broader choice of field. One can 
obtain the further estimate (see Section 4 below). 


(1.2) h = O(| d | log log | d |) 


which is a somewhat greater improvement over Landaw’s [7] O(| d |4log | d |). 
A more direct application of the technique would be bounds on certain 
modular invariants which are included for purposes of illustration. The 
main significance of this paper, however, is an indication of the direct use- 
fulness of modular functions for cubic field estimates. 


& Notation and formulas. To discuss the pure cubic field Ke», let 


a,6 . be two relatively prime square-free positive integers, (ab 541), 
‘Kas be the field generated by the real root (ab?)%, 

h be the class number of Ka», 

e(>1) be the fundamental unit of Ky», 

k be ab (or 3ab) according as a? —b?==0 (or £0) mod 9, 

do be — 3k”, the discriminant of Ka». 


Then according to the famous formula of Dedekind ([3]; p. 228) 
(2. 11) t =— ITH (w,) /TTH (wp), 
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From the shape of the fundamental domain (2.42), 
(2.44) V (u) = 33/2. 


Thus log | 7(@)| is approximated to within a bounded error by 7V (w)/12, 
yielding, (after Dedekind [3]; p. 281), 


(2. 51) | log H(w) — flog 27 (o) +2V(w)/6 | S Yo 
and, easily, 
(2. 62) | log H(w)| S 7:7 (v), 


where the y; will refer to positive absolute constants. 


Now the estimation problem reduces easily from (2.11), and (2.52) to 


(2. 61) hlogeSye(S F (o) + 3 ¥ (es)), 
and finally to 
(2. 62) h loge ye È = V (Le + ep] /9), 


dropping the restriction that y and «-+ 2p be relatively prime. 


3. The kloge estimate. We consider all the individual arguments 
of the “valence sum” (2.62), namely, 





(3.11) y= (a+ ap) /y = 2/4 + at Bi. 

with the abbreviations 

(3.12) 'a—=a/ (2y), B= 32/ (29). 

Consider a unimodular transformation in integral coefficients 

(3. 21) w= (Sy —r)/(—sy +r), rs’ — s" =], 

for which Y} lies in the fundamental domain (2.42). Hence, 

(3.31) 33/2 SIm Y =£] s(z/y +a) —r + pi |? =V (4). 
Therefore, 

(3. 82) s?S2-3-4/8, (3. 33) fr—s(v/y + a) |? SS 28/34. 


when s==0 and (say) r==1, FV (y) = 8. 
We finally rearrange the terms in valence sum (2.62) according to the 


*The author is indebted to Professor A. Weil for suggestions leading to the sim- 
plification of the estimates. 
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fraction r/s (1/0 included). First of all s = 0 only if 8 È 33/2 or if 22 y. 
For such values of y, the valence sum is majorized by 


(8.4) | B= ZV ([e+ze]/y) = (8/2) & S (2/9) — 8o (k)/2, 


where o(k) represents the sum of the positive divisors of k. 


Next we consider the portion of the valence sum restricted to fractions 
r/s with s540 and (say) positive. The contribution is written as 


(3. 51) s= > > B/{Ls(«/y + a) —1]? + 58°}, 


where a, B always refer to abbreviations (3.12) and r/s is regarded as a 
function of s, y, and z (chosen earlier in equation (3.31)). The primes 
indicate that the sum is restricted so that s > 0. 

The inside sum (formed by fixing y and z) can be estimated by further 
fixing s and regarding v as the variable with r dependent on v. The sum S, 
is amply majorized if we let x go from —o to +æ for each r that occurs. 
We then can use the estimate 


(3.82) È [EH (ei Sele f de (Ea) = (C+ ab) 


where £= fy, é= (ry/s)—y%, and «== By?/s* in our context. In this 
manner the inside sum becomes transformed to a sum over all r/s occurring 
for a fixed y and z The range of s is limited by inequality (3.32) to 

(3. 53) tSsSp, p=? 33/8 = 4/3 y/2, 

and for each s, the range of numerators 7 is limited by 4s, since from 
inequality (3.33) combined with 

(3. 54) 2°34 = B = 34, 0OStr<y, 


we can conclude r lies in the interval (— 2/34, 5s/3 + 2/34). We note finally 
from inequality (3.53), 2y = 3z, hence S, is majorized as follows: 


k 
(3. 55) NED D py lety? +a (By) 1/2", 
oyaa i 
H 
(8.56) 8,5 E [2y/(832) + ay] Z4/s, (8.57). 81S È ysy log (4k/3), 
zy=k 1 k 
ae m ; 
since p? == 4y/ (82) < 4k/3. Hence the estimates (3.4) and (3.57) take 
us to | | | 
(3.6) h log e = yuo (k) log k. 
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By the well known estimate [5], o(k) = O (kloglog k), we obtain the result 
(1.1). 

Perhaps a more concise way of presenting the basic result is to say that 
the average of the 9k” valences, V ( (e-+ 2p)/y), in (2.2), is O(log k)™® 
as ko. i : 


4, The class number estimate. To obtain an estimate for h from 
inequality (3.6) we consider the relation between « and k using the following 
technique, (which must be presumed to be well-known although no specific 
reference comes to mind): Let K'a» and K'a n be the conjugate fields to Ka,» 
with e and 7 corresponding to e Then since e is a unit |e | = |7 | = &, 
and A, the root-discriminant of e, satisfies the inequality i 
(4.1) | a | = | (e— e) (ect F (€ —7 Y] |S (e+ e) (2y 

S ye. 


But |A|=|d 








= 8%, Thus 

(4.2) | he SS yoe?, 
which, together with estimate (3.6), yeilds 
(4.3) h—=O(o(k)) 


and ultimately estimate (1.2). In both estimates (1.1) and (1.2) numerical 
constants could be easily supplied. 


5. Norm estimate of modular invariants. A direct application of the 
sums (2.62) can be made to algebraic numbers of the type j(w), where 
j (2) =1728/ (z), for J(z) the Klein modular function and w a “ positive- 
imaginary” quadratic number. For instance the quantities » described in 
(2.2) are such that the J(e) are a set of algebraic integers containing the 
conjugates of each element ([4]; p. 74). Thus taking one element, say 
j{kp), we find 


(8.1) log |W (be) )| Syr Z EV Ce + z]/9) 
and, as before, 
(5.2) | N (j (kp) ) | S exp (yso (Ie) log k) 


where N(- - -) represents the (absolute) norm of an algebraic number. 


In a more general situation the quadratic field will not have class 
number unity. Thus if A is a positive-imaginary quadratic number, the 
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conjugates of j(kA) will be chosen from a finite number of sets of type 
(2.2), yielding ([4]; p. 76) 


(5.3) | N (j (kA) ) | & exp (c (A) k log k log log k), 


where c(A) is a constant depending on à (and not on k). 
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FINITE FANO PLANES.* 


By ANDREW M. GLEASON. 


é 


Introduction.t By a projective plane P we will mean a set P of points, 
certain subsets of which are called lines, such that the usual incidence axioms 
hold 3° viz. 


I. If p and g are distinct points, there is a line L such that pe L 
and qE L. 


U. I£ L and M are distinct lines then LN M contains exactly one 
point. 


We shall also assume an axiom of non-triviality : 


III. There exist four distinct points no three of which are members 
of the same straight line. l 

We definitely do not assume any further configuration axiom such as 
Desargues’ without explicit mention. Although the notation is not symmetric, 
the axioms are well-known to be self-dual, so that any theorem about points 
and lines can be immediately reasserted after interchanging these concepts. 

The cardinal of any two lines can easily ‘be shown to be the same and 
this cardinal is the same as that of the set of lines containing a given point. 
If this cardinal is finite, say n + 1, then n is called the order of the projective 
plane. In this case there will be n?-++-7-+1 points altogether and the same 
number of lines. 

For any field F, or even a skew field, a model of this axiom system can 
be obtained by considering a three dimensional vector space over F, letting a 
“point” be a one-dimensional subspace and a “line” be a set of “ points” 
which are subspaces of some two-dimensional subspace. In this model the 
classical configuration of Desargues will hold. Conversely, any projective 
plane in which Desargues’ theorem is valid is isomorphic to one obtained by 
the preceding construction. One finds thus a one-to-one correspondence be- 
tween isomorphism classes of Desarguesian projective planes and isomorphism 
classes of skew fields. 


* Received February 15, 1956. 
1 The author is indebted to R. Baer, P. Dembowski, M. Hall, Jr., W. Pierce. and the 
referee for assistance in preparing the introduction and bibliography. 
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The analysis of projective planes with the aid of axioms I, II, and IIL 
only has not been very illuminating. A number of examples, some finite, 
have been constructed of projective planes in which Desargues’ theorem fails. 
The finite ones have all been obtained by making systematic changes in the 
incidence structure of a Desarguesian plane; these changes do not affect the 
order of the plane which remains, in all known cases, a prime power. 
Whether this is a happenstance of our ignorance or a theorem has yet to 
be decided. Bruck and Ryser [2], by an ingenious number theoretic argu- 
ment, have excluded an infinite list of integers as possible orders, and direct 
scombinatorial study (finally using a giant computer 2) has shown that only 
Desarguesian planes occur with orders less than 9. 

More satisfactory results have been obtained by strengthening I, II, ‘id 
III with other configuration theorems. Miss Moufang [8], for example, 
assumed that harmonic conjugates are uniquely determined by the usual 
construction ; then, assuming also that no point is self-conjugate, she intro- 
duced affine coordinates from an alternative division ring. The small theorem 
of Desargues, taken as an axiom, also leads to coordinates from an alternative 
division ring (Hall [3]). Since e finite alternative division ring is necessarily 
a field (Zorn [13]), we can conclude that a finite projective plane satisfying 
the small theorem of Desargues is unrestrictedly Desarguesian. 

The extra proviso of Miss Moufang that no point be self-conjugate leaves 
a gap in our knowledge. Assuming the unicity of the construction, if self- 
conjugacy occurs once it is universal [10]; this leads us to the study of planes 
in which this occurrence is postulated, which we call Fano planes. They 
are characterized by the fact that the diagonal points of any quadrangle are 
collinear. Our main result is that a finite Fano plane is Desarguesian. 

Assumptions on the nature oz the collineation (automorphism) group are 
another way to supplement axioms I, II, and III. For a Desarguesian 
projective plane of order n == p" (where p is prime) the collineation group 
has order mn? (n— 1)? (n? +n +1) (n-+-1). One expects, of course, that a 
non-Desarguesian plane will have far fewer collineations, and this is indeed 
the case so far as known. The collineation group of a Desarguesian plane 
always contains a cyclic transitive subgroup [12]; Hall [4] and Mann and 
Evans [7] have investigated the converse and have shown that, for n < 1600, 
the existence of a cyclic transitive group of collineations in a plane of order x 


* Marshall Hall, personal communication. 

* As remarked by the referee, there is a good deal to be said for calling such a plane 
an Anti-Fano plane, since the non-existence of a quadrilateral with collinear diagonal 
points was taken as an axiom by Fano. 
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implies that n is a prime power. In this paper we shall show that the 
existence in a finite plane of a relatively small number of collineations of 

a special type is sufficient to establish the small, and hence the full, theorem 
of Desargues; then we show that a finite Fano plane has sufficiently many 
of these special collineations. 

Since our method makes particular use of the small Reidemeister con- 
figuration (called configuration G) it is closely related to the work of Klingen- 
berg [5] who shows that the large Reidemeister configuration implies the 
theorem of Desargues. 

For the sake of completeness we have included proofs of a number of 
already known results (see [9] for a comprehensive treatment of the subject), 
so that the paper is self-contained beyond the results of Hall just quoted on 
the small theorem of Desargues and the group theoretic interpretation of the 
small theorem given in Lemma 1.4. 


1. Collineations. Consider a projective plane P satisfying axioms I, II, 
and III. A collineation of P is a permutation a of the set P such that 
a(x), a(y), and a(z) are collinear if and only if z, y, and z are collinear. 
Evidently the collineations form a group, Il. Any collineation of P induces 
a permutation of the set Æ of lines of P, and this permutation preserves the 
phenomenon of concurrence. This new permutation representation of II is 
evidently faithful. If every point of a certain line is left fixed by a collinea- 
tion, we say the line is left fixed point-wise. Simularly, if every line aronga 
a point is fixed, we say that the point is left fixed line-wise. 

For a given point v and line Z consider the group Gez of all collinea- 
tions which leave « fixed line-wise and L fixed poimt-wise. In general we 
must expect that this group is trivial; that is, contains only the identity. 
We shall analyse the opposite possibility. 


Lemma 1.1. If a€ Gyr and a leaves fixed a point y other than x and 
not on L (or, if a leaves fixed a line other than L and not passing through x), 
then a ts the identity. | 


Proof. Suppose that a leaves fixed y where yé L and ys4a. Then z 
leaves fixed every line M through y since y and M N L are both fixed points. 
Therefore œ leaves fixed every point which is the intersection of a line 
through 2 with a lne through y. This includes all the points of P except 
those on the line joining æ to y. Hence every line contains at least two 
fixed points and is itself fixed. Finally every point is fixed, being the inter- 
section of two fixed Imes. The other hypothesis is dual to the first. 
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Lemma 1.2. The set Gr=U Ger ts a group. Gr consists of the 
wei 


identity and those collineations of P which leave L fixed pointwise, but have 
no other fixed points. If, for two distinct points x and y of L, Gaz and 
Gyn are non-trivial, then Gr ts abelian; furthermore, every element of Gr 
(except the identity) has the same order, either infinity or a finite prime. 


Proof. By Lemma 1.1 any member of Gz fulfills the description given . 
in the second statement. Conversely, consider a collineation « which leaves 
L pointwise fixed and has no other fixed points. For any pé L, let M be 
the line joining p and a(p); say M meets L at s. Now a(M) must contain 
both a(p) and a(x) =a; so a(M) =M and M is fixed. Thus every point 
is on a fixed line. Any two of these fixed lines. must meet at a fixed point 
which is therefore on L, so it must be s. Now we can see immediately that 
every line through @ is fixed, so a€ Gz, C Gr. This proves the second 
statement of the lemma. 

Let « and £ be any two elements of Gr, say aE Ger and 8E Gyre To 
prove that Gz, is a group, we must prove that a8 is in Gz. We may assume 
that neither a nor 8 is- the identity and that zy, since in these cases, 
a8 E€ Gy, trivially. Obviously, e87 is a collineation which leaves L point- 
wise fixed, so it will be sufficient to show that #87? has no fixed point not 
on L. Let p be any point not on L; set g==B"(p) and r—=a(q). Now 
q,” =a(q), and x are collinear and also q, p= (g), and y; since these 
two lines are distinct and meet at q we cannot have p=-48"(p) =r unless 
p = q =r; in this case, a and 8 would both have a fixed point not on L and 
would be the identity by 1.1. This case has been excluded. 

We next prove that if x and y are distinct points of L, a€ Gs, and 
BE Gyr, then æ and 8 commute. To this end we must show that 
aB(p) == Ba(p) for any point p; this being trivial for pe L, we assume 
the contrary. The following triples are collinear 


v, p, %(p) ¥, P, (p) 
t,8(p),%B(p) y,%(p), Ba(p) 
a, B(p), 8«(p) y,%(p),aB(p). 


(On the left, the first two derive from the fact that « leaves x fixed line- 
wise; the third, is obtained from the first by applying 8. Similarly on the 
right). These triples characterize both aB(p) and Ba(p) as the point of 
intersection of the lines joining x to B(p) and y to a(p). This proves that 
aB = Ba. 


Let us observe that if e54y, Gen N Gyr = {e}, because any common 
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collineation satisfies the second hypothesis of Lemma 1.1. For the remainder 
of the proof we assume that at least two of the groups Gez are non-trivial, 
which is equivalent to assuming that G, contains each of the groups Ger 
properly. 

To prove ‘that Gz, is abelian, there is left only the case that a and B 
both come from the same subgroup Gez. Choose a collineation y€ Gr — Ger; 
then certainly By ¢ Gar. By our previous result, « commutes with both y 
and By; therefore, with £. 

To demonstrate the last statement of the lemma, we suppose that Gz 
contains an element (other than e) of finite order; this element can be 
chosen to have prime order p; let it be œ and say a € Gz. For any BÉ Ger 
say BE Gyn and aß E G1; here yz. Now BPE Gyrn and also B? = arp 
= (aß) E€ Gz: s0 BP? =«. Thus every element of Gr— Gz, has order p; 
repeating the argument starting with 8, we see that every element of Gz, 
(except e) has order p. This finishes the proof of Lemma 1.2. 


Lemma 1.3. Suppose that P is finite. If L is a line and «and y 
are two distinct points of L such that neither Gr, nor Gyn is trivial, then 
every element of either group (except e) has the same prime order. If x is 
a point and L and M are two distinct lines through x such that neither Ger 
nor Gz is trivial, then every element of either group (except e) has the 
same prime order. 


Proof. It is clear that, if P is finite, Gr must be finite, so the first 
statement is part of the last lemma. The second statement is dual to the 
first. In applying duality, Ger and Gear must be interpreted as groups of 
permutations of the set ¥ of lines; but, since the statement concerns their 
abstract structure, it is immaterial.. 


Lemma 1.4. A necessary and sufficient condition that Gr, be transitive 
` on the points of P —L is that the small theorem: of Desargiies hold on L. 


This has frequently been used in treatments of the coordinatization 
problem, so we omit the proof, which may be found, for example, in [1]. 


Lemma 1.5. Suppose that P is finite of order n. The cardinal of Gz, 
(tE L) dwides n and the cardinal of Gr divides n?. Gr is transitive on 
? —L if and only if the cardinal of Gr is exactly n?. 


Proof. Let M be some line through v other than L. Gz z can be regarded 
as a group of permutations of the n points of M — {s}. Since no element 
of Gzzz except the identity leaves.fixed any point of M — {2}, each primitive 
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subset has the same cardinal as Gx, and therefore this cardinal divides n. 
The other assertions follow in the same way when Ggs is regarded as a group 
of permutations of the n? points of P — L. | 


LEMMA 1.6. Suppose that P is finite of order n and that, for some. 
line L, all of the groups Ge, (£E L) have the same cardinal h>1. Then 
the small theorem of Desargues holds on L. 


Proof. Let g be the cardinal of Gz. We know that g divides n?,.say 
gm ==n". In view of the last two lemmas we need only prove that m =1, 
Now Gz is the union of n-+1 groups Ger, each of cardinal h, with each 
pair having only the identity in common; hence, (h—1)(n +1) +1=g, 
or ((hA—1) (n+1)+1)m=—gm=—n?. This equation shows that m <n 
(since h > 1) and m==1 (modn + 1). Therefore, m = 1 and the lemma is 
proved. | : 


Lemma 1.7. Suppose that H is a group of permutations of a finite set 
L and suppose that, for some prime p and each «€ L, there exists an element 
of H of order p which leaves « fixed but has no other fixed points. Then H 
is transitwe. 


Proof. Let L, be a primitive subset of L. Choose s€ Lı, and let « 
be an element of H of order p which leaves x fixed but has no other fixed. 
points. L, consists of x and a number of disjoint «-primitive blocks each 
of cardinal p; hence, cardinal Lı =1 (mod p). Now suppose that H is not 
transitive, so that we can’ choose y€ L—L,. Let 8 be an element of H 
which has order p and the unique fixed point y. Now L, is a union of dis- 
joint 8-primitive blocks each of cardinal p, hence cardinal L, ==0 (mod p). 
This contradiction establishes the lemma. 


THEOREM 1.8. Let P be a finite projective plane. Suppose, for every 
point z and line L with x € L, that Gaz 18 non-trivial. Then P is Desarquesian. 


Proof. Lemma 1.3 implies immediately that every non-trivial element 
of any of the groups Gyu (y€ M) has the same prime order, say p. 

Choose any line L and consider the group Hy, of all collineations of P 
which leave L fixed (not necessarily point-wise). Hzr is represented (not 
faithfully) as a group of permutations of L. Now Hy, contains as sub- 
groups all of the groups Geu where v€ L and M is any line through æ and 
a non-trivial element of Gra (M34) has order p and acts on L with no 
fixed points except v. itself; therefore, Lemma 1.7 applies and Hy, is transi- 
tive on L. From the elementary formula .¢Gy ra” = Gatom L for œ € Hy, it 
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now follows that all of the groups Gz, with «¢€ L are conjugate in Hy. 
Now by Lemma 1.6, the small theorem of Desargues holds on the arbitrarily 
chosen line Le But a finite plane in which the small Desargues’ theorem is 
valid is Desarguesian. 


2. Projections. Consider a finite plane P of order n, a definite line 
L of P and a point x on L; we will obtain a sufficient conidtion that Ger, 
be non-trivial. Let M,, Ma,- - -, Mna be an enumeration of the lines through 
œ other than L. For any point a of L— {æ}, let & denote the projection 
of M; onto M, from a; &,; is characterized by the fact that, for any y €E M, 
Et: (y) € M; and a, y, and &;(y) are collinear. Obviously, £4238); = i. If 
b is also a point of L— {2}, then één is a permutation of MZ; Frem the 
incidence axioms we deduce immediately that, for fixed a and b (ab), 
Jab, == {Ebba | 7 = 1,2,- - +, n} is a simply transitive family of permutations 
of AL; — {zx}. 


LEMMA 2.1. There is a one-to-one correspondence between elements of 
G- and permutations of M; which commute with every permutation of the 
form Eya The correspondence is given by restricting elements of GeL 
to AM;. 


Proof. Any element « of Gyrn leaves fixed the line JMi; consequently, 
the restriction of a to M; is a permutation of AZ; Obviously, the restriction 
map is a homomorphism of G,,. Since no element of Gez (except e) can 
have any fixed points not on L, the restriction map is one-to-one. 


Suppose that a € Gor, y E Mi, z E€ M; and &;:(y) =. We have a(a) =q, 
a(y) € Mi, and a(z) € M; by the definition of Ger; a, y, and z are collinear, 
so a, «(y), and a(z) are also; whence ¿tpa (y) = a(z) == aé%j(y). This being 
valid for any y on M, Epa = aft; Then clearly, été? ua — a&,€°;,; therefore 
a and its restriction to M, commute with all permutations of the form 4°. 

Now suppose 8 is a permutation of M, which commutes with all permu- 
tations of the form £%,€°;. If as4b and ij, the only fixed point of ££) 
is æ, so 8 must leave v fixed; hence, we may define a permutation a of P 
as follows: Pick a point a on D— {zx} and let a(y) = ,8é;(y) if y€ M; 

and a(y) =y if y€ L. We shall see that a is a collineation. To prove this 
it suffices to consider collinear points b, y, and z, where DE L, y€ M; and 
zE Mp, and show that 6, a(y), and a(z) are collinear. We have 2 = £y (y) 
and 

Ebria (Y) = Eraé aB Ey (Y) = Eri (Erk ae) (Eyka) Bé y (y) 

es ÉO f3 (E Er) (£5; €4;,) éti (Y) == (EBE) Er (y) == a (2) ; 
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that is, b, a(y), and a(z) are collinear. It is clear that œ leaves L fixed 
point-wise and «a fixed line-wise; i.e. «€ Ger- This completes the proof 
of the lemma. | 

We will now assume that, for any a and b of L— {x} and any indices 
t, J, k, l, if 25y€4 7 £°€% (which is a permutation of M) has a fixed point, 
then it is the identity. This corresponds to the closure of the following figure. 
Here we have taken æ at infinity. The diagram shows y as a fixed point of 
the fourfold projection and the closure of the figure shows that another 
point z is also left fixed. The figure consists of 18 lines and 11 points 


G b 


(counting 2); five lines go through each of the three points a, b, and g, 
and three through every other point. (There is a degenerate case if M; 
coincides with Af; or M; with My. The closure of the degenerate case is 
implied by the closure of all non-degenerate cases.) This configuration will 
be referred to as configuration G because it implies that the set J; is a 
group. We shall say that the configuration G holds in ? if it holds regard- 
less: of the choice of æ and L. It is easy to show that configuration G holds 
in eny Desarguesian plane. This configuration has been studied by Reide- 
meister [11] who obtains the following lemma. 


LEMMA 2.2. If configuration G holds in P then the set J; is a 
group. Conversely, if J; is a group for all choices of L, x, a, b, and i, 
then configuration G holds in P. 


Proof. Suppose that iré and &,€°, are two given members of J, 
Chcose any point y of M; and an index j such that (é%€,;) (é¢n€2u)-*(y) 
== €4,,€5,,(y). This is possible since J?°; is a transitive family. Then y is 
a fixed point of £ 6% £%,€°2:€néy = E ft EO eM; hence this permutation 
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has only fixed points. It follows immediately that (Eiré pi) (u€u)* = 46413 
thus Jeb; is a group. | 

Conversely, assume that J, is always a group. If yé piyé n 
= (£4, €55,)-1 (Elitr) (Enu) has a fixed point, it is the identity, being 
an element of J®°; which is always a simply transitive family of permutations. 


LEMMA 2.3. Suppose that A, B, and C are subgroups of a group and 
suppose that the elements of A and B can be so indezed that, for each i, 
B€ C. Assume, moreover, that every element of C can be written in the 
form aBi, Then A and B commute as complexes; t.e, AB = BA. 


Proof. Given a, and 8; choose k so that («;8;) (%Bi) = %,8.; then 
Bj, = (atan) (8x87), proving BA C AB. Taking inverses, the latter rela- 
tion becomes AB C BA, whence AB = BA. 


Lemma 2.4. If A, Áa © °, Ån is a sequence of subgroups of a group 
which mutually commute as complexes, then B == 4d: -*Ay is a group. 
Moreover, if the groups A; are finite, then B is finite and every prime factor 
of the cardinal of B ts a factor of the cardinal of A; for some +. 


Proof. This is well-known for 7»—2. The general case follows easily 
by induction. 


THEOREM 2.5. If configuration G holds in P and the order of P is u 
prime power, then P is Desarguesian. 


Proof. Let L be a fixed line of P and a, a, b, and c points of L. 
Observe that J"; == Jè% because the latter set is made up of the inverses of 
the members of the former, which is a group. Enumerating J®; in the 
order ££; g==1,2,---,n and Jea &.,€, the corresponding pzoducts 
E Er :€% 85; == £°;,€°;, run through the group J°¢,; therefore, the groups J; 
and J*; commute as complexes. Since the groups J%;, J%,,- - -,/%%, where 
b,c,- - -,@ runs through all the points of £— {xz}, mutually commute, the 
product K == J%,Jac;- - - J, is a group. Each of the groups J@4; has 
cardinal n== p", where p is a prime, so the only prime which divides the 
cardinal of K is p. Thus K is a p-group, and therefore K contains a non- 
trivial central element @. Since Jeee; > J®*, (as we showed above) we know 
that K contains all groups of the form J°*,, a fortiori, all permutations of 
the form éé; so 8 commutes with all these permutations. By Lemma 2.1, 
Can is non-trivial. Here # and L were chosen arbitrarily except for the 
condition v€ L, so by Theorem 1.8, P is Desarguesian. 
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8. Fano Planes. We shall call a projective plane a Fano plane if the 
diagonal points of every quadrangle are collinear. 


Lemma 3.1. In a Fano plane every permutation of the form Ẹlyé?; 
(a54b,1547) has order two. Hence it satisfies Eyé? j = E yéti. 


Proof. Take any point y on M; and consider the quadrangle with 
vertices s, b, éÆa(y), and ,€9;(y). Its diagonal points are a, y, and 
EL £4, £55. (y), whence Y == £9; £D £0; £0 (4), Since 1j 1S arbitrary (4,65 55)? == e 


Lemma 3.2. In a Fano plane, the permutations &€% and & p&p: 
commute. 


Proof. In any group, if a, 8, and g8 are of order two, then a and £ 
commute; hence we will prove that ( (€€°):) (Eiré ri) )? =e Using Lemma 


3.1, ( (Eé a) (S4in€ ens) )® = (Etyka) (EPirt ri) (Ey) (Eit) 
we £855 a a wee £9; a 5, = €. 


LemMa 3.3. If a permutation group is abelian and transitive, then ii 
is simply transitive. 


Proof. To prove that there is exactly one element which effects any 
given partial map v— y, it is sufficient to consider only the case y ==% and 
prove that the only element leaving v fixed is the identity. Suppose æ leaves 
a fixed. For any z we can choose 8B so that B(z) =x. Then a(z) =f aB(z) 
==2; 80 a leaves every point fixed; i.e. æ is the identity. 


LemMa 3.4. In a Fano plane, the sets J; are elementary abelian 
R-GTOUps. 


Proof. We have already seen that J°®; is a set of mutually commuting 
permutations of M;— {v} which is transitive on M:— {s}. Therefore the 
group generated by J@; is an abelian transitive permutation group. But 
such a group is simply transitive, therefore J*®; must be the entire group. 
Since every element of /99; (except e) has order two, it is an elementary 
abelian 2-group. 

THEOREM 3.5. A finite Fano plane 1s Desarguesian. 


Proof. We know that the sats J°; are always 2-groups, therefore con- 
figuration G holds. If P ig finite, then the order of P is the cardinal of Jè; 
which is a power of two, so the theorem follows directly from Theorem 2.5. 
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CONTRIBUTION TO THE PICARD-VESSIOT THEORY OF 
HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS.* 


By A. SEIDENBERG. 


1. Introduction. Let F be an ordinary differential field of characteristic 
0, C its field of constants, and L(y) =y™ + py) +--+ > -+ pay =0, wE F, 
a linear homogeneous differential equation of order n. Let » be a non-trivial 
solution of this equation and let D be the field of constants of /<n>5. One 
question in the Picard-Vessiot theory is whether » can be so selected that 
D==C. A general result of E. R. Kolchin [8], which is not restricted to 
linear equations, shows that a solution exists for which D is algebraic over C; 
and hence disposes of the question if C is algebraically closed. If C is not 
necessarily algebraically closed, then according to a result of M. P. Epstein 
[2], one can at any rate choose a fundamental system of solutions y’ + +, 9. 
of L(y) so that the field of constants # of F<m,' - +,4,> is normal over C. 
The conjecture, however, that one can always arrange to have D =-C (hence 
also Æ == C) turns out to be false, even for n =?2, as we show by a counter- 
example below. Although placed last, this counter-example can be read 
separately and in itself answers the conjecture. It seems preferable, however, 
to have a necessary and sufficient condition that D =—= C be obtainable. This 
is done below for n==2. This throws light on the counter-example and 
also prepares the way, possibly, for consideration of the case n > 2. 


2 Reduction to a first order equation. For a first order equation 
y = py one can obtain D==C without difficulty and a proof can be found 
in [2]. One may show, in fact, (by an argument occurring in Section 3, 
below) that if the general solution’ y of y’ = py introduces a constant, then 


* Received July 5, 1956. 

t By a solution to a differential equation G(Y, YF, --,¥,) =0, where G € F{Y} 
= FLY, Y;,: >°] we mean a quantity y in a differential extension field of the base 
field F such that G(y,y’,---,y)=0. If @(¥) is an irreducible polynomial in- 
volving Y,, then there is a solution y such that degree of transcendence of Féy)/F = 1; 
and F<y>/F is uniquely determined up to an isomorphism by this condition; we refer 
to this solution as the general solution of G@(Y) = 0. Caution: it is not in general 
true that every solution of G(Y) =0 is a specialization of the general solution: for 
illustrative examples, see J. F. Ritts Colloqujum Series book, Differential Algebra, 
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CAUCHY’S STABLE DISTRIBUTIONS AND AN “EXPLICIT 
FORMULA” OF MELLIN.” 


By AUREL WINTNER. 


1. Ifa (or its real part) is positive and less than 1, and if ¿ (or its 
real part) is positive, then, according to Mellin, the case (x) = exp({— tz") 
of the Huler-MacLaurin difference 3 (n) — f @(z)dzv, where 2=1,2,-- : 
and 0a <œ, can be evaluated explicitly; ef. (9) and (9bis) below. The 
resulting “explicit formula” turns out to be closely connected with results 
which in earlier papers I obtained on Cauchy’s symmetric stable distribution 
functions of index a (where either 0<a< 1, as in Mellin’s formula, or, to 
certain ends, 0<a< 2, as in Paul Lévy’s justification of Cauchy’s formal 
result). This family of distribution functions is defined by the -property 
that the Fourier transform of the distribution is even and is identical with 
1 if OSt<om. 

In what follows, the analytical questions concerning Cauchy’s distribu- 
tions will be dealt with in a systematic way. Roughly speaking, there will be 
three issues involved: (i) the explicit form of the Laplace transform of the 
distribution, (11) the connection of the Laplace transform with the Stieltjes 
transform, finally (ii) the application of the resulting explicit formulae to a- 
determination of the weight function which belongs to the “stratification,” 
in terms of the symmetric Gaussian distribution (8 = 2), of the symmetric 
stable distribution of any index 8 < 2. | 


At the end (Section 18), there will be considered the asymptotic : 
expansion (and its implications for Cauchy’s transcendents) which takes the 
place of Mellin’s convergent expansion if 0<a< 1 is replaced by 1 <a <% 
(the limiting case a = 1 is trivial). The values a = 2n, where n === 2, 3,4,°°°, 
are exceptional (but n = 1, i.e., a=2, is trivial), For this exceptional case, 
there will be reproduced with Professor Pélya’s permission an asymptotic 
formula which he communicated to me several years ago. 

For 0 <a <2, a side issue will be the “shape” of the frequency curves. 
This issue has, however, little to do with Cauchy’s particular choice of sym- 
metric distributions, since what results holds for all symmetric distributions 


* Received June 11, 1956. ° 
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of the so-called Z-class (Khintchine-Lévy). This and related results are 
dealt with in Appendix II and Appendix III. 

Appendix I deals again with the entire range 0<a<o but in the 
angular case. What is then involved is the extension from the case a= 2 of 
an elliptic theta to the case of an arbitrary a > 0 (including the exceptional 
a-values 4,6,-- -) of the function 


1+ 23 g” cos nz. 


nol 


This function has of course often been considered. The results of Appendix I 
are however substantially sharper than those obtained in the literature 
consulted. 


2. Replace the function e+, where 0¢<, by its Fourier cosine 
transform 


oO 


(1) l F(t) = f e-** cos ts ds. 


0 


Then a partial integration shows that 


(2) E(t) = G (1/3) ft", 
where 
(3) a) = f ets sin (s2) ds 


9 

(even if only just 0<a<o, rather than 0 <a< 1, is assumed). 

The representation (2) of (1) in terms of the Laplace transform (3) 
was pointed out in [18], p. 678. The correspondence.(2) between F and G 
is invariant under the substitution 
(2*) (F, t,a) > (G, 1/t, 17a) 
Gio<t<o and0<a<w), since (2) is equivalent to 
(2 bis) G(t) = F (1/42) JP, 


The alternative devices, F—> G and G— F, can be applied to each of the 
Fourier analyses to be considered. 

An immediate consequence of (2) and (3) is the following asymptotic 
relation of Pólya (cf. Pólya-Szegö, chap. IT], no. 154): 


(4) F(t) ~ At-** as to, where A =T(1 +a) sin ($ra) 
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(and where the ~ is meant in the sense that 
(4 bis) F(t) =o(t**) as t-o if a=2, 4 >, 


the constant A being 0 when a is an even integer). In fact, it is well- 
known that 


f sin (s/¢) ds == T(1 +a) sin (bra), 

0 
provided that integral on the right, which is convergent only if 0 <a< 1, 
is meant as a Cesaro limit (of an appropriate positive index) when 1 Sa <w%. 
Since summability in Abel’s sense is implied by (and is a process consistent 
with) summability in Cesaro’s sense, (4) follows by using (2) for >o 
and letting t—> -4-0 (Abel) in (8). 

It is clear from (1) that F(#) >0 holds for t==0, hence for all 
sufficiently small ¢> 0, while (4) shows that, if 0n<a<2(n+1), where 
mn==0,1,---, then #{t)>0 or F(t) <0 holds for all sufficiently large t 
according as n is even or odd. (In view of (4bis), nothing follows for 
large t if a—2,4,---, but Pólya has shown that (1) is then an entire 
function having no zero at all or only real zeros according as a=% or 
a==4,6,---; cf. Pdlva-Szeg6, chap. V, no. 170). 


3. Let y(s), where 0s <œ, be a real-valued (not necessarily con- 
tinuous) function whose Laplace transform | 
(5) f ety (s)as 
0 
is convergent for ¢>0. Let N, where 0 N oo, denote the number of the 
positive zeros ¢ of (5), and let M, where 0 = M =o, denote the number of 
those s-values at which the function 


(5 bis) & (8) -=Í judu 


changes sign when s increases from s== -+0 to o. Then NSM. This 
inequality expresses a theorem of Laguerre as further developed by Pólya 
(cf. Pélya-Szegé, chap. V, no. 82). 

Due to (2) and (3), the estimate N = M can be applied to (1), with 


& 


(6) y (s) = f sin (u/¢) du 


0 
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(so that 
: . : 
(6 bis) V(s) = f (s—~w)sin (u/*) du, 
g 


by (5bis)). In fact, if N =N. and M == M, denote the respective number 
of times the functions (1) and (6 bis) change sign when ¢ and s vary from 
+0 to o, then it follows that 


OS Na S Mags, where 0<a<o. 


In fact, it is clear from (2) that it is immaterial whether Na is referred to 
F(t) = Falt) or to G(t) = Galt). On the other hand, a partial integration 
of (3) shows that G(t)/t is identical with (5) if (s) = ya(s) is defined 
by (6). This proves the assertion of the last formula line. 

Another straightforward consequence (which is related to, but does not 
involve, the inequality N <= M) is the complete monotony of G (t)t = Ga(t)/t 
on (0,0) if O<as=1 (the limiting case a= 1 is trivial, since (2) can be 
evaluated explicitly if a1). In fact, the substitution ui/4==v shows that | 
the function (6) is non-negative for 0D s <œ% if 0<a<1 (simply because 
vet is positive and non-increasing for 0 <v <% if 0<a< 1). Butify=0 
throughout, then the function (5) is completely monotone on the half-line 
O<ti<o. Since G(t)/t is identical with the case (6) of (5), the assertion 
follows. 

A corollary of this fact is taat the function 


F(i/t) /i***¢, whare 0c ico, (P= Fe) 


possesses a Hausdorff-Bernstein representation if 0<a<1 (and, by con- 
tinuity, also in the limiting case a==1 which, however, is a trivial case). 
In fact, if 0< t<, 0<a<1 and m—1,2,---, then the m-th derivative 
of é* is positive or negative according as m is odd or even. Hence, successive 
differentiations show that if a function g(t) is completely monotone on (0,0), 
then the same is true of the furction g(t), where O0<a<1. Hence, the 
assertion follows by choosing g(t) = G@(t)/t, since (2) shows that G(i%) /i* 
is identical with the function oczurring in the last formula line. (For an 
application of the substitution '—>it* to g(t) = e+, instead of the more 
elaborate function g(t) = G@(t)/t, cf. (19)-(21) below.) 

If a==1, then (1) and (3) show that both F(t) and G(t) reduce to 
(1 -+-¢7)-1 (which argrees with, though it is not implied by, (2) if a1). 
Hence the limiting case, a = 1, of the preceding result on G (t)/t means that 
(t+ £) is completely monotone on. (0.a). The same cannot be true of 
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G(t) itself, since already the first derivative of (1+ %*)~ fails to be of 
constant sign on (0,0). 


5. lf ¢ is complex, then the integral (3) is absolutely convergent to 
the right, and divergent to the left, of the imaginary axis of the t-plane, 
whenever 0<a<o. But if the point 0 is excluded when a1, then 
analytic continuation of G (t) is possible and does not lead to any singularity, 
and the exclusion of point {0 is unnecessary when 0<a<1. In fact, 
it was shown in [13] that if 0<a<1, then @(t) is a transcendental entire 
function, having MacLaurin expansion 


(7) Q(t) =Z cnal" /T (n), Cna = (—1) "aD (an) sin (fran). 
n=l 


The radius of convergence of the power series (7) is œ, 1 or 0 according 
as O<a<1,a==1l orl<a<o. In the third case, the series (7) is an 
asymptotic expansion of @(¢) for t-> +0 which, in view of (2), supplies 
an asymptotic expansion of F(t) for t—-+o. In the second case, (7) 
reduces to G(t)= (1-4 #7)", since Cı becomes (—1)*?*I'(m) (—1)" 
= —Ī (n) or 0 according as n is odd or even. In all three cases, the func- 
tional equation 


(8) V(1-+ 2)0(1—2z) —-wz/sin rz 
leads to some reduction of (7). 


As pointed out at the end of [13], the function (8) and its expansion 
(7) are “formally related to the standard entire functions occurring in the 
theories of explicit analytic continuations beyond the circle of convergence 
of a power series,” namely, to Mittag-Leffler’s transcendents E. But neither 
(1)-(8) nor (7) is mentioned in the subsequent literature, listed in [1], 
where [13] is overlooked, as is [14]. Cf. also the footnote at the end of 
Section 7 below. 


6. An approach to (1)-(8).and (7) which is different from that 
followed in [13] was found in [14], pp. 705-707; it was shown there that 
the true source of the expansion (7) of (3) is a formula of Mellin [8], p. 12 
(which I did not find quoted in the textbooks consulted or in the relevant 
papers, such as the fundamental paper of Hardy and Littlewood [3], p. 136; 
cf. p. 120, footnote, which refers to Mellin’s work as a whole, but not to 
his paper [8]; cf. also Lindelof’s general theory in [7]). The formula in 
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question is an “explicit formula” (in the sense of the term customary in 


the analytic theory of numbers); it states that 


(9) ee: axe (1 + 1/a) +3 (—1)*f(—an)t"/T(n+-1), 


where the numerical value of the leading term on the right is Horii. of 
course, by the trivial identity 


0 


(9 bis) we f et dæ =T(1 + 1/a), 


0 


and where (in order to assure convergence in the entire é-plane, rather than 
just the validity of (9) as an asymptotic expansion as {> + 0) it is assumed 
that 0<a<1, rather than only that 0 < a 2, 4,: +. As shown in [14], 
pp. 705-707, the expansions (7) and (9) are equivalent by virtue of the 
functional equations (8) and 


(10) n(z) ==9(1—z), where 9(z) =m T (42)¢(2), 
and of a Möbius inversion. | 


Actually, (9) leads not only to the expansion (7) of G(¢) but also to 
the Laplace analysis of F(t), exhibited by (12) (and (18), (11)) below. 
In fact, (12) below and (7) are equivalent by virtue of (1)-(3), as seen by a 
term-by-term integration (the legitimacy of which is trivial from 0 <a <1). 
This is precisely the route along which the expansion (7) was obtained in [13]. 


7. Let OSt<o. Then the Laplace analysis (that is, the determina- 
tion of the Unterfunktion) of G(t) is given by (38), where only a> 0 is 
asumed, and, as mentioned above, (3) follows from the two definitions (1), 
(2) by nothing deeper than a partial integration. In contrast, the Laplace 
analysis of F(t) results only after a contour integration, which succeedss 
directly only if 
(11) | 0<a<i. 

The result is 


«2 


(12) F(t) = f e~'8 exp (— As*) sin (ps4) ds, (Ost<o) 
0 
where \==A(a), p= p(a) are abbreviations for the constants 


(13) à = cos 4ra, p= Sin dag, (A? + a =l). 
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It is.clear from (11) that t=0 is the abscissa of convergence, as well as 
the abscissa of absolute convergence, of the Laplace transform (12). Inci- 
dentally, (11) also implies that both constants (13) are positive. 

The Laplace analysis (12) of F(t) is known; in fact, it is contained 
in what was obtained in [12], pp. 86-88, for the m-dimensional generalization 
(from m=1) of the “symmetric stable frequency function” of Cauchy 
which, if m= 1, becomes 1/r times the function (1) itself (it may be 
mentioned that subsequently Lévy’s monograph [6], pp. 221-224, and a 
dissertation written under his direction (cf. p. 221, footnote) have transferred 
his fundamental enumeration (1923) of all, not necessarily symmetric, stable 
frequency functions from m = 1 to any m; but the Laplace analysis of these 
functions is noi taken up loc. cit., not even in the symmetric case). 

The proof of (12) can be sketched as follows (for details, ef. [12], pp. 
86-88) : In view of (1), where ¢ can be thought of as a fixed positive number, 
it is sufficient to deal with the real part of the integral 
(14) f wita exp (— u + itut) du, 

o 

where u— s122 0. If L(¢$) denotes, for a fixed 4, the half-line arz u = ġ 
in the complex u-plane, then £(0) is the path of integration in (14): But 
no singularity of the integrand is met when L(#) sweeps through the wedge 
OSL pina (< $r), except for the common end-point, u=-0, which is a 
harmless singularity (in fact, — 1 -+ 1/a > 0). -Hence, if (0) is deformed 
into L(4ra), then (12) follows from (11) and (13), simply by taking the 
real part of the L(4ra)-representation of (14).* 


8. From the Laplace analysis, (12), of the Fourier cosine transform, 
(1), of e*t, where OGS2¢<oo, the Stieltjes analysis of e-* itself can be 


* According to [1], it was conjectured by W. Feller and proved by H. Pollard that 
E(— t), where H(z) = Ha(z) denotes Mittag-Leffler’s entire function F g"/T (an -+ 1), 
is completely monotone on the half-line 0 = ¢ < œ if the index a is on the range (11) 
(this is true, but trivial, in the limiting cases, a=0 and a==1, of (11), since 
Hy(— t) = (1+ Ë)” and H,(-—-t) =e *}. What is involved here are two papers of 
Pollard [10] which appeared as late as 1946 and 1948, and which will be referred to as 
(i) and (ii) respectively. Both (i) and (ii) overlook [12], pp. 86-88, and [13] (cf. 
also [14], pp. 705-707). But the content of (i) is just an artificial verification of a 
wrong form of (6) and/or (7) above (in order to see that there is a mistake some- 
where, it is sufficient to choose Pollard’s A, which is the a in (11) above, te be 4 in 
formulae (5) and (4) of (i), which correspond to (7) and (12) above). Correspond- 
ingly, the compiete monotony of Mittag-Leffler’s H(—-t) is concluded in (ii) from 
erroneous formulae. The necessary c&rrections can be read off from [13] and/or [14]. 
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obtained. In other words, it is possible to obtain the explicit form of the 
function A(s) for which 


(15) | ct | (12 + s*)h(s)ds_ 
(g 


holds as an identity for 0& ¿<œ (the traditional representation of the 
Stieltjes transform results from the integral (15) after the substitution 
(t,s) —> (44, st) and a renaming of f). 

First, Fourier inversion of (1) gives 


(16) jet f F(a) cos ta: da (OSti<a). 
0 


Next, if (12) is inserted in (16), the order of the integrations can be inter- 
changed (by uniform convergence, if ¢>0). Since 
(17) f e~is cos sg de = t/ (P + s*) 
o 
(if ¢> 0), it follows that (15) will be satisfied if (and, in view of the 


uniqueness theorem of Stieltjes’ transform, only if) the function A(s) is 
chosen as follows: 


(18) yah (s) = s sin (ys*) exp (— As*). 


From the Unterfunktion, (18), of the Stieltjes analysis, (15), of the 
function e-** the Unterfunkiion, say f(s) of its Laplace analysis 


(19) gis | e-t8f (s) ds, 
0 


where 0 <=t <œ, can be obtained, with the following result: If the constants 
A, p are defined by (18), and if (11) is assumed, then the f for which (19) 
holds for 0<=t<o as an identity is given by 
(20) inf (s) = J EAT sin px sin sx da, 
9 

It may be mentioned that, while (11), (18) and (20) hardly indicate 
that 
(21) f(s) 20 for 0X's <a, 
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(21) happens to be true. In fact, successive differentiations of the function 
et readily shows that, if O<t<o and 0<a<1, its n-th derivative is 
positive or negative according as n is even or odd. Hence the Hausdorif- 
Bernstein theorem on completely monotone functions, when combined with 
the uniqueness theorems of Laplace’s transform, implies that (21) is a 
consequence of (19). 


9. The deductions of (20) from (18), has hardly anything to do with 
the explicit form of the function et"; it depends merely on the following 
formal rule: If 
(22) f (E + s*7)-h(s) ds = f ctf (s)ds 

0 0 
is an identity for Ot <0, then (under appropriate conditions, conditions 
_which are amply satisfied in the case of e**) the connection between f and 
h is given by Dirichlets transform, 


(23) | o= f h(x) sin sx /x da. (O<s<w). 


Hence (20) follows from (18). (Incidentally, if f, rather than h, is known 
in (22), then, subject to the legitimacy of the Fourier inversion which is 
involved, | 
(24) jah (s)/s— f f(z) sin sz dz, (0<s<o}; 

© 9 i i 
in fact, (23) is the Fourier sine transform of h(s)/s, and so (24) follows: 
by Fourier reciprocity). 

I cannot decide whether the solution (23) of (22) is generally known ;. 
in view of [2], something like (22)-(23) must have been familiar to 
Ramanujan. In any case, it would be worthwhile to exploit this rule sys- 
tematically, by completing the tables of known Laplace transforms (for a 
gwen Unterfunktion f) by those items for which the Unterfunktion & of the 
Stieltjes transform is already recorded wn the tables of the latter transform. 
The actual validity of the Dirichlet rule (23) in the appropriate Hilbert 
space (that is, the specification of such function spaces) can be justified 
along the lines of the Plancherel technique of Paley and Wiener [9] (passim ; 
e.g., pp. 42-43). In such cases as ef, neither locally nor in Hilbert’s space 
is there an issue, and (20) cotild be deduced from (15) by an appeal to 
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Fubini’s theorem. But it is somewhat more instructive to verify (22) under 
the drastic hypothesis that it is legitimate “to compare like powers.” | 
To this end, note that, if (¢?-+ s?)-? is expanded according to powers 
of 1/t, then, after a term-by-term integration (if it is allowed), the integral 
on the left of (22) appears in the form 
3 (—1) "yan (h) /PCHD, where p,(h) = f s"h(s) ds. 
n= 


0 


On the other hand, successive partial integrations lead to the following 
expansions of the integral on the right of (22) : 


&f (0) /t™4, where f™® = d”f/ds* 
n=O 


(if f(s) is of class C°). Hence, comparison of. the respective powers of 1/¢ 
(if it is allowed) shows that 


ao 


fo" (0) —0 and feD(0) = (—1)" f sh (s)ds, 


ù 
where n=0,1,---. Thus, if f(s) =3/(0)s"/n!, it follows that . 
m= 


x 


f(s) aS (—1)"s?**/(2n-+ 1)! f srh (x) daz, 


n= 
9 


which is (23) if 3f = f3. 


10. The suggestion italicized above, concerning the explicit formulation 
(23) (or, in the reverse direction, (24)) of the hypothesis (22), is illustrated 
by the transition from (15) and (18) to (19) and (20). In view of (17), 
this can be re-stated so as to replace the Stieltjes transform by a Fourier 
cosine transform (whereas (23) or (24) is a Fourier sine transform) ; in fact, 
the e-** in (1) and (16) can be replaced by any function which is “small 
and smooth.” Actually, all of this can be formulated as a general principle, 
concerning the translation of one transform table into another transform 
table, as follows: 

For M—K,M,N,---, let M= M(t, s) be the kernel of an integral 
transformation 


(25) | | f M (4, s)g(s)ds 
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which sends “arbitrary” functions g on 0 < s < œ into “arbitrary ” functions 
g* =Mg on 0<t<2 and which has the property that (in terms of an 
appropriate definition of identity) the Mf-Unterfunktion, M-g*, of g is unique. 
With reference to two such transformations, M and N, let there be known a 
K = Kiry for which M~ = KN holds (in view of the formulation (23) of 
(22), this is the case if M = L, N = § and K = D, where L, S and D denote 
the transforms of Laplace, Stieltjes and Dirichlet respectively, with (t, s) 
replaced by (#,s?) in the traditional representation of S). ‘Then, if the 
N-Unterfunktion of a gwen function of t happens to be known explicitly, the 
N-Unterfunktvon of the same function of t follows by an integration, that 
assigned by K. 
_Instances and general methods are contained in [2] and [9].* 

Let the function (25) of t on (0,0) be denoted by Sf, Lif, Cif in the 

respective cases M = S, L, C, where 


(26s) S=(#+s7)7; (26,) Les; (260) C=costs. 


Note that D is the integral (vanishing at the origin) of C; cf. (28). 
By Fourler’s inversion, $rC-'—C (formally; so that, in particular, 
(17) is equivalent to 
(17 bis) f (t? -H x?) cos sa da = kne-t®/t, 
0 


where t2203):- a, follows that if 


(27) Jf [F(s)| ds <o, 
then, for 0< £<, | 
(28) (LC)if = Sifi, where fi{s) =f(s)s, 


and that (28) has the`dual 
(28 bis) (SC) +f = gr Lif- where f(s) =f(s)/s, 


* For specific pairs M, N of certain type, conditions under which this obvious 
remark is legitimate (for a given f) can be read off, for instance, from such considera- 
tions as were. collected by Hirschman and Widder in their book [5] (in which, inci- 
dentally, it is again overlooked, as in the other publications of these authors and in 
those of I. J. Schoenberg which they quote, that the Fourier representation of the 
reciprocal Weierstrass products was studied already in [12], pp. 51-54 and 61-64, where, 
in the even case, these functions are introduced precisely in the same way as then 
followed by I. J. Schoenberg, ef. [5]}. 
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if, in addition to (27), 

(27 bis) f | F(s)/s| ds <o. 
+0 


In fact, the content of (28) has already been used. But in view of (17) 
and its Fourier inversion (17bis), both (28) and (28bis) follow from 
Fubini’s theorem. As mentioned above, there is a corresponding deduction 
of (23) from (22). It is also clear that, under the respective Fubini 
assumptions, (27) or (27) and (27 bis), of (28) and (28 bis), 


(29) LO—=CL in (28), and SC—=C8 in (28bis). 


The C-duality, (28)-(28bis) and (29), of L and § has an analogue, 
but becomes involutory, if (26¢) is retained but (267) is replaced by the 
“normal” (Gaussian) kernel 


(26y) ) N = gt", 


What then corresponds to (26g) is, in the main, (26x) itself, since what 
corresponds to (17) and to (17 bis} is contained in the single relation 


co 
(30) f e2 cos ya dz == frie", where z= dy. 


0 


While this parallelism is trivial, it turns out that, owing to the (N, N)- 
analogue of the (L, S)-rules (28)-(29), the explicit results (16)-(20), where 
(11) and (18) are assumed, settle a desideratum I formulated a long time 
ago, concerning the actual determination of the weight functions which, for 
all values of B on the range 0 < B < 2, are the factors of normal stratification 
(“ Gaussian analysis”) of Cauchy’s (symmetric) stable distribution functions 
of index B; cf. [4], Section 4, where further references are given (p. 769, 
footnote *°). 


11. In order to avoid a confusion of the index a, occurring in (11) 
and (13), with Cauchy’s index £, let the functions F, G, h, f, occurring in 
(1)-(3) and (18)-(20), be now denoted by Fy, Ga, ha, fa, and let B= B(ea) 
be an abbreviation for 


(31) B =a; so that O< B < 2, 


by (11). Thus F, G, are defined, and (1)-(3) and (16) remain valid, 
if y=a is replaced by y = 8,. but (7), (9), (12), (15) and (19)-(20) then 


\ 
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become divergent (and, incidentally, the analogue of (21) becomes wrong). 
The notation x==A(y), p= p(y) will always be used only with reference to 
y==a (so that the numbers (11) will remain positive). 

Except for a trivial factor (= 1/7), Cauchy’s (symmetric) “stable fre- 
gency functions” of index 8 is Fg(t), which means, by (1), that 
(32) l F a(t) = f e~** cos ts ds. 

ú 

On the other hand, if the ¢ in (19), where OSt<o and 0<a<l, is 
replaced by 77, it follows from (31) that 


(33) e-t? == f esf (s)ds. 


It follows therefore from (32) (and from Fubini’s theorem) that 
ra= f fa(s){ e*s cos ta da} ds. 
0 0 


But here the { } is 4m? exp(— t?/4s?), as seen by changing the integration 
variable in (30). Accordingly 
(34) g(t) =g | exp(—t8/48") fa(s)ds, 
o $ 
The relation (34) is the explicit form of the stratification, announced 
above. In fact, the weight function occurring in (34) is 


(35) fals) == 20 f sin se e*" sin pet dæ Z0, cf. (11), 
‘9 

by (20) and (21). Incidentally, the inequality in (85) makes it clear that 
the function (34) of ¿£ is not only positive but decreasing as well. This 
property of Cauchy’s stable densities g(t), where 0 < 8 < 2, is significant 
from the point of view of the theory of probability (cf. [12], pp. 70-71); 
it was proved in [12], pp. 83-86, by arguments having the nature of an 
existence proof, instead of being explicit, as in (34)-(85). | 

‘Another “stratified” representation of Fs(t) (which, however, fails to 
exhibit the essential information fa = 0 in (34)) is the following: 


(36) F a(t) =r? Í Ett, x) Im exp(—A -+ iz) 2° de, 
0 


/ 


d 


where à= à > 0, p= pgp > 0 and a= ap. < 1 are defined by (11) and. (31), 
and E(t, s) is the function 
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(37) E(t, 2) = Im f exp (ias — t?/s?) ds, 
0 


which is independent of 8 (<2). In fact, if (35) is inserted in (34) and 
the order of integrations is interchanged (which can readily be justified), 
then (36) follows from (37). 


12. If F(t) is any symmetric frequency curve (= F (—t) = 0, where 
—o <ti<o), it is called unimodal if F(t) is a non-increasing function 
of ¢>0, and it is called bell-shaped if it is such that there exists a (not 
necessarily unique) positive t having the following property: The curve 
F= F(t) is concave or convex (toward the ¢-axis) according as 0S tS t 
or tf,5t<o. Both of these classes of frequency curves F, the second of 
which is a subclass of the first, can be defined without the assumption 
F(t) =F(-—-t) also. The unimodal character of (34), just concluded 
from the inequality in (35), can of course be concluded also if (34) is 
generalized to 


kra] 


(38) P(t) — | exp(—#x)d6(2), 


0 


(a= 1/4s*), where ¢(z) is any function satisfying 


(39) f dp(z)— fF | da(x)| <o, ie, dp (2)=0, e(o) —$(0)<e. 


The Gaussian limiting case, 8 —2, of (84) results from (36) if (x) 
is chosen to be the step-function palT) = psgn(*—a), where p and a are 
positive constants. But whereas (38) is bell-shaped if ¢ = yo, it is possible 
to choose -four positive constants p, a; q, b in such a way that the case 
b= hpa + dg» of (38), the superposition of two symmetric normal frequency 
curves, fails to become bell-shaped; cf. [11]. Thus, whereas one might 
hope that (34) is bell-shaped nct only in the limiting case 8—2 but for 
every positive 8 < 2, this, if true, cannot be concluded from nothing more . 
than the inequality in (85). 

If @=-1, then Cauchy’s frequency function (34) is known to reduce 
to the elementary function (1 -+ 4) (except for constant factors) and is 
‘therefore bell-shaped. Since this means that d?Fg(t)/dt?. has a (unique) 
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positive zero to = to(£) if 8 =1, it can be concluded from (34) and from 
the explicit form (35) of dẹ(x)/dx that such a to(8) >0 exists not only 
for B= 1 but for every 8 contained in the range 1—e<B<1-+«, where 
e>0O is a sufficiently small explicit constant. But even this cortinuity 
argument can be justified only by a certain amount of explicit labor, and the 
desideratum (namely, that the entire range, 0< 8 <2, of Paul Lévy can be 
included, so that e can be chosen to be 1) cannot apparently be obtained 
along these lines.* 


18. Let ain (1) now be any positive index (not restricted by O0<a<1 
or O0<a< 2). Then (4) is still valid, as is (8) with (2). Ifa>1, then 
the series (7) is divergent at every i> 0. But it can be seen from the 
proof of (7) that (7) holds, as ¿—> 4-0, as an asymptotic development, 


(41) A(t) ~er t/r), p= (~1) 0 (ak) sin (rak). 
k=0 


In view of (2), this is an elaboration of (4), where to. If a is an even 
integer, a= 2n, then all coefficients of (41) become 0, hence (41) means 
that, for every fixed «> 0, 


(42) G(t) = O(t) as [0 (a = 2n) 
and so, in view of (2), | 
(43) F(t) = O(t) as t—> œ (a == 2n) 


(actually, the by-product (42) of (41) can be obtained directly; in fact, it 
is readily seen from (3) that all derivatives of the function G(¢), which 
clearly is analytic for O<¢t<o, tend to 0 as ¢->0, if ¢>0). 

If 2n—2, then (48) is obvious, since (1) reduces to 


. F(t) = fri exp (—1?/4) if a2. 

* It is known that if ®(@) = @(——-2), where ——% < æ < œ, denotes the Fourier 
transform of Riemann’s S(t) = (s) =&(—t), where s=} -+ it, then not only 
(s) >0 holds (Jensen, Hurwitz) but also d®(x)/dæ <0, where 0 << œ (see my 
note in the Journ. London Math. Soc., vol. 10 (1985), pp. 82-83). Is it also true that 
(xv) is bell-shaped? 

Incidentally, it is clear from the two known properties of ®@(a#) that the first of 
the functions 


vs) Ls 
(40) f p(x) sin ta da, f (w) cos tæ dæ 
9 0 


is positive for Ọ < t< ™, whereas the second changes sign an infinity of times, since 
as 
m(t) does. e 
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One will therefore expect that, if 
(44) | a= 2n, where 2n —4,6,8,---, 


then F(t) will be much smaller than the order supplied by (48). But 
after the exclusion of the trivial case 2n ==2, the function F(t) = F2,(t) 
changes sign an infinity of times as t—>co (in this regard, cf. the known 
‘results of Pólya, referred to at the end of Section 2), and what one will 
conjecture for (44) is the existence of an explicit asymptotic formula 


(45) F(t) ~f(¢) eosg(t) as tœ w, 


where f(t) and g(t) are elementary functions which satisfy — log log f(t) 
— Const. >0-and log g(t) const. > 0, where t—>œ (and where Const. 
and const. depend on the index (44)). In a letter to Professor Pélya, 
I raised this question a long time ago, mentioning the analogy between the 
conjectural formula (45) and the known formulae for the “(real) definite 
integral” solutions of the confluent forms of hypergeometric equation (Bessel- 
Poisson; Laguerre-Perron) ; the case a==2n of being a “Laplace” solution 
of a simple differential equation, of order n— 1 which is homogeneous and 
linear: 


(46) dat (¢)/di™ + at (t) =0, where a= «a, = const. = (— 1)” | anl. 


In another context (not that of Cauchy’s “stable densities”), the identity 
(46) for the case a= 2n of (1), readily verified by successive partial inte- 
grations, is known since Jacobi’s time (at least) ; cf., e.g., p. 152 of E. G. C. 
Poole’s Linear Differential Equations (Oxford, 1936). 

Professor Pélya was good enough to determine the explicit form of 
(45) and to communicate it to me in a letter dated November 18, 1944, 
the content of which is only now published on his request. The formula is 
of an impressive length; I shall write it in terms of notations corresponding 
to those used in (12) (where (11), rather (44), is the assumption). 

In terms of a fixed n (> 1), put v= (n—1)/(Qn—1), k = 2n/(2n—1) 
(hence y > 0) and 


à = — pcos (ax), p==—~psin (dan), where p= (2n—1)/(2n) 


.(so that »>0, since, in view of (44), the angle 4rk = mn/(2n—1) is 
between 4r and r). Then, if a—2n and t-o in (1), 


F(t) ~ Ci” exp (—At*) cos (ut -+ dmv), 
where C = (87/c)4, c= m(1+m)V¥™ m == 2n—I1. 


\ 
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` 
Pólya added in his letter that he could foresee this structure of f(t) 


and g(t) in (45) from the order of magnitude cf purely imaginary values, 
which can be ascertained from the Maclaurin series of (1) and from (46) ; 
and that he obtained the final result by writing tne case (44)’of (1) in the 
form . 3 


(14 bis) f exp{tla — r" }de == f/m" f exp{ (ix — x2") t/m} da, 
: -0 -% 


where m = 2n—1 and 0<t<%, and applying the method of steepest 
descent to the last integral. i 


_ APPENDIX L* 


Reduction mod 1. 


Let 0<a <w, <q <1, —o <T <%, and put 
(1) balt; q) =1 +23 q”™ cos 2rmz; 
{ m=i 


so that OS s< 1 without loss of generality. This is Poisson’s kernel if 
a= 1], and an elliptic theta function if a2. 
If a= 2, then the function 


(2) Falt) = f exp (— $°) cos ts ds == Fa (— t) (0OSt<o) 
9 


differs from its Fourier reciprocal (given by 


(3) r exp (=) tla) = F4(s) cos ts ds 


for any a> 0% only in two constant factors. Hence, when the functional 
equation (the “linear transformation”) of the case a==2 of (1) is proved 
by means of Poisson’s summation formula 


20 

co o0 

(4) S g(t h) = 3 erme | g (yjor dy, 
kz- 0 m=- 00 


~ 


it is immaterial whether (rt), where r is any positive constant, is chosen 


* Added July 21, 1956. 5 


j 
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° 
to be the function (2) or the function (3). On the other hand, the two 
choices lead to two different identities in every non-involutory case (a542). 


The first choice oi ¢ leads to the Eon OWING eee of (1) (for 
any a > 0): 


(5) orales g) =p & Palpak pk), 
where p= p(q) = Da(q) is defined by 


(6) © (log g)/¢ = n/p 


(so that the range 0<qg<1 is mapped on the half-line 0<p<o). In 
fact, if (£) —Fa(pr), where —œ < x <œ and p= const. > 0, then, since 
(2) is equivalent to 


ap texp (—| 2 |*/p*) = È Fa(py)ei* dy, 


the series on the right of (4) becomes 2p? etime exp (— | 2xm |*/p*), 
_ Which is 27p@,(23q), by (1) and (6). Hence (5) follows by inserting 
(x) = Fa(px) on the left of (4) also. . : 

If a is of the form 2n, then (2) is majorized by exp (— a | t |°), where 
a—=a(a) >0 and b=b(a) >0 (ef. Section 13), and so it is clear that 


(7) 2 Fy (pe + pk) ~ Fa(pr) as poo 


holds at every fixed t> 0, and uniformly for e < x < 1/e if « >0 is fixed. 
It follows therefore from (5) and (6) that, for 0 < x < 1, and uniformly for 
e<zrci—e(<l), 


(8) balt; q) ~ | log q |F. (2x | log q |112) as q—>1. 


In the classical case, where e = 2, the asymptotic formula (8) becomes 
dull, since F,(¢) = r exp (— #7/4) is free of fluctuations. But if a—=2n > 2, 
then, by Pédlya’s formula, 


(9) Falt) ~ Ct” exp (—At*) cos (pi* + dv) as to ' 


holds for the (even) function (2), and C and the four Greek indices occurring 
on the right of (9) are certain (non-vanishing) functions of n (>1) alone 
(cf. Section 13), and (8) and (9) (where X>0 and y>0) show that, as 
q— 1, the function (1) of q is wobbly at every æ distinct from 0 (mod1), 
and uniformly for e<#<1—ef{<1). 

If a is not an even integer, then the asymptotic behavior (q— 1). of 
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(1) is as dull as it is in the case a==2. But (8) is then wrong, since the 
terms of the series (5) are damped (for increasing ||) with suficient 
rapidity only if a= 2n (where a= 1 is allowed). In fact, if O<a<oo but 
az 2n, then F(t) = Fa(—t) is asymptotic to A/|t|'** as tc, where 
A=A(a) is a non-vanishing constant (cf. formula (4) of Section 2). 
Hence, if p—>oo, then, for fixed x >0 (and uniformly for e <s < 1/e), the 
function on the left of (7) is asymptotic to Ava(x) /p***, where 


(10*) a(t) = 3 |2 +k [1em ya(2 +1) (a> 0). 
It follows therefore from (5) and (6) that, uniformly for e < x < 1—e(< 1), 
(10) Calz; q) ~ Bya(z) logg as gl, 


where B=—A/(2r)**, A =T(1 4-a) sin (4ra). 

If v= 0, then, although (5) is valid, (8) is false, and (10) is meaning- 
less (because (10%) includes k== 0). But if sz=0 and g— 1, then there 
is no issue, since (1) shows that, if *—-—-logq (hence 0<r—0}, then 
46.(039) —$ is | 


S exp (—rm*) ~ Ialr), where Ia(r) = f exp (—ru*) du, 
m=L 
0 


and since I,(1) ==I,(1)/7/¢, where J,(1) =T(1 + 1/a). 

Consider finally (1) as a function of x at a fixed q (540; so that the 
case alq; z) = const. will now be excluded). Clearly, 0.(q;2) is of class 
C? on OS 2 <1 (mod1) whenever a > 0, is analytic at every real z if a=1, 
and is a transcendental entire function of the complex variable æ if a> 1, 
If a< 1, then (1) cannot be analytic for all real v, since the coefficient of 
the m-th cosine fails to be majorized by the m-th term of a convergent 
geometrical progression. But (1) is analytic on the interval 0 < æ < 1 (with 
a, singularity of the C”-type, like exp (—2*), at v=0) ifa<1. This 
can be seen as follows: 

If the 1-++- 23 of (1) is simplified to the sum & itself, then what results 
is the real part of P(z) = Sq" on |z|=1 (argz== 27), where m=1, 
2,: -. Hence the assertion is that this power series P(z) (which, since 
a<i, diverges if |2|>1) converges for |z|<1 to a function which 
remains regular at every point z541 of |z|=1. Actually, the analytic 
continuation of P(z) exists (as a single-valued regular function) on the 
domain which results if the half-line 1 & 2 <œ is removed from the z-plane. 
In fact, the coefficient of z” in R(z) is of the form f(m), where f(w) is an 
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entire function which, since |q|<1 and 0<a<1, is Ofexp|w|*) as 
|'w|—>0o, if «>0 is fixed. Hence the assertion follows from a known 

general theorem (cf. [7], p. 109). 

~ In order to exhibit the precise nature of the singularity of (1) at z =0 
(if O0<a<l-and 0<q< 1), let the expansion (7) of Section 5, an 
expansion valid forall 1, be inserted in formula (2) of Section 2. This 
shows that 


(11) Falt) =3b,/P for 0<t<o, 
j=l 


where the coefficients b;==b;(a) are given by 
(11 bis) bj = 6,,/T (7), Cj = (—1)F eI (aj) sin (4ra). 


On the other hand, since (6) is positive and (2) is even, (5) can be written 
in the form 


aba (@;q) = p> Ba (pl PPFD alee — px), 


if «20. Hence, if the Fa of the latter two series are substituted from (11) 
and the summation order.is interchanged (which is readily justified, since 
the coefficients (11 bis) decrease rapidly enough, and since Fa(t) == O(t*-*) 
as t—> œ )}), it is seen from (6) that 


(12) rbal Eq) -3 b Xai (x) / (— 2r) ti 


holds for 0 < «<1 and for every a < 1, where the functions Xq*(%), Xa? (2), > 
denote the following counterparts of the functions (10*) : 


(12) Xa? (2) =F (k H e) 4 S (kw) Fw, 
k=0 kzi 


The representation (12) of (1), a representation which in view of (12*) 
is (in an appropriate sense) of the type of an Eisenstein series (for a 
modular function), puts into evidence the nature of the singularity acquired 
by (1) when « tends to 0 (modi) if a<1. This “decomposition into 
singularities” was obtained in [19] by the above method but with algebraic 
errors, corrected in (12) and (12*) above (the errors were introduced in 
[19] by an erroneous copying (from [13]) of the exponents in (11) above, 
that is, in the [correct] result of [13]). 

Another application of (5) results if use is made of formulae (31)-(35) 
of Section 11. According to those formulae, which are valid for F(t) if 
a<? (rather than only if a < 1), ° 


\ 
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> 
(13) _ Falt) -= Í exp (— 1/4) ba(s) ds, 
o - 
if = , . 
(14) as) =f sin (sy)exp(—ays) sin (ugh) dy, 


0 ) 
where, corresponding to the definitions (11) in Section 7, A= ċos(ar/4), 
p = sin (ar/4). It is clear from (5) and (13) that 


(15) zai. (03q)—= È da(s)0(x58)ds, (0<a<2), 
` 0 
where, if p= pa(q) is defined by (6), 


(15*) @(a;s)—=p X exp{— (p+ pk)?/48"}. 
k=- to 


But the case a= 2 of (5) shows that (15*) is of the form 6.(7;1r), where 
6, is an elliptic theta and r= r(s, p) ==fa(s;q). Since the function (14) 
is positive for 0 <s <œ (cf. (20)-(21), Section 8), it follows that (15) 
is the analogue for “angular distributions” of that “ Gaussian stratification ” 
the explicit form of which was obtained in Section 11. 

It was Zernike’s discussion of angular statistics ([20], pp. 477-478) 
which led me in [16] to the interpretation of the function (1) as the 
“densities of stable, symmetric, angular distributions.” Subsequently, these 
considerations were rediscovered, and further developed (also in the unsym- 
metric case) by Lévy [15]. The proof of a certain property (“symmetrical 
convexity ” mod 1) of the case a2 of (1) is incomplete in [15], p. 36; a 
simple prcof of that property was given in [17], and a refinement (“ bell- 
shaped greph” mod 1; ef. Section 12 above) of that property in [18]. The 
existence of (15), without the explicit form, (14), of the weight function 
of (15), was shown in [17], where the weaker one of the two properties, just 
mentioned, was extended from a=2 to O0<a<2 (that extension is con- 
tained in the fact that the weight function (15) is positive for 0 < s <œ). 

It should finally be mentioned that there is a fundamental difference 
between the “linear” and the “angular” case. If the unit of length is 
suitably chosen, then the stable distributions having an even density are 
given by (2), where, however, the index a> 0 cannot be chosen arbitrarily 
(as proposed by Cauchy), since the density does not become negative if and 
only if a =2 (Lévy). In contrast, it is clear that there belongs to every a, 


I 
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where 0<a<oo, a sufficiently small q* == q*a > 0 in such a way that the 
function (1) (in which the value of the parameter q has the role of a 
standard deviation) is positive for all v whenever 0 q < q*. 


. APPENDIX II. 


On certain unimodal distributions. 


In the nomenclature of [12], the result of [12], p. 78, refined to an 
explicit representation by Section 11 above, was as follows: 


(+) Every symmetric stable distribution (Cauchy-Lévy) is a convex 
distribution. 


The stable distributions are the simplest instances of the so-called L- 
distributions (cf. below). Hence (+) is contained in the following theorem 
(*), the proof of which is the first purpose of this appendix: 


(*) Every symetric L-distribution (Khantchine-Lévy) is a conves 
distribution. 


In their monograph [22], Kolmogoroff and Gnedenko formulate, and 
attempt to prove, a theoerm which would contain (*). But as observed by 
K. L. Chung, the proof is based on an erroneous lemma. Cf. the footnote 
at the end of Appendix III below. Correspondingly, the following proof 
of (*) will have to be based on a more involved adaptation of the proof of 
(+) in [12]. 

Let g(t), where —wo<i<o, denote the Fourier-Stieltjes transform, 


(1) Fe(t)— J et=ag(2), 
of a distribution ¢6—¢(2z), that is, of a function defined for —co < s < œ 
in such a way that 


(2) o(—oo) =0, (co) =1 and dg(x) 20. 


If d(x), when normalized by 2¢6(7) = ¢(2+0) + 6(e—0), is identical 
with the distribution 1—¢(—2), then (æ) is called symmetric. By a 
convex distribution is meant a symmetric wnimodal distribution, that is, a 
distribution which for 0 < x <œ and —œ < x <0 (but necessarily at s = 0) 
has a (not necesarily continuous) density which is a monotone function of 


|e] (0). 


\ 
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' The proof of (*) will be reduced to the following lemma: If S(t) 
denotes the (even, entire) function 


(3) S(t) = f (sin w)?/u dit, 


and if q is any positive constant, then the Fourier inversion of the case 
(4) g(t) =e SO (—o<t<%0) 


of (1) defines a unimodal distribution ¢—¢,==¢,_(2). Since (4) is even, 
hence ¢({x)=-1—¢({—-2), this means that every @==¢q is a convex 
distribution. 

It is clear that if ¢(x) is any unimodal distribution, and if p is any 
positive constant, then y(x) —¢(pz) is a unimodal distribution. It is also 
clear that if ¢—¢(x) and $,=4¢:(@),¢2=¢2(@),- +: are distributions 
satisfying ¢,—> ¢ as n—> œ, then ¢ is unimodal whenever every ¢, is. Finally, 
a theorem of Hardy and Littlewood concerning “rearrangements” is sub- 
stantially equivalent to the following fact (cf. [12], p. 47 and pp. 77-78): 
If @ and y are two symmetric unimodal distributions, then their convolution 
@*y is a (symmetric) unimodal distribution. 

In [12], the proof of (+) was based on the preceding three facts. The 
following proof of the generalization (*) of (+) will be an adaptation of 
the same proof (the first two of the three facts are needed, of course, only 
in the particular case of symmetry). 

As will be shown in Appendix III below, Lévy’s enumeration of all 
L-distributions (in terms of their Fourier-Stieltjes transforms; cf. [6], pp. 
192-193, or [22], pp. 145-151) implies that a distribution (7) is a 
symmetric Z-distribution if and only if there exists a sequence of distribu- 


tions $:(%),¢2(%),- <- satisfying ¢,—¢ as n—>œ, where every ¢,(2) is 
a convolution of the form 
(5) Pn (x) = yr (T) = ba, (p18) Be ae Pan (Pnt), 


in which ya(s) denotes the symmetric normal distribution of a certain 
standard deviation h= he (20), the n numbers pj—p;(n) are positive, 
the n numbers 9g;==q;(n) are non-negative and, for every g==4q;, the dis- 
tribution $ == ġa = als) is defined by (4) and (3), that is, by 


t 
(6) log F'g(t) =— q f (sin? u)/u du; —octco. 


0 . 


4 


é 

[In view of (1), this implies that (7) =$ -+ 4sgnv if q=0; in what 
follows, this trivial distribution, which is certainly symmetric and unimodal, 
will be excluded, that is, g will be assumed to be positive. | 

It now follows from the three facts, mentioned above, that the unimodal - 
character of every symmetric L-distribution will be proved if (and only if) 
it is shown that (6) defines a unimodal distribution ¢ for every. fixed q > 0. 
But it is clear from (6), where Fẹ = Fpp and from the product rule of the 
transforms (1) of convolutions, that dor pq * $r Whenever q > 0 and r> 0. 
Hence, the third of the three facts shows that, instead of proving the unimodal 
character of ¢, for every q on the range 0 < q <œ, it is sufficient to prove 
the same for every g on the range 0 < q < qo, where go (> 0) can be chosen 
arbitrarily small. i 

Accordingly, it can be assumed that 0 < q<1. Then a=q/4 and 
B= 1—q/2 are positive numkers satisfying a-+8-+a=1. Hence, if 
u== p(s), Where p(—o)=—0 and. p(o) ==-1, denotes the step-function 
having the jumps a and $ at z= +2 and z= 0 respectively, then a is a dis- 
tribution. Clearly, F,(t) is ideztical with the sum of 1—4q and 4q cos 2. 
Consequently, a 
(7) F,(t) =1—qsin’t. | 
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It is now easy to conclude that there belongs to ẹ == ġą a distribution 
À = Àq for which 


(8) tFo(t) = | Fr(s)ds 


is an identity in ¢. In fact; if a prime denotes differentiation with respect 
to t, then Py’/Fs == — q(sint)?/i, by (6) and (5). ‘In view of (7), this 
means that (¢fy)’==F,F,. Hence (8) is satisfied by the distribution A 
which is the convolution of ¢ and p. 

Finally, since (6) is an even function of ¢, the distribution $ is sym- 
metric, and so the assertion, according to which ¢ is a convex distribution, 
is equivalent to the statement that “the distribution ¢ is unimodal, with 
z==Q as a mode.” But a theorem of Khintchine states that this will, be 
the case precisely if there exists some distribution A satisfying (8) (in this 
regard, cf. chap III of Girault’s thesis [21], where further references will 
also be found; concerning Khinfchine’s proof, cf. the presentation in [22], 
pp. 157-160, and K. L. Chung’s comments on it in [22], pp. 251-253). 

The unimodal character of she distribution @—¢,, defined by (6) and 


\ 


L 
(5), could be verified by an explicit determination (depending on a contour 
integration) of the Fourier inversion of Fẹ(t). This would avoid an appeal 
to Khintchine’s general criterion. The applicability of the latter is usually 
not straightforward, and it became straightforward above only because it 
was permissible to assume that q is sufficiently small. 
The applicability of Khintchine’s criterion (8) to the case (7) (for 
small q in =p) seems to be one of the few instances in which the 
criterion happens to be amenable enough to lead to an affirmative result. 
In fact, the practical use of the criterion (which is a necesary and sufficient 
condition) lies perhaps in the opposite direction in most cases. This is 
illustrated by the proof of the following fact (+ bis): 


(jbis) If 0< a2, then 
(9) (1—a|#|#) exp (—|#|*) (co <¢ <0) 


as the Fourver-Streltjes transform Fy (t) of a (symmetric) distribulion function 
Az=ha(v). 
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Tn fact, (8) is equivalent to (Fẹ) == F) or 


(10) Pe (t) + th 9’(t) = F(t). 
On the other hand, the sum on the left of (10) becomes the product (9) if 
(11) F's (t) exp (—| |°). 


Since the (non-trivial) symmetric stable distributions ¢ are characterized by 
(11), where 0 <a& 2, it follows that (fbis) is equivalent to (+), the 
result quoted at the beginning of this Appendix. (Note that the rule, 
used at the end of the proof of (*), cannot be applied this time, since the 
first factor of the product (9), being unbounded as t->oo, is certainly not. 
an F.) 
A similar argument leads to the following curiosity : 


If Z(t) =($-+%), where g(s) is Riemann’s entire function, then 
there exists a p== p(x) 220 for which 


(12) Z(t) + tE (t) -=f p(x) cos te da, 
0 


where €' == dZ/dt, holds for —o <i <w. 


In view of the formulation (10) of Khintchine’s criterion. this is equi- 
valent to the result quoted in the footnote to Section 12. (The result of Jensen 


4 
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and Hurwitz, referred to in that footnote, is the weaker statement that (12) 
holds for another p= 0, say for p* = p* (æ), if the second term on the left 
of (12) is omitted.) 

The assertion of (f bis) (concezning Fourier integrals) is worth restating 
in terms of Fourier series. First, if f(z) is the density of (s) in an 
absolutely continuous distribution function ¢(«), then 


(13) 3 (et 2k) 


represents (almost everywhere) a periodic function and, according to Poisson’s 
summation formula, the Fourier series (L) of (18) is (2x) times 


(14) Z Fo (n) eine, 


- But (14) is the Fourier series of a non-negative function, 


S (1—a| rn |£) exp (—| rn |e) e"s, 


n=- 0 


and this Fourier series can be written in the form 


(15) 1+ 23 (1 + an? log ¢) q"* cos nw 
n=l 


by placing 14 == — log q. Since 0 <r<% means that 0 <q <1, it is seen 
that (fbis) contains the following corollary: 


If 0<a 2 and 0<q <1, then the function (15) is positive for all 
real x. This fact is the more remarkable because the coefficient of n*(—> œ) 
in (15) is a negative constant, alcgq (an interpretation of the log q results 
if (15) is written in the form | 


(15 bis) Oa + a00,/6q. ba = la (£; q), 
where ĝa is the function (1) of Appendix I if the 2 of (15) is replaced 
by rs). 


Actually, the italicized corollary of the formulation (fbis) of (+) con- 
tains (tbis) itself. This is seen by an application of the rule 


€>0 m= 


lim X eg (tie) = f g(u)du 
Q 


(Euler-Maclaurin), the provisos of which are amply satisfied in the present 
ease (note that q—> 1 as «> 0). On the other hand, if (15) is multiplied 


\ 
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by 4 and if.the argument of a complex variable z is denoted by x, then what 
results is the real part of 
(16) 4-+- 3% (1+ an? log g) gr*z" 
: n=l 
on the circumřerence |z|==1. Consequently. (tbis) is eguwalent to the 
following theorem : 

If 0 <a&? and 0 < g&Æ 1, then the real part of the power series (16) 
is positive in the circle |z| <1. In other words, the determinant conditions 
of the Carathéodory-Toeplitz criterion are satisfied by (16) for every positive 
q<1if0<a&2. An algebraic verification of the positivity of the deter- 
minants involved, leading to a direct proof of (}bis), appears to be a 
hopeless task.” 


APPENDIX III. 


Symmetric L-distributions. 


1. Let ¢=¢ẹ(x), where —o<2<o, be è distribution (in the sense 
that not only dọ (s) = 0 holds but also ¢(—«) =0 and ġ(œ%)=1), and 
let Fọ(t) denote its Fourier-Stieltjes transform, 


a 


(1) Pelt) = f dna we StS: 


~oO 


Clearly, (1) goes over into its complex conjugate if ¢(2) is replaced by the 
distribution 1—¢(-—-z). If the latter is identical with ¢(x), that is, if 


(2) (z) +¢4(—2) =1 for —o <t <% 
* Corresponding remarks hold if (16) is weakened to 
(16 bis) $+ gz 
nezl ` 


(“weakened ” in the sense in which the second of the two functions (15 bis) is 
“ weaker ” than the first). In fact, a repetition of the preceding deduction shows that 
(i) the real part of the power series (16 bis) is positive in the circle | 2|<1 when- 
ever 0 q 1 and 0 <a = 2, and that (ii) the truth of (i) is equivalent to the state- 
ment Cauchy’s symmetric stable distributions actually exist if a <2; that is, to Lévy’s 
result according to which the function (32) of Section 11 will not become negative if 
p & 2. If the Carathéodory-Toeplitz criterion is applied to (16 bis), then (ii) leads to 
a purely algebraic formulation (but not of course to a proof) of Lévy’s existence 
theorem; that is. of his result referred to under (ii). 


s 
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8 
(when ¢(#) is normalized by (x) = }{¢(e+0) +¢(¢—0)}), then @ is 
called symmetric. . 

A fundamental result of Paul Lévy ([27]; cf. also [6], pp. 180-181, 
or [23], pp. 160-161) enumerates all function F(t) for which ¢(2z) is an 
“infinitely divisible” distribution. An inspection of his general result 
shows that, in the particular case (2) (that is, if (1) is real-valued and/or 
even}, the distribution is symmetric if and only if there exists on the closed 
half-line OS u <% a function p==p»(u) satisfying 


* 


(3) f u? dulu) <% and du(u) Z0 for OSu<co, 
1 


and having the property that (1) becomes representable in the form * 


9 


(4) Palt) exp {— f Gate n: 

0 
Thus there is a one-to-one correspondence, p == ¢“, between all symmetric, 
infinitely divisible distributions @(z) and all functions p(w) satisfying (3) 
if, for the sake of the one-to-one correspondence, a is normalized by p(u— 0} 
=p(u) for O0<u<o. It is understood that the jump 


(5) w(-+0)—p2(0) =c2Z0 


need not be 0, and that (4) is meant to be 


(6) Folt) = exp {— ci? — f (sin tu /w)?dp(u)}. 


Lévy also succeeded in enumerating the distributions ¢ contained in 
the subclass of the infinitely divisible distributions which consist of L-dis- 
tributions, the latter being the distributions defined by Khintchine in terms. 


* The distributions ¢ defined by (4) and (3), that is, by the particular case (2) 
of Lévy’s result, are precisely the distributions rediscovered by J. von Neumann and. 
I. J. Schoenberg [28] in their “metric geometry of Hilbert screws.” This observation 
is made here because [28] as well as the subsequent publications consulted (cf., e. g., 
[26], pp. 434-438) on either subject (infinite divisibility, Hilbert screws) fail to men- 
tion the identity of the “metric ” question with the particular case (2) of Lévy’s result.. 

In this regard, the situation is particularly curious in the more recent text of 
Hille [26], who, loc. cit., not only fails to mention Kolmogoroff’s work on Hilbert space 
or the related corresponding considerations of [28] but it also ignores [25], even 
though it is precisely Lie’s point of view of infinitesimal generators of Lévy’s eycliu 
semi-groups which underlies [25]. ° 
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of the addition of “asymptotically constant” rardom variables; cf. 16], pp. 
192-198, or [22], pp. 145-151. An inspection of this result of Lévy shows 
that, in the particular case (2), a distribution (r) is an J-distribution 
if and only if it is a ẹọ (z) = ¢"(z) in which p==p(u), besides satisfying 
(3), has the following properties: (u) is absolutely continuous for 0 < u < œ 
(while (5) can be positive) and, if w(u) denotes its density (almost every- 
where), then (if w(u) is defined on the zero set in an appropriace way) 
the indefinite integral of p’(w)/u* is a monotone function of logu for 
0O<u<oo. It is readily seen that this is equivalent to 


(7) dp(u) =p {u)du and d{p’(u)/u} S0, where 0<u <w. 


The object of the following considerations is an analysis of the class of 
symmetric L-distributions. Except for (i) in Section 2 (a result an exten- 
sion of which to the unsymmetric case is not available; cf. the footnote at 
the end of Section 9 below}, the symmetry assumption (2) is made only in 
order to simplify the formulae; the considerations will be such as to apply, 
mutatis mutandis, without the restriction (2) also. Incidentally, if ẹ (æ) is 
any L-distribution, then (1—¢(—z) is an J-distribution and) the con- 
volution of ¢(x) and 1—¢(—vz) is a symmetric L-distribution; conversely, 
every i-distribution can be factorized in this manner. This is seen by 
inspecting the logarithms of the respective transforms (1). 


2. In view of Theorem (v) below, a fact proved in Appendix IT, implies 
the following Theorem (i): 

(i) very symmetric L-distribution $ is unimodal. 

By this is meant that (v) is absolutely continuous for 0 < s <œ (hence, 
by (2), for —o<2<0), with a density which is a monotone function of 
|z] (if —o<a<oo but «<0; if 0, then $(z) can have a jump). 

(ii) A distribution ¢ ts a symmetric L-distvibution if and only if there 
belong to vt a constant c= 0 and, on the open halj-line 0 < u <œ, a function 
A==A(u) satisfying- 


2 i 
(8) A(u) Z= 0, dA(u) = 0, f A(u) /u du <o, f A(u)du < %,. 
1 +0 
and leading to the following representation of the transform (1) of ẹọ(z) 
=ò (u): 


(9) Folt) = exp (eet f S (tae) dr (2e) }, 
+0 
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where S(t) denotes the (even, entire) function 


(10) S(t) = f (sin v)? /v dv. 


In fact, if A(w) is defined to be p’(u)/u, then it is clear that (3) and 
(7) together are equivalent to (8), and that the relation (4), being identical 
with (6) by virtue of (5), appears in the form l 


(11) ` F(t) = exp {— ct — J à (u) (sin tu)?/u du}. 

+0 
But it is clear from (10) that dS(tu)/du == (sin tu)?/u. Hence, a partial 
integration shows that the integral occurring in (11) is identical with 


0—0— f S(iu)da(u), 
+ l 
since, in view of (8) and (10), the integrated part, A(u)S (tu), tends to 0 
whether w-—>co or u->0 (while ¢ is fixed). Since this means that (11) is 
identical with (9), the assertion of (ii) follows. 


(iil) Every symmetric L-distribution i absolutely continuous for 
O<ar<ea (hence, by (2), for —o <s <0). In order that be absolutely 
continuous for —œ <2 < œ (that is, in order that the jump (+ 0) —¢(—0) 
be 0), at is necessary and sufficient that the data c, A(u) determining ¢ = ¢,* 
satisfy the following alternative: Either c>0 (while r(u) is arbitrary) or 
c==0 but 


} 
2 


(12) if A(u) /u du =o. 
+0 

This can be concluded from (i) and (ii), as follows: In view of (1) 
and of the Riemann-Lebesgue lemma, the first assertion of (ili) implies 
that #4(¢t) > (4+ 0) —¢(—0) ast—>oo. Hence (8) and (9), where c= 0, 
show that ¢(+ 0) =¢(—-0) if and only if either c>0 (while A(u) is 
arbitrary) or ¢—=0 but 
(13) f à (u) (sin tu)? /u duo as too. 

+0 


Since it is readily seen from (8) that (13) is equivalent to (12), this 


ad 1 


proves (1211). 
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8. With reference to any positive constant g, let a= (£) denote 
the symmetrie L-distribution ‘¢,* for which c is 0 and A(u) is q or 9 
according as uS I or u> 1. Then (8) and (12) are satisfied, and (9) 
reduces to l | 


£ 
(14) Fo,(t) = eS, where S(t) = È (sinu)?/udu, 
0 


by (10). Hence (ii) and (iii) imply the first of the following three 
assertions : 


‘iv) If g is a positive constant, then the Fourier inversion of the case 
(14) of (1) defines a distribution ẹ (z) —¢ (2) which ts absolutely con- 
tinuous for —o < x <% (and is symmetric in the sense of (2), since (14) 
is an even function). The density oq (£) —¢,'(— x), where oq = d¢,/dz, 
is a monotone function of |x| (which implies that ¢,/(+0) 0, and that 
bq (— 0) = ġa (— 0) exists if it is allowed to be œ; actually, it will not 
or will be œ according as q does not or does exceed a certain critical value 
Go, Which will be determined in (vi) below). For varying q, the distribu- 
tions bq, where 0< q<, form under convolution a semi-group which ts 
cyclic in q: 


(15) Paras T Par i Pan 
and q(x) tends, as q—> 4-0, to the (discontinuous) distribution 
(16) po (2) = 3 + asgne. 


The second assertion of (iv) follows from (i) (it is understood that, 
when the density ġg (x) is claimed to be monotone for 0 < s <œ, what is 
actually meant is that ġg' (£) can be chosen to be monotone for 0 < x < œ, since 
the density of an absolutely continuous distribution function is defined 
almost everywhere cnly; a corresponding understanding will hold when 
dq (z) will be claimed to be continuous in (vi) below). Finally, since 
(15) is-equivalent to the statement that the transform F,(¢) belonging to 
g=¢, + ge is the product of the transforms belonging to q == q, and q = qs, 
and since the transform (1) of (16) is #g,(¢)==1, the truth of (15) and 
of do = $o is clear from (14). 


(v) A distribution is a symmetric L-distribution if and only tf tt is 
a limit, as n>, of distributions of the form 





(17) p(T) = yn (@) * pa (pit) *- + pau (Prt), 


where y(x) is the symmetric normal distribution of standard deviation 
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h (= 0), the distribution (x) is defined by (14), and q= qr(n) > 0. and 


p= p(n) > 0, where k=—1,---.n, are 2n unspecified constants. 


This follows from (ii) and from Lévy’s compactness theorem-of the 
transform (1) of arbitrary distributions ¢. In fact, it is readily seen from 
(10) that a given function F(t) of t (where —œ < t < œ } is representable 
in the form (9), with some c = 0 and with some A(u) satisfying (8), if and 
only if Fy(¢) is a limit (a limit which is uniform on every fixed finite 
t-interval) of functions of the form 


(18) Fo (t) = exp (— of) Texp {—q.9(¢/P2) } 


But it is clear from (14) and from the definition of y, (where h = 0, and 
where (16) is meant to be the case h==0 of y») that (18) is equivalent to 
(17), where c—c(h) =0 according as h=0. 

According to (v), the symemtric L-distributions (and only these) can be 
reduced to the semi-group (0<q<o) of the particular distributions ¢, 
_ defined in (iv), if these distributions, after the adjunction of the symmetric 
normal distributions, are extended bv the following three operations: changing 
of the unit of length on the z-axis, the convolution operation (*), and 
operation of a limit process (n—>œ). This is the reason why the distribu- 
tions ġa, defined in (iv), will now be investigated in detail. 


4. If a distribution ¢(x) is absolutely continuous for —oœ < æ < œ, 
then the Fourier inversion of (1) is 


co 20 T 
(19) amp (a) = f eeta (eat, (f lim f), 
T>% 
-0 -0 ` -T 


valid at all those points x (if any) at which the density ¢’—d¢/dz satisfies 
a certain local condition. Such a condition is the monotony of ¢’ in some 
neighborhood of x (if ¢’(a) is meant to be 4¢’(a-+0)+¢’(4—0)). It 
follows therefore from the first and trom the second of the assertions of (iv) 
that (with the preceding parenthetical proviso) the representation (19) of 
the density of (x) is valid for every ¢,(x) at every x0. In view of 
(14), this means that. 


co t 
(20) rod (x) = f e-IS) cos æt at, where S(t) = f (sin w)?/u du, 
0 0 


whenever 
(21) ET ES 
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(22) 0<r<n 
(and (22) can be replaced by —o < z <a, since 
(28) gd (—#) = gi (2), 
by (2)). But the point «= 0 is excluded in this deduction. 

A partial integration of (20) shows that, under the assumptions (21) 
and (22), 
(24) mog (t)2/g = f eS) (sin ¢)?/t sin at dt. 

a g 

Since it is clear from (10) that 0S eS < t-l, where C > 0 is independent 
of t > 0, it is clear that, for every fixed q > 0, the integral (24) is uniformly ' 
convergent for —o<a<o. It follows therefore from (24), and from 
the fact that (23) is monotone (non-increasing) on (22), that the product 
oq (x)v (when defined at r=0 as its limit for z->0) is continuous for 
—oca<o. Hence, if g>0 is arbitrary, q (x) is continuous on (22). 


5. It also follows that there exists a constant ¢c== c4 satisfying 


(25) pa (2) ~ Ca/£ as s—> 0, where cg = 0 
(it is understocd that (25) means 
(26) l Tq (£) —0 as t—->0 


if ¢g=0). It will now be shown that c,>0 or cọ==0 according as g is 
or is not less than a certain critical value (which turns out to be the value 


g==2). 
It is seen trom (10) that, as t—>o, 


t r 
S(t) ~ const. f du /u, where const. == mt f sin? u du = $, 
i 6 
hence S(t) ~logt, and that this can be refined to the existence of a 
constant C having the property that 
(27) S(t)—#logi-C as ta 


(in fact, the existence of such a constant follows from 31/n?<oo in the 
same way as the existence of the Huler-Maschercni constant). It is clear 
from (27) that, for every fixed g > 0, 


(28) SE) — QR as tw, where Q=Q(q) =e > 0. 
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If g>2, then it follows from (28) that, as t—>œ, the integrand of 
(24) is majorized, uniformly for —œ <s <%, by a constant multiple of 
1/t'**, where e—e(g) >0. It follows therefore from (24) and (23) that, 
if q > 2, the density ¢,’(z) remains continuous at v= 0 and the graph of 
y = y(x), where y(r) = ¢g (£) =y(—zr) and —wo<24<o, will have at 
«== a tangent parallel to the z-axis. If, on the other hand, 0 < q <2, then, 
since (20) and (28) show that ¢¢ (z) behaves, as v—> =+ 0, in the same 
way as i 


(29) f t-49 cos wt dt, 
+0 


the density will become infinite at «= 0, the order of infinity being that of 
log |z|- or of |x|», where p= p(q) > 0, according as q=2 or 0< gq <2. 
Accordingly, the situation is as follows: 


(vi) If q (> 0) ts arbitrary, then the density ġa (x) is monotone and 
continuous for O0<a<o (hence, by (23), for —o< r <0). If q>2, 
then ġa (£) is continuous at x0 also. If 0< q 5&2, then ġg (£) > as 
t-> +0. 


In fact, the first assertion of (vi), that concerning any q > 0, was the 
result of Section 4. 


6. The second assertion of (vi) can be generalized as follows: 


(vii) If g>2m, where m is a fiwed posttwe integer, then a(z) has 
a continuous (m—1)-st derivative for —wo<e<o. 


In fact, the (m—-1)-st derivative of the integral is majorized, uniformly 
for —wo<2x<o, by a constant multiple of 


ime} 


(30) f gm-16-0S(®) dt, 


1 


0 
and (28) shows that (30) is a convergent integral if m—1—3q > — 1, that 
is, if q > 2m. 
(viii) If O0<a<o (or —o<s <0), then, whenever g>0, there 
exists a (continuous) n-th derivative d"b,()/da" for n==1,2, >>. 


_ For n=], this was proved (Section 4) by a partial integration, that 
leading from (20) to (24). For an arbitrary n, the assertion of (viii) 
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follows, after n partial integrations, in the same way as it did for n= 1. 
Actually, (viii) is not the last word, since every ¢,(%) turns out to be 
regular (analytic) at every real 20. 

There is a general principle concerning arbitrary distributions ¢, which, 
roughly, is to the effect that “properties of smoothness,” possessed by $(2) 
for —w<a<o, are not decreased, and have a tendency to be increased, 
if ¢(z) is replaced by ¢(#) *#(x), where y(x) is any distribution. If this 
is applied to (15), what results is that, if 0 < g <r, then ¢, is at least as 
“smooth” as ¢, (and perhaps “smoother”). Clearly, (vi) and (vii) contain 
precise formulations of this expectation. On. the other hand, (viii) is a 
manifestation of the general principle only insofar as the O”-character of 
a(x) on.-(22) is claimed for every value q (large or small); so that the 
“smoothing effect” (when ¢, is replaced by ¢,, where r > q) takes hold only 
at v= 0, at the point excluded in (viii). This remark will be essential in 
what follows. 


7. Theorems (iv) and (vi)-(vii) are purely analytical in nature; they 
could hardly be expected from the réle which, according to (v), the semi- 
group (15), defined on (4) by the Fourier inversion of the case (14) of (1), 
plays in the theory of symmetric Z-distibutions. As a matter. of fact, all 
assertions corresponding to (iv) and (vi)-(vii) become false for the semi- 
group of distributions, say Yẹ which belong to the class of all symmetric, 
infinitely divisible distributions in the same way as the distributions ¢,, 
discussed above, belong to the more restricted class of all symmetric D-dis- 
tributions. This will be shown by a discussion of the distributions yg just 
indicated. | 

First, if the class of all symmetric Z-distributions ¢(z) is replaced by 
the larger class of all symmetric, infinitely divisible distributions, then (11) 
and (8) become replaced by (6) and (3). Hence it is clear that the dis- 
tributions œ defined for every g>>0 by (14), must be replaced by the 
distributions yọ which, for every g > 0, are defined by 


tel 
(31) Fy (t) =e, where R(t) = if (sin u /u)? du. 
0 
In fact, it is clear that (4) reduces to (31) if the arbitrary p(w), which 
is subject only to (3), is chosen as follows: p (u) = 0 or p(u) = çq according as 
0SuSqorq<u<o. Correspondingly, it is clear that (v) becomes true 


854. AUREL WINTNER: o 

e 
for the extended ¢-class if dg is replaced by yg in (17) (incidentally, what 
corresponds to (12) in'the appropriate analogue of (iii) is 


(32) f w? dufu) ==% ; 

* 9 ‘ 
ef. [25], Theorem (III), p. 289, formula (8), p. 286, and Corollary, p. 288). 
Finally, it is clear from (31) that, corresponding to (15), 


(33) War * Wan == Yaraa 


and that yyy as q— 0, if y, denotes the distribution which in (16) is 
denoted by ġo- 

There is however a fundamental difference between ġa and ya (for any 
fixed q> 0). In fact, such results as (i) or (iv) depend on (27) and so, 
in particular, on the circumstance that S(%)==œ in (14). In contrast, 
R(w) <æ in (31), since 


t 
(34) E(t) = f (sin u /u)? du—> $r as to. 


Q 


A first implication of this contrast is that the jump ¢(-+ 0)—ẹ(— 0), 
which was 0 for ġ = ġa is e437? >0 for = ya; in fact, Fy,(t) > 374 as 
t—>o, by (31) and (84). This contrast alone would not be serious, since 
the jump can be disposed of by first subtracting from y(x) the function 
e-474,(x), where ġo(x) is defined hy (16), and then dividing the resulting 
monotone function ` 


(35) a (22) = pa (2) — etapo (2) 


by the (positive) constant wWq( 02 )—- oc 3%%po( 0 ) == 1 — eàr, In order to 
simplify the formulae, this trivial re-uormalization will be disregarded, that 
is, the function (85) (which differs from a distribution in a positive constant 
factor) will be used as it stands. Since Fẹ (t) ==1, by (1) and (16), it 
follows from (31), (85) and (1) that 


(36) Fo, (t) = Fy,(t) —Fy,(0), where Fy (%0) = etre, 


Clearly, (33) becomes a relation connecting the three functions 6,(2) 
belonging to q = qıs 92, 1 + qe, if yg is substituted from (35) in terms of 4. 
But it turns out that (31), in contrast to (15), fails to induce an “increase 
in smoothness” (cf. the end of Section 6) when q increases. 


TH 
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8. This can be seen as follows: 
According to (34),. there exists a positive constant C for which 


(37) dn —R(t) ~C/t as t>o (C>0) 


(this C is not the same as, and will play a more delicate part than, the C 
occurring in (27%)). What corresponds to (28) is that, for every fixed q > 0, 


(38) Fy, (t) ~q/t as to, where q =Q (q) = Cq > 0, 
as seen from (31), (86) and (87). 


Since (38) and the relation /',,(—t) —F»,(t) imply that the integral 
(over the entire ¢-region —œ < t<œ) of the square of F’y,(¢) is finite, 
it follows from Plancherel’s theorem that the case ¢==6, of (1) belongs to 
an absolutely continuous (s) possessing a density ¢’{7) the square of 
which has a finite integral over —o<a<o. In particular, f(s) is 
absolutely continuous for —o < <œ, with a density 0g (x) which, corre- 
sponding to (19), is given by 


(89) mhg (2) = f Fg, (t) cos xt dt, 


0 


as soon as any of the standard conditions for the validity of Fourier’s theorem 
is assured. But the proof of (viii), which depends only on successive partial 
integrations, can be readily repeated when (14) is replaced by (81). Hence 
§,(x) has derivatives of arbitrarily high order for 0 <x <æ, and therefore 
for —æ <s <0. In particular, 0g (æ) is differentiable at every +340, and 
so (39) is valid whenever (21) and (22) hold. 

Finally, it is seen from (89) and (88) that, if q (>0) is fixed, 
ða (@) ~>oo as v— 0, whether g be small or large. It follows therefore from 
(35) and (16) that the same is true if 07 (x) is replaced by yg (x). Hence 
nothing like (vii) can hold if ¢(2) is replaced by p(T). 


9. In order to complete the proof of the statements made in Section 7, 
it remains to be shown that the first part of the first assertion of (vi) breaks 
down if ¢,’(«) = pg (— v) is replaced by yg (x) = yg (— £) ; in other words, 
that it is not true that all the distributions y4(£) == 1— y(—z) are 
unimodal. ; 

According to the analogue of (v), formulated in Section 6, every 
symmetric, infinitely divisible distribution (s) can be derived from the 
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particular distributions y(t), belonging to the range (21), by certain 
trivial processes. According to [12], pp. 77-79, each of these processes pre- 
serves symmetric unimodal character.” Since every w(x) is symmetric, it 
follows that, if every ¥,(z) were unimodal, then every symmetric, infinitely 
divisible ¢(x) had to be unimodal and so, in particular, such as to possess 
no jump at any v distinct from s==0. But this is disproved by the example 
of the distribution ¢(x) which is the convolution of (x) and 1—a,(z) 
(cf. the end of Section 1), where w,(2) denotes Poisson’s distribution of 
standard deviations h (> 0). 


APPENDIX IV. 
Bell-shaped frequency curves mod 1. 


Let the case a= 2 of (1) be written in the form 


(1) (936) =1 +22 g” cos me. 
m=1 


There are two (substantially different) fundamental properties of this @: 
what results from the “linear transformations” property of the elliptic 
modular functions (a result the explicit form of which is 


(2) Olge) = 3 (r/ QJ exp{— Rrk + $)?/(2Q)"}, 2770? = — log q, 


the case a==2 of (5)-(6) in Appendix I), and the existence of an Eulerian 
factorization (in the sense of Hecke), 


(3) eyes Bea ha eg Ose ae) 
ai acobi; cf. Pélya-Szegé, chap. I, no. 538). In (2), the arbitrary parameter 


* The symmetry restriction is here essential, since the “ rearrangement ” lemma of 
Hardy and Littlewood, used in [12], pp. 77-79, cannot be generalized to the statement 
that the convolution of two arbitrary (not necessarily symmetric) unimodal distribu- 
tions is unimodal. This observation, made by Paul Lévy (cf. Revue Mathématique de 
VUnion Interbalkanique, vol. 2 (1939), p. 22), was recently rediscovered by K. L. 
Chung (Comptes Rendus, vol. 236 (1953), pp. 583-584, and [22], pp. 254-255). Chung’s 
counterexample, which he needs in order to disprove. the validity of a proof given by 
Gnedenko and Kolmogoroff (Lapin; cf. [22], p. 160), is substantially the same as 
Lévy’s. ` The non-existence of an extension of [12], pp. 78-79, seemed to be obvious 
when [12] was written. . 


° STABLE DISTRIBUTIONS. 857 


e 
Q (> 0) corresponds to the choice of the standard deviation óf a symmetric 


normal distribution, a non-cyclic distribution (—o<¢@<m) the density of 
which is the 0-th term (k0) of the series (2). | 

If f(@) is any real-valued (and, for the sake of simplicity, continuous) 
function of period 2x, let f(¢) be called unimodal (mod 27) if, in tha cyclic 
interpretation of the (¢,f)-diagram, the graph of f-=f(¢) consisżs of a 
single convex and of a single concave arc (mod 2a). If f(¢) has a con- 
tinuous second derivative f’(¢), this means that either f(¢) is a constant 
. or f” (p) changes sign (at most and/or exactly) twice within a period. If 
f(¢@) =f(—¢), this will be referred to as the bell-shaped character (mod 27) 


of f (4). 
In this terminology, the second (that is, the stronger) of the two 


properties, referred to in the last but one paragraph of Appendix I, can be 
formulated as follows: f(¢) —=6(q3¢) ts bell-shaped for every fixed positive 
q<1. This was proved in [18] (it seems to-be surprising that a proof was 
not given many years earlier; an explanation may be that the issue was 
made acute only by the rôle of (1) as the density of the “cyclic normal 
distribution,” that is, by the interepretation of (2) as the reduction mod 2r 
of the linear “normal frequency law”). If Hilfssatz I of Pólya [31], p. 126, 
is applied to the second derivative of (1) with respect to ¢, then the difficulty 
in proving the bell-shaped character (mod 2r) of (1) for a fixed q (> 0) 
is seen to be a monotone increasing function of g (<1). 

The proof in [18] is not a pretty one: it starts out with (2) but, since 
(2) in itself cannot succeed,” the main point in the proof depends on an 
appeal to Rouché’s theorem, which seems to be entirely out of place in this 
“explicit” context. Subsequently, the result of [18] was therefore verified 
by Koschmieder along “explicit” lines; cf. [29] and [30], where the litera- 
ture of earlier attempts will be found. But Koschmieder’s proof represents 
the other extreme, since it involves an impressive cross-section of the elliptic 
Formelapparat. 


Since (3) leads, ef. [17], to quite a trivial proof of the weaker statement 


* As a matter of fact, (2) and the mere circumstance that g(#) = exp(— ca") is 
a monotone function of ; w] if ¢>0 (or, for that matter, that this g(z) is bell-shaped 
for — © <a <0) fail to imply even what in the last but one paragraph of Appendix I 
was referred to as the weaker property. For it clearly is not true that if g(s) > 0 is 
an unspecified even function which is monotone for 0 a@< oo (or, for that matter, 
which is bell-shaped for —œ <s <œ) and tends to 0 with a sufficient rapidity as 
æ—> 0, then the function f(¢) =} gle + 2rk) =f + 2r), where k=---,—1,0, 


1,° --, must be monotone on the interval 0< ¢ < vr. 
* 
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that (1) is monotone for O&S eS ~r (at every fixed positive y < 1), it was 
natural to try a similar approach to the stronger statement, that claiming 
the bell-shaped character (mod2x) of (1). The result turns out to be 
unexpected, since it shows that the matter has nothing to do with elliptic 
modular functions as such. In fact, the following lemma will now be proved: | 


If Cy, Cat + + ts any sequence of numbers satisfying 
(4) 0<c,S1 and Ye, <>, 
then the function 
(5) | f(e) =E fal), 
where 
(6) fa (p) = 1 + 2c, cos $ + Cr? 


is bell-shaped (mod 2r). 


It is clear from (3) that the result of [18] on (1) follows from this 
lemma by choosing c, == q>; in fact, the factor I1(1— q°") = const. > Q0 
is immaterial. Similarly, (6) shows that (5) can be written in the form 


fie) =C N(1 -+ a, cos $), An == 2Cn/ (1 + Cp”), 


where the factor C—II(1+¢,?) is immaterial. Since the conditions (4) 
remain unaltered if every c, is replaced by the corresponding a, it is seen 
that the lemma can be formulated as follows: 


If G1, Q2 °° i a sequence of numbers satisfying OS a, S 1 and Sar <, 
then the function Il(1 + a,cos¢) ts bell-shaped (mod 2r). 


For reasons of continuity, it is sufficient to prove the lemma for the 
case in which the first two of the three conditions (4) are replaced: by 
0<e,<1. Then the functions (6) and (5) are positive throughout. Two 
differentiations of (6) and (5) show that 


(7) — 3f” (p) /f (p) = 2 (Fa — Fy’) sin? $ + F: cos ¢, 
if ’—d/dd, F? = (F,)*, and 
(8) Pj = File) = 3 (¢n/Tn)’, fa = falh) =fa(—@).. 


where ¿== 1 or j==2 (eventually, (8) will be needed for 7 —3 also.) The 
simple structure of (7) and (8) will lead to a straightforward proof. 
It can be assumed that ¢ is confined to, the interval 0 < $ < ~. Then 
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the assertion, to’ be proved, is that 7’(¢) does not change sign more than 
once. It is clear that if ¢(¢) denotes the trigometric function 4 cos ¢/sin® ¢, 
then (7) shows that f’(¢) will vanish when and only when the function 


(9) F,—F./F, 


of ¢ becomes equal to #{(¢). But the derivative of t(ẹ) is seen to be negative 
(since 0< <7), and so t(¢) is decreasing throughout. Hence the proof 
will be complete if it:is shown that the function (9) of ¢ is increasing 
throughout. | 
Differentiation of (5) and (8) shows that F,/—2F.singd and Fy 
== 4F,sing. Hence the derivative of (9) is seen to be of the same sign as 


(FEF, + F? —29FF) sin o. 


Since sing > 0 (for 0 <¢ < vr), it follows that the function (9) is increasing 
throughout if it is true that 


(10) (OPP, < PYF, + FY. 


Let @ be fixed. Then every sum (8) is of the form 
(11) F; = X paf, where p, > 0, 
nzi 


since ¢, > 0 and f,(¢) >0. But (11) implies that F, < F F; (Schwarz). 
Hence (10) is certainly true if 2F, < F F, + F, that is, if 


(12) F; < FF. 
Finally, since 3% p Pm” > X pupa? if every p is positive, (12) is clear from (11). 
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THE DECOMPOSITION THEOREM FOR V-MANIFOLDS.*? 


By Wauter L. BAILY, JR. 


1. Introduction. The purpose of this paper is to give a more or less 
self-contained development of the analytical tools employed in the theory 
of harmonic integrals in such a way that the theorems we obtain may be 
applied to fairly general situations. More specifically we wish to present in 
fairly general context a proof of the so-called regularity theorem as well as 
a proof of the orthogonal decomposition theorem for compact V-manifolds 
in a form that will apply for C” forms with coefficients in a vector bundle. 
In this way we desire to complement a paper of Satake [9] by obtaining 
Hodge’s theorem for compact V-manifolds, present an analytical background 
for recent papers of Nakano [7], and lay the essential analytical foundations 
for a forthcoming paper of the author. In our proof we lay no claim to 
originality but simply make certain modifications in a proof presented by 
Kodaira in a course given in 1952-53 which in turn represented a certain 
modification of an earlier proof, also by Kodaira [4], which had been based 
on methods of Hadamard. 


The author wishes to express his thanks to K. Kodaira for many helpful 
suggestions and conversations. He also wishes to thank I. Satake for the 
communication of the unpublished manuscript of his paper in which the 
notion of V-manifold is introduced, and in which an analog of de Rham’s 
theorem is proved for V-manifolds. 


2. V-manifolds and vector bundles. We recall here briefly the defini- 
tion of V-manifold due to Satake from whose paper we carry over certain 
definitions for reference. By a local uniformizing (1.u.s.) {U,G,¢%} for an 
open subset U of a Hausdroff space Y we mean a collection of the following 
objects : 


U: a connected open neighborhood of the origin in R”. 


G: a finite group of C” transformations of U. 
* Received September 23, 1955; revised April 10, 1956. 
1 The author wishes to acknowledge that the final correction of manuscript for this 
paper was carried out while the author was employed on a project supported by a 
National Science Foundation Grant. j 
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~: a continuous map of U onto U, such that poo=g for all e€ G 


and such that the induced map of U/G onto U is a homeomorphism. (Here 
o denotes composition of functions.) 


Let (U, Œ, 9} and {U', G, @} be Lu. ss for U and U’ respectively such that 
U CU’; by an injection of {U, G, ẹ} into {U’, G’,¢’} we mean a C™ iso- 
morphism A of U into U’ such that for any o € G there exists o’ € G” satisfying 
the relations Aog==0’0) and ẹ = 9o). Then a C” V-manifold shall con- 
sist of a connected Hausdorff space Y and a family F of l.u.s.’s for open 
subsets of UY satisfying the following conditions: 


(i) Tf {U,G,%}, {U,@,¢’}¢€ F and U—=(U) is contained in 
U’ = ’(U"), then there exists an injection of {U,G,¢9} into {U’, G’, ¢’}. 


(ii) The open sets U, for which there exists a l.u.s. {U,G,9}€ F, 
form a basis of open sets in YU. 


Real and complex V-manifolds are defined in a similar fashion. Moreover, 
a V-manifold is orientable if all the injections in (i) are orientation pre- 
serving and if for any lu.s. {U,G,9} the action on U of each o€ G is 
orientation-preserving. 

If @ is an open subset of U, we denote by F o the subfamily of # 
consisting of those ].u.s. {U,G,9} such that Ọ C ØO. By a differential form 
¢ on @ we mean a collection of differential form {¢y}, where y is a 
differential form on U invariant under G for {U,G,9}€ Fo, such that if 
A: {U’, G9} — (U, G, 9} is an injection, A*¢y = dy where A* is the mapping 
of differential forms dual to 4. 

By a V-bundle B over % with group T and fibre F we mean that there 
is given for each Lu.s. {U,G,¢}€ F a bundle By over U with group T and 
fibre F together with an anti-isomorphism hy of G into a group of bundle 
maps of By onto itself such that if b lies in the fibre over s€ U, then hy(g)b 
lies in the fibre over g°w for g€ @; and moreover, if à is an injection, 
A: {U, G, 9} > {U’, G’, 9}, then we are given a bundle map A*: By | A(U) 
—> By satisfying the requirements that if g€ G and g’ is the unique element 
of G’ such that Aog=—g’oA, then hy(g) oA*=A*ohg-(g’), and that if 
ALU, G, 9} > (0, @, 9} and 4’: {U’, 4’, 9’} — {U”, G”, 9} are injections, 
then (A02’)* = Až oF, 

If YU, T, F, and all By have a certain type of differentiable structure 
and if each A* and each hy(g), g € G, is compatible with this type of differ- 
entiable structure, we say that the given V-bundle has this type of differ- 
entiable structure. In this paper we shall be concerned mainly with V-bundles 
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for which F is a real or complex vector space and T a real or complex linear 


group. Without loss of generality we may always suppose for a given V-bundle 
B over YU and for all l. u.s. {U,G,9} € F that By is the product bundle over 
U; then if B is a V-bundle with g-dimensional vector space as fibre, hy(q¢) 
is a continuous mapping of U into the manifold of non-singular q X q matrices, 
for g€ G. . 

If B is a V-bundle over Y and @ an open subset of Y, then by a section 
ġ of B over @ we shall mean a collection of functions {¢y}, where gy is a 
function from U into By for each {U,G,9}€ Fo satisfying the following 
conditions : 


s(i) Ifzé€U, ġg(s) is in the fibre over z and hyo(g)du(x) = du(g*z) 
for each gE G. 

s(ii) If vA: {U, G,~}— {U G, ¢’} is an injection, then 

| Mou (At) = gy (2). 

We speak of ¢ as being measurable, continuous, 0 etc., when all the func- 
tions by are respectively measurable, continuous, O°, etc. Moreover, from 
this definition it is also obvious what we will mean by a C™ or analytic real 
or complex valued function on @. If, moreover, B is a vector bundle, then 
by a metric a for B we shall mean a collection of functions {ay}, where for 
each {U, G,~} € F ay is a function which assigns to each s€ U a (symmetric 
or hermitian) positive definite bi.inear form ay(z) im the fibre of By over 
a such that the following conditions are fulfilled: 


m(i) If œ and @ belong to the fibre of By over v, then 


ay (x) (a, 8) = av (gz) (hu(g)%, ho(g) 8) 
for g€ G. 


m(ii) If A: {U,G,¢~}—-{U’, @, 9} is an injection, then 
au (x) (A*a, *B) = ay (Ax) (a, 8), 
a and 8 being in the fibre of By over Az. 


m (iii) If y and ¢ are continuous sections of B, the function a(y,¢) 
on V defined by 


| a(y, $) ($ (£)) = ao (2) (yo (2), du(z)), z€ U, 


is continuous. 


If a(¥,¢) is a O” function on 9 whenever ¢ and y are of class O”, then we 
say that a is of class 0°. 3 
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From now on we assume that Y is paracompact. Let {U4} be a locally 
finite ‘covering of V by open sets U; such that {U; Qo 9} € F. By a 0” 
partition of unity subordinate to {U;}, we mean a collection of C” functions 
{l} on Y such that the support @(1,) of l is contained in UJ; and such that 
for each yE V, Z liy) =1. It is easily seen that given a locally finite 

; a 


covering {U;} of Y, there exists a C° partition of unity subordinate to {Uj}. 
We simply let {V,} be a shrinkage of {U;} and by an obvious averaging process 
on U, with respect to G; obtain for each i a C™ function m; on Y such that 
m;=1 on V, and m;==0 outside U;; we then put li == m;/ (>) m). 

We can now show that if B is a V-bundle over Y with a vector space 
as fibre, then there exists a C” metric for B. Let {Ui} be a locally finite 
covering of Y such that {Ui Gi,9:}€ F and such that By, is the product 
bundle, and let {L} be a O” partition of unity subordinate to {U,}. Then 
By, == UX V, where V is a g-dimensional vecter space. Let vı,- -,v, be 
a fixed basis for V and let 


by, (2) (3 Crt, 2 dyty) = S, Crår. 
If g and 8 belong to y X V, y € Un, define 


ba *(y) (% B) =1(#4(y)) (ord Gye d bo, (gy) (hu. (9) % ho, (9) 8). 
Finally define 
au, (z) (a, B) = 22 bu," (23) (Aye, Auf); TE U; 


where the summatior extends over all j such that ¢;1°9%;(r) is not empty, 
where a; is a point of 9;709%;(%), and where A, is defined as follows: 
Let 9:(x) € Ü C UN Ü, {U,G, 9} € F, and let A*:Bo,|A(U)—> By and 
Aj*: By, | (U) > Bu be the bundle maps asscciated with injections M and 
Aj; then Aj = A;*t04;*. From the construction of by," it is clear that ay, 
is well-defined, that the collection of functions {ay,} satisfy m(i) and m (ii), 
and that a(y,¢) is a function of class O” if y and ¢ are of class O”. Finally 
ay is uniquely defined by the requirement m(ii) for all U such that 
{U,G,e}¢€ F, for the totality of all such U is a base of neighborhoods 
for Y. 

If B is a V-bundle over Y with a finite dimensional vector space X 
as fibre, we can define the dual V-bundle B’ of B. The fibre X’ of B’ is the 
dual space of X and the maps Ay(g)’ and A*” for B’ are defined to be the 
inverses of the transposes of hy(g) and A* respectively, the latter being the 
bundle maps previously defined, for B. A C® metric a for B gives rise to a 
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C” metric a’ for B’ in the following way: If {U,G,~}¢ F, then for each 
vE U, ag(x) is a positive definite bilinear form in the fibre X, of By over zv. 
dy(#) gives rise naturally to a positive definite, bilinear form a’y(#) on the 
dual space ‘’,, the fibre of B’y over x, such that the matrical form of a’y(z) 
with respect to a fixed basis in X's is the transposed inverse of ay(v) with 
respect to a dual basis in £a. It is easily seen that the functions a’y define a 
C” metric a’ for B’. 

The tangent bundle T of Y is defined by taking for Ty the tangent 
bundle of U, for hy(g) the inverse of the mapping of tangent vectors induced 
by g, and for A* the inverse of the mapping of tangent vectors induced by 
the injection A. If g is a metric for T, then for each {U,G,¢}¢€ F gy is a 
G-invariant Riemannian metric for U. The dual bundle 7” of T is the 
bundle of differential 1-forms for Y which we henceforth denote by A?. 
In general we use A? to denote the bundle of differential p-forms for Y, where, 
by definition, Ay? is the bundle of differential p-forms over U, hy(g) = g*, 
the mapping of differential forms dual to g, and A* is the mapping of differ- 
ential forms dual to A. The metric g on T gives rise to a metric gq’, in a 
well-known manner. 


From now on we assume that the V-manifold Y is oriented. If {U, G, >} 
is a lu.s., and @ is an n-form defined on an open subset @ of ¢(U), we 
define the integral of ¢ over @ by 


f g—=(ord G2 (oy. 
© 19) 


y f 


From this it is obvious how we define the integral of an n-form over any 
measurable subset of Y. It is easy to show thet if y is any differentiable 


(n—-1)-form with compact support on Y, then Í. dy =0. We let {1;} be 
U 


a C” partition of unity subordinate to a locally finite covering {U;} of Y 
such that {U;, Ga 9} € F. Then 


Jam J, (2) = Jain). 


However, since the support of lm is compact and contained in Vj, 


f. am) = (ord Gi) S ala) =0 
JU JU; 


by application of the ordinary Stokes’ theorem, where 1/(y) =1(¢%.(y)), 
Y € Ui. : 


N 
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If in particular n is the real dimension of Y, the n-form dV defined 


by dVy = (gno) dz" A -< A da", where z',---,a" are the coordinates 
in U, gives us a measure for Y, which measure we also denote by dV. (Note 
that g’»ay is a positive real-valued function; in fact if g has the matricial 
form (gy) in the coordinates on U, g’nn —det (gy).) Then if B is any 
vector V-bundle over Y with a given metric a and ¢, y are measurable 


sections of B, we define | ¢ |?— Í, aaa as fa wav. 


We now suppose Y to be supplied with a C” Riemannian metre g. If 
¢ = {dy} is a differentiable form of degree p on VU, we take dẹ to be defined 
by the collection {doy} of differentiable forms of degree (p-+-1), where doy 
is the ordinary exterior derivative of dy; dd is well-defined since d commutes 
with the mapping of differential forms dual to a mapping of one differen- 
tiable manifold into another. Moreover, for any p-form ¢ on U we define 
xh == {dy} to be the form of degree (n— p) such that for any p-form y, 


yu A *ou = g'z (y, $) dY y, 


where dV y is the previously defined n-form representing the invariant measure 
on U. If ¢ is differentiable, we define ĝẹọ == (—1)*?+" 1d, Finally we 
define A == dd -+ $d. 

If @ and y are differentiable forms of degrees p and p-+ 1 respectively, 
of which at least one has compact support on Y, it follows from the identity 


dle A #4) = db A *y— e A *dy 


that (dọ, y) = (¢, 6). Hence if @ and y are twice differentiable p-forms 
with compact support, (Ad, y) = (¢, Ay). 
Suppose now that Y is a complex analytic V-manifold of complex 
dimension n. For each {U,G,¢}¢€ ¥ the complexified tangent bundle Ty? 
of U splits into a direct sum Tyl = Ty @ Tu, where Jy is a complex ana- 
lytic bundle with O” as fibre and where Fy is the bundle with O” as fibre and 
whose coordinate transformations are the complex conjugates of those of Jy. 
This splitting is preserved under the complex analytic bundle maps Ay(g), 
gE G, and A* of T. Correspondingly, the bundle A?y, p==1,' -+ n, splits 


in an invariant way into a direct sum @ A™*y. where A’*y is the bundle 
r+a=p 


of forms of type (r,s) over U, and the exterior differentiation d also splits 
' into @-+ 8 where both ô and @ commute with all g* and A*. A Hermitian 
metric o on Y is simply a Hermitian metric for J == {Jy}, and gives rise 
to a metric for T, i.e., a Riemannian metric for %, in a canonical fashion : 
moreover, there is associated with w a differential 2-form also denoted by w, 
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and if dw = 0, we say that w is Kahler. We denote by wp- the metric on A? 
induced by wœ. If B= {By} is a P-bundle over % with the complex plane C 
as fibre and non-zero complex numbers C* as group, briefly, a complex line 
bundle, and if a is a Hermitian metric for B, then a@o’,— {ay @w’py} is 
a metric for BQ A?—{By@A*y} whose bundle maps corresponding to 
elements g of G, {U,G,9~}€ J, and injections A are the tensor products of 
those of B and A®. It is clear that BO A?— @ B@A®, the terms of the 


direct sum having an evident meaning. We denote by a®w’,, the metric 
a®w’, restricted to B® A™*. We also denote as before by dVy the n-form 
defining the invariant measure on U associated with wy. A section of BOA” 
is, by definition, a form of type (r,s) with coefficients in B. By —B we 
mean the complex line bundle for which the non-zero holomorphic functions 
- representing the coordinate transformations and bundle maps hy(g) and A* 
in particular coordinate systems are the reciprocals of those of B. Then if ¢ 
is a form of type (r,s) with coefficients in B, we let # be the form of type 
(1 —r,n—s) with coefficients in — B such that for every form y of type 
(r,s) with coefficients in B we have 


vo A Fou = (08 wre) (¥,6)dVy 


in U. If ¢ is differentiable, we taxe Ad to be defined by the collection {ĝo} 
of forms of type (r,s+-1) with coefficients in B; it is easily seen that Ad 
is well-defined, and in particular that the collection {dy} satisfies the con- 
ditions s(i) and s(ii). Moreover, we define D6 — — #0#4. Finally we put 
O D+ 8D. It follows from the identity 


dlhu A #0) =6d0 A #0 — pu A #Dy0 


that if ¢ and y are differentiable forms with coefficients in B having compact 
support and of types (r,s) and (r,¢-+-1) respectively, then (¢, Dy) = (44, y). 
Therefore, if ¢ and y are twice differentiable forms of type (r,s) with coeffi- 
cients in B, then (Od, 4) = (¢, Oy). 


3. Facts about geodesics. In this Section as in the following two 
Sections we let U be a small neignborhood of the origin € in R” and let G 
be a finite group of orientation-preserving linear transformations of U onto 
itself. Instead of the usual Euclidean metric we suppose given some G- 
invariant, C” Riemannian metric in U. We let this metric be represented 
by the positive definite matrix function (qi;) with respect to the coordinates 
xt, - £” with center at é. Then Euler’s equations for geodesic lines para- 
metrized by vt ==gt(t) are 


(3. 1) a(L% > gaT“) /dt — $ 2 L Ogata", =Í, 3 = l, a 7 
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where ; denotes differentiation with respect to ¢, 0; is partial differentiation 


with respect to zp and L is the Lagrangian, L= $ gusts" If we let s 
isk 


2 
denote arclength,. s = f Lė dt, then the equations (3.1) become 


to 


(3.2) (d/ds) ( San (da*/ds)) — $ X bygu (dz*/ ds) (da/ds) — 0. 


If we put y; = Dga(de/ds), and H =} > gyw, where 2 gi gje == Stk 
k 44% 


we have 
(3.3) thy == (0H /dyx), k= 1, +n, 


while our equations (3.2) become 
(3.4) (r)i = — ôH ða. 


We then have the following easily verified facts: (See Kodaira [4] and 
de Rham [8], pp. 132-138).? 

38(i) Te {é} and {mi}, +=-1,--+,”, are sufficiently small real 
numbers, there exists one and only one system of solutions a! = 2*(t;&7) 
and ¥;==yi(t;6%y) satisfying (3.3) and (8.4) and the initial conditions 
zi (0) = ét, y;(0) =m; moreover, these solutions are C” functions of é n, 
and é 


3(ii) o*(t3&) =at (0%t;é cn) and ylt;é n) = o y(t é cy), 80 
that if we put sê ($, 4) == zi (136) and y:i(é 7) =y (1;6 7), we have 
3(ii)’ ys(t3én) =t7y:(é ty) and z(t; é) = i (£, tn). 


3 (ui) Letting y? = > gy, we have 
k 


Tè (E,9) =E +n + O(n"), 
or, what amounts to the same thing, 
=r — 8 t O(t) =i — E + Of (22), 


the terms O( ) and O[ ] denoting terms of the second order. The coordi- 
nates y',- © -,7", having center é and valid in a small neighborhocd of &, 
are called normal coordinates. 


°? The existence and uniqueness of solutions wt{t; é 73), y(t; é) is assured by 
Theorem 2, p. 42 of [6]. That the solutions are of class O” in &, 7, t is assured by 
Theorem 6, p. 101 of [6]. The formula (ii) follows from (i) by direct calculation; 
(iii) follows from (ii) by Taylor’s theorem with remainder in integral form. The rest 
of the formulas are a matter of direct calculation. 
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3(iv) Along a geodesic H is constant. 


3(v) Letting *(2,é) be the geodesic distance between « and é and 
putting P (s, £) =r (æ, é)? we have P(x, é) = Dyin = Syty. 
3 (vi) P(x, €)/0x! = Zy 
8 (vii) X P;Pi=4P, where P; = 9P (a, €)/0x' and 


, Pia, é) = 2 g” (e) Pr(a, £). 
k 


S(vili) if f is a differentiable function, the derivative éf/ér of f along 
a geodesic is given by 
aro /ar == > Pi (df /de'), 
i 


r being geodesic distance. 
3 (ix) > ge" (aw) (Er (2, &) /da*da™) == 20, 
kım 
3 (x) PED SO. 


4. C” approximation of an elementary solution. We retain the nota- 
tion of the preceding section and for each gE G we let M= (97,,), 
I,J ==1,:-:,N, be a C” mapping of U into the manifold of (real or 
complex) non-singular N X N matrices such that if xe U, g,g’€ G, then 


Mog (t) = M(E) My fx). 


We let @ = (QY) be a fixed C” mapping of U into the manifold of (sym- 
metric or Hermitian) positive definite N X N matrices such that 


‘Mo (x) A (gx) M(x) = A(z). 


In other language, g—> M, definas an isomorphism of G into a group of 
covariant bundle maps of the bundle U X EXN (real case) or U X ON (com- 
plex case) onto itself (by (#,v) — (gz, M,(x)v)), and @ is simply a G- 
invariant metric for the bundle. Let ¢—(di,° © -,¢y) be a (real or complex) 
vector-valued function on UY, which we also view as an N X 1 column matrix 
to simplify notation. We define the dual $* of ¢ to be the vector-valued func- 
tion with components (¢*,---,$%) defined by $!() ==>, A" (2) s(x), 


K 
and if w= (yu < Yx) is another N-dimensional vector-valued function, 
we define 


(= f ‘p: y*dV = f Evsa, 


where dV is the measure arising from the G-invariant metric and #¢ denotes 
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the transpose of ¢, ancl define °y = (¢, $)v, provided the integrals defining 
these quantities exist. In general œg is defined by (£) = IN,(x)7*$(gz). 
We say that œ is G-invariant if ¢,(z) =¢(%) for ge G, sE U. Then if ¢ 
and w are vector-valued functions, and if ¢ is G-invariant, we have 


(4.1) — *6 (a) A(x) p(x) =t¢ (gr) M, (2) 74 (2) y (2) 
—='d(gx) A (gx) M,(x)y(x) =t (gx) A (gx) pa (gr) 


and hence if @ and y are square summable in the sense that | ¢ |u < +o 
and |y I’o << +>, 





(Q, y)u = ($, Yg) os g € G, 
since the measure dV is G-invariant. 


We then suppose given a strongly elliptic differential operator Y ; which, 
by definition, means an operator which carries a vector-valued functicn ¢ of 
class C°? into a vector-valued function Yq defined by 
(4. 2) (Veh = gag = gme -+ 2 wm + 2 bY dy, 


Lym 


a, and b/; being functions of class C”. We let A” and B denote respectively 
the matrices (a”7;) and (br). Then (4.2) becomes 


(4.3) Vo =— E gi mp + DA" Ind + Bo. 


We note here thet all our dealing for the time being have only to do with a 
fixed system of coordinates and that a’; and 67; are not generally inveriantly 
defined. We remark in passing that the Laplacian A =d + dé is strongly 
elliptic on the module of differential forms of degree k. See [4]. 

In what follows we use p==y mod Jt to mean “¢ equals y almost every- 
where,” and ¢€ Amod N means there is a member of the class of functions 
‘A to which ¢ is equal almost everywhere. Moreover, if K (z,é) isan N X N 
matrix function on U X U, VeK (z,é) is the N X N matrix function whose 
J-th column is obtained by applying V to the J-th column of K( ,&) for a 


fixed value of é. f K(«,é)dV, means that we integrate each entry of K 


with respect to « holding & fixed. 
Our first problem in this Section is to fnd an NXN matrix function 
WY == {T} such that: 


(a) Vi" (2, é) is a matrix function whose entries are real functions 
which belong to C’mod 9% on U X U. 
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f =z [(n— 2)on] SPF, é) TU (g, é) + log P(g, EV (g, £); n = 3, 
AA log P(z, é) U(z, é) T V(, é), n ==}, i x E, 


where r== (n—2)/2, where o, is the “area” of the unit sphere in B”, 
U and V are matrix functions of class C” in # and é and U(é,é) is the 
identity matrix which we denote by 1. To achieve this end we tentatively 
seek to replace the condition (a} by the stronger condition 


(a)’. V-T (z,é) =0 

and begin by writing Ù = (E 1(z,&)} so that we have 

(4. £) V- r= 5 93,0, + S Am mT +B: T, 
m 


all terms being N X N matrices and multiplication being matrix multiplica- 
tion. We then seek to find U and V in the form | 


U = M{1 + 3 PU), 
(c) Mo 
V = M{ > PV}, P* — | P(r); 
x=0 


where M is a matrix which we will shortly define and where Ux and Vx are 
matrix functions of class C” which we will find by a simple recursion formula. 

Let (P) be any (twice differential) scalar function of P = P(x, é) and 
let W be a (twice differentiable) N X N matrix function of v and é Then 
direct computation gives 


(4.5) V2(IP)-W) —UP) VW EU(P){—S ghn P + SAP, — 4r z LW 


—~1"(P)4P-W. 
We set in turn 


(4. 6) > go" mP — > A*P, = 2n — 42 (a, £), 
(4.7) Né) =N (e (7), £), 
(£.8) L (ém t) = ER (6 ty), 


and obtain immediately from 3(ix) and 3(x) above, that 9(é&) = 0, 
3t*(é,0) == 0, from which it follows* that L(é,y,¢) is a function of #,&y 
of class O”; moreover, (4.5) becomes 
(4.9) VP): W) =P): VW —U(P) (2n— 49 (x, é) + 4r Zw 

— 4 (P) P- W., 


+ 
* This is a consequence of Taylor’s theorem with remainder in integral form. 
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Now put l 
` t t ty 
M (z, £) —M(2(é, w) =l f L(t) dty + f f, L (ta) L(t) dtadt, 


*t fi im- 
reS +f Í i S LYS + EG) die dha, 


where L(t;) = L(éy, 4). That M is actually a function of s and é follows 
from 3(ii), 3(ii)’, and 3(ili), and that the series converges can be seen in 
the following way: If ' Z| denotes the norm of the matrix L (see [4], p. 613) 
and if | L(t, é,7)| < K r(z, £) for OS¢S1, | é| <e |n| <e, the (m+ 1)-th 
term of this series has norm less than m!1(K"r”) in this region. Thus the 
series converges absolutely in this region, and since the series when differen- 
tiated term by term with respect to t also converges uniformly, it follows that 
aM /dt = LM == tN" (é, yt) M, or along a geodesic r(ddf/ér) =N (x, é)M. 
Therefore, if we set V* == MVM, (4.8) becomes 


(4.10) M7V,(U(P)MW) =1y*W—T(P){2n + 4r = }W —4PV (PW. 


We refer to equations (b) and (c) and consider 3 cases. If n is odd, we 
put all V.==0, for notational convenience put U_,—0, and obtain 


—MAV0 -f Pr {4(x—r) [k +r EJU — VU} 5 
then | 
(4.11) a eae ro] Ux— V*U es =0 
is satisfied if we take U, =— 1 and define Ux for x> 0 by | 
Un (a, €) = [4(e—z)r (2, £) [SU eds, 


Le. if t= a2(é,7) and if we put t=s/r, 


Tela 8) = [Al] J) #2 VU (2(6 tn), Eit 


from which it is evident that all Ux are of class C”. If n is even and > 2, 
Ux and Vx are determined by similar recursion formulae (see [4], p. 614) 
in such a manner that the partial sums in the corresponding expansion of 
-M“*V.T are made to “telescope.” Finally, the case n=? is to be treated 
separately, and it too gives rise to similar recursion formulae (see [4], p. 615). 
In each case we choose Uo = 1. Then if n is odd we put 


ie y+3(n-1) 
¥(2,2)—=P"M © PU sy 


K=8 
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from which we obtain, using (4.11), 
Vin” == MP” VPY EU vsi (n-2) 


which is of class C’. If n is even we put 


ee PLIT p+1 
Ve P M{1 -4 £ PU} + M: logP X PV, 
K=1 x=0 
which gives 
Val’ = MPV Trin + (log P) POV Vna), 
which is of class C”. Thus we have found I~ satisfying (a) and (b). It is 
at this point that the procedure of [4] is modified to eliminate discussion 
of the convergence of the infinite series appearing in (c) which is established 
in [4] only for the analytic case; and it is our desire to discuss the C™ case. 
HW has been called by Kodaira a C” approximation to an elementary solution. 
For suitably small «> 0 we let U, be a neighborhood of é such that 
if x€ U, and r(x, é)? < 3e, then € U. We let p be a non-negative, real- 
valued function on the positive reals such that 0 p(y) <1 for all y and 
p(y) = l if yS and p(y) = 0 if y = 2e, 
and then define : 
ra” (a, £) =p (r (2, £)*) ©" (a, £). 
From now on we assume that Y commutes with M, i.e., 
M(t) (Ve) iz) = (V po) (92), 
for each g € G and every (twice differentiable) ¢. _ 
We then further define 


(z, $) = (ord G)= $ M, (2) Ta (gz, gë) M(E), TÉ, 
gé 


so that %,(x)T’ (x, é) =I" (gz, gé) Mm, (£). Then Q”’(2,é), is defined by 
Q” (x, é) = VI” (x, é). It is clear from the construction of I” that Q” is 
of class ©”. Since 


Da” (a, €) = [(n— 2) wnr (a, É)" J {M (a, é) + O (r(x, €) J}, 


where M (£, é) = l, and since the metric and therefore r (w, é) are G-invariant, 
we have 


(4.12) > D(x, é) = [(n— 2) orr (x, é)" J> {MF (x, €) + O (r(e, €))}, 


where M*(¢é, €) is the identity. The case n= 2 is slightly different in form, — 
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but we will not give it special attention except when necessary. It should 
be pointed out here that I” (x, £) and Q’(a,é) are not symmetrical in x and &. 


5. The regularity theorem and auxiliary lemmas. Retaining the nota- 
tion of the previous sections, we define § as the module of vector-valued 
functions ¢ on U such that || ¢ lv < -+œ and 9[U,] as the module of vector- 
valued functions ¢ on U, such that | ¢ lu < +, while we let 


J = {pl pE $,¢€C"} and P[U:]= {4| pE FLU], pE C’}. 


Then $ and $[U,] with the norms || ly and || fv, give rise to Hilbert 
spaces which we also denote by $ and $[U,], but in which we identify two 
functions which are equal almost everywhere. It is trivial that the sub- 
space of G-invariant functions are closed since the group G acts continuously 


in } and Ẹ}[U;]. 


In what follows it would be possible to use certain formulas from [8], 
pp. 182-159, if we were speaking of differential forms only. Inasmuch as 
it is more convenient for our purposes to speak of vector-valued functions 
instead of differential forms, de Rham’s formulas would have to be modified 
slightly to apply here. The point is that we wish to include the case of 
differential forms with coefficients in a vector bundle, and in order to avoid 
complicated indicial notation it seemed desirable to us to speak of vector- 
valued functions. As remarked in [8], p. 35, however, no really essential 
changes are needed to pass over to the case of vector-valued forms, and the 
reader who desires to do so may interpret what we say here in the notation. 
of de Rhams’s book without great difficulty. 


We define the integral operators I” and Q” by 


PHOG—AE)* f (eH @)o@ar. 


and 
(PIO) =A J '0°(x, 8) (a) o@)aV, 
provided that the integrands are summable. 


Using this notation we wish to prove the following theorems and lemmas 
from which our desired results follow easily: 


LEMMA a. Suppose p is a measurable real function on the non-negative 
real axis such that | p(r)| S Or, C > 0, and such that u(r) = 0 if r? = Be. 
; = | 
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@ 
Let W (zx, ) = {W(2,&)47} be a matric function of class C” on UX U. 
Suppose hE C”, R($)C Ui, where Q denotes support. Then y, defined by 


WE f KOEAWE SEETV EEU, 


is of class C” and Q(y)C U. 


(The most essential part of Lemma «, namely that y is of class C®, can be 
obtained under the stronger hypothesis that » is 0(7%-*), and this is sufficient 
for our purposes in view of (4.12). This weaker result is practically the 
same as part of Lemma 4, p. 138 of [8].) 


Lemma B. Suppose B is ©”, 2(8)CU;. Then f I’ (a, é)B(é)dVe 
is of class O” in z. a . 


LEMMA y. If $E}, Q'¢€ $ [U]. 
Lumma 6. Q” is a completely continuous mapping of Ẹ into 9,[U,]. 
LEMMA e I” is a bounded mapping of $a into ẸolU:]. 


Before stating two more theorems, we remark that Y has an adjoint Y* 
such that for all (twice differentiable) ¢,ye 9, ($, Vy) =(V"¢,¥), pro- 
vided either ¢ or y has compact support contained in U. . In fact, V* is 
defined by 


V"o= (a> [— 3 ðm (8 (g) Ae) — 2 ôm (A" (g) Qe) + (8) BA] 
=— $ gimp + DA™"sOmd + Bed, | 


Lm m 


where g == det (qi) is the determinant of the Riemannian metric form in 
the given system of coordinates. This formula may be verified by repeated 
integration by parts. The main fact we need is that the sum of the terms 


involving second partial derivatives of p is — $ g’”"@.0..¢, and since we already 
1, me 


know that A* =A and O* =O (see Section 2), we do not stop to verify 
the above formula here. 7 | 


THEOREM Ay. Let N have the same meaning as at the beginning of 
Section 4. Let pE 9 be such that R($)C Uy. Put 


pe) = f PEEVE 
Then pE C”, &(4)C U, and 


Vula) =el) + f PASET veU. 
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THEOREM A*™y. Let yE Ga be such that 2(m)CU. Then 
TV *n (é) =a (£) + Qa (é), SE Ui. 


The proofs of Lemmas a-e are relatively simple. As for the proof of 
Theorems Ay and A*y, we shall show that if we assume Lemma a, Theorem 
Ay is equivalent to Theorem A*y; we shall then show that Thecrem A, 
implies Theorem Ay, and shall finally prove Theorem A,". 

Let U and S be open subsets of Euclidean space and let F(s, y) be a 


measurable matrix function on SX U. We say that f F(a,y)dVy con- 
U 


verges boundedly on § if J | F(a,y)|dVy <M for all €8. We will 
U 
need the following preparatory 


Lemma 0. Let F(x,y) be a matrix function on SX U and continuously 
differentiable in x for sy such that OF /dx* is absolutely summable over 
KXU for any compact l-dimensional interval K in 8, i=l, + -,n. 


Then Efi F(x, y)dVy]/ðzt exists and equals f [ak (a, y)/dx*|dV, gor zE 8. 
U 
In particular, this is true if f [ôF (x,y) /dx*|dV, converges boundedly on 8. 
U 


Proof. Let a= (a*,:--,a")€S and let z= (a,- -e$ e- a) ES 
be such that the straight line segment [a,x] lies in 8. Then for fixed y 


f [0F (x,y) /ou'|dut =F (2,4) —F(a,9) it yg [a2]. 
Since [a,v] is-a set of measure zero, 
ff Lary) utjauiav,— [LP y) Fay) lav, 
G U 


= J, F(z, y) dV, + const. 
Then by Fubini’s theorem, 


in Í, [OF (u, y) /du*| dF; du? == J, F(z, y).dVy + const. 


Taking the derivative of both sides, we have 
Í, [al (x, y) /da*]dV, = af Í, F(a, y)dVy) /act. >. Gace 


1. Proof of Lerama a. By assuming U suitably small we may assume 


va 
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that there exist O”. functions A”; v,j7==1,---,n in U such that for each 


gc U we have gj(é) == Sh’,(é) h”s(é). This is true since {g} is positive 
pol 


definite and of class 07”. We then let 7',---,y” be normal geodesic 
coordinates with center é and write s $) = NA é). Since {h’,(é)} 
is a non-singular O” matrix, 6*,- - -,6" can be used as local coordinates. 
(Such coordinates are called orthonormal coordinates.) Then 


r(x, £)? = È (0° (x, é) )*, 
Moreover, zt == zi (é, 6) is a C? function of é and 8. Therefore 


y (£) = Í, wears dV, 
= J EEO d0"- 


where X is a C” matrix function of é and @. Since a(r) —0 if r? > 2e, and 
since | y(r)| < Kr” 


f u( [D (PV de dS Krirdo- - -d0"“<M<+o. 
r°S2e 


y722e 


Therefore, not only does the integral expressing sE) converge absolutely and 

boundedly for é€ U, since the support of ¢ is contained in U;, but so also 

do the integrals f Y (é,0)n({> 6”)? ]#)d6- - -d6", where Y (6,0) is any of 
ef rEg 


the mixed partial derivatives of X (é, 0) with respect to £,- - -,&*. Hence, by 
using Lemma 0, it is easily seen that integration and differentiation may be 
interchanged, and therefore y possesses continuous. derivatives of all orders. 


2. Proof of Lemma B. This is an immediate corollary to Lemma g since 
T” (x, é) is a sum of a finite number of terms ning the form p(r(a, &))W (a, é) 
considered in Lemma a. 


3. Proof of Lemma y. We only need show that the integral 


Q(é) = Í, , (0% £)G(2) ba) dV 


is differentiable of class C” in U, provided ¢ is square summable over U. 
However, Q’(2,é) =0 if r(v,)* 2 2, while if $€ U, and r(z,é)? S 8s, 
then s€ U. Hence, if Y is one of the mixed partial derivatives of Q” (2, é) 
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with respect to é, - -,& of order Sv, then since Y is continuous in both 
variables, the integral 


Í, F (2, £) (x) (T) dYa 


converges absolutely, and boundedly, as we see using Schwarz’s inequality, 
for se U,. Therefore, integration and differentiation are interchangeable, 
and therefore A € ©”. q.e.d. 


4, Proof of Lemma 8. This lemma follows immediately from the facts 
that the kernel Q”(z, €Q (x) of Q” is uniformly continuous over (U, + 26) X Uu, 
where U, + 2e = {v | lim. inf. r(z,&)*S 2e} (in fact, Q” is continuous on 

Ee 


U XU), and that Of, é) = 0 if r(x, é) = 2e. See Banach [2], p. 97. 


5. Proof of Lemma e. We wish to prove that there exists K > 0 
(depending on v) such that if pE fa, then |I” lo SE lẹ llu. (See 
Kodaira [4], p. 624.) If P is a continuous positive definite (symmetrie or 
Hermitian) N X N matrix function on U, we define 


M(P(x)) ee (> Pius (e)z), «€ U, 
Zrlzr|=1 


and let M(P) be the least upper bound of the numbers M(P(s)) for 
tE U+ 2e. We let “I? (z, £) =— I” (x, é)Q (x) and define 
I*r, £) | = V das 


Since | *I” (q, é)| S Kr” uniformly on U, -+ 2e and since I”(x, é) = 0 if 
r(x, €)? & 2e, the functions 


Bt 
an 
* 


"T(z, E) 











f (é) = Í, | T» (x, é) | dV, and g(a) = Í, | *I” (x, é) | dV 
are respectively bounded on U, and U. We let K, be a common bound for f 


in U, and g in U. Then by repeated application of Schwarz’s inequality 
and by Fubini’s theorem we have: 


IPs lo f rsa oree)are 
is f f (s, Alpe) V AAE f (z, 2A (e)ele)AV)dV g 
Ur «V U U 
SMA) ff EDAEN S PEDANE) AVE 


SUA) f S [ere plave-f 1° 8)| AAV) 
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SK, ua) { (f 1 
<WK.(G") | | 4(@)| av. 
U 
S KPMG) — O KOKOTO AES | + lv, 





where m(Z) =g.1.b. a Ci (v)2%,), which is our desired result. 
zé U+2¢ Sar jar|F=1 


6. Proof that Theorem A*y ts equivalent to Theorem Ay. Suppose that 
K(æ, é) is an absolutely summable (entry by entry) matrix function on 
(U+ 2)X U, and that K(a,é)=0 if r(w,€)*2 re Let n, pE J. and 
suppose that &(¢) C U, Then by Fubini, 


J 9 J, K (a, E)A(x)n(z)dV)adV =g Í, on ‘K (2, £)6(SdV 2) A(x)y(z) dV 2. 


Hence we have 





J, OCS, °@ OMA) V*la)av.)aVe 
: = | Ve f Pe DAOI UT 
S90 f ‘Qla, £ AEA V AV 

= f f, PE DAOI a, 


and 


S KOAT f NENA 
Ui U 
Therefore | 


f 7 tAE f ; T(x, &)A (2) V *y(x)dV2— Í, i Qis, SAMAY a — A (OOl dV 


— J: {Ve f PEDO — f Oa DAO — ADAE 


Because of Lemmas œ and 8 we see that the right hand side of this equation 
vanishes for all 7,¢€ ao such that @(¢)C U, if and only if Theorem Ay 
is true. while the left hand side vanishes for all such y and ¢ if and only 
if Theorem A*y is true. Hence the equivalence of the two theorems is 
established. 


Y. Proof that Theorem A, implies Theorem Ay. Let K(2,£) be an 
NXN matrix function in U which is differentiable in x Let ¢€ ĝu, 


%(¢)C U,. Suppose that Í, [ak (x, £) dÑ] b(é) dV converges absolutely, 
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è 
and boundedly for æ in any compact subset of 7, Then from Lemma 0 we 


obtain. 
of f K(x, 2)¢(2dV £] /ér* = f [aK (x, é) /de*]o(O)dV¢, for xE U.. 
U U 


By hypothesis 
(5.1) (Ve) = — 2 G"O:0mebr + 2, a mps + 2 bi iby 
and by construction 
[(n—2)onr(z, é] HI + Eula, £} 
= [(n— 2)onr(z, €)"?]7-1+ Aple, E), n2. 
(47) log r(a, &) {1 + E(x, €)} 
= (4r)* log r(z, é) 1 + 4:(2, £), n=2. 
The point we wish to make is that 
| 3An(T, €)/0ck | S Orla, E, | PA n(x, £) | S Carla, €)**, 


and since I”(s, é) ) = 0 if r(x, é = 2e, we see that 0,A,(z,&) and 0,0;A,(2, E) 
are absolutely summable over U with respect to é for z € U, + e, and boundedly 
for vE Uy. Moreover, | T”(x, E| S Car(w, E” and | 0,1"(a, 6)| S Carle, Ee. 
Hence by our previous remarks, the J-th component of 


T(z, £) = 


VL f PEDOT — f VEE) 


is simply 


[a] Eb f Ort f Ibare DOA 
Ui Uy 
+I {ed f 1, De DAV — f , AdD(e, AV) 


+E (nf ODAV S n0, €)aV 6) 


where. D and C are such that 0;0,D (x,é) and aC (x, é) are absolutely sum- 
mable over U7 and boundedly for x€ U,—-hence, by Lemma 0, the terms in 
{ Ys vanish and we have that the J-th component of 


(5.2) O VLS PEDOT f Veee 
is a 


(5.8) —Zgu(x) [0% f {[(n—2)our(a,€)"#]"9 (EAV) 


-Í ROI (n— jont (T, £) 21-4 5(E)}dVe] ` 
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Hence it is sufficient to prove that the latter expression is equal to Site). 
and this just amounts to proving Theorem Ay. We remark further that 
(5.3) is just what the whole expression (5.2) would equal if Y were the 
Laplacian A= d8-+ 8d, @ were the metric induced by the given invariant 
Riemannian metric, and z were the sole component of a O” differentiable 
form of degree 0. Hence it is sufficient to prove Theorem A, when V =A. 
Therefore it is sufficient to prove Theorem A*, if Y==A. But since 
A == dô +- 8d is self-adjoint, Theorem A”, becomes: 


(5.4) aE) = f [EE (An) (2) — (A (2, £) 0 (2) JaV EE Us 


because @ (£) 1, A is real, ie, A= A, and (z,é) is 1X1. (Though 
our operators I” and Q” do not coincide with the operators Q and Q’ of 
de Rham, our equation (5.4) is practically a special case of Lemma 3(1) 
p. 146 of [8] as far as the terms of significant contribution are concerned, 
and the calculations involved in the proof of Lemma 3, pp. 146-148 are prac- 
tically the same as our calculations in proving (5.4).) 


8. Proof of equation (5.4). If „,T are functions (0-forms), êy = 0, 
ér=—0. Hence 
T” (x, é) Aq (x) — (AT? (2, é) n(x) = (e, £)8dn(x) — (84T (a, é) (2). 
On the other hand, for 0-forms T and y, 
ds (Udy — qdr) = d(T dy — yal) 
= dI A #dy + Td*dy — dy A *dl — nde dT 
== Td*dy — d*ar == (dr — Sdn). 


Hence it is enough to prove that 


1) =— J 2 (rdn — ndr), £6 Us, 
where T —I(a, &), n= (2), and d and + are “with respect to the variable æ.” 


We introduce normal coordinates ¿? with center é such that in these 
coordinates our given metric {gy} satisfies gi;(é) == y. Then the geodesic 


ti 
distance from é of a point with normal coordinates {,---,¢" is B (£*)?. 
i=l 


For small « > 0 we let oa = {¢ | E(¢i)? S a?} be the geodesic sphere of radius 
a with center é Moreover, we let Sa be the surface of oa, Sa = {€ | D(C*)? = 2°}, 
and let Ua = U — oa. Then since 8 (7) C U and S(y) is compact, we may 
apply Stokes’ Theorem to obtain 


( de(Tdy—nd0) lim (de (Tdy—ydT) lim È *(Tdq— ndr). 
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Since the (n—1)-dimensional “area” of Sa is 0(a"-), and since |T | = Ca? 


on Sa lim f * (Td) ==0. Therefore 
a>o Sa 
f ds (Tdy— yr) =lim { # (441). 
7 a->0 Sa 


Moreover, I” (x, é) = [ (n—2)o,] 1r(a, 8?" + A(z, é), where r(x, £A (z, é) 
approaches zero as r(,é) approaches zero, so that 


a0 


lim Í ydr = lim [(n—2)on]* f yed (ele £). 
Sa a~>0 Sa 
Ņ E C”, and therefore on Sg y=7(€)--+O(a@). Hence 


lim f *9dD==7(€)[(n—2)on]tlim | *d(r(a,&)*"). 
Sa. a> Sa 


a> 


We re-employ our previous notation, P (s, £) =r (z, é)7, t= (n—2)/2 (the 
treatment is similar if #2). Then 


J talee) == Í, +d PT = — %7P Tg P = — ra” f *dP, 


Sa Sa 


since P(z,é) =a? for TE 8,. However, PEC”, and hence we may apply 
Stokes’ theorem again obtaining 


f sd (r(2, Eye) == — 7 Qn” f ded P == ra” f =§dP 
l Sa «7 Fa Fa 


== r» f ZAP sx ra” f AP#1, 
Ca Oa 


where, in the given system of coordinates, +1 = gid A>- A df and 
g? = (det(gij))#. Referring to formulas 8 (ix), 3(x), and (4.9) with W =1 
and I(P) =P, we see that AP = 2n— 29N (z, £, where |N (x, é)| < Ka for 
tE Sa K being a constant independent of « Therefore 


lim ra~” f AP#1 ==limn(n—2)o" f ed. 
Oa da 


aÔ a-> 0 


Since Va(é) =1, Vg(vt) =1-+O0(«) for Eca so that 


lim g7” f =] = lim g” „2n gn (1 + 0O (a) ) ee Ls 
a->0 Ca a0 n n 
Therefore i 
tim k = (dD) =n (&)[(m— 2) on] 7: (n—2)n- = =y (£), 


which is our desired result. 


We can now prove the regularity theorem: 


884 WALTER L. BAILY, JR. . 


è 

Turorem W. Let Y be a strongly elliptic operator as above. Let 
pE } and suppose that for all yE $a such that the carrier of ẹ is compact 
and contained in U we have 


tpl V*ydV = 0. 
w) f eaves 
Then pE $a[U] mod N and Vo—0. 


Suppose, moreover, that all M, commute with Y and V*. Then if 
pE } is Ginvariant and if (w) holds for all G-invariant yE $o such that 
the carrier of y is compact and contained in U, we still have pE $a[U:] 
and Vẹ =Q. 


Proof. Let y€ $.[Ui] be such that the carrier of » is compact and 
contained in U,. Let 


Wa) = J P DEAT 


Then (y) is compact and contained in U, and by Lemma £8, y€ C”. There- 
fore, by Theorem Ay, 


+ 


o= f, SAFET = J ADAE +f PEETA 


or, since &(y) is contained in Uj, 


J eair S S '6(2) G(x) PH ave nave. 
U U; y 


This holds for all 7€ 9..[U1] such that @(y) is compact and contained in Uj. 
This shows that on U, 


S= S OPEET mAN; 
f 


but it follows from Lemma 8 that the right side is of class C”; since v is 
arbitrary, we conclude that ¢€ C° mod%. Then by the definition of V* 
it follows immediately that Y¢é==0. This concludes the proof of the first 
part of the theorem. 


Now suppose that ¢ is G-invariant and that for all G-invariant ye $a, 
L(y) CU, we have f ‘paV*pdV =0. Let 0E $a, 2(6)C U. Since our 
U 


chosen Riemannian metric is G-invariant, since our chosen metric for the 
bundle is G-invariant, and since M, commutes with Y and Y* for each 
g € G, we have, because is G-invariant, 


+ 
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J, aw) av— [ (4) a7) av 
U U 
= f saav = f aA, 
U 


where 6, has the same meaning as at the beginning of Section 4. Therefore, 
if we put 0* = (ord G)* $ ô, 6* is G-invariant and 
G 


f, ‘SAVOY = f tp Y" dV =0 


by hypothesis. Therefore, by the first part of the theorem, €C”, and 
Véo=0. Q.E.D. 


6. The decomposition theorem for compact V-manifolds. Let Y be a 
compact C® V-manifold of real dimension n, and let Y be supplied with a 
C° Riemannian metric g. Let dV denote the measure on Ņ associated with g. 
We let B be a O” V-bundle over Y having a N-dimensional vector space as 
fibre, and let a be a O” metric for B. Finally, denote by M the module of 
C” sections of B. We return to our previous assumption that for each 
{U,G,9}¢€ F, By is the product bundle. Then we employ the notation 
of the preceding section and in a given l.u.s. let hy(g)-t== M, denote ay 
simply by @, and dVy by dV. H V is an endomorphism of M, we say that 
V is strongly elliptic if (4.2) holds in each 1. u.s. {U, G, 9}, it being under- 
stood, by definition, that V commutes with the action of M, on By for each 
g€G. We let V be a strongly elliptic endomorphism of M for the rest of 
this section. Then Y has a strongly elliptic oem V* which satisfies 
($, V*¥) = (Vo Y). 

We let da denote the space of PTE measurable section of 
B supplied with inner product of Section 1. We let ®# and &* denote 
respectively the null spaces of V and V* in MC $a. We first observe that 
H and #* are closed in Jy. This is an immediate consequence of Theorem 
W. We then let Æ and ¢* denote respectively the orthogonal complements 
of H and ¥* in Jy and define Y.=LNM, £.*=L* OM. Clearly 
M = Lo + UA = Lon + H*. We first prove 


Lemma M. (Mimmum Eigenvalue). There exists ¢> 0 such that for 


all pE Lm 60; | Volele 


Proof. If the lemma were false, we could fing a sequence {dm}, dn E La, 
such that | ¢»,|=-1 and lim | Veni =0. At each ve Q we can find a 


l. u.s. {U(v),@,9} and U,(#)C U(x) such that U (e) and U,(s) enjoy 


t 


respectively the same properties as U and U, of Section 5. We let 
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U (a), -© +, U, (2) cover Y and denote U(t) and U,(2') respectively 
Ui and U,i, t=1,:--,k. Moreover, for Ut and U,? we let Ty and Q; 
be the integral operators defined previously for any integer v> 0. Since 
T,” is a bounded operator, 


(6.1) lim || da + Opm |o = lim | T? V de |v S lim K: || Von |o, = 0, 
m> myo m> o 
4 =R J; S ý A 3 e, 


and hence lim | 4, + Q:’¢m || =0, while on the other hand, since Q; is 


m> 0 


completely continuous, we can, by a diagonalization process, find a subse- 
quence {¢m,} of {m} such that for each 4, lim || Qi*¢m,—X; ||u = 0, where 


X E€ } (U1 *}. Then by (6.1), dn, > — X; 5 U,' and we may take X; to be 
G@i-invariant since the subspace of G*-invariant elements of Q [Ut] is closed. 
It is seen that on Ut N U,*, X= Xy mod N, and hence o defined by ¢ = — X; 
mod 9 in U,' is a well-defined measurable section of B, lim | ¢,,—¢ || —0, 
and ||| = 1 since || ¢, || ==-1. On the other hand, since lim || Vd» || = 0, 
and |(V* bm) |= | (Vonn) | Sh Von, i [all for each nE M, it follows 
that (V*y,¢) =0 for all E€ M, and hence, by Theorem W, ġe C? and 
V¢o=0, ie, pE H. But then (d¢m,¢) 0 for each m and therefore 
|} | 0, which contradicts || | ==1. Therefore our lemma is established. 

If V is self-adjoint, ie, V == V*, then H=H* and £= E". We 
can now prove 





THEOREM B. Assume that Y is self-adjoint. Then for each BE L, 
there is a unique p E€ Lan such that V =B. 


Proof. Since 9 is the null-space of YV=V"™, it is clear that 
VLC Lz. 

Moreover, V Æ» is everywhere dense in Æ. To see this, let [V £s] be 
the closure of JYE, in Æ and let % be its orthogonal complement, 
Y=-[(Vd.] +m. Let mem. Then mi Ve&,. Since M = La + H, 
YM = V £an and hence mi VA. Therefore, by Theorem W, m is of class 
C” and Ym =Q; thus mE Y. However, mE MC LLU. Hence m =Q. 
Therefore [V Zo] = £. 

Now let BE Æa C Æ. Then there exists a sequence {øm}, Pm E Lo, 
such that V¢m—2 8. Hence Yom is a Cauchy sequence and thus, by Lemma 
M, {¢»} is itself a Cauchy sequence with limit ¢¢€ Æ. In each U,}, 


TV on == Pm + OP’ bm- 


We know by Lemma e that | I2 V mn — EPB los S Ci || Von —B || vs, while 
since Q is completely continuous it is automatically bounded and therefore 
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| OF¢n—Q7¢ | =C*\|_¢.—¢|. Therefore TYB==¢+ Qi’ mod N. By 
Lemma g, T,’8 is of class C” and by Lemma 34, Qio is of class C”. Since this 
is true for each positive integer y and all i, p € C? mod Mt; thus p E€ £ mod N. 
Moreover V$==f8 mod N; for if yE M, ) 


(Vem 7) = (bm, Va) (Vem) > (8,7); 
and (pm, V7) > (¢, Va) = (V4, 7). Hence (8— Ve, q) =0 for all »€ M 
and therefore 8 — Vẹ¢ = 0. 
If Ye —B, lġ—e | SC] Ve— yg | —0 and hence =g mod N. 


Therefore ¢ is unique and our proof is complete. 
We have as a corollary 


THEOREM D (Decomposition Theorem). If VY is self-adjoint, — 
M= JMU BH. 


Proof. By what we have just proved, YM = Æ», and by construction 
M= LoD U. Hence M=VUGH. qed. 


THEOREM F. Y is finite dimensional. 


Proof. It is sufficient to prove that we can extract a Cauchy sequence 
from every bounded sequence in #. Let Ut, U$, Ty’, and Q; have the same 
“meanings as in the proof of Lemma M. Let {¢,,} be a bounded sequence 
in #9. We have 


0 = TPV bm — dm -+ OP pm, on Uis 


for each i and every m. Since {øm} is a bounded sequence and Q” is com- 
pletely continuous, we can find by diagonalization a subsequence {ġm,} such 
that for each t {Q:”$m,} is a Cauchy sequence on U,* under the norm | fyi. 


Since | Pm; — $m, | = ~ l Pm; — Om, | Ut =È | Opm, a OQ? bm, l Ut» Lom} is 


itself a Cauchy sequence, and our proof is complete. 


7. Hodge’s and Kodaira’s theorems for V-manifolds. Let Y be a 
compact V-manifold supplied with a C” Riemannian metric g. Let A* be 
the V-bundle of differential forms of degree & over Y (see Section 1). Then 
A® is a C? V-bundle over Q) with a vector space of dimension (7; )as fibre, 
and the Laplacian A= dê -+ ôd is a self-adjoint, strongly elliptic endomor- 
phism of the module A/* of C” sections of A*. Denote respectively by 9¢* and 
ZE the null-spaces of A and d in M*. Then by Theorem D, Jf*—=AM* + HE. 


It is clear that the spaces dêM and 8dM are orthogonal since d?=-0 and 
òè — 0. Therefore M" — dSM* @ dM" © Hr. Since 
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(p, Ad) = (do, dp) + (84,8), 


it is clear that if € M*, then dọ==0. Suppose now that gc MY, 
$ = dèa -+ sdb-+h, dọġ==0; then didb—0, which shows that 8db—0. 
Moreover, it is clear that dsd/*=-dM*+. Hence B*—Z*/dM**. On the 
other hand, Satake has shown that H*(Y, R) =Z*/dM** where H*(Y, R) is 
the k-dimensional Cech cohomology group of Ņ with real coefficients. 


THEOREM H (Hodges Theorem). H*(VU,R) = HF. 


Let B be a complex line bundle over 9), and let B be supplied with a C” 
metric a. Denote by M(B)"* the module of ©?” sections of B® A*, and 
denote by #(B)"*® and Z(B)"* respectively the null-spaces of D and @ in 
M(B). Then reasoning parallel to that above (see Kodaira, [5]) yields 


Turorem K (Kodaira’s Theorem). 9(B)** == Z(B)"*/@M(B)rs-, 
This will lead to a natural generalization of Dolbealut-Kodaira’s Theorem 
(see [5]) for V-manifolds, which we shall prove in a later paper, and which 


we shall in turn use to prove an imbedding theorem which slightly generalizes 
that of [1]. 
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RIEMANN METRICS ASSOCIATED WITH CONVEX BODIES 
AND NORMED SPACES.* 


By Derrer Lauewirz and Encar R. Lorcu. 


1. Introduction. It is the aim of this paper to develop a connection 
between convex bodies in normed spaces (or Minkowski spaces) and Riemann 
differential geometry. 


We shall use the following notations of tensor calculus with the extension 
to infinite-dimensional spaces as introduced in [3]. Vectors of the Banach 
space W will be denoted by v, y, z, and these letters may bear a superscript: 
xt, y*, ete. Let B, denote the adjoint space of B+? (space of covariant vectors). 
We shall denote the elements of B, by &,y,: - <, or also by these same letters 
with a subscript. We shall be concerned only with reflexive spaces t, for 
which the definition of a tensor of higher order is simply the following. Let 
us consider bounded multilinear functionals defined upon BIX- XP 
(n times) and 8, X-- - xX B, (m times). Such a functional will be denoted 
by tx --n,'t ie. The Banach spaces 8,” constituted by these (n, m.)-multi- 
linear functionals permit a generalization of the classical summation con- 
vention: If in, an expression the letter i, say, occurs twice, once as subscript 
of one functional, and once as superscript of another one, the associated 
linear operation is to be effected. For instance, t,‘2*n; stands for the numerical 
value of the bilinear functional ¢ for z € B+, y€ G,. For a detailed statement 
the reader is referred to the paper [3]. 

For finite-dimensional spaces this notaticn may be considered in the 
manner of classical tensor calculus after the choice of any special base. But 
it should be noted that our interpretation permits a direct operation with 
vectors and tensors and not only with their components with respect to a base. 
This point of view seems to be useful for the study of vector spaces. There 
is no longer any need for proofs of invariance of formulas under a change of 
base. 


These conventions apply to Fréchet differentials. For instance, the 


derivative of a scalar function f(x) is a bounded linear functional and may 
be written df (x) /ér?. 
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2. The Riemann metric in $' associated with a convex body 6. We 
consider a bounded convex body @ in Hilbert space * containing the origin 
Q as an inner point. It is well known that with @ a norm or Minkowski 
metric F(z) is associated which is continuous, positively homogeneous of 
order 1, and convex, and such that @ coincides with the point set F(z) <1. 
We shall suppose that @ is sufficiently smooth, precisely, that g(x) == $F? (æ) 
has Fréchet differentials (for 540) up to the fifth order. 
Denoting the Fréchet derivatives of g by subscripts, we have g;€ B, 
Giz © Be, gix € Bs, ete. We shall now impose a last condition on £: 


(1) gin(v) yiy* = m- || y ||? for ys40 with m= m(ar)> 0. 


This condition implies convexity of @ in the usual sense [6, $5]. The 
functional gi,(2) is homogeneous of order zero, and 


(2) Jax (@) aig == 29 (a) = F? (v). 
From Huler’s theorem on homogeneous functions we have 
(3) Gin (T) = 0. 


It has been stated previously .[5, p. 107], that gi is not only the funda- 
mental tensor of the Minkowski metric F(s), but moreover defines a Riemann 
metric throughout t (with the exception of the origin 0): 


(4) ds? == gip (x) dvtda*, 


In the present paper the authors begin the study of this Riemann metric 
defined by £. ji 


3. The curvature tensor. We shall denote by gti (æ) the inverse tensor 
of Ja (T), 
(5) g” Cega) = òr, 


where ôt denotes the identity operator teë = æt; gti exists because of (1) 
and [8, Satz 3.1]. The affine connection of the Riemann metric gix(2) is 
represented by 


(6) Lrj = $9" (rrj — Quire + Girer) = 49" grks 


From this we may compute the curvature tensor (definition for the infinite- 
dimensional case see [3, p. 187]): 


(7) Rix z 4gig” (9 migrer- JmikGrsj)« 
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This formula follows by the use of gijngi* + 9i0g3*/0x" — 0, which is obtained 
by differentiation from (5). 


3.1. For two-dimensional spaces Bt the curvature tensor (7) of the 
Riemann metric gi,(#) associated with any body @ vanishes identically. 


Proof. Let « denote an arbitrary point, «40. We introduce a special 
base ¢,, @ by e, =T and gix(é:) @:'e2* == 0, gix(@:) 22%@2*—=1. The components 
of Jije(€1) with respect to this base are gia (¢:) = gije (61) 6148370: ete. By 
Euler’s theorem (3) we obtain 


(8) 0 = gije (€1) 6 * = Jij (41), 


or, in other words, 9i;;(¢:) 0 if at least one subscript equals 1. Now 
the only interesting component of the two-dimensional curvature tensor 
Rijn Jak" pa is Riz; but if j= 1 the expression on the right hend side 
of (7) vanishes because of (8). From the tensor property of R we have 
Ri m= 0 in every coordinate system. 

Nothing shall be said here about the value of the curvature tensor for 
higher dimensions except the following remark: 


3.2. If the metric gu ts of constant curvature K, then K =Q. 





Proof. R*j4()ci 0 from (3) and (7). By this the curvature scalar 
vanishes for any two-dimensional surface element passing through the direc-. 
` tion æ. This proves 3. 2. 


4. Applications to E. Cartan’s theory of Finsler spaces. The object: 
of E. Cartan’s theory of Finsler spaces [1] is a fibre space with a n-- 
dimensional manifold as its basis space and the manifold of directions in 
n-dimensional vector space as its fibre. (Our results shall hold good for the 
infinite-dimensional Finsler spaces introduced in [4].) We consider here only 
the local point of view, that is, the tangent space of one fixed point. For 
this special case, Cartan’s metric is gi,(2) = 6 9(2x) /évtéc*, and the com- 
ponents of the euclidean connection are 


Cirle) = $97 (2) Grin (2). 


(To simplify notations, we write v instead of Cartan’s 2’, which is possible 
since we consider a fixed point of Finsler space.) Obviously these geometric 
objects have the same expressions as the corresponding ones, namely gy, and 
Ty.!, in Section 2 of our paper, if we take for @ the indicatrix of the local 
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Minkowski metric. A more interesting connection is the relation between 


the curvature tensor Ajj,, of formula (7) and Cartan’s tensor Sir 
(9) R = 29-8, 


which follows directly from the analytic expressions (7) and [1, (XVI), p. 34]. 
From (9), (1), and our Theorem 3.2 follows at once: 


4.1. For two-dimensional Finsler spaces Cartan’s tensor Sina vanishes 
identically. 


The Landsberg angle dọ ([2]; métrique angulaire en un point, [1, p. 
13]) of two directions 2, æ -+de (F(@)=F(x-+ dz) =1) is defined by 
de? = gu (x) dridat. Its geometrical meaning in the Riemann geometry 
introduced here is: de equals the Riemann length of the are joining the end 
points of the two unit vectors. (See also O. Varga [8]) 


5. Connections with results of Varga. Recently O. Varga [8] has 
studied other Riemann geometries associated with @. In our terminology 
we may state his point of view simply as follows. Varga introduces the 
tensor yap == Ta Tp fik, Ta? == Oxi /du%, where z*(w*) is a parametric represen- 
tation of the hypersurface (sphere) F(x) = 1/ V K = const., K >0. Obviously 
yop May be interpreted as the Riemann metric induced in the sphere by the 
Riemann metric (3) of the embedding space. Hence Varga’s results con- 
cerning the curvature of this sphere may easily be regained by standard 
argumentations on subspaces of Riemann spaces. (See [7], and for the 
infinite-dimensional case to which we may as well extend Varga’s theorems, 
see [3, p. 143].) We apply the general definition to the calculation of the 
second fundamental form leg of the hypersurfaces: 


Leg == Latta" V yy = Vahtgk (Oni — Fian) = — Kxataeg* ( gy6,0°) 
=— VEatug'ga =— VE gop, 


where Riccis lemma, equation (8), and the normal vector n'==<a'-K. 
‘i; == gua have been used. From Gauss’ equation [7, p. 242] we obtain for 
the curvature of the sphere 


Rapys = Valt gi wy tse Rij — KE (Gay p6— Goad py) 


which implies Varga’s theorems. 
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6. A theorem on geodesics. By (6) the differential equation for the 
geodesics of the Riemann metric (4) is 


(10) Et + 4g" (©) Grim (x) EE" = 0. 


Obviously the straight lines through the origin 2#(t)=t-y? are geodesics. 
Now the following question arises: What are the conditions for @ (or g) 
which imply that all straight lines (not only those passing through 0) are 
geodesics? The answer is: 


6.1. The system of geodesics of (4) coincides with the system of all 
straight lines if and only if @ is an ellipsoid having 0 as its center, or, in 
other words, gi, == const. | 


Proof. Obviously this condition is sufficient. We shall first prove, that 
it is necessary for n==2. By a well known theorem [7, p. 287] a necessary 
and sufficient condition for the geodesics to be straight lines (in a linear 
coordinate system) is Trj = d,'p; + jtor, or, for any base, 


De = Dy? == 21 2° — To” = 21 9? — Tit = l. 
In our case (equation (6)) these four equations may be written 


9 giz + 9” g2 = 0 

9791 H9” 9i = 0 

29 Gira + ggi — 97° Gore = 0 
— g gin + ggu + 297" Gi22 = 0 


The determinant of this system of four linear equations for the four unknowns 
$111; Jus Jazz Gore is L(gg?2) — (g'*)*]? > 0. Hence the system admits 
only the solution giz,=-0. That proves 6.1 for the two-dimensional case. 
For spaces 87 of any dimension greater than 2 with the straight lines as — 
geodesics of (4) the argumentation runs as follows. The straight lines are 
then a fortiori geodesics with regard to the Riemann metric induced in a 
two dimensional plane passing through the origin which is again of the form 
considered here. By the above result every two-dimensional subspace is 
euclidean (or, the indicatrix in it is an ellipse), and from this the euclidean 
character of the space follows by a well known theorem. This completes the 
proof of 6.1. 


| 


| 
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ADDENDA TO THE PAPER ON BOCHER’S THEOREM 
| (vol. 76 (1954), pp. 183-190).* 


By AUREL WINTNER. 


If (on) =-a=a(t), where OSit<o, is an n by n matrix of con- 
tinuous functions a(t), let a€ S mean that a(t) has the following property: 
Corresponding to every constant vector c, there exists a solution s= z(t) 
of dz/dt—a(t)« satisfying #(t)-—>c as t—>œ (in view of the principle of 
superposition, there is just one s(t) —a,.{¢) belonging to the “initial con- 
dition” s{(œ) =c, if a€ 8). If a€ R means the conditional integrability 
of a(t), that is, the existence of a finite limit, as T — œ, of the integral of 
a(t) over OStST, and if n>1, then a€ R is neither necessary nor 
sufficient for a€ S (cf. the paper quoted in the title, which will be referred 
to as loc. cit.). On the other hand. if a€ E means (as usual, with L = L+) 
that y€ R holds for the norm, y= |a], of a also, then, according to a eri- 
terion which goes back to Bécher, a€ L is sufficient for a€ § (for references 
to the implication L>8, and for generalizations of L>8 derived from 
L>S8 itself, cf. loe. cit.). 

There is, however, something unsatisfactory in the standard criterion, 
E>S. In fact, this criterion fails to contain the fact that, as readily 
- seen from a quadrature, a€ R is sufficient (and necessary) for a€ S in the 
scalar case, n= 1. It is therefore of interest that ZL >S can be improved 
to the following criterion: If a(t) denotes the diagonal matris the diagonal 
elements of which are those of a(t), then a€ È and a—a,€ L together are 
sufficient for a€ 8S. It will be clear from the following proof that (and in 
which manner) this extended criterion can be combined with the criteria 
given loc. ctt. 

First, it follows from £538 by a known application of the method of 
the variation of constants (cf. vol. 68 (1946), p. 200, of this Journal), that 
if B—£(t) is any continuous matrix the real part of the trace of which 
has an indefinite integral posessing a lower bound (> — œ), then 6¢ S and 
a—- ß E L suffice for a€ 8. Since the trace condition is certainly satisfied if 
BE k, it follows, by choosing 8 = ap, that the italicized assertion is proved 
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if if is ascertained that as € 8. But a€ S follows from the assumption a, € R. 
In fact, since 8E # is sufficient (and incidentally, as mentioned above, neces- 
sary as well) for @==S in the scalar case, it is clear that the same is true 
in the case of any diagonal matrix B. 


* $ 
F 


If a scalar function f(t) is continuous for 0 S ¢ <œ, what kind of its 
“smallness” (for large ¢) will ensure that the scalar differential equation 
z” -+ {1 -+ f(t) }e=0 represents an “adiabatic” perturbation of harmonic 
oscillator y” + y==0 ? By this is meant the existence of two solutions, say 
x= T(t), where j = + 1, satisfying z;(t) ~ eitt and zy (t) ~ jieitt as t—> o. 
Let this property of the coefficient function 1 -+ f(t) be symbolized by fE P. 
Corresponding to the preceding notations, fE R and fE L will refer to the 
integrability and the absolute integrability of f {on 05& é< œ) respectively. 

It is well-known that, as a consequence of the standard criterion L> 8 
for an a, the criterion L>P holds for an f (for a direct proof, cf. pp. 71-73 
of the London (1931) edition of Weyl’s Quantum Mechanics). But the 
assumption fE L is quite drastic. It can be greatly improved by having 
recourse to the refinements of L>8 given loc. cit. In fact, the following 
improvement of L>P can be obtained: For f€ P it ts sufficient that each 
of the three functions fp, where k==— 1,0,1 and f(t) —f(t)e?*#4, satisfy 
the following two conditions: f,€ R and F(t) E€ L, where 


F,,(t) == f(t) f f(s) e-?*8* ds ( f = lim f ). 


The involvement of f.,(¢) —f(é)e*74* (besides f,(t) ~f(¢) itself), being a 
resonance restriction, is curious, since the problem concerns itself with a 
homogeneous linear differential equation (in this connection cf., however, 
O. Perron, Math. Ztschr., vol. 32 (1980), p. 705 and Satz 1). 

‘The proof proceeds as follows: It was shown loc. cit. that a€ S when- 
ever a€ R and y€ L, where y(t) is either of the matrix products a(t)a°(t), 
a°(t)a(t) in which a°(t) denotes the integral (R) of a(t) over the half-line 
(tœ). On the other hand, it follows by a known application of the method 
of the variation of constants that fE P is equivalent to a€ S, where a= ay 
denotes the following binary matrix: 


— uv —v : 
a(t) =f (t) u? W where u = cos t, v = sin é 
’ e 
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(cf., e.g, vol. 69 (1947), pp. 262-263 of this Journal, where the corre- 
sponding relation is calculated for the generalization y” + 9g(t)y==0 of the 
present y”-+-y—0). But it is readily seen that, for this a(t) —a;({t), the 
two matrix conditions a€ R, aa?°€ L can be reduced to three pairs f€ R, 
FE L of scalar conditions. 

An instructive illustration results by choosing f(t) — (sinat)/t, where 
a is a real constant +40. Then the standard sufficient condition, f€ L, for 
fE P is violated for every a. But it is clear that all 3-4-8 conditions f, € R, 
FEL (with F(t) =O(t?) as t—> œ) are satisfied unless a= +2. Conse- 
quently, fE P if f(t) = (sinat)/t, provided that as4+2. This is the more 
interesting as the proviso, taking care of the “resonance effect” referred to 
above, is known to be indispensable. Cf. vol. 69 (1947), p. 269 of this 
Journal, where a—2, and, for a result which claims much less (in fact, 
just the boundedness of the solutions) than the last italicized result if. 
` a@aA+t 2, G. Ascoli, Rend. Acc. Naz. Lincei, ser. 8, vol. 9 (1950), pp. 210-213. 
Ascoli’s corresponding general statements (p. 131) are based on the assump- 
tion that boundedness is the same thing as asymptotic equivalence, an assump- 
tion which, however, is not in general satisfied. 

It may finally be mentioned that if the 3 + 3 conditions of the preceding 
general theorem are satisfied by an f(t), then Ít is seen, by a repetition of 
the preceding proof for the asymptotic equivalence with y” + y ==0, that 
the general criterion remains true if the preceding wv’ + {1+ f(t)}*=—0 
is replaced by z” +f(t)e’ +a2—0. 


THE JOHNS Hopkins UNIVERSITY. 


CORRESPONDENCE. 


A. correspondent, who wishes to remain anonymous, writes as follows: 


SIR, 


In a paper which has been published by your Journal (October, 1949), 
W. L. Chow proved the following theorem: 


Every closed analytic subvariety V of the projective space P,(C) ts 
algebraic. 


I should like to point out taat there is a very simple proof for this 
if V is assumed to be free from singularities. 

It is no restriction to assume that V is connected; let n be its complex 
dimension. In the polynomial ring C[X.,- --,X,], the homogeneous poly- 
nomials which vanish on V generate a homogeneous ideal p. Since V ‘is 
connected, p is a prime ideal and defines therefore an irreducible algebraic 
variety W, which is the smallest one containing V; call m its dimension; 
we have m==n. Every rational function f on W can be written as f = P/Q, 
where P, Q are homogeneous polynomials of the same degree and Q is not 
in p; therefore f induces a meromorphic function on V. This shows that 
the field L of rational functions on W is isomorphic to a subfield of the 
field K of meromorphic functions on V. It is well-known (cf, e.g., C. L. 
Siegel’s proof, Gottingen Nachrichten 1955) that K has at most the degree 
of transcendency n; so we get min, and hence m =n; therefore W has 
the same dimension as V. It is also well-known that W is analytically 
irreducible (this follows from the fact that the set of all simple points on W 
is connected, which is easily proved by induction on the dimension, using 
suitable hyperplane sections). Therefore W =F. 


Yours, etc. 
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CORRECTIONS TO “ENGEL RINGS AND A RESULT OF HERSTEIN 
AND KAPLANSKY.” * 


By M. P. Drazin. 


I. N. Herstein has pointed out to the author that the proof of Theorem 
2.1 i,the paper named above (this Journal, vol. 77 (1955), pp. 895-913) 
is invalidated by the use of an incorrect expression for the typical element d 
of the ideal generated by 2” (the theorem may nevertheless be true, but must 
now be regarded as unproven). This in turn invalidates the proofs given for 
Lemma 4.1 (1) and Theorems 3.1, 4.1 and 6.2 (i.e. all those results depending 
on the explicit use of the Koethe radical). 

These deletions involve consequential modifications in Theorems 6.1 
and 6.1. In Theorem 5.1, we must disallow the maximal alternative, and 
the proof in the minimal case must be based on Theorem’4.5 rather than 
on Theorem 4.1. In Theorem 6.1, the final clause “in particular, by 
Theorem 4.1, Æ is commutator-nil” should be deleted. Also, in the proof 
of Theorem 5.4, the second sentence must be based on A. S. Amitsur’s paper 
[1] (“On rings with identities,” Journal of the London Mathematical Society, 
vol. 30 (1955), pp. 464-470) rather than on Theorem 4. 1. 

Further, as already stated (this Journal, val. 78 (1956), p. 224), Theorem 
6.5 can no longer be upheld, and, in place of Theorem 6.4, we can sub- 
stantiate only the following weaker assertion: 


If a dwiston ring D has the weak K-property, i.e. if there correspond to 
each paw x,y E€ D integers k—=k(a,y), m =m(z, y) and n=n(z,y) such 
that e,(a@”,y") —0, then, if we modify n appropriately, we may always 
replace k by 1 while keepmg m as gwen; if D has characteristic zero then 
in fact no modification of n is needed, i.e. [2 yem] = 0 for all a, y. 


It goes without saying that many of the linking passages and informal 
remarks in the paper under correction must now be looked on as {at best) 
misleading, but we shall not discuss these here. However, the remaining 
formally enunciated results, and in particular the key Theorems 4. 3, 4.4 
and 4.5, are indeed true as originally stated. 


TRINITY CCLLEGE, CAMBRIDGE, ENGLAND. 


* Received August. 27, 1956. | 
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ERRATA. 


S. Abhyankar, “On the ramification of algebraic functions,” this JoURNAL, 
vol. 77 (1955), pp. 575-592. 


(1) Page 580 line 6 in the proof of Theorem 1: Instead of “ PF is at 
finite distance” read “gie M* for i==1,2, - -,m.” 


(2) Page 581 line 6: Instead of “Fm” read “ F mir” 


(3) Page 581 lines 7 and 8: Instead of “tm +1, m +2, o m +r” 
read “i= 1,2,- m” l l 


(4) Page 581 line 26; Instead of “G as a point in Sys/b(21, Tat 
Tri) read “U* as a point in Sma/t (ta, ta © * 2)” 


2 


(5) Page 581 lines 27 and 28: Twice instead of “at Yı =y, Ya = 42, 
+; Finer =" Ymr” read “at U*.” 
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